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CHAPTER 1

Uniform Inference in High-Dimensional Threshold Regression Models

Jiatong Li1 and Hongqiang Yan2

1Department of Economics, Vanderbilt University, jiatong.li@vanderbilt.edu

2Morrison School of Agribusiness, Arizona State University, hongqiang.yan@asu.edu

1.1 Abstract

We develop a uniform inference theory for high-dimensional slope parameters in threshold regression mod-

els, allowing for either cross-sectional or time series data. We first establish oracle inequalities for prediction

errors, and `1 estimation errors for the Lasso estimator of the slope parameters and the threshold parameter,

accommodating heteroskedastic non-subgaussian error terms and non-subgaussian covariates. Next, we de-

rive the asymptotic distribution of tests involving an increasing number of slope parameters by debiasing (or

desparsifying) the Lasso estimator in cases with no threshold effect and with a fixed threshold effect. We

show that the asymptotic distributions in both cases are the same, allowing us to perform uniform inference

without specifying whether the model is a linear or threshold regression. Additionally, we extend the theory

to accommodate time series data under the near-epoch dependence assumption. Finally, we demonstrate the

consistent performance of our estimator in both cases through Monte Carlo simulations, and we apply the

proposed estimator to empirical analyses of cross-country economic growth rates and the effect of a military

news shock on US government spending.

Keywords: High-dimensional data, Lasso, Near-epoch-dependence, Tests, Threshold models, Uniform in-

ference.

JEL Codes: C12, C13, C24.

1.2 Intruduction

Consider the following threshold regression model

Yi = X 0
i b0 +X 0

i d01{Qi < t0}+Ui, i = 1, . . . ,n, (1.1)

where Xi is a p ⇥ 1 covariate vector, and Qi is the threshold variable determining regime switching; for

example, rich countries may follow a different economic growth pattern from poor countries. t0 is the

1



unknown threshold parameter, and Ui is the error term. In this paper, we focus on uniform inference for

high-dimensional regression parameters (b0,d0), allowing for p > n. The threshold autoregression (TAR)

model, with the lag of the series as the threshold variable, was formally introduced by Tong and Lim (1980)

to analyze cyclical time series data. It is a class of non-linear time series models and is parsimonious for

nonparametric model estimation. 1 2 Potter (1995) applies it to study the properties of US GNP and finds

that the response of output to shocks is asymmetric throughout different stages of the business cycle.

Subsequently, threshold regression is utilized by Hansen (2000) to identify multiple regimes based on a

particular predetermined variable, allowing for either time series or cross-sectional data. Since then, there

has been growing interest in reanalyzing previous empirical applications using threshold models, particularly

when multiple equilibria may exist. For example, Hansen (2000) and Lee et al. (2016) consider cross-country

economic growth behaviors initially analyzed by Durlauf and Johnson (1995); Yu and Fan (2021) and Lee

and Wang (2023) examine race-based tipping behavior in residential segregation discussed in Card et al.

(2008); and Grennes et al. (2010), Afonso and Jalles (2013), and Chudik et al. (2017) investigate the effect

of government debt on economic growth originally studied by Reinhart and Rogoff (2010). In this paper,

we reconfirm the existence of multiple steady states by showing that some estimators of the coefficients

representing the threshold effect are significantly different from 0. In addition, we apply the high-dimensional

local projection threshold model to find a more reliable threshold point that defines the state of the economy

and reestimate the impulse response to a military spending news shock in government spending and GDP.

Additionally, variable selection is necessary to identify threshold effects. A linear model that incorporates

a broader set of regressors may outperform a statistical model emphasizing threshold effects with a specific

set of covariates, as highlighted by Lee et al. (2016). Meanwhile, recent advancements in data collection

and processing have enabled us to analyze high-dimensional datasets, where the number of variables may

significantly exceed the sample size. High dimensionality may also result from addressing the issue of con-

foundedness (Joshua D. Angrist and Kuersteiner (2018)) and avoiding the non-invertibility of a structural

moving average model (Stock and Watson (2002)). We study such high-dimensional settings to keep the

model free from arbitrary variable selection. However, traditional estimation and inferential methods, such

as OLS and MLE, are no longer valid even in high-dimensional linear regression models. Specifically, in the

high-dimensional threshold model, due to sample splitting, the total number of parameters may be larger than

the effective sample size in the regime with the fewest observations, particularly when multiple threshold

points exist, leading to poor estimation and out-of-sample prediction in finite samples. Many methods are

available for high dimensional estimation and variable selection, for example, Lasso in Tibshirani (1996) and
1For a survey paper, see Hansen (2011).
2Chan (1993) and Chan and Tsay (1998) study the limiting properties of the least square estimators in the threshold autoregression

model.
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SCAD in Fan and Li (2001). We apply Lasso to estimate the high-dimensional threshold regression (allowing

for p > n), as in Lee et al. (2016) and Callot et al. (2017).

In this paper, we first study cross-sectional data and use the concentration inequality from Chernozhukov

et al. (2014) and Chernozhukov et al. (2015), as formulated in Lemma 2 of Chiang et al. (2023), and concen-

tration inequality for the partial sum of random variables that we propose in Lemma 3 to derive oracle inequal-

ities for both the prediction error and `1 estimation error for slope parameters and the threshold parameter,

which are qualitatively similar to those in Lee et al. (2016). We allow for heteroskedastic non-subgaussian

error terms and non-subgaussian covariates.

Next, we construct the desparsified Lasso estimator by using nodewise regression to estimate the empirical

precision matrix. In our proof, we maintain the dependence assumption between covariates and the threshold

variable, and we apply the inverse of a 2 ⇥ 2 block matrix to construct the precision matrix when the threshold

effect may exist.3 Based on the inference theory of Caner and Kock (2018) and the oracle inequalities, we

establish the asymptotic distribution of tests involving an increasing number of slope parameters in the cases

with no threshold effect and with a fixed threshold effect. We show that the asymptotic distributions in both

cases are identical. We also provide a uniformly consistent covariance matrix estimator in both cases. 4 We

further construct asymptotically valid confidence intervals for the interest of the slope parameter, which are

uniformly valid and contract at the optimal rate. Moreover, we develop the uniform inference theory for the

debiased Lasso estimator to the setting of the high-dimensional time series threshold regression model under

the near-epoch-dependence assumption, with local projection threshold regression as a special case.

The existing literature on high-dimensional threshold regression has focused on deriving oracle inequal-

ities for the prediction errors and estimation errors for the Lasso estimator of the slope parameters and the

threshold parameter in the case of fixed design with gaussian errors (Lee et al. (2016)), and on model selec-

tion consistency in the case of random design with sub-gaussian covariates and errors (Callot et al. (2017)).

However, high-dimensional inference is another important topic in statistics and econometrics; for example,

the estimation of impulse response functions is an essential part of econometric inference in time series mod-

els. Thus, in this paper, we perform uniform inference for high-dimensional threshold regression parameters,

allowing for either cross-sectional or time series data, by applying the de-sparsified method of van de Geer

et al. (2014) to complement the existing literature. This method desparsifies the estimator by constructing a

reasonable approximate inverse of the singular empirical Gram matrix, thereby removing the bias from the

estimation of the shrinkage method. Our asymptotic result is uniformly valid over the class of sparse models,

where s0 represents the sparsity level, which can grow with n.
3The independence assumption would significantly simplify the proof, but it is uncommon in empirical applications.
4There is a slight difference between the limits of their asymptotic variances since, in the case of a fixed effect, there is a true value

for the threshold parameter.
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A growing body of literature applies the desparsified method of van de Geer et al. (2014) to perform

inference in high-dimensional regression models. Gold et al. (2020) desparsified the Lasso estimator based

on a two-stage least squares estimation, allowing both the numbers of instruments and of regressors to exceed

the sample size. Semenova et al. (2023) desparsified the orthogonal Lasso estimator in their third stage when

heterogeneous treatment effects are present. Additionally, Babii et al. (2022), Adamek et al. (2023), and

Adamek et al. (2024) constructed the desparsified Lasso estimator in high-dimensional time series models.

The desparsified method has also been applied in high-dimensional panel data models to perform uniform

inference, as shown in works by Kock (2016), Kock and Tang (2019), and Chiang et al. (2023). However,

all of these studies test hypotheses for a bounded number of parameters. Caner and Kock (2018) considered

hypotheses involving an increasing number of parameters in linear regression models. We are the first to

derive the asymptotic distribution of tests involving an increasing number of slope parameters in threshold

regression models. Meanwhile, we demonstrate that the asymptotic distributions of the tests are identical in

cases with no threshold effect and with a fixed threshold effect, implying that the researchers can perform

inference without specifying the existence of a threshold effect.

