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CHAPTER 1

The relativistic Euler equations with a physical vacuum boundary

1.1 Introduction

The starting point for our work is the relativistic Euler equations which describe the motion of a relativistic

fluid in a Minkowski background (see Section 1.1.4 for historical context). The equations of motion are given

by
utdup + (p+p)duut =0, (1.1.1a)
(p+p)u duu® + N 3, p =0, (1.1.1b)
8uv”“uv:—17 (1.1.1¢)

where p is the fluid’s (energy) density, u is the fluid’s (four-)velocity, p is the fluid’s pressure given by an
equation of state (whose choice depends on the nature of the fluid, see below), g is the Minkowski metric!,
and lNyp := gop + uaug is the projection onto the space orthogonal to u. Above and throughout, we employ
standard Cartesian coordinates {x*}3_ with # := x denoting a time coordinate and x := (x!,x*,x*) denoting

spatial coordinates, the sum convention is adopted, Greek indices vary from O to 3 and Latin indices from 1

to 3, and indices are raised and lowered with g.

Remark 1.1.1. We note that (1.1.1a) is the conservation of energy for the fluid, (1.1.1b) is the conservation of
momentum, and (1.1.1c) is a normalization condition where the velocity is assumed to be a forward time-like

vector field (and this constraint is propagated by the flow).

We are interested in the case where the fluid is confined within a domain that is not fixed but is allowed
to move with the fluid motion, such as, e.g., the motion of a star. Fluids of this type are called free-boundary
fluids. We further consider the situation where the pressure and density vanish on the boundary which is often
referred to as the gas case. The liquid case where the density does not vanish on the boundary is a different
problem.

Denote the region containing the fluid at time 7 by €,. Then, €, can be described as

Q ={(t,x) eR"™ |t =1,p(r,x) > 0}.

I'This problem can be studied for a general background metric, but the Minkowski metric already contains all the important mathe-
matical features. Coupling to Einstein’s equations, on the other hand, is an entirely different (and much harder) problem.



Equations (1.1.1) hold in the spacetime region

2= |J {1} x&, (1.1.2)

0<t<T

for some T > 0, known as the moving domain. The fluid’s free-boundary at time ¢ is defined as I} := €,
and the fluid’s free boundary, also called the moving boundary, free interface, or vacuum boundary, is defined

as

= {xhi= | {1} xoQ.

0<t<T 0<r<T

Sometimes we also call €; and I'; the moving domain and the free boundary, respectively. In free-boundary
problems, understanding the dynamics of I" is crucial, as it is the fact that I'; moves with time that distin-
guishes such problems from a standard initial-boundary value problem where the boundary of the domain is

fixed. Note that, according to the foregoing, we have
p=p=0onT. (1.13)

1.1.1 Physical vacuum boundary with a barotropic equation of state
Before discussing our work for a non-barotropic equation of state, let us consider the bartropic setting with

the equation of state:

p=p(p)=p*" x>0, (1.1.4)
where k is constant. Equation (1.1.1b) then becomes
(P p)ut dyu® 4 IN**9yp =0, (1.1.5)
where

c;:=p'(p) = (k+1)p~ (1.1.6)



is the fluid’s sound speed (Disconzi, 2023) and the second equality in (1.1.6) is valid for the equation of state

(1.1.4). Since p vanishes on the free-boundary, we also have
Al.=o. (1.1.7)

Remark 1.1.2. Observe that (1.1.7) follows immediately from (1.1.3) and (1.1.6). But typically one would
still impose (1.1.7) for other equations of state than (1.1.4) when (1.1.3) holds, since sound waves should not

be allowed to propagate into vacuum across a region where the medium (the density) vanishes.

The decay rate of cf near the free-boundary plays a key role in this problem. One needs to consider decay
rates that allow for I'; to move with a bounded non-zero acceleration, leading to a stable dynamics?. We have

from (1.1.5) and (1.1.6) that the fluid’s (four-)acceleration is

1 Kk—1
a® := uM Juu® = —(KT_’_);K N*dyp.

Since p ~ 0 near the free-boundary, we have that 1 + p = O(1) so, near the boundary,
a® ~ p* N gyp ~ dp* ~ a2,

using @ to denote a generic spacetime derivative. At this point, we need to make some assumption on the
decay rate of cf. In view of the finite speed propagation property, away from the boundary the motion of
the fluid is essentially the same as in the case without a free-boundary. Thus, a natural scale in this problem

which allows us to separate the bulk and boundary behaviors is the distance to the boundary:
d = d(t,x) = distance from x to I7.

Therefore, a natural assumption to make on c? is that it decays like a power of d, i.e., ¢z ~ dP for some B > 0.

Under this assumption, the acceleration becomes

a~ddP =BdP19d ~aP",

2If the boundary acceleration vanishes, then the boundary will simply move linearly with the outermost fluid particles’ speed. This
situation is not of great physical interest since in real systems the boundary is allowed to accelerate. In particular, a motion with no
boundary acceleration cannot include rotating stars. Also, vanishing boundary acceleration will not be a stable regime under general
perturbations.



where we used that dd = O(1). From this, we see that

0, B>1,
alr, = oo, 0<p<l,

finite 0, B =1.

Hence, we expect a stable and realistic dynamics only in the case 8 = 1. Therefore, we assume that

c2(t,x) = d(t,x) for x near I, (1.1.8)

i.e., ¢ is comparable to the distance to the boundary. Condition (1.1.8) is know as the physical vacuum

boundary condition. One should understand (1.1.8) as a constraint, i.e., something that is imposed on the
initial data and then propagated by the flow. The local well-posedness of the relativistic Euler equations with
(1.1.4) as equation of state and initial data satisfying the physical vacuum boundary condition was obtained
in (Disconzi et al., 2022) using Eulerian coordinates. Additionally, a-priori estimates for the same problem
with equation of state (1.1.4) were obtained in (Hadzi¢ et al., 2019) using Lagrangian coordinates. In (Jang
et al., 2016), the authors proved a priori estimates using an equation of state where the pressure is assumed to

be a power law of the particle number.

1.1.2 The case of an ideal gas

We would like to extend the results of (Disconzi et al., 2022) to the case of a non-barotropic equation of state.
In addition, we would like, if possible, to treat situations that are of direct relevance to physicists working in
numerical simulations of star evolution. A typical equation of state used by physicists in their simulations of

stars is that of an ideal gas (see (Rezzolla and Zanotti, 2013) Section 2.4),

p=p(n,e) =ne(y—1), (1.1.9)

where 7 is the fluid’s baryon density, € is the fluid’s internal energy, and y > 1 is a constant. We recall that n

satisfies the equation

ut dyn+ndyut =0, (1.1.10)



and € is defined through the relation
p=n(l+eg). (1.1.11)

Equation (1.1.10) is known as the conservation of baryon density (Disconzi, 2023). This provides a closed
system in terms of the unknowns (&,n,u").

Since € > 0, equation (1.1.11) implies that n also vanishes on the free boundary. In addition, since we
must have € = 0 in a vacuum, we also need to impose that € = 0 on I',. We need to find conditions that play a
similar role to the physical vacuum boundary condition (1.1.8) employed for barotropic fluids. As in Section
1.1.1, we try to determine such conditions by ensuring a finite non-zero boundary acceleration.

We now adopt (€,n,u) as primitive variables. In this situation, using (1.1.9), equation (1.1.1b) becomes

1
Jrslynu“a”ua—|—8|_|a“8“n—|—n|_|a“8“8=0. (1.1.12)

Inspired by the discussion of Section 1.1.1, we suppose that

n~dP e~d° B>0,0>0.

Using this Ansatz into equation (1.1.12) and proceeding as in Section 1.1.1, we find

a~d°

An interesting observation is that & cancels out and we are left with

0, o>1,
ajr, = § oo, O0<o<l,

finite #0, o=1.

Therefore, we conclude that in the case of an equation of state of an ideal gas given by (1.1.9), the physical

vacuum boundary conditions should be

e(t,x) = d(t,x) and n(t,x) ~ (d(t,x))P, B >0, for x near I}. (1.1.13)



Using (1.1.9) and (1.1.11), in terms of (&,n,u), equations (1.1.1) and (1.1.10) read

utdye+ (y—1)edyu =0, (1.1.14a)

1+¢€
;r Lo 0y + €N Gy +nM* 9 = 0, (1.1.14b)
ut dyn+ndyut =0, (1.1.14¢)
guvutu’ = —1. (1.1.144)

Remark 1.1.3. We observe that (1.1.13) is what we obtained solely from an analysis of the boundary accel-
eration. However, from the thermodynamic relations and the equation of state (see (1.2.6) below), we have

that the entropy s is given by

where s is a constant. From the physical boundary conditions, near the free boundary we would have that

! d 1-B(r-1)
5~ y_llog (d(7—1)13> + 50 ~ log(d )+ 0.

Thus, as we approach the free boundary, d — 0 and s would behave like

—oo , for B < ﬁ
§ —  finite value |, forﬁ:ﬁ (1.1.15)
oo , for B > ﬁ

For our model to reflect the physical interpretation, this would suggest that s approaches a finite value as there

should be finite entropy in a vacuum where the medium vanishes. Thus, f = ﬁ is a natural condition for
the decay rate of n in our problem. However, in what follows, our analysis will be solely with respect to the
variables s,u, and r, where r is a multiple of c? that we introduce in Section 1.2. We make this remark to

indicate that there is a natural choice for the physical vacuum boundary condition in the case of an ideal gas.

1.1.3 Main Result

Here, we summarize our main result which is based on the linearized version of system (1.1.14) with variables
s,u and r (where r is defined in (1.2.11) below). See (1.2.19) below for a rewriting of (1.1.14) with our new
variables, and (2.1.2) for the full linearized system. We remark that Theorem 1.1.4 below is a statement

amount the linearized problem, where the non-linear variables (s, r,u) serve as background data.



Theorem 1.1.4 (Sobolev estimates for the linearized system). Let (s,r,u) be a smooth solution to (1.2.19)
that exists on some time interval [0, T, and for which the physical vacuum boundary condition (1.1.13) holds.
Let (S0, 7o, ilo) be initial data to system (2.1.2). Then, there exists a constant € depending only on s,r,u, and

T such that, if (§,7ii) € C*(P) is a solution to (2.1.2) on [0, T), then

15 B @) 2 () S €Nl (50,70, 80) || st () (1.1.16)

where 7°%(Q,) is defined in (2.2.7).
See Theorem 4.3.1 in Section 4.3 for a proof of our main result.

Remark 1.1.5. In Theorem 1.1.4, we assume smooth solutions for simplicity. Our quantitative bounds

depend only on finite regularity norms as indicated in Theorem 1.1.4, and in similar theorems later on.

Remark 1.1.6 (Significance and Future Directions). Although Theorem 1.1.4 is conerned primarily with
the linearized system (2.1.2), we remark that estimates of this kind are the first step in understanding the
quasilinear problem (1.2.19) which features added difficulty from the non-barotropic equation of state (1.1.9).
As seen in works such as (Disconzi et al., 2022), analysis of the linearized equations often plays a crucial role
in developing a local well-posedness theory for the non-linear problem, and Theorem 1.1.4 is an important
step in this direction for the ideal gas equation of state.

We note that fluids with equation of state (1.1.9) are widely studied in physics (Rezzolla and Zanotti
(2013), Section 2.4), although an additional goal is to show the local well-posedness of (1.1.1) with a phys-
ical vacuum boundary and a general equation of state p(p,n). See (Disconzi, 2023) for a review of recent

developments in mathematical aspects of relativistic fluids.

1.1.4 Historical Context
The relativistic Euler equations with a free boundary were first introduced by Tolman, Oppenheimer, and
Volkoff (Oppenheimer and Volkoff, 1939; Tolman, 1934, 1939) where they derived the now-called TOV
equations in the 1930s. At that time, Tolman, Oppenherimer, and Volkoff studied spherically-static solutions
to the Einstein-Euler system for a fluid body in a vacuum. They also identified the vanishing of the fluid’s
pressure as the correct physical condition on the boundary. Note that this condition covers both the fluid case
where p > 0 on the boundary, and the gas case, which we study here, where p = 0 on the boundary.

Since then, the study of relativistic stars has been a very active and important field of research (see
(Disconzi, 2023) for a survey of recent developments). Local existence and uniqueness of solutions to the

relativistic Euler equations in Minkowski background with a compactly supported density have been obtained



by Makino and Ukai (Makino and Ukai, 1995a,b), as well as LeFloch and Ukai (LeFloch and Ukai, 2009).
However, these solutions require strong regularity of the fluid variables near the free boundary which is not
compatible with the physical vacuum boundary condition.

For the gas case with the physical vacuum boundary, we have a priori estimates obtained by HadZi¢,
Shkoller, and Speck (Hadzi¢ et al., 2019) using Lagrangian coordinates. In (Jang et al., 2016), Jang, LeFlock,
and Masmoudi proved a priori estimates using an equation of state where the pressure is assumed to be a
power law of the particle number. Additionally, the local well-posedness of the relativistic Euler equations
with (1.1.4) as equation of state and initial data satisfying the physical vacuum boundary condition was
obtained in (Disconzi et al., 2022) using Eulerian coordinates. To the author’s knowledge, no known a-
priori estimates have been established in the gas case with a physical vacuum boundary and a non-barotropic

equation of state such as (1.1.9).

1.1.5 Diagrammatic argument

A Path to Sobolev Estimates for the
Linearized Equations

Elliptic
Estimates

Sobolev Norm

Wave Energy
Estimates

Vorticity
Estimates

Entropy I
Estimates /”

R
168, 7 @) 32k ) Total Energy

Sound Speed
(squared) Norm

Wave Energy

L. | Sound Speed
(squared) 11

_ 112
17120,

+ Div-Curl -
Estimates ~L.| Velocity
Velocity Norm Time Integral of Sobolev
2 Norm
12 - ,
‘_H-‘”_;; ¥ (0, \I?;\;sgigénce of + / Closry G 7 ) ag b
.:ﬂ:. Transport Energy
+ o Gronwall's
Vorticity A
d Inequalit
Curl of Velocity _—{" | quality

Entropy Norm

4 [

1 Entropy L1

1
2(€) (5. 7 i) 320 0,y < N(imitial data) |2 g

|
(L

Figure 1.1: Diagrammatic argument
In the above diagram, the symbol >~ is used to represent the linearized versions of our quantities s, 7 and u. As an
example, any descriptions such as the velocity norm should be thought of as the linearized velocity norm, since our
analysis will be solely with respect to the linearized variables §, 7, and . Roughly, the arrows in this diagram can be
thought of as an estimate ‘S’ which we will need to obtain using the method that is listed in the corresponding oval. A
precise description of the symbol < can be found in Remark 2.3.3.

In section 1.2, we write the system in terms of our new variables s and r which we will use for the rest
of our work. In section 2.1, we compute the linearized equations which will serve as a starting point for our
analysis. In section 2.2, we provide the function spaces that will be used over the course of this dissertation.
In section 2.3, we prove a basic energy estimate for the linearized system. in Section 3.1, we create a scheme

for estimating terms, and prove several useful lemmas that will assist in the analysis. In section 3.2, we



prove entropy estimates which are one part of the primary transport energy E2

transport- 111 Section 3.3, we prove

vorticity estimates which make up the second part of Etzr’;nspon.

In Section 3.4, we prove elliptic estimates
which are crucial in showing equivalence between the weighted Sobolev norm .7#%* (squared) and and the

total energy E2

iotal- In section 4.1, we complete the proof of the energy equivalence. In Section 4.2, we prove

energy estimates for E2X

wave- In section 4.3, we complete the proof of our main theorem.

1.1.6 Schematic notation for derivatives
We will use the following schematic notation when discussing derivatives in the arguments that follow. We

will use the symbol
* d to denote a generic spatial derivative, i.e. d;, d», or d3, and
* d to denote a generic spacetime derivative, i.e. d;,d;,d,, or d.

In view of subsection 3.1.3, it is important to note that there is significant overlap between these two symbols.
Namely, one can use our primary system (1.2.19) to solve for the time derivative of a given quantity in terms
of the spatial derivatives in a way that, as it turns out, does not introduce problematic terms into our estimates.

We refer the reader to Lemma 3.1.19, Remark 3.1.20, and to Remark 2.3.5 where this fact is used in practice.

1.2 Rewriting the system in terms of entropy and sound speed (squared)
Our goal is to rewrite (1.1.14) so that we can apply energy estimate techniques. For our purposes, it is more
effective to consider the unknowns (s, r,u") where s denotes the entropy per particle, r is a multiple of the
sound speed (squared), and « is the usual (four)-velocity. We will often abuse language and simply refer to r
as the sound speed (squared) or just the sound speed.

We begin by rewriting (1.1.14) in terms of p, and then introducing our new variables which will be used
in the remainder of the work.

First, using (1.1.9) and (1.1.14a), we observe that
uldyp = (y—1)nutdye+ (y—1)eut dyn
= —(y—1)*nedyu* — (y— 1)nedyu” (1.2.1)
= —ypdyut.
Then, rewriting (1.1.14b) in terms of € and p, our system (1.1.14) takes the form

utdye+ (y—1)edyut =0 (1.2.2a)

|
tglypu” duu®+ N3, p =0 (1.2.2b)

10



uH Ay p + YAt = 0. (1.2.2¢)

In the following lines, we will make use of several identities (1.2.3) (1.2.4), and (1.2.5), which can be
found in Section 2 of (Rezzolla and Zanotti, 2013).
Recall that the enthalpy per particle £ is defined by

_ptp _ ne(y—1)+n(l+¢))

h

=¢ey+1 (1.2.3)
which has been simplified using (1.1.9) and (1.1.11). Using the well known thermodynamic relation
ndh—dp = nfds, (1.2.4)
where 6 is the temperature for the fluid, and the fact that
p=nb (1.2.5)

for an ideal fluid, we can solve for s by

nyde — (y—1)(nde + edn) = ne(y—1)ds

1.2.6)
] € (
y—1 log (n’”l) +s0

= 5§ =

where s is a constant (and we will often set sy = 0 for convenience). Additionally, a quick computation (such

as in (Disconzi, 2023)) shows that (1.1.14c) along with the thermodynamic relations implies

utdys =0. 1.2.7)

which is the conservation of entropy along flow lines. Moreover, (1.2.6) allows us to solve for € in terms of s

and p. We see that e(? 1) = £ — ﬁ - £, which leads to
ey;yls r-1
e — T (1.2.8)
(r=17
—1
Now, substituting for € in (1.2.2b) and mulitplying by (y— 1)77 , we get
=l 1t
Ciputdyu®+e 7 p 7 N*™yp=0 (1.2.9)

11



where
Lt Y

rte
(y=1)7

Note that C; is O(1) as we approach the free boundary since p — 0.

C =

Before proceeding, we can quickly verify that the acceleration of the free boundary is O(1) using (1.1.13).
v
Near the free boundary, € ~ d where d is the distance to the boundary. Using (1.2.8), we get p ~d7- 1. In
this case,

_1
a® = uHduu® ~ p TAp ~ (dvfyl) T art = o(1). (1.2.10)

Because, d ~ p 7, this motivates the definition of our new variable

(1.2.11)

ﬁ
i

hS]
<

with the idea that » ~ d and r will serve as our weight in the energy for the free boundary problem. After
computing the sound speed squared given by ¢? = Z—Sh, we further note that r is comparable to the sound
speed (squared) for the fluid and it will play a similar role as in the work from (Disconzi et al., 2022). Using
(1.2.2¢) above, we can quickly verify that
y—1 _1
u“aﬂr:Tp Tutdup = —(y—1)rdyut (1.2.12)
and thus (1.2.2c) becomes

ut oyr+ (y—1)royu* =0 (1.2.13)

In order to complete the system in terms of (s, r,u*) we must further rewrite the second equation (1.2.9).

1
Observing that dyp = nyl p7our, we get

—1. _1 1
Crutdyu® + eyT“p77 N*oup = Crut dyu® JreyT“ y—yln““a”r =0 (1.2.14)
Then, calling
-1 _rt
C=c L7, (1.2.15)
we get the form of the system in terms of the unknowns (s, r, u"):
utdys =0 (1.2.16a)
1
u”&uu“+c—2ﬂ““8ur:0 (1.2.16b)

12



ut dyr+ (y—1)royut =0. (1.2.16¢)

-l

=1 7
-1

’J/eTS

where C, =

+ r. For simplicity, let’s define

C=T(s) ="~ — (1.2.17)

so that C, =T'(s) +r.

Finally, using the convective derivative which we denote as

D; = u"y, (1.2.18)

our new system in terms of the unknowns (s, r,u%) takes the form

Dis=0 (1.2.19a)
Dir+(y—1)rdyut =0 (1.2.19b)

1
D,ua—i—ml—la”&ur:O (1219C)
gapu’uP = —1 (1.2.19d)

where I' = I'(s) is defined according to (1.2.17).

13



CHAPTER 2

Energy estimates for the linearized equations in weighted L> spaces

2.1 The linearized equations
Now that the form of our system is complete, we will compute the full linearized equations using the standard

procedure with linearized variables.

2.1.1 Computing the Linearized Equations

Consider a one-parameter family of solutions {s¢, rr, ur } 1 for the main system (1.2.19) such that (s¢, 7z, u¢)|r—0 =
(s,r,u). We can now formally define the function 6 = % |r=0 and linearized variables (8, 7 ii) := (8s, Or, Ou).
These variables will solve the linearized system that we now compute by taking d of the equations in (1.2.19).

We will use 8 f = f to simplify the notation:

Dis+it'dys =0 (2.1.1a)
D+t dyr+ (y— 1) rdyd + (y—1)Fdyut =0 (2.1.1b)
I I i
D,u“—l—u“&uu“—i-riﬂﬂa”&ur—k (mnau)a,,rzo (2.1.1¢)
api®uP =0 (2.1.1d)
After a computation, we get that
1 I r I
not ) = — (7%u# oSy STIOH — FITEH
<F+r ) F—|—r(u w' Fuli) (F—|—r)2s (F—|—r)2r
where I (s) = — 7;},11", and we can write the linearized equations in the form:
Dis=f (2.1.2a)
D,f+ it dyr+ (y—)royi* =g (2.1.2b)
. 1 .
D,u“+r—+r|'|°‘“¢9ur:h“ (2.1.2¢)
dqu* =0 (2.1.2d)
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where I' is defined according to (1.2.17), and

g=—(y—1)ioyu" (2.1.3)
h* = -t u®* — ! (@*u" 4+ u*a*)o r+71—" SN*H 9 r+71 %o, r
T4 (T +r)2 (T +r)2 H

Remark 2.1.1. We note that the terms in blue will later combine to form a perfect derivative that will assist
in our energy estimates. Additionally, each of the terms on the RHS contains undifferentiated (§,7 ) with

coefficients of the form (ds,dr, du).

2.1.2 Basic Assumption
To clarify the exposition, we will be making the following assumption which can be used when handling the
relativistic Euler equations with a physical vacuum boundary (see (Disconzi et al., 2022) and (Hadzi¢ et al.,

2019) for similar examples).

Assumption 2.1.2 (Uniform smallness of r). Without loss of generality, we will assume that for each t €
[0,T], r is uniformly small in Q:

7]l =) < &<

N —

where € is a small positive constant that we fix for the remainder of the dissertation. By ‘< %’, we mean, in

particular, that there exists a fixed positive constant C > 3 such that C€ < %

Recall from the physical vacuum boundary conditions and (1.2.11) that this assumption will be verified
in a small neighborhood of the free boundary I'. Due to finite speed of propagation, the behavior of the fluid
away from the boundary is non-degenerate and a priori estimates in Sobolev spaces can be handled using
methods from the standard relativistic Euler equations. The removal of Assumption 2.1.2 requires a partition
of unity argument in which one must separate the fluid into its bulk behavior away from the free boundary
and its behavior near the free boundary. By using Assumption 2.1.2, we are able to focus on the essential

difficulties posed by the degenerate nature of the free boundary where ||r||;=(q,) < & < 5.

Remark 2.1.3. In what follows, we will often refer to the ‘smallness’ of r near the free boundary which
will allow certain terms to make much smaller contributions. We will use & when appropriate to reference

Assumption 2.1.2.

