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Chapter 1

INTRODUCTION

1.1 Background and Motivation

1.1.1 Challenges and goals

Accurately and efficiently predicting the mechanical behavior of structures made of
polycrystalline materials presents many challenges and complications. These complica-
tions are exacerbated in problems that exhibit and are affected by global-local features,
where phenomena at small (e.g., microscopic) and large (i.e., structural) scales interact.
Crystal plasticity finite element (CPFE) method [116, 4, 117, 94] has been the computa-
tional workhorse for modeling the complex and highly heterogeneous behavior of polycrys-
talline materials at fine scales such as thermal effects [96], mechanical twinning [ 150, 196],
shear band formation [2], martensite formation [156], recrystallization [75], grain bound-
ary slip [30], large deformation [71, 33, 140], crack propagation [120, 121] and impact
response [195]. CPFE is a direct numerical simulation approach where crystal plasticity
modeling is used to capture the constitutive behavior within individual grains, while explicit
discretization of the polycrystalline microstructure connects the response of individual
grains to the overall mechanical response of the microstructure volume [65, 118, 82, 80].
However, because of highly complex microstructural morphologies and evolution laws that
govern viscoplastic and failure processes, CPFE simulations are typically computationally
expensive even to track the behavior within a single characteristic volume (i.e., a repre-
sentative or statistical volume element). This issue is exacerbated in microstructures with
cracks, which typically require high resolution around the crack front to accurately cap-
ture stress/strain singularity. Overcoming the computational cost challenge is essential, as

it enables the upscaling from microstructure to the structural component, where material



properties and responses can be directly assessed.

Within the scope of this dissertation, the primary goal is to develop novel and efficient
computational frameworks, and to apply them to predict polycrystalline materials that ex-
hibit large deformation - applicable in modeling the forming of highly anisotropic metals,
or polycrystalline materials that contain short cracks - crucial for predicting the fatigue life

of metallic materials.

1.1.2  Reduced order modeling for polycrystalline modeling under large deformation

In order to alleviate the computational cost of CPFE, an alternative direct numerical
simulation approach is the spectral method based on the Fast Fourier Transform (FFT) [72,
73]. FFT offers significant computational efficiency compared with CPFE [125], but is
somewhat restricted due to limitations on boundary conditions, the need to use uniform
grid, and the presence of oscillations in the response due to the Gibbs’ phenomenon [162,
132]. Reduced order models (ROMs) offer a computationally efficient alternative to direct
numerical simulation of the polycrystalline volumes using CPFE or FFT. Several reduced
order modeling approaches have been proposed to efficiently approximate the mechanical
response of polycrystalline materials at the fine scale. In the context of small deforma-
tion kinematics, early attempts include the classical Sachs [135] and Taylor models [153].
More recent approaches such as visco-plastic self-consistent (VPSC) models [160, 58],
nonuniform transformation field analysis [98, 99], proper orthogonal decomposition [47],
and self-consistent clustering method [84, 86, 85] employ a range of kinematic and kinetic
approximations and computing algorithms aimed at reducing online computational cost of
microstructure simulation with minimal accuracy loss. More recently, a number of the
aforementioned ROM approaches have been extended to account for large deformation and
texture evolution. In VPSC, this is achieved by updating the Eshelby tensors associated
with ellipsoidal inclusions that idealize each grain, where the shape parameters and crystal

orientation evolve with deformation [74, 103, 102, 165, 141]. Recent publications develop



grain cluster method [161, 158], self-consistent clustering method [179] and data-driven
modeling [142, 180] for large deformation analyses as well.

Eigendeformation-based homogenization method (EHM) is an alternative ROM ap-
proach that has been adapted to evaluate polycrystalline response [193]. In this approach,
the microstructure morphological information is retained in a small set of constitutive ten-
sors that are pre-computed for a given characteristic volume. These tensors are then used
to solve for the microscale response fields by evaluating a much smaller algebraic system
of equations that approximate the microscopic equilibrium. Comparing with other ROM
approaches, the EHM offers several distinct advantages: (1) Efficient model training phase:
model training only needs to be done once, significantly streamlining the preparatory stage;
(2) Rapid model execution phase: EHM benefits from having small-dimensional constitu-
tive tensors, which leads to faster execution speed; (3) Sufficient granularity: It can retain
information at grain- or sub-grain level such as geometry, grain interactions, and variations
in intra-grain stress and strain, ensuring a detailed granularity of the material’s microstruc-
ture and the corresponding responses; and (4) High Accuracy: EHM can achieve up to 98%
accuracy in model predictions. The EHM methodology has been employed to evaluate a
range of different problems including fiber reinforced polymeric materials subjected to
static tension loading [27, 10], compression response [36], compression-after-impact load-
ing [176, 70], fatigue loading [29, 28, 10], impact loading [110, 114], blast loading [53],
for uncertainty quantification [9] and in the presence of rate effects [12]. A detailed verifi-
cation study of EHM in the context of polycrystal plasticity is provided in Ref. [106], and
the use of EHM for quantifying uncertainty in fatigue initiation in polycrystalline materi-
als is discussed in Ref. [192]. However, with all the notable advantages EHM can offer,
its applicability is limited to material behavior under small deformation assumption. It is
therefore desirable to develop an EHM model with finite strain formulation, expanding its

scope and utility in handling more complex material behaviors.



1.1.3 CPFE modeling of short crack propagation and reduced order modeling of mi-

crostructure with short cracks

Modeling and predicting the propagation of microstructurally short cracks (MSC) in a
polycrystalline structure continues to pose a significant challenge, yet understanding this
early-stage cracking is often critical as it can constitute a substantial part of the overall
lifespan of a component, particularly in high cycle or very high cycle regimes [34]. The
challenge of modeling MSC propagation primarily stems from the size of the MSC. A crack
is identified as a microstructurally small crack when its size is in the scale of microstructural
features such as the size of the grains [101, 26, 136] (spanning from several micrometers
to hundreds of micrometers depending on the specific microstructure [57]). Therefore,
the propagation pattern of MSCs is considerably affected by localized textural features
like the orientation of grains, subgrains, and grain boundaries. These factors can lead
MSC:s to follow a highly irregular and complex trajectory as they propagate through the
microstructure [183, 182, 46, 121, 126, 133]. Furthermore, the propagation of MSC is a 3D
process by nature. To understand the growth behavior of MSC, either in-situ experiments or
detailed 3D modeling approaches are needed. However, even with recent advancements in
experimental characterization methods like X-ray tomography, which allow for the in-situ
observation of short crack propagation [16, 170, 178] in 3D, there still remains a shortfall of
detailed experimental data. On the other hand, the majority of numerical models currently
in use are based on phenomenological [5, 134] and two-dimensional approaches [35, 63],
which offer minimal insight into the three-dimensional propagation of short cracks through
a microstructure.

One promising approach is to couple the short crack propagation with the CPFE. It is
possible to incorporate short cracks in a polycrystalline microstructure, allowing for the
examination of the consequent effects such as crack tip plasticity and the stress state, and
facilitating the modeling of short crack propagation. The crystal plasticity finite element

method has been successfully combined with a variety of crack growth strategies, such
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as adaptive crack insertion technique [60, 77, 100, 76, 127, 126, 119, 15, 197], the phase
field method (PFM) [22, 31, 107, 137, 159, 23, 37, 32], the extended finite element method
(XFEM) [6, 164, 35, 169, 167, 168, 185, 91, 63, 190, 64, 24], cohesive zone modeling
(CZM) [90, 87], and the node release method [166] . Among these, CZM and the node
release method typically require a predefined crack path, presenting challenges in poly-
crystalline microstructures where the crack path is highly uncertain due to crack-texture
interactions. The XFEM, on the other hand, circumvents the need for the mesh to conform
to the crack geometry through the use of enrichment functions. While offering certain
benefits, XFEM applications for modeling MSC growth in polycrystalline materials have
largely been limited to two-dimensional analysis, with only a few efforts into modelling
3D microstructural cracks [190]. The PFM stands out for its ability to handle complex
crack growth patterns without being constrained by the mesh geometry of the finite ele-
ment. Several works have been done to model 3D short crack propagation [23, 159, 89].
However, the use of PFM for fatigue life predictions is still hampered by the substantial
computational resources required due to the need for a mesh fine enough to capture the
nuances of the phase-field length scale [23]. Adaptive crack insertion employs remeshing
to conform the crack morphology within the underlying volume mesh, and it is a classical
method to explicitly consider the influence of cracks. This approach has been used to in-
corporate complex and tortuous crack morphologies in 3D microstructures [126]. While
the adaptive crack insertion method is robust and flexible, it is not immune to the problem
of computational expense. This is due to the demand for high-resolution mesh near the
crack front and the requirement of constantly remeshing. For instance, in Ref [126], only
a limited number of loading cycles are applied because each stage of crack propagation
requires approximately 3 to 5 days to compute.