Organization: The rest of the paper is organized as follows. Section 1.3 recalls the Lasso estimator of Lee

et al. (2016) and establishes oracle inequalities under weaker conditions on covariates and error terms. We

construct the debiased Lasso estimator and derive the asymptotic distribution of hypothesis tests in Section

1.4. Section 1.5 develops the uniform inference theory for high-dimensional time series threshold regression

models. In Section 1.6, we investigate finite sample properties of our debiased Lasso estimator, followed by

two empirical applications. Section 1.7 concludes. All proofs are deferred to the Appendix.

Notation

Denote the `q norm of a vector a by |a|q and the empirical norm of a 2 Rn by ||a||n :=
�
n�1 Ân

i=1 a2
i
�1/2

. For

any m⇥ n matrix A, the induced l1-norm and l•-norm of A are defined as kAkl1 := max1 jn Âm
i=1 |Ai j| and

kAkl• := max1im Ân
j=1 |Ai j|, respectively. Additionally, define kAk• := max1im,1 jn |Ai j|.

For a 2 Rn, denote the cardinality of J(a) by |J(a)|, where J(a) = { j = 1, ...,n : a j 6= 0}. Let aM denote

the vector in Rn that has the same coordinates as a on M and zero coordinates on Mc. Let the superscript ( j)

denote the jth element of a vector or the jth column of a matrix.

Finally, define f(a,t)(x,q) := x0b + x0d1{q < t}, f0(x,q) := x0b0 + x0d01{q < t0}, and bf (x,q) := x0bb +

x0bd1{q < bt}. The prediction norm is defined as
���bf � f0

���
n

:=
r

1
n Ân

i=1

⇣
bf (Xi,Qi)� f0(Xi,Qi)

⌘2
.

In this paper, we use the terms “debiased Lasso estimator” and “desparsified Lasso estimator” interchange-

ably.
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1.3 The Lasso Estimator and Oracle Inequalities

1.3.1 Lasso Estimation

The threshold regression model (2.1) can be rewritten as

Yi =

8
><

>:

X 0
i b0 +Ui, if Qi � t0,

X 0
i (b0 +d0)+Ui, if Qi < t0.

(1.2)

Qi is the threshold variable that splits the sample into two regimes and d0 represents the threshold effect

between two regimes. The model (2.1) thus captures a regime switch based on the observable variable Qi. The

parameter t0 is the unknown threshold parameter, which lies within a compact parameter space T = [t0, t1].

There is no threshold effect when d0 = 0, and the model reduces to a linear regression.

Denoting a (2p⇥ 1) vector by Xi(t) = (X 0
i ,X

0
i1{Qi < t})0 and an (n⇥ 2p) matrix by X(t), where the

i-th row is Xi(t)0. Let X and X(t) denote the first and last p columns of X(t), respectively. Thus, we can

rewrite (2.1) as

Yi =Xi(t0)
0a0 +Ui, i = 1, . . . ,n. (1.3)

where a0 = (b 0
0,d 0

0)
0. In this paper, our interest lies in performing uniform inference for the high-dimensional

slope parameter a0, allowing for p > n.

Let Y := (Y1, . . . ,Yn)0. The residual sum of squares is

Sn(a,t) = 1
n

n

Â
i=1

�
Yi �X 0

i b �X 0
i d1{Qi < t}

�2
= kY �X(t)ak2

n . (1.4)

The Lasso estimator for threshold regression can thus be defined as the one-step minimizer:

(ba,bt) := argmina2B⇢R2p,t2T⇢R {Sn(a,t)+l |D(t)a|1} , (1.5)

where B is the parameter space for a0, and l is a tuning parameter. The (2p⇥2p) diagonal weighting matrix

is denoted as follows:

D(t) := diag
n���X( j)(t)

���
n
, j = 1, ...,2p

o
. (1.6)

Furthermore, we can rewrite the penalty term as

l |D(t)a|1 = l
2p

Â
j=1

���X ( j)(t)
���

n

���a( j)
���

= l
p

Â
j=1

h���X ( j)
���

n

���a( j)
���+
���X ( j)(t)

���
n

���a(p+ j)
���
i
.
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Meanwhile, the one-step minimizer (ba,bt) in (2.4) can be regarded as a two-step minimizer:

(i) For each t 2 T, ba(t) is defined as

ba(t) := argmina2B⇢R2p {Sn(a,t)+l |D(t)a|1} ; (1.7)

(ii) Define bt as the estimator of t0 such that:

bt := argmint2T⇢R {Sn(ba(t),t)+l |D(t)ba(t)|1} . (1.8)

Note that these estimators are weighted Lasso estimators that use a data-dependent `1 penalty to balance

covariates. Chiang et al. (2023) summarize various ways to impose weights depending on different situations

in Remark B.1. Additionally, in practice, bt is selected from the potential values of threshold variable Q

over {Q1, . . . ,Qn}. 5 This selection results in an interval, and the maximum of the interval is chosen as the

estimator bt.

1.3.2 Oracle Inequalities

After recalling the Lasso estimator, we proceed to establish the oracle inequalities for the estimators in (2.4).

First, we make the following assumptions, some of which are modified from Lee et al. (2016).

Assumption 1. Let {Xi,Qi,Ui}n
i=1 denote a sequence of independently distributed random variables.

(i) For the parameter space B for a0, any a := (a1, . . . ,a2p) 2 B ⇢ R2p, including a0, satisfies |a|• C1,

for some constant C1 > 0. Furthermore, s2
0|d0|21 log p

n = op(1).

(ii) The threshold variable Qi, i = 1, ...,n, is continuously distributed with intensity function fQ(t). The

parameter t0 lies in T= [t0, t1], where 0 < t0 < t1 < 1.

(iii) The covariates Xi, i = 1, ...,n, satisfy max1 jp E
⇣

X ( j)
i

⌘4
�
C4

2 and min1 jp

E
⇣

X ( j)
i (t0)

⌘2
�
� C2

3 , for some constants C2 and C3. Additionally, E
h
X ( j)

i X (l)
i |Qi = t

i
is continuous and

bounded when t is in a neighborhood of t0, for all 1  j, l  p.

(iv) The error terms Ui, i = 1, ...,n, satisfy E(Ui|Xi,Qi) = 0 and max1in E(U4
i )  C4 < •, for a positive

constant C4. Additionally, E
h
X ( j)

i X (l)
i U2

i |Qi = t
i

is continuous and bounded when t is in a neighborhood of

t0, for all 1  j, l  p.

(v)
p

EM2
UX

p
log pp

n = op(1), where MUX = max1in max1 jp

���UiX
( j)
i

���.

(vi)
p

EM2
XX

p
log pp

n = op(1), where MXX = max1in max1 j,lp

���X ( j)
i X (l)

i

���.

5If n is very large, we can use only N < n evaluations; see p.4 in Hansen (2000).
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Assumption 12 imposes weaker conditions on the covariates and error terms compared to the fixed co-

variates and gaussian errors in Lee et al. (2016) and the sub-gaussian covariates and errors in Callot et al.

(2017), as it allows for heteroskedastic non-subgaussian error terms and non-subgaussian covariates.

The first part of Assumption 12 (i) restricts the magnitude of slope parameters. The second part implies

that s0 and |d0|1 can increase with n but cannot grow faster than n1/2 and that Assumption 6 in Lee et al.

(2016) holds. Assumption 12 (ii) ensures that there are no ties among the Qis. 6 Applying the Cauchy-

Schwarz inequality under Assumptions 12 (iii) and (iv) yields max1 j,lp E
h
X ( j)

i X (l)
i

i
 C2

2 uniformly in i;

max1 jp (Var)
⇣

UiX
( j)
i

⌘
, max1 j,lp (Var)

⇣
X ( j)

i X (l)
i

⌘
, max1 j,lp (Var)

⇣
X ( j)

i X (l)
i 1{Qi < t0}

⌘
, and

max1 jp (Var)
⇣

X ( j)
i (t0)

⌘2
are bounded uniformly in i.

Define

l =
A
µ

p
log pp

n
(1.9)

as the tuning parameter in (2.4) for a constant A � 0 and a fixed constant µ 2 (0,1).

Lemma 1. Suppose that Assumption 12 holds. Let (ba,bt) be the Lasso estimator defined by (2.4). Then, with

probability at least 1�C(logn)�1, we have

���bf � f0

���
n

r

(6+2µ2)C1

q
C2

2 +µ1l
p

s0l . (1.10)

Lemma 1 provides a non-asymptotic upper bound on the prediction error, regardless of whether the spec-

ification is a linear or threshold regression, as in Theorem 1 of Lee et al. (2016). The prediction error is

consistent as n ! •, p ! •, and s0l ! 0. This lemma plays an important role in deriving the oracle inequal-

ities in Theorem 1 for linear models and Theorem 2 for threshold models.