Remark 2.1.4. Additionally, when handling these ‘small’ terms (see Remark 3.1.9 in Section 6), we will

often use the Cauchy-Schwarz inequality with €. Thus, it is useful to fix the interplay between & and € so as
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to not cause any confusion. Given that & < 2 is fixed by Assumption 2.1.2, and we also have C T < 2, we

will use € in applications of the Cauchy-inequality-with-€ to be a small positive constant such that

1 1
—_— — 2.14
O<C71<€<2 ( )

Note that the previous definitions make the following inequalities true

1 1 1
0<8<%<a<8<5

1
<1+>é<Cé
&

Remark 2.1.5. Suppose that we know A ~ B up to terms that can be easily controlled, i.e. A= B+ f (see

(2.1.5)

Remark 3.1.12 for a formal treatement of the symbol ‘~"). These ‘easily controlled’ terms f will be called
subcritical and are catalogued in Definition 3.1.8. We also refer the reader to Remark 3.1.9 for a detailed
method on cataloguing free-boundary terms. Then, using Remark 2.1.4, we will often perform the following

sequence of inequalities relative to a particular norm || - ||

JAIP = 1B+ 1> = 18] - L1l
= [1BI” + [LA11* = 201 BIl .71
> |1BI? + 11711~ 211B]l1If] (2.1.6)

N S 1
> [|BI* + 171> — £llBI* = 11717

— (-8R - (-1 ) I

where we applied the Cauchy-Schwarz inequality with €. To see how (2.1.6) is used, let’s suppose, for

example, that ||| =||-|| | 2y (where this norm is defined in (2.2.6)) and we have deduced that f is
H 20r-1)

subcritical. Then, by Remark 3.1.9 and (2.1.5), we will get

(a-e)Bl, . —( )e||f|2>” > (-0)BI, oy = CEIfIEym 2.17)

0301y )

and the key result

1A o (1—«‘3)||B||2 2y —CE[If]%

20r-1)
which is a useful inequality for replacing A with B from below modulo the subcritical error terms f which

frequently appear in the coming estimates.
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2.2 Function spaces and Energies
Here, we define the function spaces and energies that will play a key role in our work. We denote the weighted

L? spaces with weight & as L?(h) and equip them with the norm

71y = [ #IFP d @21)

We will assume throughout that 7 is a positive function on £, which vanishes simply on the free boundary
I';. Thus, r will be comparable to the distance to I7;.

For pairs of functions in our system defined on €, we will use the base Hilbert space

2-y

H =27 ) x L2(r7T) 22.2)

with the usual norm depending only on the weight r. However, we will often use an equivalent norm which

is compatible with our energies in the problem. Let G4 be the following two form
Gaﬁ = 8ap —|—2uauﬁ (2.2.3)

which, by (Hadzi¢ et al., 2019) , has been shown to be a Riemannian metric.

Then, we define the norm

2y 1
G = [ T (5P + R ) s 24

where [ii]? = |3, = Ggpi®aP > 0.

Remark 2.2.1. We observe that the two norms || - || ,» and || - |

7 are equivalent on the space of pairs (i)

due to a key fact about the weights appearing in the energy. For x sufficiently close to dQ,, we have that
r — 0, s approaches a finite value Cs by (1.1.15), and the weight

(TC+r)— 7(?/_ )

r=1

Ye?

>0 (2.2.5)

y=1
1) 7
Cs

which is a finite positive constant bounded away from O (as y > 1 is fixed, and C; fixed). Hence,

|| and
|| - I ;7 are equivalent near the free boundary.

We also define the higher order weighted Sobolev spaces H/:° with integer j > 0 and ¢ > —% to be the
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space of all distributions in €; whose norm

7o = X Ir70%f1I7 (2.2.6)

o <j

is finite. For higher regularity, we will use the following higher order Sobolev spaces where the powers of r
are linked to the number of derivatives. Similar to (Disconzi et al., 2022), we will define higher order function

spaces 5%k on triplets (§,7 i) in Q; with the following norm

2k k
5,7 i) +ht 2 +i+ 2
15,7, 2) —‘;0 Zb [P s 2, 2, T e, 2.2.7)
o a=
lot| —a<k

where we note that the r weight in the 7 norm is % less than the weights on § and i (which is a direct conse-
quence of the powers of r in (2.1.2)). Additionally, these higher order function spaces are based around an
even number of derivatives due to the underlying wave-like operator that governs the second order evolution
of (2.1.2). Taking D; of (2.1.2) illustrates this underlying operator which is a variable coefficient version of

th —rA.

Remark 2.2.2. Similar to (Disconzi et al., 2022) and (Ifrim and Tataru, 2020), we can use the embedding
theorems (which we recall in Lemmas 3.1.2 and 3.1.3) to show that the .#? norm is equivalent to the

+k

2k’2<7 I +k><H ’ZW 1)+k><H ’27 2-0"" norm.

H

Remark 2.2.3. We remark that the % norm will be used to control convective derivatives of 7 and i which
satisfy a system of wave equations (see (2.2.8) for the definition of E2X ). Meanwhile, i will be decomposed
into its vorticity part which, alongside §, satisfies a transport equation that we can estimate directly (see (2.2.9)

for the definition of E[mmport)

Here, we introduce energies that will be used in the higher order analysis. First, we have the wave energy
o s 2j = 2
wavc(s>r7u): Z H(ijr’Dtju)Hi'fv (228)

recalling (2.2.4). Note that the definition of .7 guarantees that |Di|? = DX ii|2 ¢ >0.

Additionally, we will use the transport energy

Egkopor (5.7 11) = || @ -+ 1511
Lransport( AR) ) H ||H2k71’k+2(71*1) H HHZk"HZ(ylfl)

(2.2.9)

where @ is the reduced linearized vorticity defined in (3.3.10), and this will be addressed in Section 3.3.
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Then, the final linearized energy is given by
(5,711) + Egsnsport (5, 7. 1) (2.2.10)

Remark 2.2.4. Although both components of Etzr’a‘Ilsport satisfy transport equations, we remark that they will
be used slightly differently in the arguments that follow. In particular, the estimate for @ will be used to
complete div-curl estimates for ii, whereas § can be estimated directly with the .** norm from above and
below as in Section 3.2. See Figure 1.1 in Section 1.1 for a schematic picture of the arguments that will be

used.

2.3 The basic energy estimate

In this section, we will prove a basic energy estimate for the quantities §,7 and i in weighted L? spaces.
Although the higher order estimates in Sobolev spaces require additional techniques, this section serves as
a starting point in our analysis. As discussed in Section 2.2, the § equation will later be treated separately
(see section 3.2) as it satisfies a transport equation as opposed to the wave equations satisfied by 7 and i (see

Section 4.2).

1

After computing the linearized equations (2.1.2), multiply (2.1.2a) by r7-1§, the second equation (2.1.2b)
by ﬁrﬁ 7 and contract the third equation (2.1.2c) with (I"+ r)rﬁ GgpitP. Using (1.2.19d), (2.1.2d), and

identities like g M* = " = Gp PN we get

1 L

5ry—lp,gz = —r7 1§t dys (2.3.1a)
1 22y, L 21 2y
1D, 7 =17 ya 179 M = _ 2 19, I 2.3.1b
27— 1)r i 47Tyl FrrT oyu ( )
r 1 1 1
;rrv—IDt|ﬁ|2+rV*1ﬁ“8“7:—(F+r)r TigaH duu® —r7- 1|u| utdyr (2.3.1c)
rr A
+l"—|— r7I st oy r + r7 “TFaH oyr.

Thus, after adding the equations together, the blue terms combine to form a perfect derivative:

1 L 1 1 1
T A PRt + 7T AT = 9y (r7 T R 23.2)
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which will be handled using integration be parts. Combining the equations together, we get

14 5 1 22y -, 1”+r4 2 o

377D s D D a4 0,7 T
:—rﬁfﬂla“s
—r2r718 ut

(2.3.3)

o 1 o
F+rr771 st oy r+ F—&—r”ﬁl Fith oy r.

Next, we integrate with respect to x over £, and use the moving domain formula (see (Majda and Bertozzi

2001), Section 1.3, and note that the fluid particles on the boundary move with velocity (i,)

i/gtfdx:/gta,fdw/gra(f%) dx .
—/QtulOD,fdqu/Qtfai(Z;) dx. -

For the blue terms, we have r = 0 on d€, so integrating by parts yields

G R dx= [ o) dx+ [ a0 7170) dx
Q
_/a e ~v,ds+/ 97T i) dx (2.3.5)
L
= [ O (r7TFid) dx
Q

(2.3.6)
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First, recall using the r equation that D;r = —(y — 1)rd,u*. We then get

1

2—
FPTD 4 1 2y 5, I'+r _L

=W 1D, |ii|?
2(7/_1)r 7+ > r , Jd|

11 2 2=y 2 o 1 L 2
_ T QuuMi — — 71 (T oy ut
= 1)r 7" — S (T +yr)dyut ||

th(tvx) =

| —

. 2.3.7)
— P u ut

1

1
— (C+r)rrTaga* dyu® — rrT |ﬂ|2u”8ur
/

I'+r

1 1 1

—1 M
rrY Fit oy r

71 5M 0
rv-1su ur+ Tt

+

-y
2(y-1)

1 L 2-y 1
—fry”aﬂu”S“z— ryflauu”fz— r=1(C+ yr)&uu“\fdz

N —

using the fact that D,I" = 0 and computing several more expressions.

After gathering terms, we apply (2.3.4) to f(¢,x) and integrate over €. This yields

I/{i
AR dx:/gtf(t,x)&- (uo) dx
1
2

—/ %o}(rﬁfﬁo) dx
& (2.3.8)

1
—/ —OVY*‘Eﬁ“aﬂs dx
Jo,

1 1 1
—/ —5 (T r)r it dyu® + —5r7T |id[*u" Oy r dx
o u u

+ Q,EF—&—r

Thus, we define the squared base energy (k = 0) to be

1 1 27 (1
EV5 R[] = ||(Fa)||%, + = ||5]|> = = P+ (T a2 +rs ) dx. 239
(5,7, @)[t] H(nu)llﬁﬂr2||S||H0‘2(7171) 5 er (y_lr +(C+r)rfal=+rs x (2.3.9)

<

Remark 2.3.1. Observe the correspondence between (2.3.9) and the higher order energy (2.2.10) where we
have a wave part and a transport part. We only make the distinction here between § and (7 i) to highlight
the differences in the higher order estimates. In Section 3.2, we can simply differentiate the § equation
with spatial derivatives 2%, However, in Section 4.2, we must differentiate the 7 and & equations with the

convective derivative D;.
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This will allow us to prove the following basic energy estimate.

Proposition 2.3.2 (Basic Energy Inequality). Let (s,r,u) be a smooth solution to (1.2.19) that exists on some

time interval [0,T). Then, the following estimate holds for solutions (8,7,i) to (2.1.2):
!
E°[r] < E°[0]exp (/ € (||0s,dr,du,s,r,ull1=q,)) dT) (2.3.10)
0
where E°[t] is given by (2.3.9) and € is a continuous, positive, increasing function depending on the L™ (Q;)

norms of s,r,u and their first order derivatives.

Before giving the proof, we provide the following remarks which are critical in understanding the methods

used throughout this dissertation.

Remark 2.3.3 (The symbol ‘<’). Throughout our work, the symbol < will be used in the usual fashion, i.e.
ASB<—A<YB

where Z is a constant depending on the the fixed data of the problem. In our case, Z will depend on the
background solution (s, r, u) along with y and T. By slight abuse of notation, we will sometimes write A < ZB
or A < 2(9% (s, r,u))B if we want to highlight, for example, that & depends on 2k derivatives of our fixed
data (s,r,u). This is also done to assist the reader in following our estimates where these quantities are often

removed from an integral with the L* norm (see Section 2.3.1 where Proposition 2.3.2 is proven).

Remark 2.3.4. In view of (2.2.5), we will often use inequalities of the following form when handling weights

that appear in our integrals:

S PN 1
/ rr " dx <
Q +r

/ (C+r)r7 T |a? dx < E° (2.3.11)
L(Qy) /&

where we note that F%_r tends to a finite positive constant depending on ¥ when we are sufficiently close to
the boundary (see Remark 2.2.1). When we refer to an expression consisting of s,r,u and 7y as O(1) near the
free boundary, we simply are referring to the fact that when r is sufficiently small, this weight tends to a finite
constant bounded away from zero. Thus, it can be absorbed into the << symbol without having much effect

on the primary estimate.

Remark 2.3.5. Additionally, there are many situations in which we would like to estimate expressions in-
volving spacetime derivatives dy, over the spatial region Q,. However, this can be done with the help of

section 3.1.3. The primary idea is that we can use system (1.2.19) directly to solve for J;(s,r,u) and 0, (3, 7 ii)
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in terms of the spatial part d(s,r,u) and J(§, 7 i) respectively, plus additional terms that can be estimated.
With section 3.1.3 taken for granted, one can treat d;, as a generic first order spatial derivative d in the follow-
ing proof with the understanding that all time derivatives will be eventually written in terms of purely spatial

derivatives.

2.3.1 Proof of Proposition 2.3.2
Proof. Using Remarks 2.3.4 and 2.3.5, the first two terms in (2.3.8) on the RHS containing dy,u* and 0; (":—(;)
can be quite easily estimated using E° and an expression depending on the L*(£;) norms of u and du. We

arrive at the inequality

d
EEO5C0<||a"‘||L°"(Q,)>HMHL"“(Q,))EO
1 1
—/ — 07T dx
on
S R
—/ —r7 15t dys dx
o (2.3.12)

1 1 1
—/ —5 T+ ) r g duu® + —r = *ut dyr dx
Q u u

+

Q,EF—I—V

= [|(du,u) ||L“(Q,)E0 +h+h+hL+1L

where each lower order term /1, ..., Iy will be estimated in the following way.
The first term /; is unique in that we plan to combine it with the LHS of our inequality after integrating
in time. We leave this term for now and will return to it later.

For I, we estimate it using the Cauchy-Schwarz inequality. We have

1

1 10 m _ 1
1< [ ) 0] < 1950001 6°) e ) 77715

D=
7N
{o\
=N
<
I-
=
o
N————
N —

(2.3.13)

S G952 ||’4||L°°(Qf))EO~

where we used remarks 2.3.4-2.3.5, and the fact that G is a Riemannian metric, hence ||} < |i| where & is
the Euclidean metric in spacetime.

For I3, we simplify D;r = —(y—1)rd,u* and get a similar inequality

Bl < [ e @) g dx + [ e @) - Driouet| dx
Q (07 (2.3.14)

S Ga([|Qul| =g, ) lullr= (@) ) E°
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where we used Remark 2.3.4.

For I, we observe that [ (s) = —y;yll"(s) using (1.2.17), and we can apply similar arguments along with

the Cauchy-Schwarz inequality to get

L

—1 _ 1 1 T
mi< [ (Yy)|<u0> s Our| x| | G|

< Ca(l19rll=(@,), Nl () E-

(2.3.15)

Thus, for the energy defined in (2.3.9) with ¢ replaced by 7, we combine (2.3.13)-(2.3.15) and /; to get
the inequality

Ao
SoEV S C19sll 1ol 9w, ull) E+||u||/ e (r7TF’) dx (2.3.16)

where the constant depends only on y and the norms are on L*(Q:). Integrating in time from 0 to ¢ € [0, 7],

this implies

1

t r p
E°[1] §E0[0]+/ c(||9s|, 197, || Qull, ||l ) E°[] dT+/ / O (r7 T 7)) dxdt (2.3.17)
0 Jo Ja,

where the constant depends on 7y and the L* norm of u which is bounded on [0,T]. Then, from a quick

computation using the moving domain formula, we get

! 20 t/d A 2 N
/ 9 (r7T ) dxdr:/ 7/ P dxde— [ (7RG dxds
0 JQ, o \drt Q;
td 1
. / < / 70 dxdt (2.3.18)
0 dt Jo,

= [ )P0 ) dv— [ (r0.0) 71RO (0.x) dx

Q Q

where we integrate by parts for one of the terms and used the fact that r vanishes on the free boundary. Thus,

we can substitute this into our inequality to get

E°[] SEO[O]JF/IC(||3SHaH9r||7||9M||7||M||)EO[T} dt
o . 1 (2.3.19)
+ (r(t,x))ﬁ?(t,x)ﬁo(t,x) dx—/ (r(O,x))ﬁf'(O,x)ﬁO(O,x) dx

Q, Q

where the constant depends on ¥ and ||u/|;=(q,) which is bounded.
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Then, for x sufficiently close to the boundary, we have estimates of the form

N
/ rT R dx| <

Q
1
1/2 2y 5\ 2 10\ ?2 2.3.20)
S, (/Q e |rz> (/Q we |u|2) (

S él/zEO[Z]

where we applied Assumption 2.1.2 and used the smallness of r so that 87 <« % < 1. A similar estimate

also holds for the Qg term. Thus, we can move the &!/2E° [7] term to the LHS which will yield

1 . ot
B % 1 grr (B0 + %)+ [ (105l +197]mi0 + 100l BT d) 2320

Thus, by Gronwall’s inequality, we have

!
E°[t] S E°[0] exp </0 G l9sll, l1rll; [1oull, sl Nl lull) dT> (2.3.22)

with a constant depending only on 7 and our distance to the free boundary. This completes our proof of the

basic energy estimate.
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CHAPTER 3

A path to higher order estimates in weighted Sobolev spaces

3.1 Creating a Book-keeping scheme

Now that we have shown the basic energy estimate (Proposition 2.3.2), our goal is to prove higher-order
estimates in Sobolev spaces. In works such as (Disconzi et al., 2022), a book-keeping scheme was created
using the equations’ scaling law for leading order dynamics near the free boundary. However, from observing
(2.1.2), we see that no such scaling law can be used; thus, we will need to develop several keys ideas around
the notion of order which is first defined in Definition 3.1.8. After differentiating the equations, we plan
to create a book-keeping scheme which accounts for the number of derivatives and the powers of our free
boundary weight r. Along the way, any derivatives of the background quantities s,7,u will serve as L™
coefficients for each of the terms that we will encounter. We also refer the reader to Remark 3.1.1 for a

preview of the coming arguments in this chapter.

3.1.1 Higher order derivatives of the equations

Using system (2.1.2), we record the computations when taking D,Zk of the equations (where D? is the identity).
Since the § equation will be treated separately in Section 3.2, we put only the 7 and & equations here for
convenience. Writing the equations in commutator notation and keeping only the higher order terms on the

LHS, we get the following system:

D, (D?kf) + (D,Zkﬁ“) dur+(y—1)rdy (Df"ﬁ“) = By (3.1.1a)
_ 1 .
D, (kau“) RS (D,Zkr) =g (3.1.1b)
where
2k—1 . . . .
By =DYg— Y (D;a“a“ (D,Z’Hr> —D¥irg, (D;a#))
i=0
2%k—1 ) 2k o
— Y DD du)r— (y—=1) Y. DD}, 9y )i (3.1.2)
i=0 i=1

2k—1 2k
; 1 . . 1 .
C% = D*p* — p*=i{ —— o) 9, (DIF) =Y D* i ——n%* ) [pi 9,7
2k 1 Z(,) t T+r u( tr) 1:21 t T+r (D, u]r
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and g and h* are defined in (2.1.3). Additionally, we removed terms from the summation where the commu-
ator was zero. Each of the terms in (3.1.2) will be included in the higher order wave equation estimates in

Section 4.2.

Remark 3.1.1 (Preview of the coming arguments). In order to prove weighted Sobolev space estimates for

§,7, and i, we will be book-keeping terms based on powers of r and derivatives of our linearized variables.

* Any derivatives of s, r, or u will serve as L™ coefficients that can be removed from the integral. Thus,
from the point of view of computing the .7#**-order of a given term (see Remark 3.1.18), they will
often be ignored. This is also done in lemmas such as Lemma 3.1.17 where we simplify D, (8,7, i) in

terms of /9" (§, 7 ii) and ignore 9 (s, 7,u).

* As we will see using Definition 3.1.8 and Remark 3.1.9, it can often be useful to highlight the most
critical, or sometimes supercritical terms in a given computation and ignore all others. Suppose that we
know A = B+ C and the order (as defined in Remark 3.1.9) of C is ‘strictly better’ than B. By ‘strictly
better’, we will see from Remark 3.1.9 that this translates to C having an extra power of r available
when compared to B. Then, the bulk of our analysis should concern B, since for C we can employ

smallness arguments by Remark 2.1.5.

* Any weights that appear in the integral which are O(1) near the free boundary will be treated in a

similar way as (2.3.11). They can be removed from the integral and treated as L™ coefficients.

¢ In general, recall Section 1.1.6 for notation when referring to generic derivatives. We note that in view
of subsection 3.1.3 below, we can use the equations to solve for d;¢ in terms of just spatial derivatives
d¢. As an example, dy,ii* can be expanded as a collection of terms, each of which takes the form Jii

when we simplify the time derivative.
Before proceeding, we will need several lemmas from (Disconzi et al., 2022) on embedding theorems:

Lemma 3.1.2. Ifs; > sy >0and 01 > 02 > —% with s|1 — sy = O] — Oy, then we have
HslAGI CHSZ’GZ.

Lemma 3.1.3. If o > 0and 6 < j, then

H/)° c HI=S,

We also have the following Lemma 3.1.4 dealing with extra powers of r, and Lemma 3.1.5 where the

value & in the proof becomes important in Remark 3.1.9.
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Lemma 3.1.4. Suppose that ¢ > 0, r vanishes simply on the free boundary, and f € H*°. Then f € Hk"”%,

and more specifically

2 Al £112
<
”fHHk,GJr%(Qt) = erHHk'G(Qr)
where the integrals are interpreted with respect to Remark 2.1.3.

Proof. By Assumption 2.1.2 on the smallness of r, we have

2 — 6+%aﬁ 2
”fHH’“’*%(Q,) ‘B‘ngﬂr f”LZ(Q:)

= Z / r\r68ﬁf|2 dx
Bl<k”

< Gaﬁ 2

= Z HrllL“(Q,)Hr f”LZ(Q[)
IBI<k

<t ) ||r68ﬁf||%2(gt>
IBI<k

= é”f”]%]k,cr(gt)

as [|r]|=q,) <EK 1 near I';. This completes the proof.

(3.1.3)

O

Lemma 3.1.5 (Free Boundary Embedding Lemma). Let H'™ be the corresponding Sobolev space for the

free-boundary problem with weight r that vanishes simply near the free boundary, and I,m > 0. If k > 0 is

provided, then

1
HZk,kJr 7 C Hl,m

providedlSZkandm—l—l—k—% > 0.

Proof. Let O =m—1+k— % > 0. By repeated application of Lemma 3.1.4, we have the embedding

1 1
2Kk - pRkktda _ g2k 2k—lm (k1) (2k=1)+m

Then, by Lemma 3.1.2 and the fact that [ < 2k, we get that

k=D +L k=D +m — prlm

and this completes the proof.

O

Remark 3.1.6. By following the proof, we also have that natural corollary that H***  H'" provided m —

[+k>0.
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By combining the above lemmas we have the following useful corollary:

Corollary 3.1.7 (Free-Boundary trading derivatives for weight). Suppose that f € H*1°%1 and j, 6 > 0.

Then, we have

1 fllgio S Ellfllgisro (3.1.4)

where € is the small positive constant defined in Assumption 2.1.2.

Proof. By Lemma 3.1.2, we see that || f||z750 < || f||gi+1.0+1 With a constant depending on ¢. Then, we can

simply pull out a power of r in the following way:

e =Y, P71 0%f 12

loe|<j+1

=Y /r2|rc8“f|2dx

| <j+1 7

<oy X /Q\rcaaf‘zdx
[

o <j+1

<& fl7 10

where we used the smallness of r from Assumption 2.1.2. This completes the proof. O

Definition 3.1.8 (77 critical, subcritical, and supercritical terms). Let m,! € N. In view of Lemma 3.1.5,
any terms of the form

7ol rmots

or

moLF

with 0 < I < 2k and m > 0 will be called .7#**-critical provided that m — [ + k — % = 0, (or respectively
m — [ +k = 0). Additionally, terms such that m — [ + k — % > 0 (or respectively m — [ 4+ k > 0) will be
called .7#**-subcritical. Similarly, terms where m — I +k — 5 < 0 (or m — [ +k < 0) will be denoted 57~
supercritical. In view of subsection 3.1.3, a similar classification can also be used for the terms r’”[)lﬁ, r’"alf,

I
and r"9'F.