In reviewing the aforementioned approaches, several common challenges become evi-
dent: (i) A predominant focus on 2D microstructures in most studies. (ii) A general lack of

detailed discussions or comprehensive explanations regarding the crack propagation frame-



work. (iii) Limitation of crack growth analysis to only a few cycles. (iv) Exceedingly high
computational costs. To address the first three identified issues, it’s important to establish
a new short crack propagation framework tailored to effectively handle these challenges.
Regarding the fourth point, the high computational costs, a detailed breakdown of the com-
putational expenses within each component of a short crack propagation framework is nec-
essary. For instance, in an adaptive crack insertion framework such as [126], the bulk of
computational resources is allocated to executing the CPFE code. This code evaluates the
response of the microstructure with cracks under a single loading cycle, while the remain-
ing tasks such as remeshing and post-processing consume a smaller fraction of the total
simulation time. Consequently, the development of a reduced order model that accounts
for the presence of cracks in the microstructure, while maintaining high computational ef-
ficiency, is essential. Such a model would significantly enhance the feasibility of any short
crack propagation framework. However, the literature on ROMs for polycrystalline mi-
crostructures with MSCs is scarce at best, whereas a few approaches have been proposed
for composite materials. Oliver et al. [108] proposed a hyperreduction model to simu-
late composite fracture, where the material failure is modeled for both micro- and macro-
scales through continuum strong discontinuity approach [109]. The microscale simulations
were accelerated by the use of proper orthogonal decomposition (POD). In a recent study,
Liu [83] proposed a new method for analyzing debonding in unidirectional fiber-reinforced
composites using deep material networks (DMNs) enhanced with cohesive layers. More
recently, Brandyberry et al. [14] implemented an interface-enriched generalized finite el-
ement method version of EHM to study interface damage. In the pursuit of efficiently
modeling cracks in polycrystalline materials, the benefits of the EHM over other ROMs
become particularly relevant. This context makes it highly beneficial to develop a new
framework, based on the principles of EHM, specifically designed to address the presence
of cracks within polycrystalline microstructures. As this represents a novel extension of

EHM, it is logical to start with modeling 2D or quasi-2D microstructures. A simpler di-



mensional framework allows for the identification and resolution of challenges in a more
manageable setting. Subsequently, the capability of this new EHM-based framework can

be extended and refined to full 3D microstructures.

1.2 Objectives and Tasks

This primary goal of this dissertation is to devise efficient modeling strategies for poly-
crystalline materials that undergo large deformation, or when microstructurally short cracks
are present. To achieve this goal, two specific research objectives and the associated tasks

are summarized as follows:

Objective 1 Establish a reduced order computational framework for polycrystalline

materials that undergo large deformation.

Task 1.1 Formulate, implement and verify a reduced order modeling approach

in the presence of localized finite strains.

Objective 2 Devise an accurate and efficient computational methodology for analy-

sis of short crack propagation in polycrystalline microstructures

Task 2.1 Build a short crack propagation model based on the idea of adaptive

crack insertion to simulate crack growth in 3D polycrystalline microstructures.

Task 2.2 Build a reduced order eigen-deformation based mathematical homog-
enization model to incorporate short cracks into quasi-2D polycrystalline mi-

crostructures.

Task 2.3 Build a proper orthogonal decomposition assisted reduced order com-
putational homogenization model for 3D polycrystalline microstructures with

highly tortuous cracks.



1.3 Dissertation Organization

The remainder of this dissertation is organized to present the work conducted in achiev-

ing the objectives listed above as follows:

» Chapter 2 presents a finite strain formulation of a reduced order computational ho-
mogenization model for crystal plasticity. The proposed formulation leverages and
generalizes the principles of the EHM approach. The ability of the proposed mod-
eling approach in capturing homogenized and localized behavior as well as texture
evolution is verified in the context of single crystal and polycrystal microstructures.

This chapter covers the work published in Ref. [174].

 Chapter 3 introduces a novel framework for the modeling of short crack propagation
within three-dimensional polycrystalline microstructures. The proposed framework
uses a simple crack propagation criterion, together with crystal plasticity finite ele-
ment model and adaptive crack insertion to model short crack propagation. Technical

details are provided and discussed, ensuring each component’s careful verification.

* Chapter 4 develops a reduced order homogenization model for quasi-2D polycrys-
talline microstructures with microstructurally small cracks. The proposed approach
employs and advances the EHM to account for the plastic deformation within the mi-
crostructure and the presence of cracks. The model performance is evaluated against
CPFE simulations under various loading conditions and crack configurations. This

chapter covers the work published in Ref. [171].

* Chapter 5 takes the significant step of extending the developed EHM for cracked
quasi-2D microstructures to encompass full 3D microstructures with tortuous cracks.
The model reformulates EHM assisted with the POD method to account for local
plastic deformation and crack separation fields such that the crack can be efficiently

represented. The performance and accuracy of the ROM are assessed against CPFE



simulations. This chapter covers the work published in Ref. [173].

* Chapter 6 summarizes the research work conducted and the overall contribution of

this dissertation. Future work that builds upon this dissertation is also discussed.



Chapter 2

LARGE-DEFORMATION REDUCED ORDER HOMOGENIZATION OF
POLYCRYSTALLINE MATERIALS

In this chapter, a new reduced order multiscale formulation is proposed for large defor-
mation response of polycrystalline materials undergoing texture evolution. The proposed
formulation leverages the principles of EHM to achieve the model order reduction. A two-
scale asymptotic analysis is performed over the original governing equations to decompose
them into a microscopic problem (defined over the characteristic volume) and a macro-
scopic problem (defined over the macroscopic domain). Model order reduction is applied
on the microscopic problem by employing the idea of representing the inelastic deformation
rate using influence functions and a coarse basis approximation of the microscale kinemat-
ics. The constituent behavior is taken to be rigid-viscoplastic. The incremental constitutive
form is approximated using a two-term Taylor series expansion, which allows one to ex-
press the rate of deformation with a form similar to the one used to express the microscopic
strain tensor in small-strain EHM. Texture evolution is also accounted for in the present
formulation. Accuracy and efficiency characteristics of the reduced order model predic-
tions are assessed by comparing with CPFE simulations of various single- and polycrystal
configurations. Numerical results demonstrate the capabilities of the proposed approach in
efficiently capturing the overall as well as local mechanical response of the microstructure.
The present model proposed in the chapter presents the following novel contributions: (1)
A new formulation with finite strain assumption leveraging the EHM framework is estab-

lished; (2) Texture evolution is incorporated and can be accurately tracked.
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Figure 2.1: The two-scale problem: macro- and microscale problem domains in unde-
formed (left) and deformed (right) configurations.

2.1 Problem Statement

Figure 2.1 schematically illustrates the multiscale mechanical deformation problem.
Consider a heterogeneous polycrystalline body, where the initial (undeformed) configura-
tion is denoted as Wy~ R™d (ngg = 2;3 is the space dimension). Under the applied loading,
the heterogeneous body undergoes large deformation. At time t, the current deformed con-
figuration of the body is denoted as W. The position vectors that parameterize the initial
and current configurations are, X and X, respectively. The deformation of the body is
expressed as

Xi =y; (X;t) 2.1)

in which, * is the deformation map. Superscript X indicates that the deformation response
spatially fluctuates due to the heterogeneity of the material microstructure. The body is

constructed by tiling a characteristic volume, CV (e.g., representative volume element,
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RVE or statistical volume element, SVE) that represents the microstructural morphology.
The heterogeneity in the CV is due to the polycrystalline structure with misaligned crystals
with varying grain sizes, multiple phases and other microstructural features. The domain
of the periodic CV in its initial and current states are respectively denoted as Qg and Q in
scaled coordinates Y and Yy, respectively. The scaled, undeformed microscale coordinates

are related to the original coordinates as

_<
i
><|><

with  0<x 1 (2.2)

in which X is the scaling parameter defined as the ratio between the size of the CV and
the characteristic deformation wavelength. Let f*(2X) denote an arbitrary response field
defined in the undeformed configuration expressed in terms of a single scale coordinate.