Next, we impose the standard assumptions in high-dimensional regression models. To this end, we de-

fine the population covariance matrix ⌃(t) = E [1/nÂn
i=1Xi(t)Xi(t)0], M = E[1/nÂn

i=1 XiXi
0], M(t) =

E [1/nÂn
i=1 Xi(t)Xi(t)0] , and N(t) = M �M(t). ⌃(t) can be represented as a 2⇥ 2 matrix due to the

properties of the indicator function, i.e.,

⌃(t) =

2

64
M M(t)

M(t) M(t)

3

75.

Meanwhile, we define the following population uniform adaptive restricted eigenvalue and impose certain

assumptions,
6We maintain the dependence between Q and X in the proof, and we will show in Section 2.5.1 that the performance of our estimator

does not depend on whether Q is an element of X .
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k(s0,c0,S,⌃)=min
t2S

min
J0⇢{1,...,2p},|J0|s0

min
g 6=0,kgJc

0
k1c0

ps0kgJ0k2

(g 0E [1/nÂn
i=1Xi(t)Xi(t)0]g)1/2

|gJ0 |2
.

Assumption 2. (i) M(t) and N(t) are non-singular.

(ii) (Uniform Adaptive Restricted Eigenvalue Condition) For a positive number c0, and some set S ⇢ R, the

following condition holds

k(s0,c0,S,⌃)> 0. (1.11)

Assumption 13 (i) is a standard assumption for model estimation. Assumption 13 (ii) is a uniform adap-

tive restricted eigenvalue condition, which is a common and high-level condition in the literature of high-

dimensional econometrics and statistics. This condition can be relaxed if ⌃(t) has full rank. Moreover,

⌃(t) is invertible by applying Theorem 2.1 (ii) in Lu and Shiou (2002) under Assumption 13 (i). We then

can do the gaussian elimination to obtain

⇥(t) :=⌃(t)�1 =

2

64
N(t)�1 �N(t)�1

�N(t)�1 M(t)�1 +N(t)�1

3

75. (1.12)

Thus, Assumption 13 (ii) holds under the non-singularity conditions for M(t) and N(t). Lemma 7 shows

that 1/nX(t)X(t)0 uniformly converges to⌃(t); therefore, the empirical adaptive restricted condition holds

as stated in Lemma 8.

Given that t0 is unknown, we impose that the restricted eigenvalue condition holds uniformly over t.

Here, we analyze two separate cases. When d0 = 0, Assumption 13 is required to hold uniformly with S= T,

the entire parameter space for t0, since t0 is not identified. When d0 6= 0, this condition holds uniformly

in a neighborhood of t0 for the identification of t0. The Uniform Adaptive Restricted Eigenvalue (UARE)

Condition is applied to tighten the bound in Lemma 1 for establishing the oracle inequalities for the prediction

error as well as the `1 estimation error for the parameters. Although we consider two cases separately, similar

to Lee et al. (2016), we can make predictions and estimate a0 without pretesting the existence of the threshold

effect.

1.3.2.1 Case I. No Threshold Effect.

In the case where d0 = 0, the true model simplifies to a linear model Yi = X 0
i b0 +Ui. The model (2.2) is thus

much more over-parameterized, but we can still estimate the slope parameter vector a0 precisely, as shown

in Theorem 1.

Theorem 1. Supposed that d0 = 0 and that Assumptions 12-13 hold with k =

8



k
⇣

s0,
1+µ
1�µ ,T,⌃

⌘
. Let (ba,bt) be the Lasso estimator from (2.4) with l satisfying (2.7). Then, as n ! •, with

probability at least 1�C(logn)�1, we have

���bf � f0

���
n
 2

p
2

k

✓q
C2

2 +µ1l
◆
p

s0l ,

|ba �a0|1 
4
p

2
(1�µ)k2

C2
2 +µ1lq
C2

3 �µ1l
s0l .

Furthermore, these bounds are valid uniformly over the l0-ball

A
(1)
`0

(s0) =
�

a0 2 R2p | |b0|• C1, |b0|0  s0,d0 = 0
 
.

1.3.2.2 Case II. Fixed Threshold Effect.

In the case where d0 6= 0, we assume that the true model has a well-identified and fixed threshold effect.

Assumption 3 (Identifiability under Sparsity and Discontinuity of Regression). For any h and t such that

h < |t � t0| and a 2 {a : |a|0  s0}, there exists a constant C4 > 0 such that, with probability approaching

one,
�� f(a,t)� f0

��2
n >C4h .

Assumption 14 states identifiability of t0. Its validity was studied in Appendix B.1 (pages A7–A8) of Lee

et al. (2016) when Assumption 12 holds. 7 When t0 is known, the UARE condition is only required to hold

uniformly in a neighborhood of t0. We derive an upper bound for |bt � t0| in Lemma 10 and thus define

h⇤ =
2(3+µ2)C1

C4

q
C2

2 +µ1l s0l , S= {|t � t0| h⇤} .

Assumption 4 (Smoothness of Design). For any h > 0, there exists a constant C5 < • such that with prob-

ability to one,

sup
1 j,lp

sup
|t�t0|<h

1
n

n

Â
i=1

���X ( j)
i X (l)

i

��� |1{Qi < t0}�1{Qi < t}|C5h , (1.13)

Assumption 5 (Well-defined second moments). For any h such that 1/nh 
r
(6+2µ2)C1

q
C2

2 +µ1l
p

s0l ,

7We omit the restriction h � mini |Qi � t0| since h > mini |Qi � t0| holds in the random design with a continuous threshold variable
Q.
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h2
n(h) is bounded with probability approaching one, where

h2
n(h) =

1
2nh

max{[n(t0+h ]),n}

Â
i=min{1,[n(t0�h)]}

�
X 0

i d0
�2
, (1.14)

and [·] denotes an integer part of any real number.

Assumptions 15 and 16 are similar to those in Lee et al. (2016) and Callot et al. (2017). Lemma 11 shows

that Assumption 15 holds automatically under Assumptions 12 and 16.

Theorem 2. Suppose that d0 6= 0 and that Assumptions 12 and 13 hold with k = k(s0,
2+µ
1�µ ,S,⌃). Further-

more, suppose that Assumptions 14, 15 and 16 hold. Let (ba,bt) be the Lasso estimator from (2.4) with l

satisfying (2.7). Then, n ! •, with probability at least 1�C(logn)�1, we have

���bf � f0

���
n
 6

q
C2

2 +µl
k

p
s0l ,

|ba �a0|1 
36(C2

2 +µl )

k2(1�µ)
q

C2
3 �µl

s0l ,

|bt � t0|

0

@
3(1+µ)

q�
C2

2 +µl
�

(1�µ)
q�

C2
3 �µl

� +1

1

A 12(C2
2 +µl )

k2C4
s0l 2.

Furthermore, these bounds are valid uniformly over the l0-ball

A
(2)
`0

(s0) =
�

a0 2 R2p | |a0|• C1, |a0|0  s0,d0 6= 0
 
.

The bound on the prediction norm from Theorem 1 or 2 is much smaller than that in Lemma 1. Compared

to the oracle inequality in the literature related to high-dimensional linear models (e.g. Bickel et al. (2009),

van de Geer et al. (2014)), Theorem 1 provides results of the same magnitude, implying that our estimation

method can accommodate the linear model even though our model is much more overparameterized. Addi-

tionally, the inequalities from Theorem 1 and Theorem 2 are of the same magnitude, up to a constant. These

results thus hold uniformly over B`0(s0), where

B`0(s0) = A
(1)
`0

(s0)[A
(2)
`0

(s0) =
�

a0 2 R2p | |a0|• C, |a0|0  s0
 
.

For the super-consistency result of bt , Lee et al. (2016) explains that the least squares objective function is

locally linear rather than locally quadratic around t0.

The main contribution of this section is that we use concentration inequality to establish the oralce in-
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equalities with non-subgaussian random regressors and heteroskedastic non-subgaussian error terms. These

oracle inequalities are the basis for developing the uniform inference theory.

1.4 The Debiased Lasso Estimator and Uniform Inference

1.4.1 The Debiased Lasso Estimator

To perform uniform inference for the slope parameters, we first construct the desparsified Lasso estimator

proposed by van de Geer et al. (2014) in our high-dimensional threshold regression model as follows: 8

ba(bt) = ba(bt)+ b⇥(bt)X(bt)0(Y �X(bt)ba(bt))/n, (1.15)

where ba(bt) is obtained from (2.4), and b⇥(bt) is an approximate inverse of the empirical Gram matrix b⌃(bt) =

X(bt)X(bt)0/n because b⌃(bt) is singular in our high-dimensional model.