Remark 3.1.9. We can also refer to the .7?*-order of a given term by computing the value & :=m— 1[4k — %
(or O :=m—1+k for terms involving 7) and the sign of ¢ will determine if the term is subcritical or
supercritical. As an example, a term of the form 92 will be called .7#**-supercritical of order —1. The
value ¢ can be interpreted as a indicator for how well that term can be estimated using the .7?* norm. Critical

terms have the exact number of derivatives and powers of r to be estimated, whereas supercrtical terms are
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lacking key additional powers of r. Also, note that the order & depends on a particular derivative level, i.e.
what value of k we are using in order to estimate terms using the 7> norm. Also, note that that the weights
in the 7> norm depend not only on &, but also on y > 1 which is a fixed constant. For clarity, one can
interpret this notion of order as in the simplified setting where y = 2 since our starting Lemma 3.1.5 is built
around the function spaces HZka% and H%%* In that case, the 7#%*-order of a term T can be interpreted as

a statement about the powers of r present/needed in the term 7 in order for the inequality

2 s N2 e (1212 =112 _12
||T||Lz S, "7”)“%2/« ~ HSHHW‘*% + ||V||H2k,k + ||u”H2k="+%

to hold, and the symbol = is used to represent the norm equivalence from Remark 2.2.2. For arbitrary y > 1,
_— . 2
We will instead use the function spaces H Zekt 3 +2 = and H k+2 (r- ‘> In this setting, the .7#**-order for a

term T is a statement about the inequality

T ., <|IGEdD|2w ~ |5 +171? + ||a||? 3.15
ITIE, g SIGR s = I gy I W (3.15)
which we summarize:
* Suppose that T is .7 subcritical. We claim that inequality (3.1.5) holds as well as
ITI? 5y SEIGE R (3.1.6)
H

L2(r7v=T)

using the previous Lemmas (also, note that (3.1.6) implies (3.1.5)). To see this fact, let’s assume that T’
consists of 7 terms so that T = r"9'F (although 7 and § terms are similar). By Definition 3.1.8, we have
that m — [ +k > 0. If [ = 2k, then we must have m > k (extra power of r) and we can apply Lemma
3.1.4 to get the desired inequality (3.1.6) with €. If [ < 2k, i.e. [ =2k — b with 0 < b < 2k, then we
must have m > k — b (and m = 0 for b > k). Applying Lemma 3.1.3, we would get

i <7l

| (3.1.7)

2—y .
2k ;m+-b+ -1

2<2y 71) S HrH 2k /;m+2(’

Then, since m+ b > k we can apply Lemma 3.1.4 to finish the proof of (3.1.6).

o If T is % critical, then (3.1.5) holds by Lemma 3.1.5, but (3.1.6) in general does not since we do not

have any additional powers of r to spare.

o If T is 772 supercritical with order & < 0, then (3.1.5) does not hold (and subsequently (3.1.6) also

does not), but (3.1.5) is true with T replaced by 7 = r~ 7T as T is lacking key powers of r. To see this
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fact, we simply observe that the order of the term 7 will be (m — &) +1 —k = 0 which is critical.

Lemma 3.1.10 (Sum of 7 2 orders). Suppose that Ty and T, are free boundary terms (i.e. Ty and T, are
of the form "' (ii,7,5) for some m > 0 and 0 < | < 2k) that have H#** orders Oy and O respectively. If

O+ 0> >0, then |T' T2, S ||(5,7 i) szﬂk, i.e the 7% order of a product is the sum of its orders.

Proof. We will break the proof into cases, since many of the combinations are quite similar (terms with § are

treated identically to terms with ). Without loss of generality, it suffices to consider the cases when
1. Ty =r/mdijgand T = P24,  my,my>0,0<1y,l, <2k
2. Ty =roiiFand T = P™o2F,  my,mp>0,0<1,l, <2k
3. i =rMoltFand T = o2,  my,my>0,0<1;,l, <2k

Before tackling each of the cases, let’s assume that for i € {1,2}, we have /; < k. This implies that [; <k —1

as l; € N, so k—1[; > 1. Computing the order of 7; in any of the three cases, we will get

1 1_1
mi—li+k—=>m;+1—=> = forterms with i
2 272 (3.1.8)

mi—Ili+k>m;+1>1 forterms with 7

and T; is guaranteed to be subcritical. Then, we can use a sequence of inequalities combined with Remark

3.1.9 at the end:
T T2l 10 < IThll2 (@) 1 B2l 200 STl ) + I T2022 ) S 28I E D22 < SRy (3.1.9)
Thus, for each of the three cases, it suffices to assume that
I, >k

which would allow for 77 and 7> to be critical/subcritical.

For the first case, we simply apply the same sequence of inequalities, but we take care to group and
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remove additional powers of r. We get the following

|(rml all ﬁ)(rmzalzﬁ)‘ dx = /l (rml+k7117%rllfk+%8ll I/’i) (rm2+k712*%r12*k+%812ﬁ) ‘ dx
Q;

1 1
_ /rm1+k—ll+rn2+k—12—1| (rll—k-&-jallﬁ) (rlz—k+jalzﬁ) | dx

1/2
< ||rﬁ1+ﬁ2HL°°(Q[) (/Q \r%rll_k8l‘ﬁ|2 dx) (/Q |r%rlz_k81212|2 dx)
t 1

O1+05 12 = A\2
§Hr 1t ZHLOQ(Q[)”(S’V,I/L)H%Z)(-

1/2

(3.1.10)

where we recovered ¢ + 0, using Definition 3.1.8, and used (2.2.7) for the definition of the .#** norm.

Finally, since & + 0, > 0 by assumption, we have ||r7172 | 1=(¢,) < | and this completes the proof of case

1.

For the second case, the idea is quite similar, and we simply have to alter the placement of our powers of

r and use the definition of order for terms with 7. We will get

(P91 F) (P 0"2F)| dx = / [ (st hkgh ) (o kghr) | dx

Q

_ /.rln|+k711+m2+kflz| (rll—k(;l] ;) (rzrkazzf) | dx

: 1/2
<5y ([ 1R ax) ([ bt ar)
- f t

O\+0 o
St 2|‘1%*(Q,)||(57Va”)||?;fzk-

1 GLID

Finally, the third case is also quite straightforward:

|(r'”1811 f)(rmzalzﬁ” dx=/\ (W’l*k*llrh*kall f) (ﬂ”2+k*12*%r12*k+%812ﬁ)| dx
Q

_ /rm1+k—ll+m2+k—12—%| (rh—kah }7) (r’2"‘+%8’212) | dx
1/2 1 1/2
< ||rﬁl+ﬁz||L°°(Q,) (/ |r11—kallf|2 dx) </ |r7rlz—k(912ﬁ|2 dx)
o o
S P70 e 15,7 ) 2
(3.1.12)
and this completes the proof of Lemma 3.1.10. O

Remark 3.1.11. We note that Lemma 3.1.10 is especially useful in energy estimates where we would like
to compute the order of a product of two terms, but we are estimating in L' instead of L? and utilizing the

Cauchy-Schwarz inequality. Using Lemma 3.1.10, we can extend the notion of order to a product of terms
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T T, by replacing inequalities (3.1.5) and (3.1.6) with

T, T L, <G Fd)|? 1.1
171 2||Ll(r§jy>N||(S,r,u)H;fzk (3.1.13)
HTszHU( =1 S 8|57 a) | (3.1.14)

With this new definition for products, Lemma 3.1.10 states that if the 7] has J¢ 2% _order 0 and T has 7%
order 0, then T1T» has 7% -order & + 0> provided that ¢ + 0> > 0. When referring to the order of
products 717>, we will always compute the order of 71 and 7> separately before using Lemma 3.1.10 to make

a statement about the order of 7, 7>.

Remark 3.1.12 (Definition of the ~ symbol). Now that we have described the notion of order, we will often
use the symbol ‘~’ to mean the following. Suppose that A(i, 7 §) and B(i, 7, §) are expressions involving
powers of r and derivatives (d,d,D,) of our linearized variables. Using Remark 3.1.9, suppose that A and

B both contain terms of order ¢ at worst (i.e. there are no terms with order strictly more negative than ©).

Then, we will write
A~ B <= Ci(0*  (u,r,),u,)A = C2(d* (u,r,5),u,5)B+ P (3.1.15)

where C| and C, are expressions containing (u,s) and up to 2k + 1 derivatives of (u,r,s), and P contains terms
with order _# > O (i.e. strictly better terms). Also, note that C; and C; must not contain undifferentiated
r, since powers of r would contribute to the calculated order for A and B. For illustrative purposes (and by
slight abuse of notation), we will sometimes write A ~ B+ P instead of just A ~ B if we want to highlight the
terms in P and calculate their order which will be strictly greater that B.

As an example, we have the following first order simplifications from (2.1.2) and (2.1.3)

Dis=0 = D;§=—ii"dys~ i
Dir=—(y—Droyut = D;F = —(y—1)royit* — (y— 1)Foyat — i dyr ~ rdii+i

e~

1 1 1
Dzuaz—ﬁna“a“r — Dtﬂaz—ﬁna”a“?— (Hna”>9”f—ft”3“uaﬁaf‘+ﬁ+s~
r r r

(3.1.16)

where we computed the order of the terms present in f, g, and A% from (2.1.3).
As a final remark, we stated that d(r,s,u) or d(r,s,u) does not, in general, contribute to the order of given

term. However, there is one exception which can be seen by (3.1.16) above. For situations where we have
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D;r, we see that a full power of r is obtained since D;r = —(y — 1)rdyu* and powers of r are needed for

calculating order. Thus, it can be useful to add the fact that

Direr (3.1.17)
even though in (3.1.15) we used the symbol ~ when referring to terms involving (i, 7, §).

3.1.2 Useful Lemmas
The following subsection contains useful lemmas for our book-keeping scheme. We will ultimately use our
scheme to simplify the By, and C5; terms that appear in (3.1.2). Then, we can estimate these terms using the

% norm in Section 4.2.

Lemma 3.1.13 (First Commutator Lemma). Let N € N. For the convective derivative D; = u*d,,, generic

spatial derivative 9, and ¢ sufficiently smooth, the following identities hold:

[0,D,]¢ = (du”)dy¢

[0,D7]6 = 2(9u*)dy (D19) + [Dy(Iu*) — (Jul') (duu") 0y 9

(0,07 = CY_19v(DY™'9) + CN_20v (DY 29)
+CN_39v (DY 9) (3.1.18)
+..
+CY 9y (D)

+C(‘)/av¢

N-1

= Z CYdy (D§¢>
i=0

where C := C;(du,Dyu) fori € {0, ...,N — 1} are coefficients depending on the spatial and convective deriva-

tives of u.

Proof. For the base case when N = 1, we compute that
[0,D,]¢ = d(u’Iv¢) —u”dy(d¢) = (du¥)dy¢ = Cyov¢

and Cj = (du") is a function depending only on spatial (and convective) derivatives of u.
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For the inductive step, suppose that
(0,01 ~Ey_,0y(D) ) +Gn_30v(DY 29) + ...+ %)y (D,9) + €y oy

where the €, are functions depending only on spatial and convective derivatives of u. Then, applying the

appropriate commutator identity,
(0,016 = [9.D)(DY'¢) +Di([9.D~']9), (3.1.19)
we get

0,019 = (9u”)3y (D)1 @) + Dy (G _20v (DY 29) +Gn_30v (DY 9) + ... + 6 0y (D19) + 65 9 9)
= (9u")v (D) 9) + Di(GN_2) (D) 29) + Gy _2Di(Ov (D) 29)) + ...
+ D%y oy + % Di(9v9)
= (9u")3y (D}~ 9) + Dy (6y )0y (DY 29) + 6N _2(OvDi (DY 29) — [0y, DI(D) 29)) + ..
+ D%y 0y + ) (9 (Dr) — [0, Di] )
=~ (9u")3y (D}~ 9) + Dy (6y )0y (D) 29) + Gy (O (DY ' 9) — (Avu)du(DY 29)) + ..

+D, %y v + €5 (9y(Di9) — (dyut)dud)

Then, grouping all the Di¢ terms separately for each i € {0,...,N — 1}, we see that the desired result
follows where the C} are expressions depending on the the convective and spatial derivative of u.

O

Remark 3.1.14. We note that Lemma 3.1.13 is used extensively in Theorem 4.2.2 in order to simplify the

commutator terms from (3.1.2). For a discussion of the commutators used in elliptic estimates, see Section

3.4.
We also have an important commutator lemma which will be used in our higher order estimates.

Lemma 3.1.15 (Second Commutator Lemma). Let N € N. For the convective derivative D; = u* d,,, generic
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N-th order spatial derivative ", and ¢ sufficiently smooth, the following identities hold:

[Dy,0]¢ = —(du")dve
[D;,0%¢ = —2(0u")dy(d9) — (8*u" )y ¢

Dy, 0] ~ BY,_ 19y (9"~ 9)+ By _»9v (0" *9)
+By_30y(9"9) (3.1.20)
+
+B{dy(d¢9)

+B<\)/av¢

N-1 ‘
=) B/oy(9'9)
i=0

where BY 1= B;(du) fori € {0, ...,N — 1} are coefficients depending on the spatial derivatives of u.

Proof. For the base case when N = 1, we can use Lemma 3.1.13 with N =1 to get
[Dy,0]¢ = —[0,D1]¢ = —(du")dv¢ = %y ¢

where B := —(du") is a function depending only on the spatial derivatives of u.
0 p

For the inductive step, suppose that
Dy, 0V "¢ = BN 50 (0" 29) + BY_30v(9V ) + ... + BY o (99) + By v ¢

where the 8! are functions depending only on spatial derivatives of u. Then, applying the commutator
identity
[DtaaN](P = [Dlaa}8N71¢ +a ([Dl78N71}¢) ’
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we have

D, 0] =~ By 3y (OV'9) +09 (BN _29v (0" 29) + By _30v(9" ) + ...+ B 9 (99) + B3 v )
~ B0y (IV19) + (BN )3y (N 29) + BY 10y (9V'9)
+ (BN _3) (Y 20) + BY, 3 (3V %)
4.+ 0BY Oy (00) + B 0y (3*0) + 0By Iy + BY Iy (9P)
~ (B + By 5] Oy (N 10) + [05Y o+ By _3] 9y (" 29) + [0BN_3 + Bh_s] oy (9" 9)
+[08) + %y 0y (99) + 9 %59y ¢

(3.1.21)

Then, grouping all the d'¢ terms separately for each i € {0, N — 1}, we see that the result follows where the
coefficients B} are expressions defined in terms of ). More specifically, they depend only on the spatial

derivatives of u and this completes the proof. O

Remark 3.1.16. In view of Section 3.1.3 and Remark 3.1.20 below, we can interpret the result of Lemma

3.1.15 in the following way. From counting derivatives and looking at the order of terms, we see that roughly

[D;,0"]¢ ~ (N 19)+ (N 29)+...+9(d9)+ ¢
(3.1.22)

~Np+V lo+...+9¢

where we can think of ¢ as a placeholder for i, §, and 7 and we solved for the time derivative in terms of
spatial derivatives with Remark 3.1.20. From the point of view of computing the order (see Remark 3.1.9
below) of all the terms in [D;,d"]¢, we see that the order will be N derivatives of ¢ at worst, and all other
terms in the summation will be more subcritical as they contain strictly less derivatives of ¢. Thus, if one is

only concerned with computing order and ¢ = i, §, or 7, it can be useful to make the simplification:
[D;,d"]¢ ~ oV ¢ + (terms that are more subcritical than 9" ¢) (3.1.23)

Let’s continue the book-keeping process for higher order convective derivatives Di§, Di7, and Diii. The
following Lemma can be taken with Section 3.1.3 and remark 3.1.20 in mind that we preview here. Namely,
we use a generic spacetime derivative with the understanding that time derivatives will eventually be solved
for in terms of spatial derivatives plus additional terms that are more sub-critical (see Lemma 3.1.19 and
Remark 3.1.20 below). For now, we will write Lemma 3.1.17 using the generic spacetime derivative symbol

0 from Section 1.1.6.
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We will use the simplifications that

D, (N*") = u*Dyu® + u®*D,ut (3.1.24)

which simply consists of derivatives of u. The point is that I1 can be ignored in the following proposition as

it does not contribute the order (along with §, 7 i, and derivatives of these quantities, see Remark 3.1.12).

Lemma 3.1.17 (Book-keeping D! derivatives). The following simplifications hold when counting derivatives

and powers of r. Fori =1, we are left with the terms

D.§~

I

D7~ rdii+ii (3.1.25)

Diii ~ OF +ii 4§

where we only ignored ds,dr,du,s,u, and 1N, and we listed only F' critical or supercritical terms. Moreover,

for i > 2, we get the following

Dis~Dj i
I e
t Y202 iei odd (3.1.26)
Disi~ Z;/:zo rlal+i/2ﬂ+23~/j&1 rig iy , if i even
Z;;l)/zrlal+(i+l)/2f+rlal+(i_1)/2(ﬂ+§) ifiodd

Proof. Throughout the proof, we will use the fact that D,;r ~ r, Lemma 3.1.13, and our assumptions on key
terms that can be ignored at each step. First, we observe that the base case (3.1.25) has already been shown
in (3.1.16). Additionally, the inductive step for § is trivial as D!§ ~ Dili = Difl5~ Dii. Let’s prove the
inductive step for 7 and i when i > 2. We will divide into two sub-cases when i is even and i is odd.

For 7 when i > 2, we proceed by keeping only those terms which are .7 critical or supercritical at each
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level. Suppose first that i is even and the inductive hypothesis holds. Then, i + 1 is odd, and we see that
& I+i/2
DiF~ Y Fa""F
=0

i2 ,- ;
= D= Y (D)3 744D, (9" F)
=0

i/2 i i i
~ Y 19"+ r19" 3 (D7) + /Dy, 97
=0
(3.1.27)

i/2 i i i
~ Z P T P L (roa—+i)+ o ey
=0

i/2 ; o . ri2 ,-
I+4 I+52 I+4 I+ion.
:Z A I NS e NP L 3 R Z ra"rd' T2y
1=0 n=2
(i42)/2 ; (i+1+1)/2 (1)
i -1
~ Z o T Z At T g
=0 =0

Note that in the second to last line, we have greatly expanded and separated terms in aH% (rdii) where more
than two derivatives hit r (assuming that / 4 é —2 > 0). The point is that we only lose order when at most
one derivative hits 7 in rdi, but additional derivatives of r do not contribute to the order. In fact, they are
taking away from derivatives in 31% (rdii) that could have been applied to 4. Thus, we see that the black
terms can be ignored because they are .7#*! subcritical (for example, we can compute the order for the first
term [ — (I + é) + % = % > 0 and the remaining black terms are similar. Note that at worst in the second
summation, the terms have order / — (I + 4 —2) + &1 — 1 =2 > 0). For the last line, we simply combine
all the 7" -critical red terms to get the desired conclusion for i + 1 odd. A very similar argument also
holds when i > 2 is odd. We use the inductive hypothesis, take D;, and apply Lemma 3.1.13 as needed while

removing subcritical terms.

For & when i > 2, the situation is similar, although we will now have both critical and supercritical terms
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at each level. Let’s assume that the inductive hypothesis holds for some i > 2 with i even. Then,

D1~Nzrlal+1/2 + Z rjaj+l/2~

Jj=0

i/ ) )
— Ditlg~ Zr’a’+’/2ﬁ+r’a’+? (Dyit) + ' [Dy, 0" i

=0
i/2—1 o ) L
+ Z rjaj+l/2r—|—r’31+l/2(D,F)—|—rJ[D,,a/+'/2]F
=0
- 21 (3.1.28)
:Zrlal+1/“ oF+i+35)+ Z @it “(rdii+ i)
=0 j=0

. i , L
~ Z’ al+1/2 1~-|—}’ al+l/2u+ral+l/2§+ Z rj+la_/+1/2+lﬁ+rjaﬁ+rjaj+l/2ﬁ

j=0
(i+1-1)/2 . ;
~ Y AR 2 gD gy g
[=0

which is the conclusion we want for i + 1 odd. Note that the 7 terms are H'!-supercritical (as [ — (I + % +

1)+ 5 = —1) and the 7, § terms are H'*critical (as [ — (I + & — 1)+ &L — 1 = 0). Showing the inductive

step when i > 2 is odd is quite similar. This completes the proof. O

Remark 3.1.18. In the above Lemma, at each level i, we kept track of each of the terms that are 57 i_critical
or ¥ -supercritical. However, if we shift our focus to just terms that are critical or supercritical relative to

the .7 level, we get the following simplifications:

D¥7 = F% 54 F19% N ry 1 35
1
ka’lf o~ (subcritical terms of order 2)

D?~2F ~ (subcritical terms of order 1)

D (Fa% it P 10% a4 9k + (9% R+ 9) (3.1.29)

1
DX Vo (A 19% A 29% 2 495 + (subcritical terms of order 2)
(’J( laZk 1~+r]< 232k2+ +ak)
1
DX 2~ (subcritical terms of order 2)

These are the only terms that will be relevant to our analysis at the 77 2k 1evel, since all 772 subcritical terms
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can be estimated by the .7> norm (with additional powers of r to spare). This remark and the corresponding

lemmas will be used extensively in Section 4.1 in order to remove subcritical terms from the .7 estimates.

3.1.3 Solving for time derivatives
There are many instances in which we would like to estimate the spacetime derivatives dy, of a particular
quantity using only the spatial derivatives d. To do so, we can can solve for the time derivatives in terms of

spatial derivatives by using system (1.2.19) directly. We see that

oS = 0 o;s
i -1 -1
ohr = —= = L2 = L rou (3.1.30)
u u u
314“:—1[3'14“—¥ﬂ“08 r—i1 N%or
! uo (T+r)ud ! (T+r)ud !

After many algebraic computations (which we discuss afterwards (maybe leave for the appendix?), we

get the following useful lemma:

Lemma 3.1.19 (Solving for Time derivatives). The following computations and simplifications hold under
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the book-keeping scheme from Section 3.1:

0y2 j
(W) =14u'u;

ui
= —Lil ~aq
u
o’ = ’auf+ufa |~ i+
up
u
os = ——=0;s
0
u
5 W di? — WO o
8,s=——08,s+ 3 s~ d§+ 1
u ()

u’ = Ci o’ + Cé(?,-r—k C3rou’
o’ = Ci 9;ii° 4 CL0;7 + C3rdiii + C3idu’ + a&iuo +E§8ir+6§r3iui

~ Qi+ OF + rdii+ (i +5+7) + r(d+5+F) +r*(d+5+F)

__”i ) _7—1 i 1 0
or = Moa,r o roiu 0 rlou’] (3.131)
i 1 1
O =507~ yu—or&ial ANV Y
Wi — it (Y=D o Y=L\, (=D ¥=1.\(5 o
+ @) 8,-r+< (@) a'r 0 r) oiu +( (@) ar— 0 r) [Qu”]
~ F +r(Qii+ OF) + (i +F) + r(ii+ 5+ F) + r* (@ + 5+ 7) +r (i + 5+ F)
PRV SN SR 1> S SR SR Y
3,14 u()&,u (F+r)u0n [3,r] (F+r)u0n 3,r
U 1 o Jinx
oyl 08,u (F+r)u0n [0;7] T 0I_I o;F
f(F’5+f)+(F+r)ﬂf)
@ o + p)
T < ) o ( L 97

(9]

~ Qi+ OF +r(di+ OF) + (A +§+F) + r(id+5+F) 4+ r2(d+5+7) + (i +5+F)
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with

o = DP-1

a= (T +7r)ud
i DR 1)
(C+r)ud
2(T+7)(y—Duld® — (y—1)(@°)? = D[+’ + (C+rd®)\ y
—r( ETEHCOE ~g+F+r(d+5+7)

Ci:=——

1 a

iz i

i = % ~ i F (4 5+ F)
Ci R 1 Ci

2T

~ 1 =~ [(@5+)ul+T+nad) ,

Ci= (F+r)u0c1_ T 22 Cl~id+§+7F+r(li+5+7)

-1 0\2 _ 1 .
A (o
ul
~  (r=D(@*)?=1) 5 u2(y—1)a’— (y— D)(W*)? - D
G-\ )(S’“ = Dg w201 EZ!’V WO g s 4 (547
(3.1.32)
where, namely, we only ignored ds, dr,du,s,u and O(1) coefficients in the simplfication ~.
Remark 3.1.20. In general, we have that
0;§ ~ d§+ (terms which are more subcritical than d5)
0,ii ~ dii + (terms which are more subcritical than Ji) (3.1.33)

0;F ~ dF + (terms which are more subcritical than d7)

with coefficient expressions that have at most one spatial derivative of s,r, or u. The point is that any time
derivative of our linearized variables (§, 7 i) can be written in terms of spatial derivatives (with good coef-
ficients) plus additional subcritical terms that can be easily estimated. When estimating terms such as in
Sections 3.3 and 4.2, we will often apply Lemma 3.1.19 proactively so as to not introduce unnecessary sub-
critical terms that obscure the argument. Thus, going forward, one can treat the spacetime expressions below

with the generic spatial derivative symbol o
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from the point of view of their . order, as opposed to subsection 1.1.6 where @ would be used.

Recall that when referring to the order of a free boundary term, we are doing so with respect to Definition
3.1.8 and Remark 3.1.9 where terms with order & = 0 are denoted as critical, & < 0 are supercritical, and
O > 0 are subcritical. For example, it is crucial in our expression (3.1.33) for o, that the parentheses do not
contain terms of the form di. This is because, at a given level say k = 1, the 7 order of a term 97 is 0 (i.e.
critical), but the order of a term like 01 is —% (i.e. supercritical) with order strictly worse. If this were the
case, we could not reliably argue that we could replace 0,7 with d7 since we would be introducing terms that

require additional powers of 7 in order to be estimated with the .2 norm.

Proof. We leave the proof of Lemma 3.1.19 in the Appendix. O

3.1.4 The orders of each operation
Lemma 3.1.21 (The orders of each operation). Let k € N be fixed. Suppose that T is a free boundary term
with %% order O (i.e. T is of the form rd" (5, 7, it) for some m,1 €N, m > 0,0 <1 <2k, ). Then the following

holds:
1. the term rT has 7 order 0 + 1
2. the term 9T has 7% order € — 1
3. the term D, T has a minimum 3¢ order € — %
4. If K e Nwith K > k, then T has H*} order 0 +K — k.