The function is expressed using the multiple spatial scales as
X — . X — .
f"(X)="f X,? =f0CX5Y) (2.3)
Recalling Eq. (2.2) and using the chain rule, the gradient of the response field, f*(X) is
1
P ) = fx OGY )+ - (XY) 24)
All response fields are assumed to remain locally periodic throughout the deformation

fOX;Y)=1 X;Y +kY 8X 2 W, (2.5)

where Y is the period of the CV and kK is angg nNsg diagonal matrix with integer compo-
nents.
In the current manuscript, the formulation is restricted such that the constituent materi-

als within the CV are idealized as rigid-viscoplastic. The visco-plasticity within the crystals
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Figure 2.2: Kinematics of rigid-viscoplastic deformation of single crystal deformed by
crystallographic slip.

is represented by a crystal plasticity model. The elastic response of the domain is ignored
as the primary concern is the viscoplastic ow regime of the material behavior under large
deformations [94]. Texture evolution is important when polycrystalline material undergoes

large deformation, and is therefore considered and explicitly tracked.

2.1.1 Kinematics

Following Kok [66], consider the multiplicative decomposition of the deformation gra-

dient F* = {x={X into arigid body rotation pafR* and a viscoplastic paR P*
R = RinFmj (2.6)

The decomposition illustrated in Fig. 2.2 separates lattice rotation from plastic spin, and

the former results in texture evolution. Employing the multiplicative decompositié‘of

13



the velocity gradient * := v*={x (where,v* is velocity) is written as

1 .
LS = FX Fn)'(”' :R'XmR]'(m“—iFj)'x (2.7)

ij = h
whereL P* is the viscoplastic velocity gradient

1
X _ DX X
Lj; A R,

~ "Nm il

(2.8)

The rate of deformation tensBr* and the spin tensd * are obtained from the velocity

gradient as
Dj = Di =sym LI =sym L ;W= W+w>™ (2.9)
and
W = skew LE* (2.10)
Wi = RLR (2.11)

using synfR*R*) = 0. D PX is the rate of viscoplastic deformation tensor add** is
the viscoplastic spin. Note that due to the equivalence bet®@e€handD *, D * is used

to denote the viscoplastic deformation rate in the remainder of this manuscript.

2.1.2 Constitutive equations

While the current formulation can account for different sources of plastic deformation,
it is considered to be induced only by the crystallographic slip along the lattice-dependent

slip planes in the current work. The viscoplastic velocity gradieht is written as

LN _
Lﬁ’x =3 zf;x (x:1) g (x;1) (2.12)
=1
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whereN is the number of slip systemgs* is the slip rate of tha™ slip system, an@ S*
is the Schmid tensor de ned as the dyadic product of the slip directidhand normal to
the slip planems* (i.e., Z5* = n3% m>*) and represents the slip system orientation.

Substituting Eq. (2.12) into Eq. (2.9) and (2.10) yields

N
Dij = & sym Z7“(x;t) g™ (x;t) (2.13)
=1
. N "
W= § skew Z7* (x;t) g™ (x;t) (2.14)
=1

The slip rateg®* is described by a ow rule as a function of resolved shear stress
tS* and the slip system strengt¥*. While the present formulation allows arbitrary
forms for ow and hardening evolution, a frequently used ow rule suggested by Rice

and Peirce [131, 116] is adopted for simplicity

!
JES*(x;1)j
gsx

=

g™ = sgr(t ™ (x;1)) (2.15)
in which, mis the rate sensitivity parameter, aggds the reference slip rate. The resolved
shear stress is the projection of the Cauchy stréssnto an individual slip system through

the Schmid tensor

t () = s G Z5 (x31) (2.16)

The evolution of the slip system strength follows a hardening rule considering latent hard-

ening proposed by Anand [67]
[
S;X S;X cl’\l R
¢*=hy =29 3] (2.17)
Osa Y =1

wherehg is the initial hardening ratesa is the saturation stress of t88 slip system, and
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go" is the initial strength 0" slip system. The saturation stress is further de ned as

Sx g™
Osa = a0 QA (2.18)
> s=1 %0

in which ggao, ap andmPare material parameters.

The evolution of the texture is described by the evolution of the Schmid tehsbr
Let the crystal orientation be described by Euler anfyasf ;y 2), from which the rotation
tensorC* is constructed. The rotation matrix is used to transform the orthonormal slip

system vectorén*;m ) from lattice axis to sample axis
SX _ X SX. SX _ X SX
N =Gingis  mT = Gy (2.19)
Hence, the Schmid tensor is rotated as

Z7 = CiuZomCi, (2.20)

im“~0mn*’jn

whereZ 3% = ng® mg” describes the slip system orientation with respect to the lattice
axis. Equation (2.20) indicates that the Schmid tensor evolves with the rotation @atrix

which is constructed by the rotation ten$df as
Cij = RinComj (2.21)
WhereCé is the initial orientation and is prescribed as part of the crystal initial state.

2.1.3 Governing equilibrium and boundary conditions

The equilibrium is written in the deformed con guration using Cauchy stress as the

stress measure

s,ixj;Xj (Gt + b (x;t)= 0 (2.22)
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in which b* stands for the body force per unit volume. The boundary conditions for the
boundary value problem are
u(x;t) = Gi(x;t)  x2 ¢
(2.23)
s =t(x;t)  x2G
in whichu andt are the prescribed displacement and traction on the bound@rasdG,

whereG'[ G = fWandG'\ G = @. n is the unit normal ta3.

2.2 Mathematical Homogenization with Two Scales

In this section, the method of asymptotic analysis with multiple scales is employed to
analyze the system of equations de ned in Section 2.1. Asymptotic analysis is a powerful
methodology to achieve computational homogenization for static and dynamic problems
(see e.g.,[51, 52, 54, 55, 56]. Asymptotic analyses of large deformation problems have
been previously performed (see e.g. [68, 38]), while in the previous studies, the analyses
have been typically performed in the undeformed con guration. The analysis is performed
in the deformed con guration in the current work. While equivalent, the resulting system
at the microscale is more amenable to model order reduction using EHM. In what follows,
the mapping functions between the deformed and undeformed con gurations at two scales
are established. Then the two scale asymptotic analysis is performed to decompose the
governing equations de ned in Section 2.1 to formulate the micro- and macroscale prob-

lems.
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2.2.1 Mapping between undeformed con guration and deformed con guration

Start from a two-scale asymptotic expansion of the displacement eld in the unde-

formed con guration
WXt = u(X;Y )= WXt + xul (X ;Y ;t)+ O x? (2.24)

whereu? is the leading order displacement, which is taken to be independent of the mi-
croscale. The transformation from undeformed to deformed con guration is established by
analyzing the deformation mapping. In the context of a two-scale asymptotic analysis, sep-
arate mapping between macr- ¢o x) and microscopicY toy) coordinates are derived

and employed. In the following derivations, it is assumed that the size of the characteris-
tic volume is in nitesimal (i.e., < x 1) compared to the deformation wavelength, and
the leading order displacement eld®(X ;t) is constant over the characteristic volume
domain

WX 15t)= (X 2t) if kX1 Xok<x (2.25)

where, X 1 and X » 2 W are two macroscopic material points close to each other. Con-
sider the mapping * (X ;t) that transforms the undeformed con guration to the deformed
con guration *(X;t)= (X ;Y ;t). Since the difference between the deformed and un-
deformed con gurations is the displacement eld, the mapping function can also be written
as

Y Xt = X+ U (Xt) (2.26)

Substituting Eq. (2.24) into Eq. (2.26) and using Eq. (2.1)

X = X+ ul (X ;t)+ xul(X ;Y ;t)+ O x2 (2.27)
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At the limitx ! 0, the macroscopic mapping is obtained as

x=yMX = X+ u(Xt) (2.28)