We apply nodewise regression from Meinshausen and Bühlmann (2006) to construct the approximate

inverse matrix. We will proceed by discussing the debiased Lasso estimator in two cases

1.4.1.1 Case I. No Threshold Effect

In the case where d0 = 0, the true model simplifies to a linear model Y = Xb0 +U. Substituting this into

(1.15) yields

ba(bt) = ba(bt)+ b⇥(bt)X(bt)0(Xb0 +U �X(bt)ba(bt))/n

= ba(bt)+ b⇥(bt)X(bt)0(X(bt)a0 +U �X(bt)ba(bt))/n

= a0 �a0 + ba(bt)� b⇥(bt)b⌃(bt)(ba(bt)�a0)+ b⇥(bt)X(bt)0U/n

= a0 + b⇥(bt)X(bt)0U/n�D(bt)/n1/2,

(1.16)

where D(t) =
p

n
⇣
b⇥(t)b⌃(t)� I2p

⌘
(ba(bt)�a0) . The second equality holds due to d0 = 0.

We define a (2p⇥ 1) vector g with |g|2 = 1 and let H = { j = 1, . . . ,2p | g j 6= 0} with cardinality |H| =

h < p. H is the index set of the coefficients involved in the hypothesis to be tested. We allow for h ! • but

require h/n ! 0, as n ! •. Our test g0a = g0a0 could thus involve an increasing number of parameters. By

the Cauchy–Schwarz inequality, we have |g|1 
p

h. In particular, g = e j represents the case where we test

only a single coefficient, where e j is the 2p⇥1 unit vector with the j-th element being one.

Our focus is on
p

ng0(ba(bt)�a0) = g0 b⇥(bt)X(bt)0U/n1/2 �g0D(bt), (1.17)

and we will derive its asymptotic distribution by applying a central limit theorem to g0 b⇥(bt)X(bt)0U/n1/2 and
8This estimator is obtained by inverting the Karush-Kuhn-Tucker (KKT) conditions.
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by showing that g0D(bt) is asymptotically negligible.

1.4.1.2 Case II. Fixed Threshold Effect

This subsection explores the case where the threshold effect is well-identified and fixed. Following a proce-

dure similar to Section 1.4.1.1, we substitute Y =X(t0)a0 +U into (1.15), yielding

ba(bt) = a0 + b⇥(bt)X(bt)0 (X(t0)a0 �X(bt)a0)/n

� b⇥(bt)lD(bt)br + b⇥(bt)X(bt)0U/n�D(bt)/n1/2.
(1.18)

In this case, our focus is on

p
ng0(ba(bt)�a0) = g0 b⇥(bt)X(bt)0U//n1/2 �g0D(bt)

+g0 b⇥(bt)(X(bt)0X(t0)�X(bt)0X(bt))a0/n1/2,
(1.19)

and we will derive its asymptotic distribution by applying a central limit theorem to g0 b⇥(bt)X(bt)0U/n1/2 and

by showing that g0 b⇥(bt)(X(bt)0X(t0)�X(bt)0X(bt))a0/n1/2 and g0D(bt) are asymptotically negligible.

1.4.1.3 Constructing the Approximate Inverse b⇥(t)

In this subsection, we formalize the process of constructing the approximate inverse matrix b⇥(t) of the

singular empirical Gram matrix. The approach closely follows that of van de Geer et al. (2014), with the

additional requirement of verifying that the specified conditions are met.

We seek a well-behaved b⇥(t) and examine the asymptotic properties of b⇥(t) uniformly across t 2 T.

Recalling (1.12), we have

⇥(t) =⌃(t)�1 =

2

64
N(t)�1 �N(t)�1

�N(t)�1 M(t)�1 +N(t)�1

3

75.

Define A(t) = M(t)�1 and B(t) = N(t)�1. We construct the approximate inverse bA(t) of cM(t) and

bB(t) of cN(t), where cM(t) = 1
n Ân

i=1 XiXi
01{Qi < t} and cN(t) = 1

n Ân
i=1 XiXi

01{Qi � t}, to build the

approximate inverse matrix b⇥(t).

Denote the (p⇥ 1) vector by eX ( j)
i (t) = X ( j)

i 1{Qi � t} and the (n⇥ p) matrix by eX(t). Let X (� j)(t) and

eX (� j)(t) denote the submatrices of X(t) and eX(t), respectively, without the j-th column. We study the

following nodewise regression models with covariates orthogonal to the error terms in L2 for all j = 1, . . . , p,

we consider

X ( j)(t) = X (� j)(t)0g0, j(t)+u( j),

12



eX ( j)(t) = eX (� j)(t)0eg0, j(t)+ eu( j).9

u( j) and eu( j) may be functions of t even though they are independence of Q.

We then impose the following assumption to control the tail distribution of
���u( j)

i X (l)
i

��� and
���eu( j)

i X (l)
i

��� , allowing

us to apply the oracle inequalities in Section 1.3.2 to the nodewise regressions.

Assumption 6. (i) max1 jp |g0, j|• C and max1 jp |eg0, j|• C0, for some positive constants C and C0.

(ii) For i= 1, ...,n, and j = 1, ..., p, E
h
u( j)

i

���Xi,Qi

i
= 0 and E

h
eu( j)

i

���Xi,Qi

i
= 0; E

⇣
u( j)

i

⌘2
�

and E
⇣
eu( j)

i

⌘2
�

are uniformly bounded in j = 1, . . . , p.

(iii)
p

EM2
uX

p
log pp

n < • and

q
EM2

euX
p

log p
p

n < •, where MuX = max1in max1lp

���u( j)
i X (l)

i

��� and

MeuX = max1in max1lp

���eu( j)
i X (l)

i

��� .

Now, we begin constructing bA(t). Given any t 2 T, for each j = 1, ..., p, the Lasso estimator for the

nodewise regression is given by

bg j(t) = argming2Rp�1kX ( j)(t)�X (� j)(t)g jk2
n +lnode, j

���b�j(t)g j

���
1
, (1.20)

where b�j(t) := diag
n���X (l)(t)

���
n
, l = 1, ..., p, l 6= j

o
, with components of bg j(t) = {bg(k)j (t); k = 1, ..., p, k 6=

j}. We choose lnode, j = lnode, required for the validity of Lemma 16. Define

bC(t) =

0

BBBBBBB@

1 �bg(2)1 (t) · · · �bg(p)
1 (t)

�bg(1)2 (t) 1 · · · �bg(p)
2 (t)

. . . . . .
. . . . . .

�bg(1)p (t) �bg(2)p (t) · · · 1

1

CCCCCCCA

. (1.21)

and bZ(t)2 = diag
�
bz1(t)2, . . . ,bzp(t)2�, where

bz j(t)2 =
���
���X ( j)(t)�X (� j)(t)bg j(t)

���
���
2

n
+lnode

���b�j(t)bg j(t)
���
1
. (1.22)

We thus construct

bA(t) = bZ(t)�2 bC(t). (1.23)

Next, we show that bA(t) is an approximate inverse matrix of cM(t). Let bA j(t) denote the j-th row of

9See Appendix B of Caner and Kock (2018) for the details about the covariance matrix’s representation of the regression coefficients.

13



bA(t). Thus, bA j(t) = bCj(t)/bz j(t)2. Denoting by ee j the j-th unit vector, the KKT conditions imply that

���bA j(t)0cM(t)�ee0j
���
•

���b� j(t)

���
lnode

bz j(t)2 . (1.24)

Similarly, we use the same process to construct bB(t). Given any t 2 T, for each j = 1, ..., p, define

beg j(t) = argming2Rp�1

���
���eX ( j)(t)� eX (� j)(t)0eg j

���
���
2

n
+lnode

����
be�j(t)eg j

����
1
,

be�j(t) = diag
n���eX (l)(t)

���
n
, l = 1, . . . , p, l 6= j

o
,

with components of beg j(t) = {beg
(k)
j (t) : k = 1, ..., p,k 6= j}. Meanwhile, define

beC(t) =

0

BBBBBBB@

1 �beg
(2)
1 (t) · · · �beg

(p)
1 (t)

�beg
(1)
2 (t) 1 · · · �beg

(p)
2 (t)

. . . . . .
. . . . . .

�beg
(1)
p (t) �beg

(2)
p (t) · · · 1

1

CCCCCCCA

(1.25)

and beZ(t)2 = diag
⇣
bez1(t)2, . . . ,bezp(t)2

⌘
with

bez j(t)2 = keX ( j)(t)� eX (� j)(t)0beg j(t)k2
n +lnode

����
be� j(t)beg j(t)

����
1
.

We then construct

bB(t) = beZ(t)�2 beC(t). (1.26)

Therefore, we obtain

b⇥(t) =

2

64
bB(t) � bB(t)

� bB(t) bA(t)+ bB(t)

3

75, (1.27)

and provide the asymptotic properties of b⇥(t) in Lemma 16.

1.4.2 Uniform Inference for the Debiased Lasso Estimator

This section derives the asymptotic distribution of tests in cases with no threshold effect and a fixed threshold

effect, showing that their distributions are the same. Furthermore, we construct uniform confidence intervals

for the parameters of interest that contract at the optimal rate. To this end, we first impose some assumptions

to establish the validity of the asymptotically gaussian inference.