Proof. Since the case with § is identical to i, it suffices to consider the following cases for our free boundary

term 7':
() Ty = ™ 917 which has 5% order m; — 1 +k= O
(b) T» = r"™9"ii which has 7% ordermy — L, +k— 3 =0

For Part 1, observe that for cases (a) and (b), we simply have an extra power of r

rT) = r(r"“&llf) =Mt F — T, has #%* ordermy +1—1; +k= 0+ 1
| (3.1.34)
rh=r (rmza’m) =9k G — 115 has % order m+1— 14k — 5= 0+1

For Part 2, we see that there are two sub-cases when m,my > 1 and m; = 0 = myp. If m; = 0 = my, then

OTy = 0(d"F) = d"T'F = OT; has 7% order m; — (Lh+)+k=0-1
| (3.1.35)
0T = 3(32i) = 92"ii = 9T; has 7% order my — (I + 1) +k — 3= 0—1
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If my,my > 1, then we get

0T = 8(r’”‘8ll F) = myM 1N F 4 Mot — 9Ty has #% order 6 — 1
(3.1.36)
Ty = 9(r™92i) = myr™ 1924 9" i — 9T, has #* order 0 — 1

since both terms have .77 order & — 1, noting that we either lose a power of r or gain a derivative (and both
operations decrease the order from &' to & — 1).

For Part 3, we will first consider when /; = 0 = ;. For case with 7}, we have

D,Ty = D,(r™F) = myr™ 1 (D,r)F 4+ ™ D, 7
~ m "7+ " (rdii + i) (3.1.37)

= /a4 M G+ my M F

where we used (3.1.17) and Lemma 3.1.17. Then, computing the .7#?* order (and noting that we now have
some terms with 7 instead of 7), we see that the first two terms have order & — % while the last one has order
0. Thus, D,T; has a minimum .3#°2* order & — % (i.e. it has order & — % at worst). For 7>, we get a similar

computation using (3.1.17) and Lemma 3.1.17

DT> = D,(r™ii) = myr™ ™ (D r)ii + ™ Dyii
~ myr™ i+ P2 (OF + i+ 5) (3.1.38)

=" oF+r"a+myr™ia+rms

where the first term has order my — 1 +k = (mp —0+k— %) — % =0—- % and the remaining terms have order
0.
For Part 3, it remains to consider when /;,/; > 1. We will additionally make use of Lemma 3.1.15. For

the 7} case, we have

DiTi = Dy (7" 9"F) = P" Dy (9" F) + my ™ 9" 7

o MM (DyF) + 1™ Dy, 0')F + my ™ 9N 7

-1 _
o P (r 4 ) 4 (Z B,Vav(alf)> Lyl (3.1.39)
i=0
h-1
r’"'&’“f) +mrmolF
=0

1

~ N4 M rdia+ Mol g 4 (
where we note that 91 (rdii) only produces critical terms when all 91 derivatives hit dii, or one derivative
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hits r and 91! derivatives hit dii. For the summation terms, we make use of Remak 3.1.20 to simplify 9, 9’7
as 017, Then, counting the 7 2k order for each of the terms, we see that the first three have order & — %,
whereas the remaining terms have order &' at worst (with additional terms in the summation having order
O+ —iwith0 <i<l).

For the 75 case with [1,l; > 1, we perform a similar computation and keep track of whether the terms

have 7 or # when computing order

D, Ty = Dy (r"™ ") ~ r"™D,(9"i1) + myr’™ 9" i

~ ™92 (D) + ™Dy, d' i+ myr™ 2

L1 '
~ ™92 (OF +ii+3) + ™ (Z B,.Vav(a’zz)> +myr™9Ri
i=0

(3.1.40)

~ P2 gh ol gl 4 (Iil Pl ﬁ) +myr™ ki
i=0

where the first term has 2% order m, — (b + 1) +k = (my — L +k—3)— 1 = 0 — 1, and the remaining
terms have order & at worst. Thus D;T only produces terms that have a minimum order of & — %, and all
other terms have strictly & order or better at the .7 level. This completes the proof of Part 3.

Lastly, we will provide the proof of Part 4. In the previous parts, each operation changed the number of
powers of r, the number of derivatives, or whether we are using 7 or i and each of these has an effect on the
computed order. In Part 4, we are only seeing what happens if we raise the level from k to some K > k, and

the proof can be seen by noticing that for 77,
m—l+K=(m —li+k)+K—k=0+K—k
and for 75,
m2—12+K—% = (m2—12+k—%)+l<—k: O+K—k.
This completes the proof of Part 4, and the proof of Lemma 3.1.21 is complete. O

Remark 3.1.22. A natural corollary of this Lemma is the following. Suppose that 7' has #*-order ©.
Then, D?T has .##*-order & — 1, but this implies that D>T has .#°>*+!.order & (if we increase the level k
by 1). Hence, if a given term is .#> subcritical (with k = 1), applying D,z(kfl) (for k > 2) will keep the term

% _subcritical at the corresponding k level.
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3.2 Entropy estimates

Recall the definition of E2X

transport

in (2.2.9) which consists of both the entropy and the vorticity. Our goal in
this section is to prove estimates for the entropy, whereas the voriticity will be handled separately in Section
3.3. Instead of applying D,zk to the § equation, we can simply take 92% and estimate § using the .7? norm

directly. This can be done because § satisfies a transport equation instead of a wave equation that would

2k

require the intermediate Eg; .

energy. We have the following proposition:

Proposition 3.2.1 (Entropy Estimates).

d

~12 ~ o~ (12
EIISHH%HZWI ; S Ba||(8, 7, d) || (3.2.1)

where By depends on L™ norms of up to 2k + 1 derivatives of (s,r,u).

Proof. Using equation (2.1.2a) Lemma 3.1.15 for the commutator [D;, %], we get the following:

D(9%5) = Dy, 0%]5+ 0% f

2k—1

= ;) BY 9y (9'5) + 9% (" dys) (32.2)

2k
~ Y Bd's+ 9% (it dus)
i=0

where we recall the definition of f from (2.1.3), and we used Remark 3.1.20 to combine 9, d'§ and write

1
everything in terms of spatial derivatives. Then, multipliying the equation by PTTT 9% we get

1 oyt o ko e
57‘2](4—771 Dt(|82k§‘2) ~ 72k+ 7= 82k§ (ZB,&T) + r2k+ 7= 82k§82k(ﬁ“8#s)

i=0
1 kt 5t 32k o2 1 2kt AN 192k 42 | 2kt 2k & j 2k+ 41 92k <92k
5D,(|r 21 9K ):—ED,(r r)|0%57 + 7T 19ME | Y Bid's | +r7 1974 50% (it dys)
i=0

1 BN e 2k .
~ (k(y 1)+ 2) P92 4 P 7 gk (Z Bi8’§>

i=0
1
+ 7T 0% 592K (34 9)ys)

(3.2.3)

where we used (3.1.16) and (3.1.17) for D,(r2k+ﬁ). Then, we integrate over ; and apply the moving
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domain formula (2.3.4). This leads to:

d 1 ke 5 32k 212 / 1 L\ okl o2
a2 T0%*s2dx~ [ — (k(y—1)+= )P 71|9%52 a
dIZ/QI‘r §|7dx o, 1 (y )+2 r |07%8]” dx

1 2k .
+/ r2k+7'z92k§<23i8’§> dx
£ i=0

1 1
+ 70r2k+7l| 82k§a2k(ﬁu8us) dx 3.2.4)
Q u

1 1 i
[y u

=N +h+J3+J.

For the J; term, we note that u and its derivatives have been absorbed in ~ symbol (for example when we

1
simplifying Dt(r2k+ﬁ )). Thus, we can remove any derivatives of u and quickly estimate

ket 5l 2k o R
1S el ([, 147 095F ) < 10l 1620 (25)
v t

recalling the definition of .7 from (2.2.7), and Remark 2.2.2. The estimate for J4 follows similarly since
0; (Z—(l)) is an expression depending on up to one spatial derivative of . For the J> and J3 terms, we plan to
use the Cauchy-Schwarz inequality and Lemma 3.1.5 as needed. We also make use of Lemma 3.1.19 to treat
the dys that appears, as 0§ ~ d;5+ ii (and note that the order of i is less than the order of 9;5. For the J, term,

we have

2k 1 1 .
b <y / |2 92K By | T 98] dx (3.2.6)
=07

When i = 2k, we can simply estimate the term in the same way as J; since we will get |9%5]?, and each
B; is a coefficient involving derivatives of u that can be removed in the L™ norm. When i < 2k, we observe
by Lemma 3.1.10 and Remark 3.1.11 that we have a product of terms where one is critical, and the other is

subcritical. Thus, these terms can also be estimated using the 2% norm and we have
o] S 1107 ull =) |5, 7 @) 1%z (327

For the J3 term, we will also introduce a summation for 9% (" dy,s). We have

|J3|§/ ’0 |I”k+2<7*”32k§| Zalﬁtyk—ls dx
Qlu 1=0
o (32.8)
1 1
< ||82k+1s||Lm(Qt)Z/ \rk+2(7—l)82k§\ AT 9l dx
=07
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I

Then, we can simply apply the Cauchy-Schwarz inequality and observe that when [ = 2k, both AT 92k
I

and #7201 9% 7 are % critical, so we can use Lemma 3.1.11. The same lemma also applies when / < 2k

1
as 271 9l iz will be subcritical. Thus,
3] S 1% sl =) | (8. B D) |50 (329
Combining (3.2.4)-(3.2.9) yields the desired result. O

3.3 Vorticity Estimates
We also plan to derive similar estimates for the vorticity which will be used in connection with the elliptic

estimates. We recall from (Choquet-Bruhat, 2009) that the relativistic vorticity is given by the following

Wgp = 8av/3 — 8/3\/,1. 3.3.1)
where v is the enthalpy current defined by
r 1 =2
_ 7 —1
Vo = hug, h= ;r, I=TI(s) = (yy)e‘yvf (3.3.2)

We plan to show that @, satisfies an evolution equation and derive corresponding estimates (see Figure 1.1
for the role in which these estimates play in the larger argument).
Similar to (Rezzolla and Zanotti, 2013), we get an expression for u® ®,g using the following steps. From

the fact that v¥vy = —h?, we get

ﬂ/“&g\/a = h&Bh (333)
From (1.2.19c) rewritten in terms of v, we get
L 1,
ﬁv Vg = = Br (3.3.4)
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Then, we can compute the following expression

(uaaavﬁ — uaGBva) = % (VO‘&avB —vo‘&ﬁva)

Sl

Multiplying by s, we get

U g = yi(yq)aﬁs

which agrees with (Rezzolla and Zanotti, 2013) as

after checking (1.2.8). To find the evolution equation satisfied by @y, we can first compute that

1 -1
dot = (8ar—|— ! . raas) .
Using similar computations as (Rezzolla and Zanotti, 2013) and applying (3.3.7), we have

ut Oy 0gg + dgut @y, g + dgut Wy = (Y —1)(dn€dps — dp€dys)

B (y—1)? B
(Oardgs — dgrdgs) + r(Jasdps — dgsdys)

—1
:T Y:r

= L)/_Fl (Dardps — dgrdys).

which is the evolution equation for the vorticity @, in terms of the unknowns (s, r,u).

Next, we introduce the full linearized voricity @qg by

@op = O (hitg) — I (itg)
=gy (/’lﬂﬁ) — 8/3 (hﬁa) + g (ﬁuﬁ) — 8;; (ﬁua)

= Dgp + Dgp
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where

Oop = da(hitg) — g (hiler) (3.3.10)

will be called the reduced linearized vorticity and @ is the h-scaled vorticity.

The plan is to derive estimates for the full linearized vorticity @, and then relate this back to the reduced
linearized vorticity @ by ||®|| < ||®@] + ||®@]|. Our reasoning is a matter of convenience, since estimates for @
are more readily available in view of (3.3.12). Additionally, @ better resembles curlii in connection with our
elliptic estimates (see Section 3.4 and Lemma 3.4.5).

Throughout this section, we will use the following facts similar to the bookkeeping system from Lemma

3.1.17. We put the order simplifications here for reference

Eaﬁ = (90;(7:11/{[3) — 8/3 (ﬁua)

= uﬁ8aiz7ua8ﬁfz+iz(8&uﬁ —8,3140,) ~ 8E+E

-~ 1_ y-1_ _
h_l:r—l— e S~7+rS
- 1. y—1_
Ouh = g <1_r+ T rs> (3.3.11)
by oyl oy (=)
= Faar T Oa ST+ T rde s+ T dars 7T OousTS
-1 —1
_r= (yc?af—f&as—&-raaf-i-f()ar— ! r§8as)
I \y—1 Y

~ QF+rd§+F+5+7r§

where we also make use of Lemma 3.1.19 in the expression for dy/, i.e. d;h will have a slightly different
expression, just with more subcritical terms coming from d;§ ~ d§ and 0,7 ~ dF.

From linearizing (3.3.8), we have the evolution equation for @ given by
—1)?
+ %ZF)s‘(&xraBs — dgrdas) (3.3.12)
-1
+ yy—r(&ﬁ’&ﬁs—&— DrdpS — D7 — D)

Linearizing (3.3.6), we have the identity

(y—1)?
y’r

~ - ry—1 _or—1
u® @pp = —i” Wup + T rogs+ T

Faﬁs +

rsogs (3.3.13)

Remark 3.3.1. For the following lemma, recall Remark 2.2.2 where we have by embedding theorems that
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2kt a5y o R o Rk I

%kaH

I where the weight on 7 is less by 1 5-

Lemma 3.3.2 (Estimates for @). For a solution & to (3.3.12) on an interval [0, T| defined in this section, we

have the following estimate

d, o= 2
E”“’”HM—LHZ(YL SEN (3, 74d)

152 (3.3.14)

1)

where € depends on the L™ (Q;) norms of up to 2k + 1 derivatives of s, r, and u.

Proof. We begin by fixing a spatial multiindex / such that |/| < 2k — 1. We recall the notation |0'®|% =
Gy Ggal @70 9! @, p (where [ is not summed over) and G is the Riemannian metric defined in (2.2.3). Then,

we apply 9’ to (3.3.12) and contract against the expression erJrﬁ G)O,‘Gg d' @rd

When contracting, we will use the quick observation that

1 1 1

2 GYGh ! @ ut 90! By = 5r”‘*<y—1>z),(|ala*>|%;)— AT 02Dy {(GGE)D' 7% 9! Gy
1 1 1 1

= QD TN~ (k) T Qi 0f 6319)

y
_ A 15D Di(G%G)d' @79 oy

and only the first term in (3.3.15) will be kept on the LHS. This leads to the following long expression:

1 1 1 1 1
DT BIE) = S 2k — ) T 90 6l
2 2 7—1
2t s 1 979! @
+ AT D, (GEGh)9 0700 g

— AT GEGE 50! (St By + g )
_ 2k+ y ) GaGﬁal 7581 (ﬁ“8”waﬁ)
— AT GEGE @00 (Ja @)

2k+ ~ ~
—ATgechol ey (aﬁuﬂww)

}/2F §(Qardgs — 8/3r8as)>

Yy—l do70gs + dgrdgs — dgFdys — 8ﬁraas)>

+A T Gechal 7! (
+ 2T 6eGE o e Yﬁa’(

8
=) R
i=1

(3.3.16)

where each term on the RHS of (3.3.16) will be handled separately. Then, we multiply by MI—O, integrate over
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1
Q;, and apply (2.3.4) to the function f(x,7) = P 10'®|%:

k=], fa( )d”/ quR dx (3:3.17)

We plan to estimate each of the terms on the RHS of (3.3.17) by the .7#** norm which is also used in Theorem
4.2.2. This is done by analyzing the .7 order (see Remark 3.1.18) and making use of Lemma 3.1.19 as
needed for any time derivatives that appear.

We start by observing that the first term on the RHS of (3.3.17) is handled in an identical way as the term

J4 from (3.2.4) in the entropy estimates. We can use (3.3.9) and (3.3.11) to get the additional comment that

D:=0+0O~dii+0F+rd§+5§+7+rs§ (3.3.18)

noting that, from an 7> order perspective, @ contains terms with the same order as dii or better. These
terms primarily come from the reduced linearized vorticity @, whereas @ ~ dh -+ h and & contains terms that
are like 7 at worst.

To finish estimating the first term on the RHS of (3.3.17), we have

'/ 250 |9 |20 ( ) dx

< [10u]l (o, / A 1|G2G50' 670! g | ax
Q
! (3.3.19)
2 2
= rk+2&l(&u+8r+r8s+s+r+rs)‘ dx

S Noulimqa [

t

where we applied (3.3.18). The point is that if we greatly expand the expression G;J,‘Gfs3 &1(1)7581(1),113, only
the terms with the worst 7% order need to be checked, since terms that are more subcritical have plenty
of powers of r to be estimated using the #?* norm. In this integral, the terms with the worst order are
P29+ Since |I| <2k — 1, we see that the order of this term is exactly O (critical) when |/| = 2k — 1 and
subcritical when |I| < 2k — 1. Thus, it can be estimated using the % norm. For any cross terms in the

expansion of |0 (9@ + OF + rds+§+ F+r5) 2,

we simply apply Lemma 3.1.10 where the order of a product
of is the sum of the orders of each term. For example, in the product |(r SRR Do) (r SRR 0917, we
see that the order (i.e. when y=2)is 0+1/2 =1/2 > 0 at worst when |/| = 2k — 1, so Lemma 3.1.10 implies
that

1
[ \(er&lH 3)(r k+2(7_ git1 )| dx < ||(5,F )||ﬁ(2A (3.3.20)
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All other cross terms in |9’ (i + 0F + rd§+ §+ 7+ r5) ‘2 are handled using Lemma 3.1.10. Thus, we get

2=y
/ rr AT
Q

where %( depends on the L*(€;) norms of up to 2k derivatives of s, r, and u.

=

S ol (5, Fvﬁ)HZ%ﬂZk (3.3.21)

5 u'
al(l)|2Gai <uo> dx

We will proceed through each remaining term on the RHS of (3.3.17). For the integrals containing R;
and R», the estimate is quite similar to the first term since derivatives of u# will be removed, and D, (Gg‘ Gg) =

Dy ((g7 +2u%uy) (gé3 +2uPug)) is another expression containing derivatives of u. We have

1
2(y-1)

2=y 137~ U
RIS 1l [, 7 (b 5o ) P40l de S Gl R s 6322)
1

and

2t L 1 ~ v 3 ~
IR2| S /Q’r =D §|Dt(G?G§)8le 8lwaﬁ| dx

2
A0 (Jii+ OF + o5+ 5+ F+15)| dx (3.3.23)

2=y
S l0ulimia, [ 7

't

5%2H(57F3ﬁ)”_2}f2k

where we handled it in the same way as (3.3.19).
For the R3 integral, distributing 9" (dgu* @y + dput @ay ) leads to terms that contain 9’ @ at worst along

with up to 2k derivatives of u. We can write this as
1]
9 (Ot @y + Ipuit e ) = Y 9" @3~ (3.3.24)
n=0
so that, upon estimating, we will have
2% 2 S ook d s 72
IR3| < |0 u||Lm(Qt)/QtrY*1 Z%)|rk 20'@||/F 20" @) dx S 63|\ (5,7 @) || o (3.3.25)
n=

since the worst term in the summation only contains 2k — 1 derivatives of ®.
For the Ry integral, we have 0’ (i 9, 0q) which will lead to terms with 9~ 177 at worst and coefficients
containing up to 2k + 1 derivatives of u,, and s coming from 9’ (du@ep). Since we have previously estimated

up to 2% i, the terms in R4 will be more subcritical (and thus easier to estimate) than R; through R3 which all
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contain 2k — 1 derivatives of @. We can write it as

2
Rl S 10 ,r5) iy [ 177|420 @) 20" ax

& (3.3.26)
5%4”(5”7,’2)“,2%%

For the R5 and Ry integrals, the argument is quite similar since we get up to 2k derivatives of i and up to

2k derivatives of @. We will get an expression like

2-y 1

2=y 1 - 1 ~
IRs, [Re| < ||82k+1”||L°°(Q,)/ rE (P20 @) (29" )| dix
& (3.3.27)
5%5“(57?;&)”2%0%

where the estimate follows by Lemma 3.1.11 in a similar way since we have up to 2k derivatives of i in 7}
and 7.

For the Ry, integral, we will have terms containing up to 2k — 1 derivatives of § and 2k derivatives of r
and s. However, we know from computing ¢ 2k orders that 0%~ 1§ has the same order as d%~14, so it can be

estimated in the same way as R4:

Ral S 1075 limgay) [ 77104430 @)(++4015)
e (3.3.28)
S G R

Finally, for the Rg integral, we will have terms containing up to 2k derivatives of § and 7, and up to 2k
derivatives of s and r. However, we know that the order of these terms will be comparable to 2% at worst
(and in fact, terms with %7 are more subcritical by an order value of 1 /2). We can write out the estimate it

more detail by splitting the § and 7 terms

2—

R S 10%(5) i) [ 7T (420 @) (420 15)] dn

Q
2y

IO 05)limay [, (440 @) (4497 (3:3.29)

S all(s, 77ﬁ)||§f2k

where we check the order of the terms and apply Lemma 3.1.10 once again.
Thus, by estimating each of the terms in (3.3.17) separately and removing expressions involving L” norms

of up to 2k + 1 derivatives of s,r, and u, we combine the above estimates with (3.3.17) to get

d 2=y 1 5 o
= /Q A0 BR dx S )R D)2 (3.3.30)
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where € depends on up to 2k + 1 derivatives of s,r, and u. Summing over the multiindex [ achieves the
desired vorticity estimate using the .7#** norm.

O

Lemma 3.3.2 leads nicely into the next theorem, and we note how this theorem compares with the trans-

port energy defined in (2.2.9).

Theorem 3.3.3 (Linearized vorticity, Transport energy estimates). The following estimate holds for the lin-

earized vorticity defined in (3.3.9).

t
A2 < 1@ 2 ~ ~ ~\112 ?? ~ o~ ~\ (12
||w||[-[2k71’k+2(71*1) (Qz) ~ H(oo”HZkil’k*»Z(yLl) +8||(S7 r?”)”jka(Q[) +/0 ||(S’ rv”)”jgﬁk(gr) dT (3331)

(29)
where @ is the initial linearized vorticity and € is from Lemma 3.3.2.

Proof. We plan to use Lemma 3.3.2 and the following identity @ = @ — @ to split the estimate:

(3.3.32)

2k—1 e+

A2 ~112 =112
0] <|l& + ||
CPET. N L .

1
. . =D ()

Now, from the definition of @ and the simplifications outlined in (3.3.11), we get the following when applying

a multiindex [ with |[| <2k —1:

0'm ~ 81(8(7‘+r§) +F7+7S§)
(3.3.33)
~ M4 ot l5 4 0'5

L - . . 2k+ L
where the additional terms are even more subcritical than the ones listed. Then, using the L?(r o ) norm,
we have

2=y Loy 2=y 1 2-y 1
[ttt axs [ oo R e [ a0 SR a
Q Q Q

2
+ [ Aol an
o . ., (3.3.34)
=7 i & 1
se [ e po iR axe [ ot o dx
Q Q
2-y

N = SIS
+8/ rrt |12 952 dx
Q

where we used the smallness of r from Remark 2.1.3. Summing over |/| < 2k — 1 and counting the order for
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1 1 .
each term (where the worst terms take the form rk 82k;7, P#t29%g and a1 32]‘_15), we get the estimate

b SEI R )% (3.3.35)
1

=12
(o] ey
H D)

By integrating Lemma 3.3.2, we have

1
~ 112 ~ 112 ~ ~ ~\[12
a < ||@y +/ % (8, F, o dt 3.3.36
|| ||H2k71‘k+ﬁ(g ~ || HHZk,lkarﬁ(QO) 0 ||( ru)| %Zk(gr> ( )

, —

where @ can be solved for using the initial data for the linearized equation (8, 7o, ip). Combining the above

equations together yields the desired result. [

Remark 3.3.4. Theorem 3.3.3 will be used in the proof of Theorem 4.2.2.

3.4 Elliptic and Div-Curl Estimates

Recall that in the greater argument from Figure 1.1, our goal is to bound the total energy (2.2.10) from above
and below by the J# 2k norm (2.2.7). In this section, we focus on bounding (2.2.10) from below, and one of
the key ingredients for the wave part (2.2.8) is elliptic estimates involving 7 and the spatial divergence of .
Since elliptic estimates are typically done spatially, we will often make use of ideas from Section 3.1.3 in

order to solve for the time derivatives in terms of spatial derivatives.

3.4.1 Elliptic estimates for 7
Upon taking D; of equation (2.1.2b) and applying Theorem 3.1.17 as needed, we can rewrite D> in the

following way:

D?F ~ L 7+ additional terms (3.4.1)
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with

vl . i
LiF:= —rl'l‘“’(r(?“Bvr—F =1 uroyF)

Y iae it L ar0.
= F+rn (roid;i + = la,rajr)

1
y—1

y—1 _
+ s rﬂoo(ratzr—&—

atra,?)