The mapping for the microscale coordinat&s {0 y) is obtained by considering an
arbitrary but xed point)f in the immediate neighborhood &f . The deformed and un-
deformed con gurationsg andX , are connected by the macroscopic mapping function
as

fi= X+ Xt (2.29)
Subtracting Eqg. (2.29) from Eq. (2.27)
X X=X X+t W Xt 4+ xut(X ;Y )+ 0 x? (2.30)

Considering Eqg. (2.25) and the identities X = xy andX X = xY, and using

asymptotic matching oD (x) terms yield
yi=y XY= Yk uh (XYt (2.31)

which is the microscopic mapping. Equation (2.31) shows that the microscale deforma-
tion is described by the uctuating microscopic perturbation of the displacementuéid,
Figure 2.3 is a schematic illustration of the mapping, where the macrostructure undergoes
some deformation due 10° (e.g. uniaxial tension), and microstructure undergoes micro-

scopic periodic deformation due to.
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Figure 2.3: Mappings: (a) initial macrostructure; (b) deformed macrostructure; (c) initial
microstructure and (d) deformed microstructure
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2.2.2 Two-scale asymptotic analysis in the deformed con guration

Taking the time derivative of Eq. (2.24) yields the asymptotic expansion of the velocity
eld
V(X)) = B (XYt = WX )+ x0H (XY 1)+ O x? (2.32)

wherev'= u is the velocity eld de ned in the undeformed con guration. Utilizing the
micro- and macro- mapping functions in Eqg. (2.28) and Eq. (2.31), the asymptotic expan-

sion of the velocity eld in the deformed con guration is written as
VoG = vi(XGyst) = W)+ xv(xgyst) + O x2 (2.33)

It is important to note that the scale separated mappings allow a consistent and one-to-
one correspondence of the asymptotic terms of the velocity eld between the undeformed

and deformed con gurations

® yM oot =V (2:34)

@ oyM 0y ™ Tyt = vkt (2.35)

Considering the rate of deformation tensor and the spin tensor are the symmetrical and

skew parts of the velocity gradient

O
=X

1

—
X
—

~—
|

Vi (G + Vi () (2.36)

NI =N

Vi (Gt Vi () (2.37)
Substituting Eq. (2.33) into Egs. (2.36) and (2.37) yields

D} (x;t) = Dij (x;y;t) = D (x;y;t)+ xDf (x;y;t)+ O x? (2.38)

WG 0 = W Oy it) = WEOys+ xXWeayi+ O x® - (2.39)
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where
k gt — +1 . - N
D (x;y;1) = V'Zi;xj) + V'Ei;ylj)’ k=0;1 (2.40)

+1 . - N
-'+VIFi;y,-i' k= 0;1 (2.41)

XJI

WEOGY3t) = W,

Considering the periodicity over the deformed microstructure, the macroscopic rate of

deformation tensor and the spin tensor are de ned as

Dij (x;t) = >|<i!mo Dij (x3y5t) o= V(() (x;t):

i)

B (2.42)
Wi (G0 1= lim W (51 o = Vi, (1)

in which hi 5 denotes spatial averaging over the deformed characteristic volume. In sub-
sequent derivations, an overbar is placed on a eld quantity to indicate spatial averaging.
Consider the asymptotic expansions for the Cauchy stress, slip system strength and the

Schmid tensor

Si); (X;t) = sij(x;y;t) = si?(x;y;t)+ xsi}(x;y;t)+ O x? (2.43)
g (x;t) = B(x;y;t) = %Oy 1)+ xg¥ (x;y;t)+ O X2 (2.44)
Zisj;x (x;t) = Zj(x;y:t) = Zisj;o(x;y;t)+ xzﬁl(x;y;t)+ O x2 (2.45)

Substituting the asymptotic expansions into Eqgs. (2.13) and (2.14), and considering the

rst order terms yield

N
Df (x;y;t)= & sym Z3°(x:yst) g*0(x;y;t) (2.46)
s=1
. N ] .
WPO(x;yit) = § skew Z30(x;y;t) g*0(x:y;t) (2.47)
=1
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in which, g0 is the rst order term of a Taylor Series approximation of the slip rate [193]

1
. S;O . . . m
Oy = g L (Js’oy’t)—J sgn t 30 (x;y;t) (2.48)
where,t 80 is the leading order term of the resolved shear stress obtained by substituting

Egs. (2.43) and (2.45) into Eqg. (2.16)
t50(x;y;0) = sy Z0(xyit) (2.49)

Considering a Taylor Series expansion of Eq. (2.17) arayi¥d the rst order term in
the expansion provides the evolution equation for the leading order slip system strength

term [193] !
0 g0 N
9;% gs;o 2 g™ (2.50)
Osa Jg <1

in which the rst order approximation of the saturation stress is

|
s,0 S °N ng;OJ.- "
Osa=0sz0 QA (2.51)
sa sg o %0

Next, the governing equations for texture update are derived. Consider the asymptotic

expansion for the rotation tensBr*
R (x;t) = R} (x;y;t)+ xR (x;y;1) + O(x?) (2.52)
and the rst order approximations faW * andW P*, employing Egs. (2.9) and (2.11)
R) = (W WEORD, (2.53)

Substituting the asymptotic expansion of the stress eld (Eq. (2.43)) into the equilib-

rium equation (Eq. (2.22)), employing the chain rule (Eq. (2.4)), and identifying equations
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with equal order ok yield
O x ' sy (xiyi)=0 (2.54)

O(1) 18, (Y5 + Sify, Gy + Bi(X;y;t)= 0 (2.55)

TheO x ! equilibrium equation ensures microscopic equilibrium, whereas the homoge-
nized macroscopic equilibrium is obtained by averagi{d) equation over the CV domain

Q and exploiting periodicity
Sijog (X;0)+ bi(x;1)= 0 (2.56)

The governing equations that result from the asymptotic analysis are collected to form
the macroscopic (i.e., homogenized) problem summarized in Box | and the microscopic
problem in Box Il. The general procedure described above is similar to the rst-order non-
linear homogenization discussed in [40], but expressed in the current frame and specialized
for crystal plasticity. The microscale problem constitutes a well-de ned boundary value
problem posed over the CV, where the “forcing” term is the homogenized rate of defor-
mation,D . In the macroscopic problem, the macroscopic Cauchy stress,obtained
by spatial averaging of the microscopic stress eld provided by the microscale problem,
tightly coupling the two scales.

Remark 2.1 Theoretically, it is still necessary to investigate the equivalency of the kine-
matics and equilibrium equations between undeformed and deformed con gurations for
both macro- and micro-scale. This task is trivial once the mapping functions are known.
One can obtain the relation between the stress measures (e.g., rst Piola-Kirchoff stress
P and Cauchy stress) and the strain measures (e.g., deformation gradieaind rate

of deformation tensobD ) in the two con gurations, which is essentially the equivalency

of kinematics, and can be further used to demonstrate the equivalency of the equilibrium
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Figure 2.4: Box |I. Macroscale problem

equations.

2.3 Model Order Reduction of the Microscale Problem

The microscale problem de ned in Box Il can be directly evaluated numerically (e.g.,
using the nite element method), however this may be computational expensive when the
microstructure is complicated and needs intensive meshing to resolve its microstructure
features properly. In this section, a reduced order model is formulated for the microscale
problem. In what follows, the superscript O that indicates the leading order term in asymp-
totic or Taylor Series expansions are omitted from eld variables for simplicity of presen-

tation.
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Figure 2.5: Box Il. Microscale problem
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2.3.1 Linearization of the constitutive equations

Substituting the slip evolution (Egs. (2.48)) and the Schmid law ((Eg. 2.49)) into Eq. (2.46)

and rearranging the terms yield
Dij = Mij () s« (2.57)

in which the viscosity tensadvl is de ned as
N n S S 1 #
I\ sym Z isym(Zs.) Smni
M ( )=ga sym Zj skl Jsym( n;n) il
s=1 g g9

(2.58)

Equation (2.57) expresses the constitutive behavior in the form of a nonlinear, anisotropic,
stress dependent non-Newtonian and incompressible uid. The nonlinear stress-dependence
of the viscosity tensor is clear since the slip system strength is also stress-dependent. In-
compressibility emanates from the Schmid tensors, where the slip system normal and slip
direction are always orthogonal to each other (& = 0). It is also clear from Eq. (2.58)
that the viscosity tensor has major symmetry (Mjx = Myiij)-