14



Assumption 7. (i) max1 jp E
⇣

X ( j)
i

⌘12
�

and E
⇥
U8

i
⇤

are bounded uniformly in i.
q

EM2
X6

p
log p

p
n = op(1),

q
EM2

X2U2
p

log p
p

n = op(1) and

q
EM2

X4U2
p

log p
p

n = op(1),

where MX6 = max1in max1k,l, jp

����
⇣

X (k)
i X (l)

i X ( j)
i

⌘2
����, MX2U2 =

max1in max1 j,lp

���X ( j)
i X (l)

i U2
i

��� , and MX4U2 = max1in max1 j,lp

����
⇣

X ( j)
i X (l)

i Ui

⌘2
���� .

(ii)

(h)
3
2 s2

0s̄2 log pp
n

= op(1);
(hs̄)3

n
= op(1).

(iii) k(s0,c0,T,Sxu) and k(s0,c0,T,⌃) are bounded away from zero.

fmax(⌃xu(t)) and fmax(⌃(t)) are bounded from above, for t 2 T.

Assumption 7 provides sufficient conditions for applying the central limit theorem. Assumption 7 (i) con-

trols the tail behavior of the covariates and the error terms. By Assumption 7 (i), max1 j,lp (Var)
⇣

X ( j)
i X (l)

i U2
i

⌘
,

max1k,l, jp (Var)
⇣

X (k)
i X (l)

i X ( j)
i

⌘2
, and max1 j,lp (Var)

⇣
X ( j)

i X (l)
i Ui

⌘2
are bounded from above uniformly

in i. Assumption 7 (ii) restricts the number of covariates (p), the number of parameters included in conduct-

ing joint inference (h), the sparsity of the population covariance matrix (s̄), where s̄ = supt2T max j2H s j(t),

s j(t) = |S j(t)|, and S j(t) = {i = 1, ...,2p : Q j,i(t) 6= 0}, and the sparsity of the slope parameters (s0). No-

tably, the second part of Assumption 7 (ii) is to verify the Lyapunov condition. Assumption 7 (iii) restricts

the eigenvalues of ⌃xu(t) and ⌃(t), where ⌃xu(t) = E
⇥
1/nÂn

i=1Xi(t)X 0
i (t)U2

i
⇤
.

Theorem 3. Suppose that Assumptions 12 to 7 hold. Then, as n ! •, we have

p
ng0(ba(bt)�a0)q

g0 b⇥(bt)b⌃xu(bt) b⇥(bt)0g

d! N(0,1), (1.28)

uniformly in a0 2 B`0(s0).

Furthermore,

sup
a02A

(1)
`0

(s0)

���g0 b⇥(bt)b⌃xu(bt) b⇥(bt)0g�g0⇥(bt)⌃xu(bt)⇥(bt)0g
���= op(1) (1.29)

sup
a02A

(2)
`0

(s0)

���g0 b⇥(bt)b⌃xu(bt) b⇥(bt)0g�g0⇥(t0)⌃xu(t0)⇥(t0)
0g
���= op(1), (1.30)

where b⌃xu(bt) = 1
n Ân

i=1Xi(bt)Xi(bt)0
⇣
bUi(bt)

⌘2
.

Thus, we establish the asymptotic distribution of tests involving an increasing number of slope parameters

in the cases with no threshold effect and a fixed threshold effect, showing that their asymptotic distributions

15



are identical. Additionally, we provide a uniformly consistent covariance matrix estimator for both cases.

However, there is a slight difference between the limits of their asymptotic variances, since there is a true

value for the threshold parameter in the latter case. Because we lack prior knowledge of the existence of a

threshold effect, we simultaneously impose the assumptions of Theorems 1 and 2 to establish Theorem 3.

Here, the number of parameters involved in hypotheses is allowed to grow to infinity at a rate restricted by

Assumption 7(ii).

In the case of a fixed number of the parameters being tested, by (1.28), we have

����
⇣
b⇥(bt)b⌃xu(bt) b⇥(bt)0

⌘� 1
2

H,H

p
n(ba(bt)H �a0,H)

����
2

2

d! c2(h), (1.31)

for a fixed cardinality h. Thus, a c2 test can be applied to test a hypothesis involving h parameters simultane-

ously.

Furthermore, the asymptotic result can be applied to test for a threshold effect based on the active pa-

rameters. Define the active set as bJ = { j : bd j 6= 0} and bs = | bJ|, where bs can grow with n and is of the same

magnitude of s0. Recall that H is the index set of g; let H = bJ, and assign equal weights to the non-zero

elements of g. The null hypothesis is H0 : d bJ,0 = 0. Subsequently, a t-test can be performed on g0ba(bt) to test

for the existence of a threshold effect.

Next, we establish confidence intervals for the parameters of interest. Let F(t) denote the cumulative

distribution function (CDF) of the standard normal distribution, and let z1�a/2 be the 1�a/2 percentile

of the standard normal distribution. Define bs j(bt) =
q

e0j b⇥(bt)b⌃xu(bt) b⇥(bt)0e j for all j 2 {1, ...,2p}. Let

diam([a,b]) denote the length of the interval [a,b]⇢ R.

Theorem 4. Suppose that Assumptions 12, 13, 14, 15, 6 and 7 hold. Then, as n ! •, we have

sup
t2R

sup
a02B`0 (s0)

������
P

8
<

:

p
ng0(ba(bt)�a0)q

g0 b⇥(bt)b⌃xu(bt) b⇥(bt)0g
 t

9
=

;�F(t)

������
!0. (1.32)

Furthermore, for all j 2 {1, . . . ,2p},

lim
n!•

inf
a02B`0 (s0)

P
⇢

a( j)
0 2


ba( j)(bt)� z1� a

2

bs j(bt)p
n

,ba( j)(bt)+ z1� a
2

bs j(bt)p
n

��
= 1�a, (1.33)

and

sup
a02B`0 (s0)

diam
✓
ba( j)(bt)� z1� a

2

bs j(bt)p
n

,ba( j)(bt)+ z1� a
2

bs j(bt)p
n

�◆
= Op

✓
1p
n

◆
. (1.34)

Therefore, we show that the convergence of a linear combination of the parameters of ba(bt) to the standard
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normal distribution is uniformly valid over the `0-ball with a radius of at most s0. Researchers can perform

uniform inference for high-dimensional slope parameters without specifying whether the specification is a

linear or threshold regression. In addition, these confidence intervals are asymptotically honest and contract

at the optimal rate.

1.5 Time Series threshold Model

We establish the uniform inference theory for the debiased Lasso estimator in the high-dimensional time

series threshold regression model, extending the model of Adamek et al. (2023) by allowing for the existence

of a threshold effect, with local projection threshold regression as a special case. We now assume that

(Yi,Xi,Qi) is a sequence of dependent data while still focusing on the model (2.2) as follows:

Yi =Xi(t0)
0a0 +Ui, i = 1, . . . ,n. (1.35)

1.5.1 Oracle Inequalities and Inference

We continue studying the Lasso estimator from equation (2.4) without adding weights, as standardizing

dependent data requires a different approach. Some assumptions are from Adamek et al. (2023), but list

them here for completeness and briefly discuss them. In the notation, C represents an arbitrary positive finite

constant, and its value may vary from line to line.

Assumption 8. Let {Xi,Qi,Ui}n
i=1 denote a sequence of random variables. Define Wi = (X 0

i ,Ui)0 and sup-

pose that there exist some constants m̄ > m > 2, and d � max{1,(m̄/m�1)/(m̄�2)} such that

(i) (E) [Wi] = 0, (E) [XiUi] = 0, (E) [QiUi] = 0, and max1 jp+1, 1iN E
���W ( j)

i

���
2m̄

 C, for a positive con-

stant C.

(ii) Let sN,i denote a k(N)-dimensional triangular array that is a-mixing of size �d/(1/m � 1/m̄) with

s -field F
s
i := s {sn,i,sn,i�1, . . .} such that Wi is F

s
i -measurable. The process

n
W ( j)

i

o
is L2m-near-epoch-

dependent (NED) of size �d on sN,i with positive bounded NED constants 10, uniformly over j = 1, . . . ,n+1.

(iii) The threshold variable Qi, i = 1, ...,n, is continuously distributed. The parameter t0 lies in T = [t0, t1],

where 0 < t0 < t1 < 1.

(iv) E
h
X ( j)

i X (l)
i |Qi = t

i
and E

h
X ( j)

i X (l)
i U2

i |Qi = t
i

are continuous and bounded when t is in a neighborhood

of t0, for all 1  j, l  p.

This assumption is the time series analogue of Assumption 12. NED is a general form of dependence,

including examples such as mixing, martingale, and mixingale dependence. It can be approximated by a

mixing process.
10A sequence WN is of size �d if WN = O(N�d�e ) for some e > 0.
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We assume that a0 is weakly sparse, which is a more general condition than the exact sparsity assumption

for cross-sectional data. Additionally, establishing oracle inequalities under this condition for independent

data is not difficult.