2 ) 34.2)
Y- 07,99 =

+ Tir N®(rd;o,F)
U noicg 9.7

+ mn (8,r81r)

1 .
+ —Hrn")(aira,f)

serving as the spacetime elliptic operator for 7. Note that we have split the time derivatives from the spatial
derivatives. To see how the additional terms in (3.4.1) will be treated, as well as the higher order elliptic
estimates, we refer the reader to section 3.4.3 where these additional terms are shown to be subcritical using
our book-keeping scheme from Section 3.1.

It is important to note that since we are estimating the wave energy from below by the .7#%f norm, we
cannot simply cite section 3.1.3 for the time derivatives since the structure of the terms is quite important.

Instead, we will make use of the following additional facts from the definition of D;:

1 i
OF = 5 DyF— —s O
u u
B 1 o dl/ B u' B 1 B 1 .
rc?l2 = 7(u0)2 rthr— 7(1/‘0)2 ;0 — ZEraﬂtr - WDtuor(?,r— WD,u’rair
1 5. uu ~ u . T 1 0.1 = 1 P A -
= (MO)Z}"Dt r+ 70‘0)2}’8]'&]'1”— 27(1/{0)2 ra,-(D,r) —I—ZE&,Erajr— WD;M r&,r— WD;MI’"&[V

(3.4.3)

where, by Remark 3.1.9, the only critical terms (for k = 1) are in red. For the remaining terms, we can write

1 1 1 u
7|_|008tr(9[7: nooatr (DTF 78?
r'+r [+r ud w0
3.4.4
_ 1 n%grD,f——— M99 1o 7 ( )
= (F+V)MO A% (r+r)LlO i oir
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and

2= Deaan = 20V, (Lo ar)
u

I+r L+r uo
20y=1) oo 2(r=1) oo
=T ru' 9;(D;F)— T ru'u’ 9;0;F (3.4.5)
2(y=1) ;9 4 1 w
+71_‘+r u'u’r Dtraiﬁ—ﬁiﬁajr .

and

1

. 1 ; 1 u
0 =\ — 09 = 7
mnl (8ir8,r)— 1_‘—"_rl_ll alr (M()D,ruoa,r> (346)
1 i0 ~ 1 i0 i)~ o
:(F+AMJV&HLFXF+HMH o' Ojf

So, if we gather up all the red critical terms (which look like rd>7 or d7), we will get precisely,

—1 iy 2 — D/ o 1 .. 1 . 02 _1) .
L7 14 (I_I'j + ((u )(u())z)u " 2u’u’) ro;d;F + l_,+rg”8ir8jf+ s (uouf — 7(0{ )uo )uj) oro;F

Y— 1 1 2. u'
+ ((MO)Z rD,r—Zi(uo)zr

00 ~
+ 7(r+r)u0rl a,rD,r

. wo_uw 1 0. 1 - 1 i
d;(D,F) + ZEaiErajr — WD;M roF — WD,M ro;f

20=1) o 2= o [0
—+ F+r ma,(Dtr)-l- Ctr uur Dtraluo aluoajr

1 .
———N°9,rD,7
* (C+r)ud e

(3.4.7)

and we can check that each of the black terms is subcritical with the help of Lemma 3.1.17 and Remark 3.1.9.
For a discussion of how these subcritical terms are handled, see section 3.4.3 below. Finally, we use (3.4.3)

to simplify d;r in the red critical terms (which splits into a subcritical and a critical term). Combining, we

end up with
1 1
LiF= 1Z+FH’«’(r8i&,7+ 7’}/_ 1 8,~r8j7)
(3.4.8)
+ (black subcritical terms)
where
HY :=06" — —— 3.4.9
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If we set the “good” spatial elliptic operator to be

- -1 . 1
L7 := %Hl./(ra,-&ﬁ—i— Eaﬂ'&/f‘) (3.4.10)
then, we get the expression:
L7 = L7+ (black subcritical terms) ‘ (3.4.11)

where the term in red is critical, and all the black sub-critical terms are given by:

1 1

= T

y—1 1 5. W _ W 1 0 1~ 1 P
+ s ((MO)Z rD; 7 — ZWr&(D,r) +2E85Er8jr— WD;M ro,F — WD,u ro;if
1
+ 7”003,1'th
(T+r)ud
2(r—1)
I'+r
1 i0 o
+ T N oirD, ¥

+ ru'o; (D7) +

2v—1) . 1 w
(F}/_’_r)u'uor D,r&iﬁ fGiE(?jr

under the book-keeping scheme of Section 3.1 (where we can use Remark 3.1.9 and Lemma 3.1.17 as needed

to see that these terms have order & = % at worst). See section 3.4.3 below for how these terms are handled.

Lemma 3.4.1 (Ellptic estimates for 7). The following estimates hold for 7 and the “good” spatial elliptic
part L7

<Ly 7 +|7 _ 3.4.12
S Ly HHO,ZWLI)_% | ||L2(r%7) ( )

I 24

Proof. After examining the structure of L; 7, we see that the proof will closely follow (Disconzi et al., 2022)

by proving two related inequalities:

1
2(r-

I 2t g

(3.4.13)
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Then, we plan to integrate by parts and exchange the derivatives between the two factors. First, we have

2
dx

y—1 L 1 . " 2—7 ~
F+rr2(7’*1> THY (8,-(r8jr) + 77’* 1 85r8jr)

Li7|? ~
|| ! ||HO’2(71_1)7% JQy

Cy—1\? 2v . 5 .
- (o7 (1}:4-’”) Y (8i(raji)+}/—)1/air8/'7> HY (8k(7’817’)+y_?1/3kr91?) dx

2,
= <:_/‘11‘) r%yH"-"&,»(r&jf)H“&k(r&,?) dx
(o7

2—y .

rr-1 H”ai(rc?jf)Hkl&kr&,F dx

[\S]
[\
\
<

y—1
+
o} (F+r
Y—1
Jr/Q, (F—H
2-y

—1\*[2-7]% 2¢ ..
+ (L ) y] r7VH'Y 917 H dyro) dx
Q r

Y B30, N O (rayF) dx

=A1+Ay+A3+ Ay
(3.4.14)

1

We observe by (1.2.17) that when derivatives hit the weight .,

we get

1 _ 1 Y—1 _
8k (F+r> = (F+r)2( v F&ks 8kr> (3.4.15)

which only contains derivatives of r and s. Similarly, when derivatives hit the metric H"/, we will get

2u'ulu® u® — (1°)? (u/ du’ + u' du’)

OH" = (u0)*

(3.4.16)

which only contains derivatives of u. Thus, we will label these terms as purple and plan to use the Cauchy-
Schwarz inequality as needed, but the key cancellations will occur when derivatives hit our linearized vari-
ables specifically.

For A1, we integrate by parts with dj to get

2, ..
A / (7—1> P B 3,0, (rd 7 HY royF dx
Q

T'+r
. 1 22_ 2=y ..
_/Q (17:+r> }/fjl/rMH”ai(raﬁ)Hklakra/f dx (3.4.17)

— 2 .. 2—
(g;) H’-’Hkl] T 9,(r97) 017 dix
; .

f/' Py
Q

where we note that the second term in A cancels A, and the purple term will be handled separately. Then,



we integrate the first term in A by parts with d; to get

(w)

Y
T

HU 9, (rd;7)H 3;(r)7) + 227,

— Hlfarak(rar)H“a,r} dx

-
| (F
:/Qt (lz+r>2r§_ny8k(r8 F)H 9;(r)F) dx

) H”Hk[] - 1“&(1’8 iF)OF dx

2—

. <7_1> 2- }’[ = 1+1H”8r(9k8 FHH Oy + 7t H 9;rd;FH" Bkralr}

I'+r) yv—1
2
+ o; <1Z+1r) H‘fH"’] Ehs Ok (rd;F) Oy dx

where we highlight the blue terms for an important cancellation, and an additional purple term has appeared.

Integrating A3 by parts with J yields

=
‘ N

2y
=1

2
A3:—/ <}/—1) 2= Pt H 0;rdyd;FH" 0)7 + r 7= H' 0r0;7H" 9y roy7| d
o \I'+r —1

2
—/ <}/— 1) 2= yriinHJc')k(a )0 FH N O)F dx
Q

I'+r) y—1
2
—/Q/ o <FY+1r> i_?H"H”] it 0jrd;Fo;F dx

where the terms in blue cancel, and an additional purple term has appeared. Thus, we are left with the
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following:

1

+
— 2 — 2— ..
_/ (Li) i L 3 0ur) 0, 7HM O d
Q; -
— 2 — 2 2—
-|-/ <1Z+i) ?/ ﬂ 71 ’]araerlakralrdx
Q; -
— 2 2—
7/ O <g+1> HUIHY | r7 1 0,(r0;7) 007 dx
Q r
=1\ 2¥ 11
+ [ o (H HIEN | r7 45 30 7) )7 dx
Joy r !

v—1

—y .. 2y
’}/H’ijl‘| rv-1 +1(9,‘}"a]'78/7 dx

o TN
=
+ {1
N | -
~ —
)
[\

”8k3 FH 0,0, dx

LS}

|
7N
7~/ N /N 7/ N -7/ N SN
sl a <
+ 1 N
N = 3|7
N N~ ~ L
)
<
‘<I\J
-<

\
—_—
W
‘<

<
ﬁ

H”akra FH" 0;r0)F dx

|
s~

—~
+
~

T HIHN (9,0,70;r 0,7 + 9rd; 7,017 dx

(S}
)
|

y—1 Y Vi1, - -
— ‘/Qt T }/—lr}li + H-’(?k(c?ir)(?erkl(?;r dx
2 2

o ']/—1 2_,)/ 27? 1/ kl

/Qt = J 0ird;FH" Okro; 7 dx

' =1\ i +1
- ./QT&( (FJrr) HYH" | rv=1""0;(rd;7) o7 dx
Y=\ i | T .

_ ./Q,ai o HYH® | r7= 17 O (rd;F)o)F dx
_ Y 1 2- '}/ [j kl

/Qr&( <F+r> 71 HYH 8}’8 iTOI7 dx

2 7P

where, in the last line, we used the fact that H/ is a Riemannian metric (see (Disconzi et al., 2022) where the

- 2
metric HY appears) and the weight ( %jrlr) is bounded from below by a constant depending on y and C; (see

Remark 2.2.1). Apart from the coercive term, we can estimate the additional terms (which have been labeled
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K;) by making use of Corollary 3.1.7 as needed:

Kl SIFP, o
H

2(y—1) 2
KL SIFP, o SENFP, . (3.4.18)
H 20-1) g 2-1) 2
Kal SIFIP, oy
H 2(r-1) 2

and the remaining terms are treated by applying the Cauchy-Schwarz Inequality along with (3.4.15) and

(3.4.16) as needed:

2
' —1 iy 2-y
|Ks| = '/Qr()i GH) HIHY | 7t (100,707 + Qrd 79y 7) dx
2y 2y
< [ @ nen] des [0 ax
& Q
< [[712 ") 112
S g T iy TP
SeFP, o HEIFP,
g2 22
Kol SellFl?, o +elFl?, o
H20-D 2 H 2002
Kl SIAP, o Sl o
H" 25D B2 2

For the final term K>, we simply need the Cauchy-Schwarz inequality with with € < & <1

Y . 2-y
Kol S Ce [ 1m0 arR duve [ (20 9 dx
Q Q

(3.4.19)

SCellFllP, o telFl?, oo

H 20r-1) 2 H20-1) "2

Combining the estimates together and absorbing constants with € and &, we are left with
(2T T [ I [ (3.4.20)
H"2(y—l) 2 H‘Z(y—l) 2 H 2(y-1) 2
Rearranging gives our desired inequality:
7 < ||Li7 F 4.21

WPl o gty ey ST oy HIFIL oy (3:4.2D)

which is the first step in (3.4.13).

Remark 3.4.2. To show the next inequality in (3.4.13), consider that we can use a partition of unity argument
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to reduce the estimates down to small ball around a boundary point Q. Then, we will consider a frame (x’,x?)

in Minkowski space that is adapted to Q such that
[Vr—(0,0,1)| SAk 1 (3.4.22)

and A is a sufficiently small constant (see Remark 2.1.3, and the proof of Corollary 5.5 in (Disconzi et al.,

2022) where a similar idea used).
=y
We will start with the integral 2 [ e dsFL1 7 dx which we expand as

2—

r7=1 H' 9570, ro;F dx

2=y -1 ..

2 I BFL F dx = 1 HY 070,07
Qtr KL F dx o, T 47 r Z7didiF +
Y-

o '+r

r
*r (3.4.23)

1 2=y ..
” 1HU93V!9(9 iF+ F+rr7*1H’/3378ﬂ79jr dx.

Then, the first term in the first integral will be integrated by parts with d;, and the first term in the second
integral will be integrated with d;. Due to the symmetry of H i, we note several important cancellations when

1
the derivatives falls on the weight »7-T which will cancel the blue terms above. We have

22y }/71 o 1
2 y—a~~d:_/ T HU95979;7 d / 1570 (Y H ) 957 d
er 3rLyr dx r+r 30;ro;r dx — o 3F < + > ]I‘ X
’)/—1 L i 1 i =
—/ -TH ’838 iFOiF dx — /r7—183r8 —H’ o;F dx
F+r fo} I'+r
1
—_ [ r= rV‘Hfag 0i7d;F) dx—2 rV‘c?grc) —IH” d;ifdx (3.4.24)
o, T+ J
Q
Y . (HU 9797 Y g
:_/Q,F—Fr ry 3(H 7 jr) dx+ o, rrY RHY 0;70;F dx
y—1_ =
—2/ rr= 183}"8 L Hi 0,7 dx
foX I'+r
Thus, we get
/ r%’(%ﬂ:lfdx:—l y—1 rr- '83 (H" 9;79;F) dx—i—] r- ] r71'83Hij8'F8-Fdx
o, 2 Q,r+ 2Jo, T+r o

—/ rr 183r8 <1H”) 0;F dx
o) '+

Integrating by parts with 03 in the first term, and applying the Cauchy-Schwarz inequality as needed along
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with the smallness condition on A from Remark 3.4.2, we arrive at

|

. ) . ) N
/ r}f()gleFde/ rr Hlfa,-fa,-fdx+/ P71 |97 dx
Q Q I'+r Q

=112 =112
ol || T o 1 (3.4.25)
H 20-1) 2 H 2(r-1)

~112 =12
I, = IFE oy
H 20-1) 2 L2(,y—|)

Then, use the Cauchy-Schwarz inequality with € < & on the other side, we have

2=y . -
/w—l HiLiFdxSelFl®, o +CellLi?, (3.4.26)
H 2(y-1) 2 H ’

_1

2(y—-1) 2

with constants depending on the free boundary assumptions. Then, combining (3.4.25) and (3.4.26) together,
we have proved the second inequality in (3.4.13). Combining both inequalities in (3.4.13) gives the desired

elliptic estimate (3.4.12) for the 7 equation. O

3.4.2 Elliptic estimates for ii

Next, we will handle the i equation. From (3.1.1b), we note that thﬁo‘ will satisfy an equation involving one
derivative of the spacetime divergence dyii” (see (3.4.30)for the definition of operator L;). In view of Section
3.1.3, we would like to solve for time derivatives in terms of spatial derivatives and relate our analysis back

to the spatial divergence of & which we will denote by

H .
div ii := 9,/ (3.4.27)
In order to estimate our energies from below with the 7% norm, we will need to do elliptic estimates
H ~
involving div #. After extracting the spatial part, we will arrive at the “good” operator L, (see (3.4.40)) which
is properly suited for div-curl estimates in Sobolev spaces as it roughly looks like one spatial derivative of

—
div @i. To complete the estimates, we will need to examine the spatial curl whose components are given by:
—>
(curl ﬂ)ij = 8iﬁj - ajﬂ,-. (3428)

We plan to pair [, with the corresponding operator L5 (see (3.4.42) below), and we note that L5 is roughly
—
one spatial derivative of curl # with a weight r.
Our goal is Lemma 3.4.4, but we will begin by highlighting key steps in the following computation to

show how we correctly isolate the spatial components. Similar to the 7 equation, we start by isolating the
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spacetime elliptic piece of thﬁ“ which will produce the following upon taking D, of (3.1.1b):
D?i® ~ (L,i)® + additional terms (3.4.29)

where

(Lzﬁ) I_Ia'u <(9,u(}”(9vu )"_ya‘uuvavr)

Y-
I+

(3.4.30)
y-1

ne (al-(ravfﬂ) toog a,-avavr> + 2= pao (8,(r8vﬂv) +

1 _v
F+r _lalu 8\/}’)

T T

and the additional terms will be shown to be subcritical (see section 3.4.3 for a discussion of these terms).

Then, solving for
1 u

o = oD - Eai (3.4.31)

and gathering up similar terms, we have the useful identity
N9, =N*9;+N*9,
=N%9;+N* <10D, - Z;a’)
_ (l—l(xi |—|a0> 9; 4+ M0 *Dt (3.4.32)
_ (gociJruaui;‘OgaO )8 JrnaoiDl
:= B% 9, + N*° %D,

where we defined:

i
B¥ = g% _ gao%. (3.4.33)
Further, note the explicit identity
GopBBPI = H'. (3.4.34)

where Ggp is defined in (2.2.3), and HY is defined in (3.4.9).

Using these identities, we arrive at the equivalent expression

—1 i 1 -1 1
(Lyii)* = FL+ rBO” <8,-(r8v12‘/) + T a,-a“avr> + %rrnaoﬁ (D,(rc?vzlv) +

1
— lD,ﬁ"&,r) . (3.4.35)

Remark 3.4.3. If we suppose that k = 1 for computing order (see Remark 3.1.9), note that the terms in red

have order —% which are supercritical, but the terms in black have order O which is a strictly better order. In
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N _ . 1. . .
the context of estimating L%, we will use the norm H*2 in which case we will have an extra 1/2 power of
r in order to safely move these black terms to the other side. Thus, the terms in black can be treated in a very

similar way as (3.4.11) in the 7 elliptic estimates.

At this stage, we still have an expression for L,i#® involving the spacetime divergence dyii¥. To further
isolate the spatial divergence, we make use of the following identities by repeatedly splitting and removing

time derivatives as needed. A key identity is
@ = i (3.4.36)
which follows from (2.1.1d). Then we apply (3.4.31) and (3.4.36) to get
~V ~k ”j ~ Lo Uj
oyt = oit" + —Oa,uj +ufat—0
u u
A A iU
= 8kuk + 0 <uODtuj — uo8kuj> +a/ at;é (3.4.37)

G u iU
:Hj athk+WD,uj+u/a,E.
Similarly, we can apply the same identities such as (3.4.36) to replace any instances of i’ with a spatial

component in the expression d;i¥ dyr. Splitting the sum over v and solving for d;r using (3.4.31), we arrive

at

Giﬁ"&Vr:Q,-le&kr—i—( ( 2 9 8,nr+( ) 8ﬁlD,r 3 8 + 8 D,r)
(3.4.38)
HI""BLt/ﬂmrJr(( 072 8thr 8 8 r+ 8 D,r>
Plugging these identities into (3.4.35), we have
(Lzﬂ)a = Y;]Baiij 8{(’”8117/() + ;@-ra,ﬂk
r+r y—1
—&-71’:_‘_ B% 9, (( 072 5Dyt + rii! 0, 0) (3.4.39)
v Lo M gap, la a+ a “Dyr
C+r (u0)2™ t t
If we define the ”good* spatial elliptic part for the divergence of ii to be
L) = Y=L paiggit (0.00.) + —— d:rdhi
(Lw) = F7+rB H- ,-(r juk)—O—ﬁ iroily |, (3.4.40)
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and observe Remark 3.4.3, we get the nice expression

(Loi))* = (L) 4 (black critical and subcritical terms) (3.4.41)

Next, we plan to combine the (izﬁ) % with a corresponding curl term in order to prove the desired div-curl
estimates. Consider the following

(Lsit)* = Y= Lpoi =t gt ("7 Ot — 1)) (34.42)

I'+r

Lemma 3.4.4 (Div-Curl estimates for ii). The following estimates hold for ii and the “good” spatial elliptic

parts (f,zzl)a and (l311)a.'

7 SIN(La+Ls)a 7 4.4
I 5 o SICt L)l oo el (3.443)

Proof. The proof is completed in two steps similar to Lemma 3.4.1. We start by writing the following:

_L

[Eat Ll = [ 7T Gaplla+ L) (a4 La)il? dx (3.4.44)
H 7= 1

where
[(Zz +Z43)Iﬂa = %Bml‘lﬂc {8,-(ra,-ﬁk) + %%'raiﬁk + Viﬁ o (r1+ﬁ (ajﬁ,» — (9,1/7]))}

and

- - —1 1 1 1
[(L2+L3)ﬁ]ﬁ - %Bﬁalql" {aa(r&zzn) + ﬁc?lr&aﬁn—l—r 710, (r1+y—| (g — 8a121))] .

Then, using the identity (3.4.34), we get the following collection of terms in the integral:

—1\* 1 _ 1 1
<’l}—/‘—|—r> 1 Ha gk gin {raiz?jﬁk+8ir8jﬁk+y_ 18jr8,»ﬁk+r 1o (VH_V*‘ (ajﬁ,-—(?,-ﬁj))]
(3.4.45)

5 ~ 1 » _ 1 1+ - ~
X |3ui + Qard + = Ardai 1710, (r 7 (alufauu,))
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which can be expanded to get the following:

(’}/—1) L]I_Ital_ljkl_lln
'+r

X |:I’a,'3jftk + 8,-r3jﬁk + 7’}/1 1 8jrc9,-ﬁk + V&k(yjﬁ,' — r8k8,-ﬁj + 7’}/1/ I (8kr8jﬂ,» — akr&-ﬂj)} (3.4.46)

1
X [rd,&,ﬂn + 8ar81ﬁ,, =+ ﬁ&raaﬁn =+ r&,ﬁ,ﬂa — r8n8aﬂ, + %(anralﬁa — anr8aﬁl)]
where each of the terms in red take the form ro2i. For clarity, we will denote

o —1\?* .
piasitin _ (g . ) i gk ggin (3.4.47)
r

Each of the red terms can be grouped in the following way:

/Q rﬁJrsz’jk’ln (8,‘8]‘&/( + 8k(9_f12i — 8k8,-12_,~) (86,8,&” + 8,18”7(, — 8n8uﬁ,) dx

1 P
) ~ _
= [ 717 D’”’Jk’l"8k8ju,-8n8/ua dx
on

L +2 mia,jk,dn ~ . -
+ o rr D'J% &k8ju,-(8a8;un —8,,8au1) dx
1
1 P
+/Q rﬁ“D’”*fk*l”Bnﬁlﬁa (a,'ajﬁk — &k(y,'ljlj) dx

1 .o
+ o rﬁJrsz’jk"ln (8i8_/ﬁk — 8k8l»ﬁj) (8u8,a,l — 8,,8,,&1) dx
t

=A1+Ar+ A3+ Ay

We plan to integrate by parts and also note that any derivatives that hit D will produce coefficients that are

expressions in terms of (s,r,u) and (s, r,u). For the first term A, we integrate by parts with dj to get

A= —/ P12 pyis 9110 0, iy + 17T T ;/ Dm’jk 1010}t Ondyita dx
Q

i
. 1 a7

_ / P12 (D) 90, ity dx
(o7

For the first term in A, we integrate by parts with d, to get

1 Lo 1 P
- /Q PPTDkIng 5.0, 0,0y dx = /Q PTG 3.5.0, Qg dx
t it
4rrrt Yy 1 Lpiaiking, va didrani,

1 P
+ ] P T20, (DM 9,110, 0y, dx
't
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so that when combined together, we have
" 1 * 1 1
A > / P22 dx— / rA1H |91 0% dx—/ PP112|90)|0% dx (3.4.48)
B Qr B Qt Qt
and using the Cauchy-Schwarz inequality with & < 1, we have
1 1 1
f/ r719a]|0%] dx 2 782/ 2t 92 dx—/ P20 daf* dx (3.4.49)
(o3 [} (o3

and a similar estimate also holds for the third term in (3.4.48). After absorbing the terms with & into the first

term of (3.4.48), we have

Ay > ||0%a|? — ||oal|?
i N L

(3.4.50)

> 1lil|? — la|?
2 \\Hz,ﬁﬂ | ||H1Aﬁ

For the A, and A3 terms, we first relabel n <— j, i <— a, and [ <— k in A3. This leads to
1 . .
Ay = [ PR D0, 0 (3,0, — Adut) d

Then, using the symmetry of H (and subsequently D given by (3.4.47)), we have that D¥"hki = piantkj —
Diwkinl — piakiin To finish the cancellation, we will add A, +A3 and simply commute in a few places when
two derivatives fall on ii:
Ay + A3 = /Q PPN 3 7 (3, 0yt — dudadiy) dx
’

. 42 ia,jk,In ~ ~ .
+ [ r7 D' %M 0kt (0o Oty — 0y Oylhy) dx

JQ;
1 Lo
=/ P71 2Dk )0 i (D)t — 0uOpily) dix
s
1 Lo
+ ) P71 2 DIk ) Oy (D Oy — Dayity) dix
s
=0.