Performing a two-term Taylor Series approximation kb¢ ) around a stress state ~
yields

ikl

. dMm
Mijki ( ) = Mija (7)) + .

mn ="

(Smn Smn) (2.59)

From a computational viewpoint, accuracy of the ensuing computations rely on choosing
an appropriate stress point, from which the Taylor Series approximation is made. The
choice employed in this study is discussed in Section 2.4. Substituting Eq. (2.59) into
Eq. (2.57), and rearranging the terms results in the following alternative form for the con-
stitutive equation

Sij = Liju (D ki) (2.60)

where the uidity tensoL is de ned as the inverse of viscosity tensf () l), and is
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the rst order correction to the rate of deformation predicted by the stress state, ~

_ dMijk

mj = S mn :A(Smn Smn) Sk (2.61)

Substituting Egs. (2.40) and (2.42) to Eq. (2.60)
Sij = Lijw D+ Vi) M (2.62)

Combining Eqg. (2.62) with Eq. (2.54), the microscopic equilibrium equation Eq. (2.54) is
written as _

h B [

Liji  Dw + V(lk;yl) mi ;=0 (2.63)

Remark 2.2 One novelty of the present formulation is the linearization of the constitutive
equation with a two-term Taylor Series expansion to provide higher order accuracy to the
approximation of viscosity tensdi. When the rate sensitivity parametaitis small (or%
is large), the extra term can stabilize the formulation and reduce the computational effort

by keeping a relatively coarse time discretization. One may resort to even higher order

expansions when the material is highly rate-sensitive, wheigea very small number.

2.3.2 Reduced-basis representation

The microscopic equilibrium equation derived above is similar in form to that used in
the small-strain EHM theory [104, 193]. This similarity allows one to employ the principles
of EHM to reduce the order of the microscale problem. The form of the microscale equation
in small-strain EHM is due to the additive split of the strain tensor, armbrresponds to
inelastic strains. The current formulation does not employ additive split, aimtresponds
to the rst order correction to the deformation rate tensor. Despite the difference in its
physical meaning, the proposed formulation consideiss an eigen- eld, similar to the

eigenstrain treatment of in small-strain EHM. Three additional differences set apart the
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current formulation from previous formulations: (1) the microscale equilibrium equation
is de ned at the current frame; (2) the macroscale “force functidd”and  are rate
guantities; and (3) the uidity tensol, is a function of stress state, and hence not constant
(unlike small-strain EHM, where the corresponding moduli tensor is constant).

The following decomposition is proceeded with for the microscopic velocity eld

Z
Vi (X;y;1) = Hig (X;y;1) D (x;t) + ol (YYD M (1) &y (2.64)

whereH andh denote in uence functions. The rst term on the right hand side of
Eq. (2.64) is an extension of the separation of variables principle employed in the clas-
sical linear elastic computational homogenization method [7]. The second term is obtained
by the Green's function approach, where the ternis viewed as the spatially varying
“force” acting on the deformed frame of the microstructure domain.

Substituting Eq. (2.64) into the microscopic equilibrium equation (Eg. (2.63)) yields

Z
Lijki OGY51) Admn(X;Y;t) Dmn(X;t) + Qammn(X;y:V;t) Man(X;Y;1)dy  yj= 0
(2.65)
where,
Admn(X;Y;1) = Gumn(X3 Y51+ lidmn (2.66)
aamn(X3 YYD = Gamn(X5 YY) amnd (YY) (2.67)

with | as the fourth order identity tensor adds the Dirac delta function. The polarization

functions are de ned as

Gumn(X;Y ;1) = Hieyymn(X; Y1) (2.68)

kimn(X;Y;5Y51) = Nieyymn(X3Y;Y51) (2.69)
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Next, introduce the following discretizations forand

mi (x:yi)= & N® y)mf® (x;1) (2.70)
a=1

sy (iD= & N (y)s® x:n (2.71)
a=1

wheren  ng4inis an integer that indicates the order of the resulting reduced order model,
Ngrain iS the number of grains within the CM(®) is the reduced order shape functio?)
and (@) are the nonlocal eigen-deformation rate and stress coef cients, respectively. The

nonlocal coef cients are expressed in terms of nonlocal weight functions as

Y4

M oG =y @ (yym; (it dy (2.72)
7Q

s$® (x;t) = Qy(a)(Y)Sij (x;y;t)dy (2.73)

where the nonlocal weight functions satisfy[193]
z Z
y @) o Qy(a) (y)dy = 1; Qy(a’(y)N‘b) (y)dy =d@®)  (2.74)

in whichd(@b) js the Kronecker delta.
Substituting Eq. (2.65) into Eq. (2.40) wik= 0 yields
_ Z
Dij (X;y;t) = Aji (X;y:1) Dl (X;t) + qgijkl (X;y;¥:t) ma (x;y) dy (2.75)

Substituting Eq. (2.70) into Eq. (2.75), premultiplying the resulting equationyth and

integrating over the CV domain yield

=]

DY ity & RS e m ot = AR (x50 Di (x:1) (2.76)

a=1

in which P(®2) andA() are the coef cient tensors expressed as functions of the polariza-
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tion tensors as

z z
Rl ;1) = o Qy(b)(y)N(a) (V) Gij (X;Y;¥;t) dydy 2.77)
Z
() (v -ty = (b) vt d 278
A (X51) o’ (¥) Aija (X;y;t) dy (2.78)
and,
b) z
D) (x;t) = y“’)(y)D (x;y;t)dy (2.79)

Applying the same operation for the spin tensor
b b
WA (x5t) = W (x;0)+ S5 (1) Dia (x31) + a o cam (it (2.80)
=1

whereT(2) andS(P) are two additional coef cient tensors that emanate from the skew

part of the in uence function gradient over the microscopic domain.

Z
Tia” 0=y O ORE L ayindy (2.81)
Z
G o) ®YY) Hpyyina X3yt dy (2.82)

The focus is shifted to expressing the constitutive law in terms of the reduced order

model variables. To begin with, Eq. (2.60) is rewritten as follows
Dij (x;y;t)  mj(x;y;t)= M _~sk(X;y;t) (2.83)

Substituting Eq. (2.73) into Eq. (2.83), premultiplying it wigt?), and integrating over
the RVE domain yield

b b b
D) (xit) = nfP) (x;t)+ & M,(Jk;"‘) oo KOG (2.84)
a=

where @) denotes the approximated stress for paftom the Taylor Series expansion,
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andM(b?) js
Z

I\/Ii(j?da) (x;t) = . ®)(y) Mijia (x;y: ) N® (y) dy (2.85)

Combining Eqg. (2.76) and Eq. (2.84) results in the expression of the constitutive equation

in terms of the reduced order model unknowns (i.é2) and (?))

o h i
b b
Mt @Sk (G0 A& PR d®le g (xit) =
1 a=1 (2.86)

(0 (1) Dig (x1)

o
1 Qo5

The coef cient tensord/ (P2) pPa) and A(P) provide the microstructural information to
the resulting model.

The choice of shape functiomé®) directly affect the ef ciency and accuracy of the
resulting reduced order model [81]. In this manuscript, piecewise constant functions are

used as the shape functions [113]

8
21 y2q®@
N® (y) = (2.87)
.So y 2Q@)
@ (y)= N(@) 2.88
y = (y) @] ) (2.88)

whereQ(@) denotes a part of the CV. The domain partitioning is performed such that the
parts are non-overlapping i.€,= 8 Q@ andQ@)\ Q®) = g fora & b, and each part
contains a uniform piece of mateari_all (e.g., a grain or a part of a grain with constant orien-
tation). As a result, the coarsest basis for a polycrystalline material is a one-part-per-grain
reduced order model. In view of this selection, the material parameters and grain orien-
tation associated with each p@f?) is spatially constant (e.gZ S(x;y:t) = Z %) (x;t)

wheny 2 Q@®)). The shape and weight function selection strategy used in this work is

further explained in [193, 81].
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Premultiplying Eq. (2.49) witly (@) and integrating over the CV domain yield:
t@ (x;0) = s\ (x;i) ) (x:1) (2.89)

wheret 2) s the part-average resolved shear stress ofithglip system, an@ <2) de-

notes the Schmid tensor associated with part
Noting that the resolved shear stress in the reduced order model is piecewise uniform
by the above argument, the slip and hardening evolve in a piecewise uniform fashion as

well. The hardening evolution equations are therefore expressed in terms of part-average

guantities
0 I 3 1

i+ s(a) ey om
s(a) +) = m sa) 1)A
g (x;)= @ D sgr(t % (x;1) (2.90)
|
(@) . s@) (x-1) N
Xt X;t) o
gsg(a)( ) gs(a)( ) 2 @ x:n) (2.91)
Osa ' (X;t) gy " (X) =1

g¥®) (x;t) = ho

whereg¥®) | g%@) andgS®) are the part-average slip rate, slip system strength and saturation
shear stress of thé" slip system, respectively.