Assumption 9. For some 0  r < 1 and sparsity level sr, define the 2p-dimensional sparse compact param-

eter space

B2p(r,sr) :=
�

a 2 R2p : |a|rr  sr, |a|• C, 9C < •
 
,

and assume that a0 2 B2p(r,sr).

In addition, we define A
(1)

2p (r,sr) =
�

a 2 R2p : |a|rr  sr, |a|• C,d0 = 0
 

and A
(2)

2p (r,sr)

=
�

a 2 R2p : |a|rr  sr, |a|• C,d0 6= 0
 
. Thus, B2p(r,sr) = A

(1)
2p (r,sr)[A

(2)
2p (r,sr).

We impose the following standard compatibility conditions for high-dimensional regression models, as

in Adamek et al. (2023), which are stronger than the uniform adaptive restricted eigenvalue conditions in

Assumption 13 (ii), while they are still considered regular conditions for establishing the consistency of the

Lasso estimator.

Assumption 10. Recall ⌃(t) := 1/n
n
Â

i=1
(E) [Xi(t)Xi(t)0] . For a general index set S with cardinality |S|,

define the compatibility constant

f 2
⌃(t)(S) := min

t2S
min

{g 6=0:|gSc |13|gS|1}

⇢
|S|g 0⌃(t)g

|gS|21

�
.

Assume that f 2
⌃(t)(Sl )� 1/C, which implies that

|gSl |
2
1 

|Sl |g 0⌃(t)g
f 2
⌃(t)(Sl )

C|Sl |g 0⌃(t)g,

for all g satisfying |gSc
l
|1  3|gSl |1 6= 0.

The compatibility conditions for M(t) and M can be defined accordingly.

Theorem 5. Suppose that Assumptions 14, 15, 8, 9, 10 and the conditions of Lemma 28 hold. Then, as

n ! •, with probability at least 1�C ln lnn�1, we have

���
��� bf � f0

���
���
2

n
Cl 2�rsr,

|ba �a0|1 Cl 1�rsr,

when the fixed threshold effect exists,

|bt � t0|1 Cl 2�rsr.
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Theorem 5 provides oracle inequalities for dependent data, in comparison to Theorems 1 and 2. We do

not separate the results into two cases, as the oracle inequalities are qualitatively the same whether or not

a fixed threshold effect exists. Additionally, we provide a non-asymptotic bound for bt when the threshold

effect does exist.

We will establish the uniform asymptotic normality of the debiased Lasso estimator based on a finite

number of parameters, a common consideration in time series inference. We can include an increasing num-

ber of tested parameters at the cost of assuming an a-mixing process instead of the NED framework. 11 We

utilize the same nodewise regression approach as in Section 1.4.1.3 to construct the approximate inverses of

the empirical Gram matrices cM(t) and cN(t), denoted by bA(t) and bB(t), for obtaining the debiased Lasso

estimator. Thus, for all j = 1, . . . , p,

X ( j)(t) = X (� j)(t)0g0, j(t)+u( j),

eX ( j)(t) = eX (� j)(t)0eg0, j(t)+ eu( j).

We provide the following assumptions for applying Theorem 5 to the nodewise Lasso regressions.

Assumption 11. (i) For some 0  r < 1 and sparsity levels s( j)
r , es( j)

r , let g0, j 2 Bp�1

⇣
r,s( j)

r

⌘
and eg0, j 2

Bp�1

⇣
r,es( j)

r

⌘
, 8 j = 1, ..., p.

(ii) For i = 1, ...,n, and j = 1, ..., p, E
h
u( j)

i

i
= 0; E

h
eu( j)

i

i
= 0, E

h
u( j)

i

���Xi,Qi

i
= 0 and E

h
eu( j)

i

���Xi,Qi

i
= 0;

max1 jp, 1in E
���u( j)

i

���
2m̄
�
C, max1 jp, 1in E

���eu( j)
i

���
2m̄
�

C0.

(iii) M(t) and N(t) are non-singular.

Assumption 11 is analogous to Assumptions 4 and 5 in Adamek et al. (2023). Assumption 11 (iii) implies

that ⌃(t) is invertible, as discussed below Assumption 13.

Therefore, we have

b⇥(t) =

2

64
bB(t) � bB(t)

� bB(t) bA(t)+ bB(t)

3

75=

2

64
beZ(t)�2 beC(t) �beZ(t)�2 beC(t)

�beZ(t)�2 beC(t) bZ(t)�2 bC(t)+ beZ(t)�2 beC(t)

3

75,

as in (1.12).

Recall the debiased Lasso estimators from Section 1.4: in the case of no threshold effect,

p
ng0(ba(bt)�a0) = g0 b⇥(bt)X(bt)0U/n1/2 �g0D(bt),

11See Section 4.3 in Adamek et al. (2023) for further discussion.
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and in the case of fixed threshold effect,

p
ng0(ba(bt)�a0) = g0 b⇥(bt)X(bt)0U//n1/2 �g0D(bt)

+g0 b⇥(bt)(X(bt)0X(t0)�X(bt)0X(bt))a0/n1/2.

Define Z(t0)2 = diag
�
z1(t0)2, . . . ,zp(t0)2� and eZ(t0)2 = diag

�
ez1(t0)2, . . . ,ezp(t0)2� , where

z j(t0)2 := 1/nÂn
i=1 E

⇣
u( j)

i (t0)
⌘2
�

and ez j(t0)2 := 1/nÂn
i=1 E

⇣
eu( j)

i (t0)
⌘2
�

from population nodewise

regression. Furthermore, we define the long-run covariance matrices ⌦p,n = E [1/n(Ân
i=1wi)(Ân

i=1w
0
i)] ,

e⌦p,n = E [1/n(Ân
i=1 ewi)(Ân

i=1 ew0
i)] , and⌦p,n = E [1/n(Ân

i=1wi)(Ân
i=1 ew0

i)] , where wi =
⇣

v(1)i ui, . . . ,v
(p)
i ui

⌘0

and ewi =
⇣
ev(1)i ui, . . . ,ev(p)

i ui

⌘0
. ⌦p,n, e⌦p,n, and ⌦p,n can be rewritten as ⌦p,n =⌅(0)+

Ân�1
l=1 (⌅(l)+⌅

0(l)) , e⌦p,n = e⌅(0)+Ân�1
l=1

⇣
e⌅(l)+ e⌅0(l)

⌘
and ⌦p,n =⌅(0)+

Ân�1
l=1

⇣
⌅(l)+⌅0

(l)
⌘

where⌅(l)= 1
n Ân

i=l+1 E
⇥
wiw0

i�l
⇤
, e⌅(l)= 1

n Ân
i=l+1 E

⇥
ewi ew0

i�l
⇤
, and⌅(l)= 1

n Ân
i=l+1 E

⇥
wi ew0

i�l
⇤
,

as in Adamek et al. (2023).

Let l = min j=1,...,2p l j and l̄ = max j=1,...,2p l j, satisfy (1.125) and let s̄r =

max
n

max j=1,...,p s( j)
r ,max j=1,...,p es( j)

r

o
. Define lmin = min{l , l̄}, lmax = max{l , l̄}, sr,max = max{sr, s̄r}.

Similar to Section 1.4, we define g as a (2p⇥1) vector with |g|2 = 1 and let H = { j = 1, . . . ,2p | g j 6= 0} with

cardinality |H|= h <C. H contains the indices of the coefficients involved in the hypothesis to be tested. The

following theorem establishes the asymptotic normality of the debiased Lasso estimator.

Theorem 6. Suppose that Assumptions 14, 15 and 8 to 11 hold, that s3/2
r,maxlogp/

p
n ! 0, and that the

smallest eigenvalues of ⌦p,n, e⌦p,n and ⌦p,n are bounded away from 0. Furthermore, assume that l 2
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(ln lnn)l r
min [

p
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Then, as n ! •, we have p
ng0(ba(bt)�a0)p

g0 (bt)g
d! N (0,1) ,

uniformly in a0 2 B2p(r,sr), where

 (t) :=
2
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eZ(t)�2 e⌦p,n eZ(t)�2 eZ(t)�2⌦p,nZ(t)�2 � eZ(t)�2 e⌦p,n eZ(t)�2

eZ(t)�2⌦p,nZ(t)�2 � eZ(t)�2 e⌦p,n eZ(t)�2 Z(t)�2⌦p,nZ(t)�2 + eZ(t)�2 e⌦p,n eZ(t)�2 �2 eZ(t)�2⌦p,nZ(t)�2

3

75 .