For A4, we get a very similar cancellation. We observe that D'®/%" ) 9,i = Diaiking. o, i = Diakjlng. g il =

Di“’fk=1"(9i8jﬁk where we commute d; and d;, relabeled j «+— k, and then use symmetry as D'®k/in — pia.jkin_
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This leads to the cancellation

L0 iaikin . - . .
/ PP (3.0 i 3 hit;) (Duhit — Indaily) dx
Q
= [ PTG, ) e (it — Dyaiis)
J
- / PPN, 3.1+ (Burity — i)
Q

=0.

Then, combining with (3.4.50), we have

Al+Ar+As+As > ||u||2 — || ||2 . (3.4.51)

Recall that (3.4.51) was simply an estimate for the red terms in (3.4.46). To estimate the remaining terms

in (3.4.46), we group them in the following way

1

F7-1 pitikin [raia/ﬁk + r&ka,ﬁi — rak8,'ﬁj] [8ar81ﬁ,, 7= 8,r8 iy + — 7= (8 rojily — 8nr8a111)] (3.4.52)
and
1
p7=1 pi-ikin [r& &[l/ln + 10,0y, —r 8,,8(,u,} |:(9 Va[uk + — 7= (9 roiii iy + —— 7= (8kr8 i — 8kr8,-ﬁj)] (3.4.53)

and

%Dta Jjk,In
_ 1 _ Y _ _
x [aaralun + ﬁalr&a”n + ﬁ(&nraﬂfta - 8nr8auz)] (3.4.54)

- 1 _ Y _ _
X [%r&luk + 7[)/_ 1 ajr&uk + 77/_ 1 (akrajui — akraiuj)}

Then, we simply examine the powers of r and the number of derivatives in each of the terms. For (3.4.52),

each term in the product has the form

1
/ PP 920|911 dx
&

and thus we can estimate it from below in the same way as (3.4.49). A similar argument also holds for the
1
terms in (3.4.53). For (3.4.54), each term has the form r7-T|dii|> with coefficients depending on y and Jr.

Thus, we can bound these terms from below by — ||| L
H 20-1)
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After estimating both the red and non-red terms in (3.4.46), we see that (3.4.44) satisfies

(L2 +Ls) u||2 2 HMII2 o lall, (3.4.55)
=) T 20T
To finish the proof of Lemma 3.4.4, it remains to show that
I(Lo+La)all, o Zlal*, o —lal> . (3.4.56)
H 201 H 20D L2(r7T)

in which case (3.4.55) and (3.4.56) will combine to prove the desired result. We begin by computing the

following

1

rr-1G ﬁ[(L2+L3) ]O‘Bﬁ“&w

= ﬁG ﬁl’):+lBaIH/k [8,~(r8jﬁk)+7ilajr8,ﬂk+rvll8k <r1+7’l'(ajﬁi—aiﬁj))]Bﬁaa3ﬁa
_ YL i [8-(r3-zlk) IR T ) (rl+ﬁ(3kﬂ'— &ﬁk)ﬂ il

r'+r e y—17" / L o
Y—1
F+rr

X [rc?,ﬂjﬁk + aﬂ'ajl]k + ﬁ&ﬂ&,ﬁk + rajc?ku, r8 oty + —— 7= (8 7Oyl — 8jra,~ﬁk)} ki, (3.4.57)

~

=

D S ;
y,leij

-1 _
= Z'/‘+r r7T Ha gk [8 ;70jlix — 1oy + ro;Okil; + y—& rr)ku,] kil
. 1H’a[ 7TH f'k(a»ra-ﬁk—a-ra»ak)+Hﬂ<a(rﬁ+lakﬁ-)} il
F+r e JT M J i a
Y—-1_ . L B B
= [ H [a (7T R Q) + 7T I (91— ajraiuk)] il
1
Lrﬂm PP O it sy

Now, we observe that the first term at the end of (3.4.57) is similar to the computation in (Disconzi et al.,
2022) which follows a direct argument discussed in (Ifrim and Tataru, 2020). We will get a similar estimate

of the form

Y1 pia [aj(rﬁ“mkakai) PP H (97, — 01| sy dx 2 / r7T19af dx— ] |
Q, L

o I'+r ; (7 T)

For the second term at the end of (3.4.57), we see that we enough powers of r to space, so by Remark

2.1.3, we have

_ Y— ery ]+l8 Ik Ol 030, d dx > g/ rﬁ‘&ﬁ‘z dx (3.4.58)
Jo, I'+r Q
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Therefore, we have

—a) . (3.4.59)

7—') L2(r71)

/Q P71 Gopl(La + La) ) * BB 5, dx 2, IIMII2

For the other direction, we can apply the Cauchy-Schwarz inequality with &3 in a similar way as Lemma

3.4.1 to get

/ rv IGaB[(L2+L3) i *BP s, d x<C83/ PP |(Ly + L) it? dx+83/ P79 dx
Q Q Q

1

Thus, combining this inequality with (3.4.59) gives the result (3.4.56) which proves (3.4.43)
O

Lemma 3.4.5 (Relating vorticity to spatial curl). The following estimate holds for the reduced linearized

vorticity:

e > ||carl |)? (3.4.60)

2
N R 1 —¢& H H 2kt
H

1
2(r-1)

where & is small positive constant defined in Assumption 2.1.2, and curl i is defined in 3.4.28.

Proof. Recalling the definition of @ in (3.3.10) which is a spacetime two-form, we observe the following.

First, we define the spatial reduced linearized vorticity E)} to be a spatial two-form with components
@;; = 0;(hii;) — 9;(hit;) = h(diij — djii;) + i josh — ii;djh,
Then, if we denote wa) to be the spatial Euclidean norm (squared), we have
= 56" @y . (3.4.61)

— 2
0]
50

For a generic multiindex / with |/| < 2k — 1, we claim that the following inequality holds:

2 2
‘918 < ‘&’(b (3.4.62)

53) ™~ G

Indeed, since G is a Riemannian metric on R?, it equivalent to § on R* with constants depending on u. This
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2
_ Sl A P
5@ SOWSB d (Daﬁ8 Wys

> ‘8’(?)

_ 6iy5ﬁ581(biﬁ ald)yS + 507613581(1‘)0[3 al(f)yg
= 817839 iy0! @y + 56509 iy s + 8P 9! s
(3.4.63)
— 516499 @39 dj5+ 878909 ' dj5+ 5729 oy @' iy
= 889" 0" jm+ 57 5"00" 00" djo + 50" o' djo + 8P° 9" iy 9’ s

— 2 .. R R .. R R
=0, + 870 @0 dyo + 819" dnid' dn,

where we split indices, the red terms are zero, and the purple term is zero when f = 0 or 6 = 0 using the

definition of @. Then, using @;; = —®;;, we have
17| iyl A iyl Al 12| ST
078, + 879 @00 djo + 870" 00 ;= 9B, + ¥ (9'dw)
i=1 (3.4.64)
—2
> ‘alcb
§03)

1
2t L

which completes the proof of (3.4.62). Multiplying (3.4.62) by the weight r , integrating, and summing

over the multiindex ! with |/| <2k — 1 produces the inequality

(3.4.65)

A2 =2
0] >l® .
|| ||H2k71'k+ﬁ ~ || |‘H2k71'k+2(y]71)

To finish the proof of Lemma 3.4.5, we simply observe from (3.4.28) that

— —
curl & curl &

51! 30! oy, = 57873 [n( )ik+aka,-h—ﬁ,-akh} 9! [h( ) jm+amajh—ﬁjamh]

—_—
curl

~ §U§*" (hd! (curl i)y + additional terms) (hal( i) jm + additional terms)

(3.4.66)

We note that any terms where less than || derivatives hit m}ﬁ will be less critical. For each additional
term, we will always have 2k — 2 or less derivatives of &, and thus we can can apply Corollary 3.1.7 to gain
an extra weight and apply the standard smallness arguments with Cauchy-Schwarz as needed for cross terms
(see Lemma 3.4.4 where similar cross terms are handled). Moreover, since & ~ O(1) near the free boundary,

and djh = ll_&ir—k %r&is does not contribute to the order, we can pull out derivatives or r and s in the L (€;)
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norm. Thus, we have

D> > || curl i+ (smallness terms) || . 3.4.67
| HHZk—l,k+ 2(7171) 2 ( )||H2k—l4k+ﬁ (3.4.67)
Finally, an application of Remark 2.1.5 produces the desired inequality (3.4.60) O

3.4.3 Higher Order Elliptic estimates

In this subsection, we will adapt the elliptic estimates to higher values of k and show that all lower order
and commutator terms can be treated using the correct weighted Sobolev norm. In Section 3.4.3.1 below, we
prove Lemma 3.4.6 and handle the additional terms that appear when taking multiple convective derivatives
of our system (2.1.2) for 7 and #i. In Section 3.4.3.2, we focus primarily on the 7 equation by discussing the
key argument in detail. In Section 3.4.3.3, we imitate the argument from Section 3.4.3.2 for the i equation

and highlight key additional facts that are used to extend the div-curl estimates in Lemma 3.4.4.

3.4.3.1 Initial Commutators with D;

Earlier in this section, recall that there were many “additional terms” or black subcritical terms that appeared
when defining our “good” operators Li,L,, and L3. In the following summarizing lemma, we will indicate
how each of these terms is subcritical, as well as the interaction between D, and these operators so that we

can eventually prove higher order elliptic estimates.

Lemma 3.4.6 (Commutators between D; and Ly, Ly, L3). Using the Book-keeping scheme of Lemma 3.1.17,

the following identities hold

- 1
DX*F ~ L (D*72F) + (terms with 7% -order 5 al worst) (3.4.68)
D% ~ L,(D* 2% + (terms with 7% -order 0 at worst) (3.4.69)
D*2(L3a)% ~ L3 (D 2a%) + (terms with 7% order 0 at worst) (3.4.70)

where the order of the terms has been computed with Remark 3.1.9. Moreover, [L3,D*~2ii contains terms

which are critical/subcritical at worst.

Proof. First, we plan to collect “additional terms” that appear in (3.4.1). We begin by writing the structure
of (3.4.1) in a manner similar to Lemma 3.1.17 where derivatives and powers of r are examined. We get the

following:
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D}~ Ly7+rd(§+F+ i) + (D, d)i + it
(3.4.71)
~ LiF+rdi+rd§+ia+rof

where L is the operator defined in (3.4.2). If we account for the black subcritical terms that appear in

(3.4.11), we will have
- 1
D?F =~ L7+ (#*-order 3 terms at worst) + rdii + rd§+ ii + rd7 (3.4.72)

If we compute the order of each of these terms at the j = 1 level, we see that the blue terms have order
0 = % > 0 and the purple terms have order & =1 > 0. By Lemma 3.1.21 and Remark 3.1.22, applying
thkfz to the blue and purple terms will produce corresponding subcritical terms with .7 **-orders € = % at

worst for level k. Thus, we will take D,2k*2 of (3.4.72) to get

= 1
DX7 ~ DX*2(Li7) + (0 = 5 terms at worst)
1 (3.4.73)
=Li(D*%F) + [D* 2 L)+ (0 = 5 terms at worst)

To finish the proof of (3.4.68), it remains to check the commutator [D,Zk*z,il]f’ which can be done with
the help of Lemma 3.1.15, Remark 3.1.16, and an induction argument. We start by computing the first

commutator with the help of Lemma 3.1.15.

[Dtaz‘l]¢:[Dtvz—/‘+ H’Ja,ra]]q)

. 1
rHura,.aj]¢+ [Dy, Ty

~ [D;,rd*¢ + [D;,d]¢ (3.4.74)

~ r32¢+3¢+r8¢.

recalling that d indicates a generic spatial derivative, and we are ordering terms from the worst to the best

order. We have

[thvz‘l]q) :Dz[Dt,il}‘p + [Dzjzl]Dz‘P
~ Di(rd*¢ + 99 +rd¢) +rd*(D,9) +9(D,¢) +rd(D,9)
(3.4.75)
= r82(D,(j)) +09(D19) +rd(D¢) +"[Dr782]¢ +[Dy,0]¢ +r[Dy,0]¢

~rd*(D,9) +3(D;9) +rd(D;d) +rd*¢ + ¢ +rdo
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and we also note by Remark 3.1.22 and when ¢ = 7, we will get

(D}, Ly|F ~ rd*(rdii+ii) + 9 (rdii+ ii) + rd (rdii+ ii) + rd*F + 97 + ro7
(3.4.76)
~ (1?93 +rd%i+ i) + rd*F + IF + roF
Then since, the “k” value when computing order at this level is 2, (i.e. from Remark 3.1.9) we see that each
one of these terms has .##*-order %, 1, and 2 respectively (and they are all subcritical with & = % at worst).
To complete the induction, suppose that for some j > 2, we have [D,Zj _27121] is subcritical (with order & = %)

at level j. Then, we compute using the commutator identities that
DUV LF = (DY Ly)F = [D2DY 2, L] = DX[D¥ 2 Ly |r + D2, L) D 2F (3.4.77)

Since [D,zj 72,Z1] is subcritical at level j, we can conclude using Remark 3.1.22 that the first term in (3.4.77)
must have order & = % at the j+ 1 level. For the second term in (3.4.77), it is easiest to compute the order at

the j+ 1 level by counting derivatives and powers of . We will have using Lemma 3.1.17 that

[D2,11)D}' 7 ~ rd*(D,D;}’°F) + (DD}’ ~*F) +rd (DD} *F) + rd> Dy’ 7+ 9D} *F +rdD} 7
~ 1) (D P+ A(DF R + rd (DY) + r? D 2 F 4 OD 2+ raDy
~rd* (¥ )+ 3(r’ 9% i) 4+ rd (1 9% i)
+rd*(r 19X 2R 4+ 9 (1 19M A F) +rd (111 9M )

(3.4.78)

noting that there are collection of terms in the simplification for thj ~!'# which all have the same order. Thus,
computing the total order at the j+ 1 level, we get that each of the terms has order & = % at worst. We have
completed the induction and shown that [th"_z,il] has order 0 = % at worst for level &, and this completes
the proof of (3.4.68).

To prove (3.4.69), we first turn our attention to the “additional terms” that appear in (3.4.29) and complete

our analysis with L. After taking D, of (2.1.2¢), we can write in more detail

1 1 1
9~ - - ~
Dt Ma = (Lzu)a +D;ha —D[ <Mna#> 3“r—|— mﬂayauuv(?vr— mﬂa”(?“g. (3479)

Then, using the definitions of g and A% from (2.1.3), we can rewrite (3.4.79) in a manner similar to Lemma

78



3.1.17. This will yield
D?i% ~ (Lyi)* + 0F + rdii+ i+ 5 +F (3.4.80)

Now, if we use our order convention from Remark 3.1.9 with £ = 1, we observe that the red terms are
supercritical with order —%, the blue terms are critical with order 0, and the purple terms are subcritical with
order 1/2.

Next, we examine the black critical and subcrtical terms that appear in (3.4.41). However, these are also

handled in a very similar way. We arrive at

1
D?i* ~ (Loii)* + (terms with & = 0) 4+ 7 + (terms with & = E) +rdi+ia+5+7 (3.4.81)

Similar to (3.4.72), we have by Remark 3.1.22 that D?*~2 will keep each of the additional terms critical/-

subcritical at the corresponding k-th level. Applying D%k_z, we get

1
DX % ~ D272 (Ly@)* + (terms with & = 0) + (terms with & = 5) (3.4.82)

It remains to check the commutator terms to see if they are only critical at worst. In a similar way as

Lemma 3.1.15, we can compute that

- Y=1 sii . Y—1
([Dt,Lg]u)a = [Dt, ?BO‘ HJkra,-aj]uk-i- [Dt, Trr

B"‘iij&ir&j]ﬁk—&— [Dt, B“iijerQi]ﬁk

r Ltr (3.4.83)

~ rd*i+ dii + rdi.
recalling that 0 indicates a generic spatial derivative. Thus, we will get

[D?, Lo)ii = Dy[Dy, Lo)ii+ Dy, L) Dy
~ D,(rd%i+ dii+ rdi) + rd*(D,ii) + 9 (D;ii) + rd (D;ii)
=~ rd*(D,ii) + 9 (Dyii) + rd (Dyii) + r[D;,d%]ii+ [D;, d)ii + r[D;, d)ii (3.4.84)
~ rd?(F+ i +35)+ d(OF +ii+5) +rd(dF +ii+5) + dii + roi
~ (rd’F 4 9%F) + (rd%ii+ rd*s + dii + 95) + rd*7 + (rdii + rds).
Since k = 2 in this calculation, we see that the order of the terms will be 0,1/2, 1, and 3 /2 respectively which

are all critical and subcritical. By induction, at the k-th level, we will get the commutator [D,zk*z,l:z}zlo‘

contains only critical/subcritical terms, and thus we have proven (3.4.69).
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Finally, to prove (3.4.70), we claim that a similar result as (3.4.69) also holds for the operator I5. Indeed,

we can expand and simplify

v—1
I'+r
Y—1
"T4r
y—1

(D, L3)@)* = D, B¥H"r,0,,)ii;

=))) BYH™ 10,0,

D
+1 i

Y—1
I'+r

B“"Hm’}%lalram]ﬁ,» (3.4.85)

— Dy, B¥H™ Fylaﬂa"m’”

~ rd%ii+ Jii + roii

where we made use of Lemma 3.1.15 (and can compare with (3.4.83)). Then, repeating (3.4.84), we will get

at the k = 2 level, that [[3, D?]ii contains terms which are critical/subcritical at worst, hence
D? (L)% ~ L3(D?i®) + (critical/subcritical terms)
and by induction, at the k-th level, we will get
DX 2(L3i)* ~ L3(D*24%) + (critical/subcritical terms).

and L3, D?*~2]ii contains terms which are critical/subcritical at worst.

O

Remark 3.4.7. When we go to estimate E2X . from below, we will observe that these subcritical/ critical
terms will not cause any issue. First, consider estimating terms in the 7 equation which are subcritical. In
Lemma 3.4.13 below, we will handle these terms using Remark 2.1.5 combined with Remark 3.1.9.

A similar situation also happens for the i equation. Although the expression for D contains terms
which are critical as well (and not just subcritical), we recall the useful fact that the i equation gets a multiplier

of order 1/2 when doing energy estimates. Subsequently, the E2X . energy has an extra /2 weight and this

wave

will be perfect for applying the same smallness arguments for these extra terms.

3.4.3.2 Commutators between L; and weighted spatial derivatives
Our goal is to extend Lemmas 3.4.1 and 3.4.4 to higher order Sobolev spaces. To do so, we will need to

compute commutators between our good elliptic operators L;, Ly, L3, and the weighted spatial derivatives

ph=ig2l=j).
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Let k € N be fixed, and j € N with 1 < j < k. To begin, we will use the following notation:

m:=k—j
Lob .— pagh (3.4.86)
F2j = D}'F

and we recall from (3.4.10) that
- Yy—-1_ . 1
Li= 5 10005+ = 0rdy)
We plan to handle L, first, before moving on to I, and L3. By Lemma 3.4.6, we have that

Fpj~ Zlfzjfz +P (3.4.87)

where P are terms that have an order of 1/2 or better at level j (i.e. at the .7#%/ level). We plan to ultimately
2-y
handle these terms using smallness arguments after we apply L2 to (3.4.87) and analyze with the H REY

norm. Applying L"*" to both sides (where L"*" is defined in (3.4.86)), we have
Lm’szzj ~ Z]Lm"szzj_z =+ [Lm’zm,il]fzj_z + Lm,ZmP (3.4.88)

Remark 3.4.8. Observe what will happen to the order of the terms in P when we apply L. At the start,
P has terms with 7%/ order % (at worst). However, by repeatedly applying Lemma 3.1.21, we see that 9>"P
has 7% -order % —2m. Then, r"9%"P has 5% -order % —2m+m= % —m= % — (k—j). Then, if we want
to calculate the order at level k instead of level j (and note that k > j), we see by Part 4 in Lemma 3.1.21 that

9% P must have 5% -order 1 — (k— j) + (k— j) = .

By Remark 3.4.8, this means that at the .7#%* level, L"->"" P will still be subcritical and we plan to handle

these terms with smallness arguments. Thus, let us make use of the following notation:
1
Po>12 = (terms with % order ¢ > 2) (3.4.89)

which we will use to collect any perturbative/smallness terms along the way that can handled easily with

respect to the 7> norm. Using this notation, we have

L™y o LI Fyj g + [ LiFaj 2+ Pos1/ (3.4.90)
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and the bulk of our analysis concerns proper handling of the commutator [Lmvzm,ll]f’z 2.

Since the commutator is trivial for m = 0, let’s assume that m > 1, and we plan to apply an induction
argument on m. As we will see in the coming pages, the critical terms in the commutator need to be handled
in a particular way where we absorb a critical term into the elliptic operator L, and then the rest of the terms

are subcritical. Note that if we had arrived at (3.4.90) with Lm=1.20m=2) jnstead of L2 this would produce
Lmil’z(miwfzj ~ Zleil’z(mil)fzj_z + [mel,Z(mfl) ,Z]]fzj_z + P[jz?,/z (3.4.91)

where the other terms, at worst, have 7% order 1 (instead of critical in the m case). For the inductive

hypothesis, we need to assume that L~ 1:2("~1) “pehaves well” when we commute it with L; in that we have

already absorbed the order 1 terms. We will make the following inductive assumption (recalling from (3.4.86)

that k = m+ j):
Assumption 3.4.9 (Inductive Hypothesis on m — 1).

1. The terms in [Lm_172<"’_1),Z1]72 j—2 all have ¢ 2(m=1+J) order %, except for key order O terms which

(m=1)

have already been handled by absorbing into L; L~ 7 j_> with the analog of Proposition 3.4.11

below.
2. The above assumption also holds for Z; replaced by L + b%H i dird; with b > 0.
Remark 3.4.10. There are several consequences of Assumption 3.4.9 that we summarize:
1. The terms in [L"~ 120"~V L1]7,;_5 have s#2"+)) = 5% order % i.e. they belong to Py>3/2
2. The terms in [Lm*172<m*1>,zl]afzj,2 belong to Py~ 1 /5.

3. Suppose that m > 2. We claim that Assumption 3.4.9 on the m — 1 case also provides information on

lower order commutators. Indeed, we compute the following using two different ways:

[ra (Lm—2,2m—3) aEI](P ~ [Lm—l.Zm—Z +Lm—2,2m—3,zl](p _ [Lm—l,Zm—Z’Zl}(p + [Lm—272m—3’ll](p
[ra (Lm72,2m73) ,I:l](P ) [Lm72,2m737zl](p 4 [rgyl:l]Lm72,2m73(p

(3.4.92)

Combining, we have

(L1272, L o rd L2203 L + [rd, L LT30S 4 (L2203 Lilg. (3493)
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Thus, since we know that [L"~2("=1) 117, > belongs to Py>3)p and [Ln=12m=1) T1]1972;_> belongs
t0 Py>1 2, we can also conclude that [Lm=22m=3 117> belongs to Py=3)p and [Lm=22m=3 [110F;»
belongs to Pg>1/,. By repeated use of this argument, a similar statement also holds for commutators

involving L™ *~1 where 1 <1 <m— 1.
Now that we have finished discussing the consequences of our inductive hypothesis, we proceed with the
commutator by computing the following

[L’"’z’",iﬂf’zjfz = Lm,ZmZI 72]‘,2 _Zle,zm;2j72 (3494)

and

. y—1_.. B 1 .
Lm’szlrzj,Z = r’”&z’" (F+rH’/(r8i8jr2jz + 77/_ 1 airajr2j2))

_q (3.4.95)

I'+r

=

~

HiTpmg2m (rait?jfzjz + Hairaj7212> tFo1)

where we note that any terms where derivatives hit %H i get absorbed into Pg>1/> (since these derivatives
are not hitting either r or #;_» which are critical terms at worst). For analyzing the remaining terms, we

continue
1 m 1
o <r8i8j72j2 T 31'”9]'721‘2) ~ /"y 9'rd*" 100+ =1 9'0rd*"9j2j 2 (3.4.96)
=0

where we absorbed combinatorial constants with ~. Now, we plan to separate out any of the terms that
belong to Py 1/, from the critical terms which must be handled. When 9™ hits Ly, the idea is that the worst
terms only occur when 2m derivatives hit 7;_», or 1 derivative hits 7 (in the first term) and 2m — 1 derivatives
hit 7»j_». The point is that after the first power of r is removed, any subsequent derivatives that hit dr do
not actually contribute to the order. In fact, they are only taking away derivatives that could have hit 7;_».