Premultiplying Eq. (2.47) witty (8 integrating over the CV domain, and since both
Schmid tensor and slip rate are piecewise uniform, the part-average plastic spin is obtained

as

0 1
ts@(x;t) "

N
W@ 0G0 = g d skew Z @A sgn t99) (x;1) (2.92)
s=1 g (X’t)

Employing the same operation for Eq. (2.53), the evolution of the rotation tensor is written

in a part-wise fashion as
(a) _ (a) p(a) @)
Rij - \Nim VVim ij (2-93)

R
whereR @) = "y ()R Oy
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The non-overlapping and piecewise constant choice for the shape and weight functions,

when applied to Eq. (2.85) leads to
Mz’ =0 if a6b (2.94)

Substituting Eq. (2.58) into Eq. (2.85), noting that the Schmid tensor, slip system strength
and Cauchy stress are spatially constant within eachQatt

2 3

0 114
s(a) sa) (a) T m
N sym Z sym Zmn’ Smn
(@a) _ 2 s(a)
Mija ~ = goalgsym Z; @) @ @ A (2.95)
S=

Considering Eq. (2.61) and expanding the total derivative, the eigen-deformation rate

is written as
TMij - T™ij 10° )
j = S Sk) Smn+ S S)s 296
IS s :A( kK Ski)Smn 195 TSmn :A( K Sk)Smn  (2.96)

where the contribution of the Schmid tensor is not included. The reason is that the texture
evolution is relatively slow compared to stress and slip system strength, of which the in-
uence is negligible especially when the second order term of Taylor Series expansion is
considered. In order to eliminate the complexity induced by the fagtaf , a two-term

Taylor Series expansion fgf( ) around “is used as

S( yo o5~y TG Y
o )=+ — Sij  Sij (2.97)
ﬂslj ="
Substituting Eq. (2.97) into Eqg. (2.96) yields
TMiji A TMijki s s
= — S Ski) Smnt S 2.98
M= e :A( ki Ski)Smn g8 :A(g g°) S« (2.98)

inwhichg®= ¢3(").
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Using Eg. (2.98), it is straightforward to see that the part-average eigen-deformation

rate for parta is

(a) T '(i?) (a) (a) () '('i?) (a)

a) _ I“Ilj a ~(a a I“Ilj A a

oo 1s&) S Sk Smn ¥ qgs@) (g% gs(a))skl
mn - @=-() (@)= ~(a)

(2.99)

Box Il summarizes the reduced order microscale problem. Providedtisasmall,
the reduced order model is signi cantly more ef cient compared with the evolution of the
original microscale BVP described in Box II. The unknowns of the reduced order model

are the part-average stress, slip system strength and textures.

2.3.3 In uence function problems

The in uence functions associated with the macroscopic deformation gradj_eand
vary as a function of time and both spatial scales. Time and macroscale position de-

pendence of the in uence functions are because the microscale problem is posed on the
deformed con guration, and the stress-dependence of the uidity tensor. This is in contrast
with the small-strain EHM formulation, where the in uence functions are time invariant,
and does not depend on the macroscale coordinates provided that the entire structural do-
main is de ned by the same CV.

The governing equation for the in uence functidd, is obtained from Eg. (2.65) con-
sidering the case when the eigendeformation rate (i.e., the second order effects) are negli-
gible

Lijmn (X5Y51) Himymkt GY5D+ Imnk - 5yj= 0 (2.100)

Equation (2.100) along with periodic boundary conditions form the rst order in uence
function problem.

Upon substituting the eigen-deformation rate discretization (Eq.(2.72)) and Eq.(2.100)
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Figure 2.6: Box Ill. Reconstructed microscale problem
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into EqQ. (2.65), the following result is obtained

n h io
Lijmn (X;y51) hEa 3 (YD) ImnN@ (y) 3y,= 0 (2.101)
whereh (@) is de ned as
Z
Oy = N@ ) iy i 0y (2.102)

Equation (2.101) along with periodic boundary conditions form the second order in uence
function problem. Equations (2.100) and (2.101) are well-posed linear in uence function
problems that are evaluated using the nite element method (see for small deformation
analogs [7, 193]).

Substitute Eq. (2.102) into Eq. (2.77), it is possible to directly evalB&® using the

part-wise eigen-deformation rate in uence function as [193]

z

P 0=y OGN (i dy (2.103)

2.4 Numerical Implementation

The macroscale problem summarized in Box | combined with the reduced order mi-
croscale problem summarized in Box Il constitute the multiscale reduced order system. At
a given macroscopic material point, the evolution of the reduced order microscale problem
serves as the constitutive update to compute the macroscopic stress tensor. One important
consideration in the straightforward implementation of the coupled multiscale system is
that the in uence functionstH andh(®), and hence the coef cient tensois(®), p(ba),
S@) andT(b3) are state-dependent and require recomputation at each macroscopic ma-
terial point and each macroscopic increment. While the evolution of the reduced order
microscale problem (with lown) is ef cient, the computation of the coef cient tensors is

not. As demonstrated by the numerical veri cation examples below, the coef cient tensors
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Figure 2.7: Overview of the implementation strategy

exhibit a mild evolution as a function of deformation, where the macroscopic deformation
rate is relatively constant. The coef cient tensors are primarily dictated by the loading rate.
In view of this observation, a computationally ef cient implementation scheme that does
not rely on frequent coef cient tenors recomputations, is employed.

Figure 2.7 illustrates the overview of the proposed implementation strategy. The present
strategy only requires computing the coef cient tensors once at each macroscopic point.
The multiscale system is evaluated in two stages: (1) preprocessing stage and (2) multiscale

analysis stage.

2.4.1 Preprocessing stage

The preprocessing stage is performed in two steps: (1a) perturbation analysis and (1b)

coef cient tensor computation. The purpose of the perturbation analysis step is to com-
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pute a reasonable and non-zero initial guess for the macroscopic stress state to compute the
coef cient tensors and initiate the reduced order model. A zero initial guess results in a
trivial viscosity tensor and hence trivial coef cient tensors (see Eq. 2.104). In this step, the
macroscopic domain is subjected to the same loading condition that would be applied in the
multiscale analysis stage but with much smaller magnitude (i€.0 1). The problem
is evaluated using the Taylor model, where each grain within the microstructure domain is
subjected to the same macroscopic deformation rate [153]. While it is possible to obtain the
coef cient tensors directly using the reduced order model, our investigations indicated oc-
casional convergence dif culty for poor choices of initial guess of stress states, and require
multiple coef cient tensor computations during the iterations. The Taylor model provides a
computational ef cient way to estimate the viscosity tensor with a microstructure without
resorting to complex computations. At the end of the perturbation step, the perturbation
stress eld P@)(X ) is obtained.