To estimate the asymptotic variance, we consider the long-run variance kernel estimator, as in Adamek
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et al. (2023), b⌦ = b⌅(0)+
bkn�1
Â

l=1
K
⇣

l
bkn

⌘⇣
b⌅(l)+ b⌅0(l)
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,
be⌦ =

be⌅(0)+
ekn�1
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i�l with bw( j)
i = bv( j)

i bui,
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i�l

with bew
( j)
i =bev

( j)
i bui, and b⌅(l) = 1

n�l

n
Â

i=l+1
bwi bew

0
i�l , the kernel K(·) can be taken as the Bartlett kernel K(l/kn) =

⇣
1� l

kn

⌘
(Newey and West (1987)) and the bandwidths kn, ekn and kn should increase with the sample size at

an appropriate rate. Define kn = max
n
bkn,ekn,kn

o
.

Theorem 7. Take b⌦, be⌦ and b⌦ with kn ! • as n ! •, such that knh2(
p

nh2)
� 1

1/d+m/(m�2)

! 0. Suppose that
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,

and that Assumptions 14, 15 and 8 to 11 hold, then, we have

sup
a02A

(1)
2p (r,sr)

���g0 b (bt)g�g0 (bt)g
���
1
= op(1), (1.36)

sup
a02A

(2)
2p (r,sr)

���g0 b (bt)g�g0 (t0)g
���
1
= op(1), (1.37)

where b (bt) =
2
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beZ(bt)�2 be⌦beZ(bt)�2 beZ(t)�2 b⌦ bZ(t)�2 � beZ(bt)�2 be⌦beZ(bt)�2

beZ(t)�2 b⌦ bZ(t)�2 � beZ(bt)�2 be⌦beZ(bt)�2 bZ(bt)�2 b⌦ bZ(bt)�2 +
beZ(bt)�2 be⌦beZ(bt)�2 �2beZ(t)�2 b⌦ bZ(t)�2

3

75 .

We provide a uniformly consistent covariance matrix estimator in the cases with a fixed threshold effect

and without threshold effect in Theorem 7. Similar to (1.29) and (1.30), there is a slight difference between

the limits of the two asymptotic variances, since there is a true value for the threshold parameter in the case

of a fixed threshold effect.

Theorem 8. Suppose that Assumptions 14, 15 and 8 to 11 hold, thats3/2
r,maxlogp/

p
n ! 0, that the smallest
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eigenvalues of⌦p,n,⌦p,n and that e⌦p,n are bounded away from 0, and knn�
1

2/d+2m/(m�2) ! 0 for some kn !•.

Further, assume that l ⇠ lmax ⇠ lmin, and that
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g0 b (bt)g
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A�F(t)

������
! 0.

Similar to the result in Theorem 4, we show that the convergence of a linear combination of the parameters

of the debiased estimator ba(bt) to the standard normal distribution is uniformly valid over the `r-ball. This

allows researchers to perform uniform inference without specifying whether the specification is a linear or

threshold regression.

1.5.2 Local Projection Inference

In this section, we develop the uniform inference theory for the debiased impulse response parameters in

the high-dimensional local projection (HDLP) threshold model. We focus on the following local projection

threshold regression:

Yi+h =

8
>>>>>>>><

>>>>>>>>:

bh,0 +fhxi +rhYi +⌘0
hws,i +

K

Â
k=1
�0

h,kzt�i +Uh,i, if Qi � t0,

(bh,0 +dh,0)+(fh +dh,x,0)xi +(rh +dh,y,0)Yi +(⌘0
h +d 0

h,⌘,0)ws,i +
K

Â
k=1

(�0
h,k +d 0

h,k,�,0)zt�i +Uh,i,

if Qi < t0.

(1.38)

where h= 0,1, . . . ,hmax, 12 bh = (bh,0,fh,rh,⌘0
h,�

0
h,k)

0 represents the projection parameters when the thresh-

old variable is above the threshold point t0, while bh,0+dh,0,fh+dh,x,0,rh+dh,y,0,⌘h+dh,⌘,0,�h,k+dh,k,�,0

are the projection parameters when the threshold variable is below the threshold point. Uh,i is the projection

error and zi =
⇣
w0

s,i,Yi,xi,w0
f ,i

⌘0
includes the response Yi, the shock variable xi, and the vectors of control

variables consisting of “slow” variables ws,i 2Rns , and the “fast” variables w f ,i 2Rn f for identification pur-

poses. We are interested in fh and fh +dh,x,0, either of which represents the response at horizon h of yi after

an impulse in xi. When d0 = (dh,x,0,dh,y,0,d 0
h,⌘,0,d 0

h,k,�,0)
0 = 0, it reduces to the local projection regression,

12We assume that the unknown threshold parameter (t0) is the same when estimating the impulse response function across different
horizons and that the number of horizons is finite.
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similar to equation (1) in Adamek et al. (2024). We focus on a small number of parameters, allowing us to

rewrite equation (1.38) as

Yi =X 0
H ,i(t0)
1⇥2H

aH ,0
2H⇥1

+X 0
�H ,i(t0)

1⇥(2p�2H)

a�H ,0
(2p�2H)⇥1

+Ui, i = 1, . . . ,n, (1.39)

and furthermore,

Y =XH (t0)aH ,0 +X�H (t0)a�H ,0 +U .

We now have two groups of parameters. The parameters of interest are aH ,0 = (bH,0,dH,0), which belong

to the first group while the second group includes the parameters for control variables, where H is the index

set representing the 2H variables of interest. Without loss of generality, we order the variables in X(t) =

(XH (t),X�H (t)). We then apply the penalization method, as in Adamek et al. (2024), penalizing only the

parameters for control variables a�H ,0. Thus, shrinkage bias does not affect the unpenalized parameters of

interest. We suppress the dependence on h since each horizon of the LPs is estimated separately. The Lasso

estimator is given as follows:

(ba(bt),bt) =
⇣�
ba 0

H (bt), ba 0
�H (bt)

�0
,bt
⌘
= argmin

a2R2p,t2T
||Y �X(t)a||2n +2l |Da|1, (1.40)

where D is an 2p⇥2p diagonal matrix with Di,i = 0 for i 2 H and Di,i = 1. 13 The oracle inequalities are

qualitatively the same as those in Theorem 5.

Next, we consider the debiased Lasso estimator

baH (bt) = baH (bt)+ b⇥(bt)X(bt)0(Y �X(bt)ba(bt))/n, (1.41)

where b⇥(bt) is an 2H ⇥ 2p submatrix of an approximate inverse of b⌃(bt) := X(bt)0X(bt)/n. We still use
13As in Section 2.1 of Adamek et al. (2024), the Lasso estimator can be derived by

(ba�H (bt),bt) = argmin
a2R(2p�2H) ,t2T

����M(XH (t))Y �M(XH (t))X�H (t)a
����2

n +2l |a|1,

baH (bt) = b⌃�1
H

XH (bt)0 (Y �X�H (bt)ba�H )/n,

where M(XH (t)) := I �XH (t)(XH (t)0XH (t))�1XH (t)0, and b⌃H :=XH (t)0XH (t)/n.
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nodewise regression and follow the same process as in Section 1.5.1 to obtain b⇥(bt). We construct

bCH(t) :=

0

BBBBBBB@

1 �bg(2)1 (t) . . . �bg(H)
1 (t) . . . �bg(p)

1 (t)

�bg(1)2 (t) 1 . . . �bg(H)
2 (t) . . . �bg(p)

2 (t)
...

...
. . .

...

�bg(1)H (t) �bg(2)H (t) . . . 1 . . . �bg(p)
H (t)

1

CCCCCCCA

,

and bZH(t)2 := diag
�
bz1(t)2, . . . ,bzH(t)2�, where bz j(t)2 := ||X ( j)(t)�X (� j)(t)bg j(t)||2n+2l j|bg j(t)|1, we thus

obtain bAH(t) = bZH(t)�2 bCH(t). Similarly, we have bBH(t) =
beZH(t)�2 beCH(t). Define ⌦H,p,n, ⌦H,p,n, and

e⌦H,p,n as the top-left H ⇥H submatrices of ⌦p,n, ⌦p,n and e⌦p,n, respectively.
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where

b H (bt) =
2
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beZH (bt)�2 be⌦H

beZH (bt)�2 beZH (t)�2 b⌦H
bZH (t)�2 � beZH (bt)�2 be⌦H

beZH (bt)�2

beZH (t)�2 b⌦H
bZH (t)�2 � beZH (bt)�2 be⌦H

beZH (bt)�2 bZH (bt)�2 b⌦H
bZH (bt)�2 +

beZH (bt)�2 be⌦H

beZH (bt)�2 �2beZH (t)�2 b⌦H
bZH (t)�2

3
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We also use an autocorrelation robust Newey-West long-run covariance estimator, as in Section 1.5.1.

The uniformly consistent covariance results for the cases with no threshold effect and a fixed threshold

effect are similar to those in Theorem 7. The proof of Theorem 9 follows from the proofs of Theorem 8, and

Theorem 1 in Adamek et al. (2024). Therefore, we omit the detailed proof.