Indeed, we can check by computing the order. When [ = 0, we have that

a2 0,0iF2; o ~ "1 922 (DH 2 is A -critical (6 = 0)
1 ) (3.4.97)
rmal-razma,fzj_z ~ P gPmtl (Df’_zf) is % critical (€ = 0)

y—1
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using Lemma 3.1.21. When [ = 1, we see that

" org?n1 0i0jF2j_n =~ Pngmtl (thjfzf) is % critical (€ = 0)

1 ' (3.4.98)
— P99ird* 19 0 = " (DY TF) is P -subcritical (6 = 1)
Thus, in the summation when [ > 2, we will get
rma’razm*la,-a,fzj_z ~ r’"&gzm(D,zj_zf) is % _subcritical (7 > 1)
(3.4.99)

1 i
ﬁ/"alairaﬁm—’aﬁzj,z ~ g sm-l (D,z" 2}7) is #**_gubcritical (€ > 2)

Summarizing our order analysis, we see that many of the terms in the summation will be absorbed into

Pg>1/2, and we have:

) 1
Lm’szlfzj—Z ~ ’l}_/‘i_HHU (rm+l 82m8i8j72j_2 +

r’”&,-r&z’"&jfzj_z + morg?n1 8,-8jf2j_2> + Pf)’zl/Z

(3.4.100)

y—1

For the other side of the commutator, we have

-1
I'+r
-1
I'+r

1.
gy 170 (710,07 a2 +0,(7") 0" oy 2)

=

Zl (Lm’sz’zjfz) ~ H (rai(?j(rma2m}72j2) + }/%

I 8ir8j(;”’82mf2j2)>

=

~

HY (rm+laiaj82ml72j_2 + 2r8,~(r’”)8j82’”72j_2 + r&,-&,-(r’")&szzj,z) (3.4.101)

Now, if we compute the order of the purple term, we see that

I
%H’/raiaj(rm)aszgj,z ~ /"_182'"?2]-,2 is ##**-subcritical (€ > 2)
,

and thus, we can absorb it into Py ;. Combining (3.4.100) and (3.4.101) and observing that the blue terms

cancel, we have

. R B B e 1 my 2m
[Lm’zm,Ll}rzj_2:g+rH]<r 8r82 laiajrgj_z—Zrai(r’"ﬁj&z rgj_z——yilair@-(r )82 7'2/'_2>+Pﬁ>1/2

-1 .. 1
= 7}:+ rHl] (8er=2'”1 8,-8]-?2]»_2 — 2m8,-rL’”’2’”8j72j_2 — 77/_ 18ir&erm1’2m72j_2> +P(/'21/2

(3.4.102)

and we observe that the first two terms take the form L"™>"+17,; 5.
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2-y
Then, combining with (3.4.90), and applying the H 03671 norm, we have

ILiL™ "7 2] 0,21 S < L2 || 0,2 H[|Lm2 | 02
B y ! (3.4.103)
+||Lm"’2"“fzj—2|\ = +1Pos1pall 4 v
2(y-1 1-1 2(y-1)
For the LHS, we can apply Lemma 3.4.1 to get
m2 2
||L1L ”"rzj 2” 0. (zy y) NHLm mrgj 2” 21*2(2)/ _HLmZmrj 2” 2()/7]]) (34104)

Then, adding the blue term to the other side of (3.4.103), we have

LmZmr < Lm,me . o, 4 Lm,2m+1}7 . B
| 22| 2”2(277/1 S ZJHHO"% | 2 2H;LIO'Z(ZY—VI)

HIL 2R | 2y H LRyl 2y Posill 2
H 20D H 20r-1) H A

2-1)
(3.4.105)
Now, by adding the following quantity on both sides of our inequality:
m—1 ; ;
Mo 2y + Lty 2 (3.4.106)
P2l g g + BNl oo
we see using the help or Remark 2.2.2 that the LHS will be equivalent to
IIizjfzI\H2m+2,,,1+1+2(2y—]1) (3.4.107)
For the RHS, we will get the following collection of terms which we number
1 2’"r2]|\ g HIL | 2y
%301 H 2r-1)
L2y || 2y L gl 2y
H 201 H 20r-1)
m—1 - (3.4.108)
Ly, —y 2 +||P
1;) I 2j 2||H2,1+% 172 2HH 0,21 Fl ﬁ>1/2HH 0,2
6
= [[L"2" 7], 2y + Y Re
[-] 200 420

using R through Rg.
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For the terms R, R>, and R3, we first observe that

172 zH 2y LRl 2y LR ) 2y SILTTV R, L 2y
20=1) H 2(r-1) H20r-1) H 201
_ mel,2m72af2 s 5
|| J ||H2’]+2(7—y1)
(3.4.109)
Then, we claim that the following inequality holds
Proposition 3.4.11.
L2208 | JESt s St 29"2/” 0,21
! (3.4.110)
L2208, 2H g2 +1Pos1p2ll 4 21
026~ H 27 20-1)

Proof. To prove this proposition, we rely on the smallness of dsr (see Remark 3.4.2) as well as a key step in
which we we must absorb a term into L;, creating the updated elliptic operator L; which we define below. To

start, we recall (3.4.87) and apply a generic first order derivative d to get
OFj ~ L10F2j 2 +[0,Li]F2j 2+ P (G.4.111)

where P consists of terms with and.##2/ order of 1 /2 or better. By Lemma 3.1.22, dP consists of terms with
an % order of —% or better.

To simplify the commutator [811]?2]-,2, we have

. y—1_.. _ 1 .
8L1r2j,2 =0 <F+ rH J(raiajrzjfz + H&,-rajmjz))

y—1 (3.4.112)
=X _H d9;0; drd;d; 0;rdd; d9;rd;
F+r (r jF2j—2+drd;id;Fyj— 2+}/ (0rddjFaj 2+ d0ird;Fa; 2))
and
Li(aF YL yiira,0,07 L ora,07
Li( rzj_z)zmH (r idj sz_z-i-ﬁ ird; }’2]‘_2). (3.4.113)
Combining, the blue terms cancel and the purple term can be absorbed into dP. Thus, we have
3. LRy 2 ~ L i 3r0,0,72; 2+ 9
[ 7L1}r2j_221—‘7+rH rdidjfpj—2 + P (3.4.114)
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By Remark 3.4.2, we have localized in the neighborhood of a boundary point such that

10'F| <A, |dsr—1] <A, |HY

<A (3.4.115)

where A < 1 is small constant, and primed indices will range over x! and x* (i.e. d'r ~ dir,dyr). Also, note
that a key assumption has been added on the off-diagonal components of H (and a similar simplification can
also be found in (Disconzi et al., 2022)).

First, we apply (3.4.111) with d5 to get
837‘2]- 2Z133I72j,2+[83,Zl]fzj,2+a3P (3.4.116)
Then, using (3.4.114) with d3, we have

3 1

A Fpj =~ L183f2j,2 + IZ—_HH”aya,ijzj,z + 0sP

(3.4.117)
- —1 —1 a4

o~ L1(9372j72 + %H3383r83272j,2 + %H’ J (93}’(9;(9]4?2]',2 4+ kP

where we used (3.4.115) to absorb the other terms into d3P. Now, we plan to absorb the red term into a new

operator Ii First observe that by (3.4.115),

Y—1 33 N -1 5 .
1_‘7“1‘1 83}’8333}’2_/;2 + kP~ 1_‘7“1‘1[ a,'}’8383}’2j,2 + 3P

since the terms when i # 3 will be small, and thus can get absorbed into d3P. Then, by (3.4.115) again, we

have

y—1 ~ y—=1. -
mHl 31»}’8383}’2_/,2 + kP~ mH /3,'}’8_/(93}’2_/,2 + 03P

where we used the fact that the off-diagonal terms are also small. Thus, we can absorb our red term in the

following way:

~ —1_ .. —1 .
Ky~ Lidkirj_o+ 72:_’_ rHljail”a_/‘a_ng_/fz + 7:_/,_"_ }’Hl y a3rai/aj/}72j72 + kP

-1 .. 1 -1 .. B
= 73_/‘4_ rH”(r&&ﬁgfgj,z + 7,}/_ I 8,<r8j837’2j,2) + FLJr rH”&,-raﬁgrzj,z
(3.4.118)
—1 4
+I,}:7-|—7‘H” 83r8i,8j/f2j,2+83P

o " 'y—l o "
:L1(93r2j72 + mH’J 93r8i/8j/r2j,2+(93P
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where

Lig:= %H"f <ra,»a,-<p+ (yil + 1) airaj<p> (3.4.119)
By inspection, it is quite natural to see that a elliptic estimate such as in Lemma 3.4.1 also holds for the
operator li Indeed, we simply observe that Ii =L+ b%H i/9;rd; where b > 1, and we can use the proof
of Lemma 3.4.1 where a strictly positive term will appear.

Returning to (3.4.118), we apply L~ 1?"~2 to both sides use the Ho’ﬁ norm. Notice that since d3P
consists of terms with an 7%/ order of f% or better, similar to Remark 3.4.8, Lm_l*z(’"_1>83P consists of
terms with an .#?* order of 1/2 or better. Thus, they will belong to Pg>1 )y (recalling (3.4.89)). Then, by

the inductive hypothesis (3.4.9), we know that L= 120m=1) commutes nicely with ls,\l in the same way that it

commutes nicely with L;. Thus, we will commute while moving any Pg>1 5 terms to the RHS. We have

~

||Z,1Lm_1'2m_23372j72\| 0,% < ||Lm_1’2’"_2937’2j|| 0‘% +||Lm_1’2m_2((9/)272j72” 0. 27
H 2 H 20 '

H20D (3 4120)
+Po=1/2ll 27
H 20r-1)
Applying the elliptic estimate for Ly, the resulting inequality is
||Lm71’2m7283f2j72” 2,1+% 5 |‘Lm7172m7233’72jH O.% + ||Lm7172m72(&/)2}~,2j72” 072(217’1)
' H 27 BT (3.4.121)

+ ||P, 2-
| 021/2\\}10_”]1)

which is a key step in the proof of Proposition 3.4.11. Moreover, we observe by inspection of the H Lan

norm that
L7122 2y | 021 S L1229 7| L2y S L1220 s | iy 2oy (3.4.122)
H 2r-1) H 2(r-1) H 20D

where, in the last step, we used Lemma 3.1.2. Combining (3.4.121) with (3.4.122), we have

||Lm—1,2m—28372j*2” 2‘1+2(2171) < ||Lm—1-,2m—283;;2jH 0.23171) + ||Lm—1,2m—28172j72|| 2‘1+2(2171)
e o H 20 (34.123)
+Poz12ll 27
H 2(r-1)
For the last key step, we return to (3.4.111) and (3.4.114) with @’ in place of d. This leads to
- -1 ..
3'Faj ~ L1 Frjn + %H”a/raiajfz i+ d'P (3.4.124)
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However, by (3.4.115), we know that the term with 9’7 will be small, hence it can be absorbed into d’P (or

simply d P when computing order). Thus, we are left with
8’?2j :£18’?2j_2+8’P (3.4.125)
Applying L™~ "2"~2 and (3.4.9), we commute and absorb terms into Py /. This yields:

LiL" 12205 0 e L2200+ Py . (3.4.126)

2=y -
Applying the H %351 norm and the elliptic estimate for L yields the next key inequality in our proof:

S Hmel.Zm72a/f2j” o2
H 2r-1)

-1

||Lm71~2’”*28/f2j—2” 2,1+2277
H _ (3.4.127)

L2 Rl ) 2y IPosipll o 2
H 20-1) H 2(r-1)
where we added the blue term on the LHS. Finally, combining (3.4.127) with (3.4.123) finishes the proof of

Proposition 3.4.11. O

Corollary 3.4.12 (Corollary for Proposition 3.4.11). Letl € Nwith 1 <I < m— 1. The following inequality
also holds

L1 97| SIE R ) 2y
H HX

2-y
2,14 5755 Y
3D r-1)

(3.4.128)

+IL T 0R o|  ay +[Posipll 2
b I=y R

Proof. To prove this corollary, we simply need to follow the proof of Proposition 3.4.11 combined with the
last consequence in Remark 3.4.10. Anywhere the inductive hypothesis is used on the commutator L~ 1,2"=2,

we know that a similar fact holds for L/"+!~1 by Remark 3.4.10. [

Now, we can return to (3.4.103) - (3.4.108) and summarize our results for what we have on the LHS

and RHS now that we have estimated the terms R;,R, and R3 using Proposition 3.4.11. Simplifying
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Lr12m=2g — pm=12m=1 thig vields

||f2j—2|| dmt2,m 14
H

2y SIL" Rl o 2y LT R 2y
2(r-1) H 20r-1) H 20r-1)

m—1

—1,2m—1 Lm+lg
+ HLm m r2j—2HH()_2(2};Y” 4 Z ||L m rZJ—ZH 2.l+2277 (34129)
(r=1) 1=0 H

(r=1)

722l o 2=r +Po=1pll ( 2=r
H 2(r-1) H 20r-1)

where only the red terms need to be handled, and we will be keeping Rs and Rg from before on the RHS. For

the first red term, we have

HL)1171,2/1'171’72/_2H 0.2(2/771) S Hmel,2m72’~,2j_2|| 1,2(2;’/1)
1200 -
(3.4.130)
5 |‘I:1(Lm71’2m7272/'_2)H 0~2(2y7y1)
H =

where we used the elliptic estimate for L; in the last line. Then, we can use (3.4.9) to commute with
L"=120m=1) which will only produce additional terms in Py~ /- Finally, we use (3.4.87) to express L 72, 2

in terms of 7 plus additional P terms. We have

L2 i ol ey SIETTP A (LiFj—2) + Posipall o 20
TR B 20D

e TR o | R ) ey =
H 20r-1) H 2r-1)

(3.4.131)
S L2y o2=r HlPos1p2ll (22
H 2(r-1) H 2(r-1)
< |72 o +|P _
Sl 2’”112’"""*% | ﬁzl/zllHO,ﬁ
which is an important estimate for the first red term.
For the final red term, we start by rewriting and then applying Corollary 3.4.12.
g L LS A Lmt1—1
L1 9R,, S L1907 AL R -
i ol 2o S X ol g+ sl o
LS — Lm+1
< Ly, 2y H Ly 2 ) (3.4.132)
(G RTI  Y

m—1
<7 I Ll,m+l—1;.' . _
S ZJHHzm,mz(Zy]l) lg(’) I 2 2”1{1'2(27—71)

where, in the last line, we used an inequality similar to 3.4.130 for the #;_, terms. For the remaining sum,

it remains to apply the elliptic estimate for L; and then commute L; with L""+/~! using Remark 3.4.10. We
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have

m—1 m—1
T (Il o ) ST L@ )]
1=0 H" 207D 1=0 H O 20-1)
-1
< K Ll,m+1—1 L ~ P
N Z [ (Lifaj—2) + ff>1/2H 2y
=0 y—])
<||1Dﬁ>1/2|| 027 T Z L (R + P | s (3:4.133)

5 ||P6’21/2|| 0. 2= Y + Z ||le+l 1~j|| 2=y
2r-1) H 2(y-1)

< ||f”2j||Hzm,m+2<2;71 + ”Pﬁ“/QHH 050

»—ﬁ<

where we followed the same argument as (3.4.131) with L~ 12"~ replaced by L/~
Finally combining (3.4.129) - (3.4.133), we are now ready to prove our higher order elliptic estimates for

the 7 equation.

Lemma 3.4.13 (Higher Order Elliptic estimates for 7). Under the conditions for Lemma 3.4.1, the following

inequality holds

k
U7 ey 2o <Y o7 r|| 02T +Cel| (8,7 @) || sk (3.4.134)
H 2(r-1) j=0

where C¢ < 1 depends on €.

Proof. Combining (3.4.129) - (3.4.133) and summarizing our work in this section, we get the following
inequality:
S Y NI | S e Ll

1722l -y S 2 2-y
mRm F2D 5201 TR

FFyall , 2y +Ps :
(172, 2HH°‘% | @21/2||H0,2(2 Y

Ty (3.4.135)
< || N P L, +IP .
S ey + il oy + Pl 2
< |7 —y + || —y +&|(5,F i)
S ez +rcal 2 + 1R g

which we showed using an induction argument on m > 1, and the Py, terms are treated using (3.4.89) and
Remark 3.1.9. Then, we recall from (3.4.86) that m = k — j, so when m =k — 1, we have j = 1 and

2~
LS

=3 FNF o 2oy +E[E @) (3.4.136)
H 2(y-1)

2A 2,k— 1+(
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Iterating, we obtain successive inequalities all the way up to || D27 | ,..2—_- Combining together, we have
H 2r-1)

k
- 2 oo~
17 e 2 S Y MDVFI o 2y +CellS R )] s (3.4.137)
H D D H 20D
where C; < 1 depends on €. This completes the proof. [

Remark 3.4.14. We observe that the RHS of the inequality in Lemma 3.4.13 closely resembles the higher
order wave energy E2X . found in (2.2.8). After obtaining the matching estimates for D,zj it, we will have the
full E2X ., energy on the RHS and we will almost have the proof of Theorem 4.1.1 on the equivalence between

our full energy (2.2.10) and the .7?* norm (2.2.7).

3.4.3.3 Higher Order Estimates for L, and L3
Next, we apply a similar argument for the i equation and the operators L, with “good” spatial parts L, and
L3. We plan to handle each of the subcritical and commutator terms that appear. We will handle L, first, and
then move on to Lj.

Starting from (3.4.86) and using the same notation, we observe that much of the analysis will be quite

- o F - 0,5 Y 0,5t
similar with L; replaced by L, and H 21 replaced by H *2 ' 20~ = H 2(r-1),

From Lemma 3.4.6, we see that

(it2j)* =~ Ly (ilj2)* + P
(3.4.138)

N I Y
(Lsi) 2j 2 = L3(lj2)" +P

where P consists of terms with an H%-order 0. and we will often omit the index & for convenience. Then,
we have

Lm"zmllzj ~ Zsz’zleijz + [Lm’zm,ZZ]ﬁzj;z + Po>o (3.4.139)

To obtain higher order estimates, we will need to treat the commutator [L’"’zm,f,g]ﬁz j—2 in the same way

as the 7 equation with an induction argument. Structurally, the L, operator can be handled quite similarly as
- -1 . . 1

(Lz(p)a c= y—-2 B¥ gk (a,'(r j¢k) + 77/_ I ajrgi(pk)

r
tr (3.4.140)

-1 .. . 1
- %B""Hﬂ‘ (raiaﬂpk + ﬁaf'r&i% + 8,-r8j(pk>

by (3.4.40), and we can compare with (3.4.10) and our previous work in this section. Upon computing

[Lm2m )iy j—2 and absorbing a key term into Ly, our only primary difference is the inclusion of L3 in every
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- S
elliptic estimate, and the relationship between L3 and curl & defined in (3.4.28). Additionally, we will need
-
to extract curl & so we can bound from above by Et%’;nspon (defined in (2.2.9)) with the help of Lemma 3.4.5.
Following the arguments of Section 3.4.3.2, we will need to also incorporate the L3 operator at each step

in order to apply Lemma 3.4.4. Returning to L3 in (3.4.138), we have
Lm"sztzj_z(Z3ﬂ) ~ 1:3Lm’2m122j_2 + [Lm’2m7l~,3]b72j_2 + Po>o (3.4.141)

where the LHS of (3.4.141) will eventually become the transport energy E2k found in (2.2.9).

transport

After properly analyzing the commutators [L"™>", 3] fizj—» and [Lm2m Ls)itn j—2 in the same way as [Lm2m L) Faj—2,
1

we will apply the H" 2071 norm to get the following from (3.4.138) and (3.4.141):

T P S Y 12 N
" " H (3.4.142)
Lm71,2mﬁ . B P
+l 2 2||H0‘% +| ﬁonHo,zwgl)
and
¥ ~ 2j—2/% ~ ~
1L L™ it | 03 S I D (Laa) | - + (L2 g | 0251
H Hs H (3.4.143)

4 Lm—l.Zmﬂ o 4P
[ 2j 2||HO'% [ ﬁonHO,z(yLl)

which are the analogs of (3.4.103). Also, note that the red term in (3.4.142) will eventually become the
ii portion of E2X . while the red term in (3.4.143) will become the vorticity portion of E2 Adding

ransport*

(3.4.142) and (3.4.143) together and applying Lemma 3.4.4 on the LHS from below, we will get

2-1) HHO’Z(VI—H

27-1) -1

||Lm,2mlzzj_2|| - S HLQOﬁzj” o1 + HLm.ZmDij*Z(I::;IZ)
H H

L™ i || 2y
H 2(r-1)

Lm’2m+]ﬁ . mel,Zmﬁ . B P
+| 2j 2\|Ho,2(ygl> +| 2j 2\|H0‘% +| ﬁzo||Ho,2(ygl)

(3.4.144)

where the blue term came from Lemma 3.4.4. Then, the argument will proceed quite similarly, as we will
add
(3.4.145)

m—1
- Lmtl ~
ldjall o 1+ Y L il ,,,
H 1=0 H

1
2(r-1) 2(r-1)
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we see using the help or Remark 2.2.2 that the LHS will be equivalent to

(3.4.146)

lezj—2 ||H2m+2.m+1+2(y171)

For the RHS, we will get the following collection of terms which we number

I o

\|L’”2’”L71|| “ 1 _|_HLm7mD2/ Z(LKU) L
2(y=1) H 20r-1)

m2m+1 ~ m—12m~ m2m-~
+|IL sz—zHHo.z(ygl +IL ”zf‘ZHH%(yll) +IL MZJ‘ZHHO-ME])

-1 (3.4.147)

Lty + ||i +|P
;(,)H 2j-2l 2T |22l e [ Po>oll L0

=Ly o o A EDE )] +ZQe

2(y-1)

using O through Q¢. Then, the argument will proceed in a very similar way as we will need the analog of
Proposition 3.4.11, but using L, and L3 instead. To prove this proposition, we will simply need to absorb
a key term out of of [d3, L] j—2 and complete the elliptic estimate with updated operators ZTZ and ZA3 as
needed. The primary difference comes from the second red term in (3.4.147). For this term, we will use the

following argument. First, from (3.4.42), we have the following useful simplification

. — —
L3ii ~ rd curl i+ curl @ (3.4.148)

— —
where curl 7 is defined in (3.4.28), and we are counting the powers of » and derivatives of curl i

Then, we make use of Lemma 3.1.17 to simplify D,Zj ~2 and we use (3.4.148) to simplify L3. We have

L j-1 ) — —
DY (Laa) ~ P+ Yy rlolti—1 <r8 curl i+ curl ﬁ)
=0
(3.4.149)

-1

s C—

~P+ Z Ao curl i+ 19! eurl 4
=0

where P consists of terms with .7#%/ order 0, and any terms where more than one derivative hits r belong to
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P. Apply L™ to our expression, and recalling m = k — j from (3.4.86), we have

j-1
i~ L L
LD (Lsi) = L™2"P + " 92" (Z Ao curl i+ 9 curl u)

=0
J—lm+i+1
~Py=o+), Y r igmti-1tigud
1=0 =0 (3.4.150)
—Lmtl+1
~ Pg>o+ Z Z L 1curl i
I=0 i=0

k
. o
~Pg=o+ ), rio*ti=leurd @
i=0

where, along the way, we have combined expressions with extra derivatives of r into Py>¢. Moreover, we
Lo S — . .
see that our expression involves at most 2k — 1 derivatives of curl @ with k powers of r. Then, taking our

L 0,515
expression in the H 27~ norm, we have

—
<||Pﬁ>0H 03 1 +chrluH s 1 (3.4.151)

L2 pp = (Lai
I A )] Sui.

I o

and (3.4.151) is the desired estimate for the second red term in (3.4.147). We are now ready to state the

desired Lemma for this section.

Lemma 3.4.15 (Higher order div-curl estimates for i7). Under the conditions for Lemma 3.4.4, the following

inequality holds

2j — o
[|]] 2kA+2 (Z |1D; J”H s, 1 >+C“rl“||sz—1.k+2(yl_l) 2 (Sar7“)||,7f2k (3.4.152)

where Dy < 1 depends on €.

Proof. For the proof, we will follow the arguments in this section (starting from (3.4.138)). For the red term

below, we apply (3.4.151):

< Lm,2m~ ) Lm,ZmDZ_ L - 1,2m—1
iy ST DL Iy

|| ﬁ2j72 || 2m+2,m+1+
H

s sty Hll2i2ll o+ IIPﬁzollHo,z(yg,)

H - -
+ ||curl || 21 jet o +||”2j*2|| 0,1 +1Po>ol| 0

< it , >0l o1
2(r-1) H 2(r-1) H 2(r-1)

||H2m,m+ Z(YLI)

+é||(§7fa ﬁ)”,i"fy‘

—> -
N ””21” 2mm+2(yl + ||curl || Ak (71 +||u2j72||Ho,2<yl

=)
(3.4.153)

which we showed using an induction argument on m > 1, and the P> terms are treated using (3.4.89) and
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1
Remark 3.1.9 (noting that the norm here is H 3% and we have an extra power of r to spare). Then, we

recall from (3.4.86) that m = k — j, so when m =k — 1, we have j = 1 and

sy SO sy gl ]y +EIGRD e Gl
Iterating, we obtain successive inequalities all the way up to || D?ii ||H01 SR, Combining together, we have
koo N
||ﬁ||H2k7k+2(yl_l) < <,;) ||Dt11,7|H0‘2(71_1)> + ||curl ﬁHsz_Wz( L A De|(8 R )| o (3.4.155)
where D; < 1 depends on €. This completes the proof. O

Remark 3.4.16. We observe that the RHS of the inequality in Lemma 3.4.15 closely resembles the higher

—
order wave energy E2X,. found in (2.2.8) plus an additional term that depends on curl ii. However, in view

of Lemma 3.4.5, this term is precisely bounded by ||@| ,, . o which is the key vorticity piece of
) I
E&ﬁnspon. We note that Lemma 3.4.15 is used in conjuction with Lemma 3.4.13 to prove Theorem 4.1.1 on

the equivalence between our full energy (2.2.10) and the 2% norm (2.2.7).
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CHAPTER 4

A priori estimates in weighted Sobolev spaces

4.1 Energy Equivalence

Theorem 4.1.1 (Equivalence between E** and .7 norms). Let (§,7,7) be smooth functions in Q. If r is

positive and uniformly non-degenerate on I, then
E*(5,7.00) ~ ||(5,7,) |3 o

where the equivalence depends on 'y and up to 2k + 1 derivatives of s,r, and u.