In the coef cient tensor computation step, rstly, the microstructure is constructed and

meshed. At each quadrature point, the viscosity tensor is computed as

2 0 11,3
(a) A g s(a) sym Zlia) jsym Zr%ﬁ) Srﬂ(na)j )
Miju ( P?) = Qoa1 sym Z; g5 gs@) A ZJ’kdijdkl
=

(2.104)
wherek is a very small positive number served as the penalty term, which is taken to be
1E-08 in our study, and is the Kronecker delta. Compared with Eq. (2.95), Eq. (2.104)
includes a penalty term to account for the near rigid hydrostatic behavior. In the absence
of the hydrostatic term, the viscosity tensor (i.e., Eq. (2.95)) is rank de cient and not in-
vertible since it is a deviatoric tensor. Next, the in uence function problems are solved
(Egs. (2.100) and (2.101)). The implementation details of solving the in uence function
problem can be found in [193]. The coef cient tensors are obtained through the integration

of the in uence functions over the microstructure domain.
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Remark 2.31n microstructures that are subjected to time varying strain rates, the effect of
coef cient tensor evolution could be signi cant and consideration of time invariant coef -
cient tensors may not be valid. In such cases, the computational burden due to coef cient
tensor recomputations could be decreased by considering an adaptive update procedure,
where the frequency of coef cient tensor updates is dictated by the change in the strain

rate. Such cases and optimal update strategies are out of the scope of this dissertation.

2.4.2 Multiscale analysis stage

In the multiscale analysis stage, the macroscale problem and the reduced order mi-
croscale problems are evaluated in a coupled fashion. The reduced order microscale prob-
lem is implemented as a local stress update procedure within the macroscale problem.
The macroscale problem is evaluated using the nonlinear nite element approach with the
Newton-Raphson scheme. The macroscopic stress update procedure is implemented as fol-
lows (Fig. 2.7). At each quadrature point, the driving force is the macroscopic strain rate
D (computed from deformation gradielﬁ_t). At the beginning of each time increment, the

rst order approximation of the stress tensor in the Taylor series expansion is taken to be

the stress eld from last increment (i.e.fj‘_’g1 = r(f‘)) , and the approximation of viscosity
tensorM (a2) is updated from the old state accordingly (Taylor model is used for

(@)= "~(a)
the rst increment to compute the initial state). Next, the microscale reduced order sys-

tem of equations are solved for the part-wise stress, strength and crystal orientations using
the coef cient tensors computed at the preprocessing stage. The macroscopic stress and
tangent moduli then are updated and passed to the macroscale solver.

The reduced order system of microscale equations in Box Ill are three sets of coupled
nonlinear equations with part-wise stressé®, strengthg¥®) and orientations (@) as
unknowns. A staggered scheme is adopted to solve this system, in which the part-wise

stress and part-wise slip system strengths are evaluated in a coupled but iterative manner.
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The orientations are updated once the stresses and strengths are converged. The details
of the evaluation of stress and slip system strength are similar to the procedure provided
in [193]. In this section, the details of the texture update are discussed.

Expressing the orientation of patusing Euler anglegy (*);f @);y (#)) c @) indi-
cates matrix representation of the rotation tensor in Kock's convention [94]. Supeiscript
is omitted in Eq. (2.105) for simplicity.

2 3
hoo cosyicosy, sinyicosf siny,  cosyisiny, sinyicosf cosy,  sinyjsinf
i

siny 1Ccosy » + cosy 1 cosf siny » siny 1siny 2+ cosy 1 cosf cosy » cosy ; sinf

siny o sinf cosy ; sinf cosf
(2.105)

Considering Egs. (2.19)-(2.21) in a part-wise fashion, the Schmid tensor foa garits
initial value is

zs@) = c@z%) c@ ! (2.106)

c@®=Rr@Ccl (2.107)

wherez $&) = n?) m %) andc ®) is the initial orientation for para . An exponential
mapping suggested by Simo and Hughes [144] is adopted to uRd&tdy

R(a)

nt1l

= exp DW @ R® (2.108)

n+1

where

P(a)
n+1

pw @) = Dty ROR@T =Dy W w

n+1l™ n+1

(2.109)

2.5 Numerical Veri cation

This section focuses on the veri cation of the proposed large deformation reduced or-

der model (LROM) by comparison with CPFE simulations (i.e., the reference model), in
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Figure 2.8: (a) macroscale discretization, (b) microscale geometry and discretization of a
voided single crystal microstructure.

which the microstructure is fully resolved. Two sets of examples are studied to charac-
terize the accuracy and ef ciency of LROM. The rst set of examples are single crystal
simulations, in which a voided microstructure is employed. The second set of examples
are on synthetic polycrystalline microstructures and enable the assessment of LROM ca-
pabilities in more complex morphologies. In both sets of examples, accuracy in terms of
the overall stress-strain behavior, anisotropy, and texture evolution are investigated. For
polycrystalline microstructures, the localized behaviors are also investigated.

The veri cation examples consider microstructures that consist of face centered cubic
(FCC) crystals. All 1X111ghl11i slip systems are considered to be active in the simula-
tions. The parameters of the constitutive model for the crystal used in the simulations are
summarized in Table 2.1.

Table 2.1: Viscoplasticity parameters.

m gs ) ho(Mpa) g§(Mpa) @i o(Mpa) m' go(s 1)
025 1.0 20.4 3.7 30.8 0.0 :® 10

2.5.1 \oided single crystal simulations

Figure 2.8 (b) shows the geometry and discretization of the microstructure used in this

example. A spherical void is included within the material microstructure. The nite el-
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Figure 2.9: Schematic illustration of three boundary conditions: (a) uniaxial tension, (b)
simple shear and (c) biaxial tension

Table 2.2: Orientations used in single crystal simulationf andy , are Euler angles.

orientation 1 orientation 2 orientation 3 orientation 4 orientation 5

y1() 88.98 1358 101.9 132.81 23851
() 124.12 153.68 145.03 105.72 61.10
yo()  115.16 314.4 249.44 180.69 158.50

ement discretization of the reference CPFE simulation consists of 5,707 tetrahedron ele-
ments. The LROM consists of a single part (ires1), where a single basis function is used

to discretize the microstructure. A single trilinear eight-noded hexahedron element is used
for the macroscopic discretization of the multiscale model (Fig. 2.8 (a)).

25 separate microstructures were tested by varying the void diameter and the crystal
orientation: the void diameter varies from 61 to 0.9 (the edge length of the mi-
crostructure is m). 5 crystal orientations investigated are shown in Table 2.2. As shown
in Fig. 2.9, three loading conditions are considered to evaluate the performance of the re-
duced order model for each simulation case: uniaxial tension, simple shear and biaxial
tension (the 2D representation is for simplicity since no loading is applied in the third di-
rection). The loading is strain controlled. 50% strain is applied at constant strain rate of
0.5/s for the uniaxial tension and the simple shear cases. In the biaxial tension case, 50%
strain is applied at constant strain rate of 0.5/s inXld&ection and 30% strain is applied
at constant strain rate of 0.3/s in thdirection.

Figure 2.10 shows the comparison of the overall stress-strain curves under the three

loading conditions for a single crystal with Orfm diameter void and crystal orientation
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Figure 2.10: Overall stress-strain curves for voided RVE of diameter s 9vith orien-
tation 1 subjected to (a) uniaxial tension, (b) simple shear and (c) biaxial tension.

Figure 2.11: Overall stress approximation error of all simulations for voided single crystals

1 (Table 2.2). In addition to the reference CPFE simulation, the results of the LROM

model are also compared with the Eigendeformation-based reduced order homogenization
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Figure 2.12: Euler angle evolution for voided RVE with diameter =@, orientation 5
under simple shear loading: (a) (b) and (c) corresponditd andy », respectively.

Figure 2.13: Comparison of precomputing and constantly updating the coef cient tensors.

(EHM) model outlined in [193]. The EHM model relies on small strain assumption at

the microscale and does not consider texture evolution. In the EHM simulations, large
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macroscopic strains are considered with corotational formulation. Under small deforma-
tions (e.g., when strain is less than 0.05), all three models yield similar stress-strain re-
sponse. When the deformation becomes larger, EHM deviates from the reference CPFE
simulation, while LROM continues to be reasonably accurate under all three loading con-
gurations. The stress approximation error of the proposed LROM approach over all 25
cases (with 5 void fractions and 5 orientations) under the 3 loading conditions (i.e., a total
of 75 simulations) are shown in Fig. 2.11. The stress approximation error is de ned as

follows 5
o :
JSLrROM ScpFH de (2.110)

error= . .
0 JScpPFH

The errors shown in Fig. 2.11 are averaged over the ve orientations for each load-
ing condition and geometry. The gure shows that the errors across different geometries,
orientations and loading conditions remain under 2%.

Figure 2.12 shows the evolution of the three Euler angles as a function of macroscopic
strain in the simple shear loading case as computed using the proposed and the reference
CPFE model. The reduced order model tracks a single crystal average orientation since
model order im=1. The void diameter is 0.8m and the initial crystal orientation is ori-
entation 5. The values reported for CPFE are also the volume averaged quantities over the
microstructure. The plots indicate a signi cant deviation of the average crystal orientation
of up to 11 at 50% strain level. The gures indicate a close match between the results of
the LROM and CPFE simulations. The orientation evolution within the crystal in CPFE
simulation shows stable distribution with maximum variation ofdr the example shown
above, indicating the volume averaged quantity is a good representation of the orientation
in CPFE model.

Figure 2.13 shows the results of two LROM simulations. These simulations consider
void diameter of 0.9mm and initial crystal orientation 1 with uniaxial tension loading con-
dition. In the rst case, coef cient tensos(®), M(Pa) p(ba) g@) andT(P2) gre updated

at the end of every increment. The update entails recomputing the in uence functions with
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updated texture and performing the corresponding integrations to obtain the coef cient ten-
sors. In the second case, the coef cient tensors are pre-computed at the preprocessing stage
and kept constant throughout the simulation. In the present case, Figure 2.13 demonstrates
that evolution of the coef cient tensors does not affect the computed stress-strain response

within 50% strain range.

Figure 2.14: Three microstructures with different sizes: (a) 57-grain, (b) 91-grain and (c)
134-grain.

2.5.2 Synthetic polycrystalline simulations

The capabilities of the proposed reduced order approach is further veri ed on poly-
crystalline con gurations. Three polycrystalline microstructures as shown in Fig. 2.14 are
employed. The microstructures consist of 57, 91 and 134 randomly oriented and equiaxed
FCC grains. The grain sizes are sampled from a normal distribution shown in Fig. 2.15. The
gure also shows the sampled distribution for the 57-grain microstructure. The orientation
of the grains are randomly sampled from a uniformed distribution, and the microstructures
do not exhibit signi cant elastic anisotropy. The microstructure are subjected to uniaxial,
shear and biaxial loading conditions as described for the single crystal example.

The reference CPFE simulations and in uence function computations are performed us-
ing microstructure discretizations that contain 125,557, 138,600 and 157,926 elements for

the three microstructures with respectively increasing number of grains. For the proposed
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Figure 2.15: Grain size distribution of the 57-grain RVE with actual grain size.

approach, a single trilinear hexahedron is employed in the discretization of the macroscale
domain, identical to the single crystal example. A part-per-grain scheme is adopted for the
LROM representation of the microstructure.

The overall stress-strain curves computed by the proposed and reference models on the
57-grain microstructure under three load cases are shown in Fig. 2.16. Within the range
of applied strains (50% engineering strain) the results exhibit a reasonable match between
the CPFE and LROM simulations. The deformed con gurations under the three loadings
are shown in Fig. 2.17 to provide visual illustration of the extent of deformation that the
microstructure undergo (from the CPFE simulations).

In order to ensure the consistency of model accuracy, 60 separate uniaxial tension sim-
ulations are performed for each of the three microstructural con gurations for a total of 180
simulations. In each simulation, the grain orientations are resampled from the uniform dis-
tribution. Figure 2.18 displays the errors for the stress-strain behavior for all 180 cases as a
histogram chart. The approximation error is computed using Eg. (2.110). For all cases, the
LROM simulations exhibit errors less than 5%. As the microstructure size grows and hence
gets closer to a size that is statistically representative with respect to the overall behavior,

the variance and the mean error accordingly reduce.

48



Figure 2.16: Overall stress-strain behavior of the 57-grain microstructure subjected to: (a)
uniaxial tension; (b) simple shear; and (c) biaxial tension.

Table 2.3: Average run time for three RVEs.

LROM CPFE Speedup
57-grain  5.169s 4289.041s 829.762
9l-grain 15.056s 5062.775s 336.263
134-grain  26.860s 5825.240s 216.874

To demonstrate the ef ciency of the proposed model, the run time and speedup are
also recorded for all 180 simulations of three RVEs. The averaged results for each of the
three microstructures are shown in Table 2.3. The proposed LROM model exhibits a sig-
ni cant speedup compared with the CPFE simulations. For the 57-grain microstructure,
the speedup is approximately 830, whereas for the 134-grain microstructure, the speedup
drops to approximately 217. The reduction of ef ciency as a function of microstructure

complexity is due to the fact that the reduced order system of equations result in dense
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Figure 2.17: Deformed con gurations of the 57-grain microstructure subjected to: (a) uni-
axial tension; (b) simple shear; and (c) biaxial tension.

Figure 2.18: Overall stress approximation error distributions for synthetic RVES.

Jacobian matrices. As reduced order system size gets larger, the ef ciency gain compared
to a sparse CPFE solver is reduced. In the context of small deformations, Zhang and Os-
kay [194] proposed a sparse reduced order model based on neglecting some long range
interactions within the microstructure. A similar approach could result in higher ef cien-
cies for larger microstructures, and will be investigated in the future for large deformation.

In addition to the overall stress responses, the ability of the proposed reduced order
model to capture local stresses within the microstructures is also tested. Figure 2.19 shows

the comparison of the grain-averaged Mises stress and principal strain distributions within
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Figure 2.19: Local Mises stress (top row) and principal strain (bottom row) for the poly-
crystal microstructure subjected to: (a) uniaxial tension; (b) simple shear; and (c) biaxial
tension loadings.

the microstructures as computed by the proposed approach and the CPFE simulations for
all three loading conditions applied to the 57-grain microstructure. The bin plots represent
the CPFE model whereas the circles plotted at the mid-point of each bin refer to the results
of the proposed model. The magnitudes of the local stresses match reasonably well with
those of the CPFE simulations with slight overestimation. This slight overestimation is con-
sistent with the stiffer overall stress-strain curves in Fig. 2.16 due to constrained kinematics
associated with the reduced basis. The grain-average principal strains are also in reason-
able agreement with each other, particularly for uniaxial and biaxial conditions. The results
of the shear case indicated that the LROM predictions are concentrated slightly closer to
the average compared with the CPFE model. Figure 2.20 shows the Mises stress contours
within the microstructure as predicted by the LROM and CPFE simulations. The contour
plots are from simple shear loading. The largest error of grain-average stresses across all is
around 10%. Due to the “one-part-per-grain” partitioning scheme used in LROM, no intra-

grain stress variation is captured with the model, whereas the CPFE simulation exhibits
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Figure 2.20: Local Mises stress contours for the 57-grain RVE: (a) CPFE simulation; (b)
LROM simulation.

spatial variation within the grains.

Figure 2.21 compares the stress-strain curves for 5 randomly selected grains within the
polycrystalline microstructure subjected to uniaxial tension loading. In addition to peak
stress distribution shown in Fig 2.10, the results indicate that the LROM captures the evolu-
tion of the local stresses in a reasonable fashion even when the microstructure deformation
is extensive and individual grains undergo signi cant shape change (see Fig. 2.17(a)).

The texture evolution plays a very important role in the context of large deformation.
Figure 2.22 shows thiel11g pole gures of the initial and nal textures as computed using
the LROM and CPFE simulations for the 134-grain microstructure under uniaxial tension.
The initial texture shown in Fig. 2.22 (a) is generated from a uniform distribution and thus
exhibits a scattered pattern. Figure 2.22 (b) and (c) both show oriented texture along the
out of plane direction (i.e., along the direction of the applied load in the Z diredtidiig
pole gure represents XY plane). The LROM computation of the nal texture matches

reasonably well with that of the CPFE simulation.
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Figure 2.21: Stress-strain curve comparison of 5 randomly selected grains under uniaxial
tension loading.

Figure 2.22:f 111g pole gure of the (a) initial texture; (b) nal texture from LROM; and
(c) nal texture from CPFE.

2.6 Summary

This chapter presented a novel reduced order multiscale approach for large deformation
response of polycrystalline materials generalizing the ideas of EHM. The proposed ap-
proach is veri ed against crystal plasticity nite element simulations for single- and poly-
crystal characteristic volumes. Both overall and local mechanical responses, and texture
evolution show reasonable accuracy compared with CPFE simulations, but at a fraction of

the computational cost.
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