Proof. Let’s begin with the < direction. Using our book-keeping scheme from Section 3.1, it will be quite

straightforward to track the order of each of the terms as they appear We plan to use Remark 222 in which

+1+k 3yt

the /#?* norm for (5,7 ) is shown to be equivalent to the H k2t x H*
norm.
We start with Etrampom which we recall as
2% § 7 Al12 2
E (&) = [|@f 2 +113 H 2
transport\=» *» H%lzwﬁﬁ +k M%%+%M

First, it is clear from Remark 2.2.2 that

~112 RN
sl ox iy bk S NGRS
H 20—

For the vorticity part of E2 we look at the order of each of the terms and observe that

ransport>

Dgp = o (hilg) — g (hite)
= h(dailg — dpile) + iig doh — i ph

~ dii+ii

++k
><H

“.1.1)

4.1.2)

(4.1.3)

using our book-keeping scheme and recalling that 7 = % which is O(1) near the free boundary, as well as

dh. We plan to estimate @ using a similar argument as the estimate for @ in (3.3.35). Applying a multiindex
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I with |I| <2k — 1 and counting the number of derivatives and powers of r, we have

dlo~d i+l (4.1.4)
Applying the Lz(r%l”kﬂ) BPICE IR norm, we have
/g P A 100, dx < /Q P g dx+/ P 39l dx (4.1.5)
’
Summing over /, we obtain the H Zk_l'%Jr%Jrk norm, and we will get terms that are only critical at worst,

. . L o~ . . .

i.e. they will have the form r**2 9% modulo coefficients depending on derivatives of s and r, and the second
. . 1 N . .
intergral produces subcritical terms of the form 7%*29%~1j at worst. Each of these can easily be estimated

via the 2% norm, so we have

A2 ~ o~ (12
e 2U—1,5 y)+%+k S I, ru)|| 2k 4.1.6)
and combining with (4.1.2) yields
Eganspont(5:7,0) < |5, 7.2) |3 4.1.7)
For E2X ., we first use Remark 2.2.1 to simplfy
o 2~ 2
E&,’;ve(s,r,u) Z | (D; '7,D ]”)”2

=0
]k (4.1.8)
SO (GRS T
j=0 0201 Syt

2y 2y 2y 2y ,
using the fact that norms for 77, (L?(r71) x L(r7-1 +1)) and (H 20 x D +2) are equivalent. Then,

we make frequent use of Lemma 3.1.17 which allows us to greatly simplify convective derivatives. Taking

0 < j <k, we have
2
IDAP , ooy = | 31107
0 307= 1)

(4.1.9)

SIAP, 2y

noting that each term appearing in the summation will be critical at the j level. Then, further applying our
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embedding lemmas, we get

~112 < || 2
171 o S
")
=||F o 4.1.10
L @.1.10)
112 .
S, 2y SIERDI

H

noting that 0 < j < k and we can apply Corollary 3.1.7 as needed when j < k. Thus, the 7 part of E2X _ is
bounded by the desired .#** norm. For the ii part, we can similarly invoke Lemma 3.1.17 again, where the
only difference is that we now have terms involving both i and 7. However, the extra r'/2 weight is exactly

what we need to handle any of the terms that appear:

. J Rt
1Dl 5y = | DA Y o
H'? =0 i=0

nt2

< lall®

2 +IF2,, o
e Syt et Y

A1y T2l (4.1.11)

Slal?, o
S ||H2k,2(27]1)+%+k

+H’7H2 2-y 1

2%, Lok
gra-n T2t

SIGERD%,

and we observe that the 7 terms actually have an extra r!/2 in terms of bounding by the . norm. Combining
(4.1.8)-(4.1.11) produces

Etve(5,70) S [|(5,70)[1% o 4.1.12)

Thus, we combine with (4.1.7) and the < direction for Theorem 4.1.1 is complete.
For the 2 direction, we make use of many previously established lemmas. First, by the norm equivalence

from Remark 2.2.2, and Lemmas 3.4.13, and 3.4.15, we have

IS, 2y

2k, +5+k
H 20r-1) 2

Cs N2 (22 oy
1652 I oy 1

2

k
2j~112 27 ~12
<y (|szr oy DY )
j=0 H 2D H

2(-1) (4.1.13)
— _2 2

—|—||cur1 M” 2k 1k+ (’yl +HS|| 2k72(2};71)+%+k

+(CH DGRy
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where C;,D; < 1. Then, we observe by examining E2X . in (2.2.8) that

wave

k

2 2 2j~ 2Jj ~ o~ o~

3 (I, ay + 102l o) S ZHD’ ROV = BSR40
J=0 -

as any weights involving I" can be removed in view of Remark 2.2.1. Then, combining (4.1.13), (4.1.14), and

—
applying Lemma 3.4.5 for the term with curl i, we have

oo 2k = A2 sl12
”(S’r?u)”;ka NEwave(svrvu) + ||(OH 2-y +%+k+ HSH

2-y 1
HZk—l,z(yil) H2k, on T2tk

+(C DG D) 4.1.15)

22(1~112
E7lu -
H ” 2k,72(2y_y|)+%+k

JOR k -~~~
E\?v]zve(SJrau)+Et2ransport(s7r7”)+(cg+D2 )”( )H;ka

Absorbing the constants (C7 + D 4 &%) < 1 into the LHS produces

E2k(§7 , ”7) E\%];ve(‘i F, ’Z) +Et2r];nsport

(5:7,0) 2 115 70) % (4.1.16)
which completes the proof of the > direction. Thus, the proof of Theorem 4.1.1 is complete. O

4.2 Higher order wave energy estimates

Using the book-keeping scheme from Section 3.1, let’s estimate each of the terms on the RHS of (3.1.1) with
the following Theorem. Note that the By; equation will get multiplied by rY 1D2k 7, and the C5), equation
will get contracted with (" + r)rYfl GapD¥itP.

We plan to integrate and estimate using the .7#f norm which we recall:

2k k

¢ +3+a ya . + +itaqa -
II(3, ru)||%;2k_ Z Z |20 (= a5a; ”2 +||r27 0y uaar||2 +||,,.2y Hratayay ||L2
= O|a\a:z?§k

The following book-keeping remark is useful when taking convective derivatives of the many expressions

that appear:

Remark 4.2.1. Using the fact that D;(I"(s)) = 0 from (1.2.19a), we have the following observations:

2
1 1 1
D = — D ~
t(F+r> (T+7r)? o (F—|—r> d

where we applied (3.1.17). Thus, taking multiple convective derivatives of our weight

= + - leads to gaining

100



additional powers of r, and thus makes the terms more subcritical. In view of Remarks 2.1.5 and 3.1.12,
we will often ignore these terms and use the ~ symbol so that we can highlight the key critical/supercritical

terms that cause difficulty when estimating.

Theorem 4.2.2 (Higher Order energy estimates). Ler (s,r,u) be a smooth solution to (1.2.19) that exists
on some time interval [0,T]. Then, the following estimate holds for solutions (,7,i) to the higher order

linearized equations (3.1.1):
d ok
E wave

(8,7 i)

< B||(5,7)|% “.2.1)
where B is a function that depends on up to 2k + 1 derivatives of s,r, and u.

Proof. The proof relies on Section 2.3 and the basic energy estimate in Proposition 2.3.2. Along the way, we
will make use of Lemmas 3.1.10, 3.1.13, 3.1.17, and 3.1.21.

We start by multiplying (3.1.1a) and (3.1.1b) by their respective multipliers,

L
—1

1

D¥F and  (C+r)r71GupDMaP.

Then, we compare with (2.3.1b) and (2.3.1c) and observe that we will be following the Proof of Proposition
2.3.2 with 7 and # replaced by D,zkf and D,2k12. Integrating over Q, and applying the moving domain formula
(2.3.4), it remains to show that all of the terms on the RHS can be estimated using the 7 2k norm. More

specifically, we plan to show that

2-y
/ ry_l
Q

Ce (I + r)rGaﬁD,Zkﬁﬁ‘ dx S G (5,7.8) 2 (4.2.2b)

1 2k ~
sz ﬁDt r

dx S 6| (5,7,d) % (4.2.2a)

t 2y
L
Joy

where By, and C5; are long expressions defined in (3.1.2). Recall from Remarks 3.1.9 and 3.1.11 that when

calculating the order of a given term where y > 1 is arbitrary, we simply ignore powers of r coming from
the weight r%l, since our estimates are built around the weighted space Lz(r%ly) =H 0’%. Also, recall
Lemma 3.1.10 and Remark 3.1.11 where estimates involving L' (r%l) are used extensively.

We will begin by showing (4.2.2a). First, observe that the multiplier D?#7 is .7 critical since by Lemma
3.1.17, we have

D7~ (P o™ F+ 410 E L4904 ) +

where one can quickly check the order of the terms listed as being .7 critical, and all remaining terms are

subcritical.
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For the first term in (4.2.2a) after expanding By using (3.1.2), we get

DX*D* g = D*DX (79, ut)
* ' (4.2.3)
= D/FY DD (9uut)
i=0
Then, by Remark 3.1.18, we see that Di7 only contains .7 **-critical terms when i = 2k. After integrating in

2=y
L' (r7 1), the product can estimated by making use of Lemma 3.1.10 since we have the product of two terms

which are both critical:

2k
D¥*#Y. DIFDH 1 (duut)| dx < C1|(5,7, )
i=0

[ (4.2.4)

2y
/ e
Q

where C; depends on the L™ norms of up to 2k + 1 derivatives of (s,r,u). Notice that in the coefficient

expression D?k*i(@u“), we can use Lemma 3.1.19 to solve for the time derivative of u in terms of spatial
derivatives. Additionally, we can solve for D*~(du) in terms of spatial derivatives of u with additional
powers of r in a similar way as Lemma 3.1.17 be returning to (1.2.19c).

For the second term in (4.2.2a), we get

2k—1
DF7 Y (Dl (DF'r) = DFird, (Did) ) 4.2.5)
i=0

where each piece will be handled separately. For the first piece with Diii, we see by Remark 3.1.18 that Diii
only contains critical terms at worst when i = 2k — 1 , and all other terms are subcritical. Thus, the product

can be estimated using Lemma 3.1.10 since D27 is also critical:

o

For the second piece, with dy (Dii*) we see that D>~y contains one power of r by (3.1.17), and up to

2k—1
D*7 Y Diatd, (Df"*’r)
i=0

‘ ()

Y

dx < Co1||(8, 7)o (4.2.6)

2k — i derivatives of r and u. Similar to the first piece, it suffices to check when i = 2k — 1 in which case
thkflzl contains terms that are .77 critical, and terms that are subcritical with order & = % Simplifying
the expression when i = 2k — 1 and solving for time derivatives in terms of spatial derivatives with Lemma

3.1.19, we will get

Dyrd, (DX 1My ~ ro <(terms with 0 =0) + <terms with 0 = ;)) (4.2.7)
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Then, by applying Lemma 3.1.21, we see that applying rd to any free boundary term will produce a new
term with the same order, i.e. here we have & =0 and 0 = respectlvely Thus, the second piece can be

estimated using Lemma 3.1.10

* 2—
/ e
Joy

For the third term in (4.2.2a), the estimate is quite similar to before as D'ii only contains critical terms

D7 Z DX'rdy (D) | dx S Coal|(5,7) 1%,y (4.2.8)

i=0

when i =2k — 1. By Lemma 3.1.13, we get

[(9” s thkfi]r = C;k7i71 av (D?kfiflr) + C;kfifzav (DtZkfifzr)

+ ...
4.2.9)
=+ CY av (D,r)
+Cyoyr
which consists of derivatives of u and r. Then, by Lemma 3.1.10, the estimate will look like
” 2%k—1
/ 71 | D27 Z Dt D7 dy]r| dx < C3||(5,70) |13 (4.2.10)
Q 7
since we have the product of terms that are both .7#*~critical at worst.
To estimate the G fourth term, we will use the commutator identities from Lemma 3.1.13:
i—1 :
D,ZI“ZDZI‘ r[DE, 9y )at ~ DXF ZDZk i (Z C}&V(D{ﬁ“)> (4.2.11)
i=1 j=0

Now, the worst possible terms only occur when i = 2k, in which case we will get Dr = r and D7 (rd (D{*~'@)).
This term can be handled in a similar way as (4.2.7) since we get the product of terms which are both critical.

In fact, when i < 2k — 1, we get that all terms are subcritical and easily estimated. Thus, we have

2y
/ e
(oh

Combining the previous inequalities proves (4.2.2a).

2k
DX7Y. ¥ D], 9, )
i=1

dx < Cyl|(5,7.0)||3

12, (4.2.12)

Let’s turn now to the C§; terms occuring in (4.2.2b). Recall from (4.2.2b) that the C5; has the multi-

plier (I'+r)rGogD*iiP. In general, we observe using Lemma 3.1.17 that the multiplier rDiP has #¢
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subcritical terms with order 1/2 at worst since

k k—1
Zkﬁ ~ Z rlal+kﬁ+ Z rjaJJrkF
=0

Jj=0

1

(0 = —1/2 supercritical terms) + (& = 0 critical terms)

k k=1
— D~ Z R L/ Z ritloithy
=0 j=0

~ (& = 1/2 subcritical terms) 4 (& = 1 subcritical terms)

For the first term in (4.2.2b), we get

(T +r)rGopD¥aP DF*n® (4.2.13)

and we recall the from (2.1.3) that

/

r
(e

1 1
DX*p* :Df"( +r(110‘u” +u®i*) Iy r + fﬂa“B“r—i-i(F_’_ )21’|_|a“8ur>

2k 2k /
) . 1 ) . r
~ =Y D" D (9uu®) — —— Y Di(a®u* +u®i)DF* (9, 2 DD (N9
i=0 D (Ou®) '+r& ()b r)+(r+ ( ur)
1 ~2k—
o 22 DD (N*9,r)

(4.2.14)

where we recall that D (=) ~ — =1 D?r using Remark 4.2.1, and this only contributes additional

I'+r

(F+ )2

powers of r. After observing D?*h%, we see that it contains terms of the form D?*(i, 5, 7) which are order
—% supercritical at worst. However, those terms all get multiplied by rDii which has order % Thus, by
Lemma 3.1.10, these terms are also estimated using the .7> norm and we can solve for any expressions like
DX~I(NM* 9, r) in terms of spatial derivatives of u,r, and s.

For the second term in (4.2.2b), we get the following:

2k—1
(1
T+ r)rGogDa Yy DM (
( ) aptt l=26 t C+r

n““) du (DiF) (4.2.15)
Now, when i = 2k — 1, D?*~17 contains terms that have order % at worst by Remark 3.1.18. This implies that
d(D*~'F) will contain terms that are order —% at worst by Lemma 3.1.21. However, the multiplier rD?*ithas

order %, which is just enough to allow us to apply Lemma 3.1.10. Thus, we can estimate this term using the

A% norm.
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For the third and final term in (4.2.2b), we can follow the analysis of the second term and use Lemma

3.1.13 to get

~ 2k . 1 o
(F+r)rGaBDf"uﬁ ;Df" i <r+rn°‘ﬂ> [0, Di]F

" . . (4.2.16)
~ 2k ~ 2k—i J

~ (T +r)GoprD¥aP ;D, i (mn“F‘) (jz‘bcyav(Dt r))

Since the worst terms appear when i = 2k, we see that once again D,Zkflf has terms with order % at worst,

thus, 3(Dt2k_li) has terms with —% order. However, the multiplier has order %, and this allows us to apply

Lemma 3.1.10 as usual. This completes estimate (4.2.2b), and all higher order terms on the RHS in (3.1.1)

have been handled. O

4.3 Main Theorem

Combining the previous sections, we have reached our final result:

Theorem 4.3.1 (A priori estimates in 57 2Ky, Let (s,r,u) be a smooth solution to (1.2.19) that exists on some
time interval [0,T], and for which the physical vacuum boundary condition (1.1.13) holds. Let (5o, 7, io) be
initial data to system (2.1.2). Then, there exists a constant € depending only on s,r,u, and T such that, if

(8,7 i) € C*(2) is a solution to (2.1.2) on [0,T], then

1. E@)|| o,y S €l (S0, Fo, o) || 2k ay) - 4.3.1)

Proof. Combining Proposition 3.2.1 and Theorem 4.2.2, we get the following
< (s FEL (57 ) S GG 432)
7t P gy B0 ) SENERD o :

where 4] is a constant depending on L (€, ) norm of up to 2k + 1 derivatives of s, 7, and u. Then, after adding

4l|o|? », , toboth sides and recalling (2.2.9) and (2.2.10), we have
P = A
BB R0 SR+ O “33)
dt total \®> H ) S ©1 IR) 2k dt H2k—1Ak+ <2yi;/l)+%. D,

Integrating both sides and using Theorem 4.1.1 on the energy equivalence, we have

t
1620 B = 150,700 B S [ 6111520 B,y a7+ CPINESTRCEs
t
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Applying Theorem 3.3.3 for the @ term and rearranging, we get

1
1620 S 1G0T ) By + | EIEEDIyq, 47
. (4.3.5)
~ 112 Allfe = =\ (12 =2
i HwO”H”*‘Mwln (©) TEIE A DIz +/0 CAERD 0,y 47

Then, combining the initial data @ with the initial data term || (5o, 7o, &o) , and soaking the term with

2
H%Zk(go)

€ to the LHS, we arrive at

2 1

t
167010, S T (||<s~o,fo,ﬁo>§ﬂk(go) + [ 16 R0 g, dr) (436)

Finally, the desired result is a straightforward application of Gronwall’s inequality.
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A.1 Proof of Lemma 3.1.19

Appendix A

Appendix

Here, we record some of algebra for proving Lemma 3.1.19.

Proof. Starting from (3.1.30), we can further solve for d;u’ by plugging in ot = 0 into the last equation. If

we seta; = u¥ — (l—:i_r;uo rM9% . then
. _1 .
ol = — [ —wioul + V=1 ooy, 1
S ( SR P A R (S
1 ‘ (r=D(@?*-1) .,
= —— a 0_7 184 a l
a o al(l"—i—r)uou i aj(C+r)ud roit
= Clou® + CLoir + Caroud
~ 9u’ + dr+rou

]

— Qi = Lot + ChOF + Cyrdiii + CyF i + CL o + Chdyr+ Carad

We have the computations

o (=P 1)

ay—=u

., (2(r+r)(y— D@ — (y—1)((u®)? = DH[(T'5+ 7)u® + (T + r)i°]
(T+7)2(u%)2

(T+r)ud
—D((u"? -1
and

C{ = —u—i
ai
i . 1 i
Q=T
orm P 1)
w2(y—Da’ — (y—1)((u°)* - DL
(u')? ?

1 . 1 .
0 N%uio;r — s |_|0’3,~r>

)

uay—au

(a1)?

1 ’CVZ [(T'5 4 7)ul 4+ (T +r)id]
(T4 r)ud ! (T +r)2(u0)2
(=D =1

ui 2

(A.1.1)

(A.1.2)

(A.1.3)

(A.1.4)

(A.15)

(A.1.6)

(A.1.7)

(A.1.8)

Note that after analyzing all of the terms (with k = 1 here), we see that a large number are subcritical, and
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we can simplify:

0,i° ~ 9 + OF + rdii + Fou

1 1
~ (A°? super-critical of order ~3 )+ (7 critical) + (A% sub-critical of order 5)

Similiary, we can simplify d,r and 9,7 in the following way:

i -1 . -1 . . .
or = —%air— yuo rou' — yuo r (Ci&iuo +C50ir + C3rou')
Ul

10

. .oy—1 .. y-—1 -0
= OgFf=——0iF— 0 ro;i’ — 0 r(0a’)

i~0

0 _ _ - — —
o (i L) i (Wit L) g

(u%)?
~ 97 4 rdii + rdi’ + rdF + r*dii+ (additional subcritical terms)
, 1 ‘
o = ——————N"9,
= T

~ —[dr] —du—9dr

(02 u (u0)2 %0

ult . 1 ..
- O S o 13-}
0o (TC+r)ud i

The expressions for d;s and J;§ take the easiest form, as

ul

os = ——08,-s
u
ut ui® — O
0§ = =08+ ——55—0is
1 MO 1 <M0)2 1
02 — Iy
We also see that (u”)* = 14+ u/uj, so
u;
0= g
%0
o:ii° M/a T e
i = —5 Ol + 1 o —
u 7

Thus, linearizing our expression for dyu’, we get

i) ~ [0,F] + dii + IF

~ Qi+ OF + (rdii+ rdF + r*dii + (additional subcritical terms))

(A.1.9)

(A.1.10)

(A.1.11)

(A.1.12)

(A.1.13)

(A.1.14)

(A.1.15)

Starting from (3.1.30), we can further solve for d,u" by plugging in ot = 0 into the last equation. If we set
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a; =ul — ( -1 rM9% then

T+7)ud
1 : Y—1 . 1 . 1 .
o_ -~ _ iy, 0 007, 00 iy.,. 0i ).
o =4 < u'oiu Jri(l"—i—r)uorn oiu Jri(l"—i—r)uon u'oir 7F+rn 8,r>
1 ~ (y=D(*)?=1)
- _ zaio_izai al_z
alu " al(l"—i—r)uou rt ap(T+r)ud rom
) ) ) A.l.16
=q 8,'140 +C50ir + C3roiu’ ( )
~ du’ + Ir+ rou
= 8;»70 = Ci&,ﬂo +C§857’+C31’a,‘11i +C3F8,~ui +8{8in +(Z&,~r+ar8,-u"
‘We have the computations
o (r=D(*-1)
=Y — A.1.17
=t (C+r)ud : ( )
o (r=D(@)=1)
= —_ A.l.l
— d =i T+ P 7 ( 8)
2(T47)(y— 1)uld® — (y— 1) ((®)? = )[(T'5+7)u’ 4 (T + )]
—r (A.1.19)
(T +r)2(u0)2
and
; u' ~  da —a it
.- _ T — (C = A.1.20
! aj 1 (01)2 ( )
‘ 1 : ~ 1 =~ (O5+7u+(C+r)id
b= ———C] b= b T (A.1.21
G (F—Fr)uoc1 = G (F+r)u0c1 (T+7r)2(u0)2 G ( )
1 0\2 1 . _ -1 02 1)~
P T N T T AL
(v — (v—1 02 _ i .
Lu2y=Da Eyl_)z W)= Vit (A.123)
u

Note that after analyzing all of the terms (with k = 1 here), we see that a large number are subcritical, and

we can simplify:

0, ~ 9il’ + OF + rodii + Fou (A.1.24)

1 1
~ (* super-critical of order —5 )+ (2 critical) + (A sub-critical of order E) (A.1.25)
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Similiary, we can simplify d,r and J,7 in the following way:

u

1
e N R ~
8,;’:—@8#— 0 roju' — 0 r(C’l&uO—i—Cé&ir—i—Cy&u’)
~ w o y—1 oor—1 -0
= 3lr=—$8,~r— 0 ro;ii’ — 0 r(9a’)

0 0 1 1 . 1 1
o (Wit et (O D V1)
u u

(u%)? (u%)? (u%)?
~ 97 4 rdii + rdi’ + roF + r*dii+ (additional subcritical terms)

1 0 ul ;
mﬂj [(9[7'] — Eaﬂ/l‘] -

~ —[dr] —du—9dr

! = — 0 N/ o;r

(T+r)

The expressions for d;s and J;§ take the easiest form, as

i

u
(9,S = _foais
u
ut ui® — O
0§ =——0d§+ ;s
ud ! (u0)2 !
02 — Jy
We also see that (u”)* = 1+u/uj, so
u;
i’ =i
u

0 _ UjNj il
ol = 7)8,'141 4+l 0;—+
u uo
Thus, linearizing our expression for d,u’/, we get

i) ~ [0,F] + dii + IF

~ Qi+ OF + (rdii+ rdF + r*dii + (additional subcritical terms))
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(A.1.26)

(A.1.27)

(A.1.28)

(A.1.29)

(A.1.30)
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