1.6 Monte Carlo Simulation and Applications

We study the finite sample properties of the proposed desparsified Lasso estimator for high-dimensional

threshold regression through Monte Carlo experiments. We compare our debiased Lasso estimators for
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threshold regression with those from linear regression in cases with no threshold effect and a fixed threshold

effect. Additionally, We apply our method to two empirical applications, one related to the multiple steady

states of economic growth by Durlauf and Johnson (1995), and the other concerning the effect of a military

spending news shock on government spending and GDP by Ramey and Zubairy (2018).

1.6.1 Monte Carlo Simulation

The implementation of the debiased Lasso method for the linear model is publicly available at https://web.

stanford.edu/⇠montanar/sslasso/code.html. To choose the tuning parameter l , we utilize the regularization

parameter l = 4bs
p
(2logp)/n from equation (31) in Javanmard and Montanari (2014) and ten-fold cross-

validation. However, according to our simulation results, cross-validation does not significantly enhance the

performance, while the processing time is considerably longer. Therefore, we use regularization parameters

for both l and lnode.

Before discussing the results, we briefly describe the data-generating process. We consider the thresh-

old regression model (2.1), where the rows of the design matrix are i.i.d realizations from N(0,⌃), with

S j,k = 0.5| j�k|, a Toeplitz structure, and error terms are Ui ⇠ N(0,0.25). When the threshold variable Qi is

independent of Xi, we take Qi ⇠ uniform(0,1). 14 We also consider the case where the threshold variable

correlates with the covariates. We take t0 = 0.5 unless otherwise specified. We use the grid search method to

find t from 0.15 to 0.85 by steps of 0.01. Without loss of generality, we assume that b0 is a p⇥1 vector with

the first s0 elements being b, the remaining p� s0 elements being zeros and that d0 is a p⇥1 vector with the

first s0 elements being 0, the next s0 elements being b1, and the remaining elements being zeros.

In Figures ?? and ??, we plot the constructed 95% confidence intervals for the realizations (n,2p,s0,b,b1,rQ,X(2) ) =

(400,600,15,1,0.5,0.5) and (n,2p,s0,b,b1,rQ,X(2) ) = (400,600,15,1,0,0.5) for both threshold and linear

regression models. Our debiased estimator for threshold regression performs much better than the debiased

estimator for linear regression when there is a fixed threshold effect. Even when the threshold effect does not

exist, our estimator for the threshold regression still performs comparably to that for the linear regression.

Additionally, we consider 20 independent realizations for each parameter a0,i for each model specifica-

tion. We focus only on the parameters b0,i as we study two separate cases: one with a fixed threshold effect

and the other without a threshold effect (d0,i = 0). We compute the average length of the corresponding

confidence interval Avglength(Ji(b )), and the average

`⌘ p�1 Â
i2[p]

Avglength(Ji(b )). (1.42)

14We also consider the case where the rows of the design matrix are i.i.d. realizations from a binomial distribution with a success
probability of 0.15. The results are similar, so we do not report them.
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(a) (b)

Figure 1.1: 95% confidence intervals for one realization (n,2p,s0,b,b1,rQ,X(2) ) = (400,600,15,1,0.5,0.5)
(with a fixed threshold effect). (a). Our estimator, (b). J& M estimator

(a) (b)

Figure 1.2: 95% confidence intervals for one realization (n,2p,s0,b,b1,rQ,X(2) ) = (400,600,15,1,0,0.5)
(with a fixed threshold effect). (a). Our estimator, (b). J& M estimator

We also compute the average length of intervals for the active and inactive parameters,

`S ⌘ s�1
0 Â

i2S
Avglength(Ji(b )) , `Sc ⌘ (p� s0)

�1 Â
i2Sc

Avglength(Ji(b )), (1.43)

and the average coverage for individual parameters,

dCov ⌘ p�1 Â
i2[p]

bP[b0,i 2 Ji(b )], dCovS ⌘ s�1
0 Â

i2S

bP[b0,i 2 Ji(b )],

dCovSc ⌘ (p� s0)
�1 Â

i2Sc

bP[0 2 Ji(b )],
(1.44)

where bP denotes the empirical probability computed based on the 20 realizations for each configuration. The

results are reported in Table 2.1. The debiased estimator performs better for the active parameters. We show

the robustness of the debiased estimator concerning the presence of a fixed threshold effect, the correlation

between the threshold variable and the covariates, and different magnitudes of effects, varying levels of
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aaaaaaaaaConfiguration

Measure
|bt � t0| ` `S `Sc dCov dCovS dCovSc

(400,600,15,1,0.5,0) 0.007 0.1717 0.1719 0.1717 0.9958 0.9767 0.9968
(400,600,15,1,0,0) - 0.1576 0.1571 0.1576 0.9907 0.94 0.9933
(400,600,45,1,0.5,0) 0.017 0.2171 0.2171 0.2170 0.9935 0.9667 0.9982
(400,600,45,1,0,0) - 0.1813 0.1811 0.1814 0.9913 0.9544 0.9978
(400,600,15,0.5,0.25,0) 0.019 0.1696 0.1689 0.1697 0.9963 0.9867 0.9968
(400,600,15,0.5,0,0) - 0.1593 0.1588 0.1594 0.9907 0.96 0.9923
(400,600,15,1,0.5,0.5) 0.018 0.1722 0.1720 0.1722 0.9953 0.9767 0.9963
(400,600,15,1,0,0.5) - 0.1621 0.1625 0.1621 0.9908 0.95 0.9930
(400,600,15,1,0.5,0)t0 = 0.4 0.012 0.1668 0.1657 0.1669 0.9933 0.9867 0.9937
(400,600,15,1,0,0) - 0.1490 0.1484 0.1490 0.9852 0.94 0.9875

Table 1.1: Simulation results for absolute threshold parameter estimation error, average length of confidence
intervals, and average coverage.

sparsity, and the location of the threshold point.

Figures 1.4 and 1.5 show the sample quantiles of Z, where Z = (zi)
2p
i=1 with

zi =
p

n
⇣
ba(i)(bt)�a(i)

0

⌘
/

rh
b⇥(bt)b⌃xu(bt) b⇥(bt)0

i

i,i
, versus the quantiles of the standard normal distribution

for realizations of the configuration (n, p,s0,b,b1,rQ,X(2) ) = (400,600,10,1,0.5,0) and (n, p,s0,b,b1,rQ,X(2) ) =

(400,600,10,1,0,0). The scattered points are close to the line with a slope of one and an intercept of zero,

which is consistent with the result of Theorem 4 regarding the standard normality of zi.

(a) (b)

Figure 1.3: 95% confidence intervals for one realization (n,2p,s0,b,b1,rQ,X(2) ) = (400,600,15,1,0.5,0.5)
(with a fixed threshold effect). (a). Our estimator, (b). J& M estimator

Additionally, we consider a test for the family of hypotheses
n

H( j)
0 : a( j)

0 = 0
o

for j = 1, . . . ,2p. We

report the familywise error rate (FWER) based on the Bonferroni procedure and the empirical power,

Power = s�1
0 Â

i2S
P(H0,i is rejected) .

We compare our results from threshold models with those from linear regression in Table 1.2. The FWER

based on the threshold model is close to the preassigned significance level of 0.05 and is robust to the mag-
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Figure 1.4: Q-Q plot for one realization (n,2p,s0,b,b1,rQ,X(2) ) = (400,600,15,1,0.5,0) (with a fixed thresh-
old effect).

Figure 1.5: Q-Q plot for one realization (n,2p,s0,b,b1,rQ,X(2) ) = (400,600,15,1,0,0) (without threshold
effect).

nitude of the threshold effect and the level of sparsity. Our debiased Lasso estimator for the threshold model

has more power than that for the linear model, even when the threshold effect is small.

1.6.2 Economic Growth Rate

Durlauf and Johnson (1995) provide a theoretical background for the existence of multiple steady states in

economic growth models. They also consider a broad set of control variables to check the robustness, but Lee

et al. (2016) argue that this approach still restricts variable selection. Therefore, they apply the Lasso method

to simultaneously select covariates and choose between linear and threshold models when dealing with high-

dimensional data. To further identify the relevant covariates, we continue applying a threshold regression

model to study countries’ economic growth and analyze the significance of covariates by the debiased Lasso
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Threshold Model Linear Model
Configuration FWER Power FWER Power

(400,600,15,0.5,0.25,0) 0.049 0.973 0.053 0.535
(400,600,30,0.5,0.25,0) 0.094 0.941 0.097 0.483
(400,600,15,0.5,0.1,0) 0.032 0.59 0.051 0.503

(1000,1200,15,0.5,0.25,0) 0.050 1 0.061 0.615
(1000,1200,30,0.5,0.25,0) 0.101 1 0.107 0.533
(1000,1200,15,0.5,0.1,0) 0.069 0.747 0.053 0.521

Table 1.2: Simulation results for FWER and Power from threshold models and linear models

estimator. Our setup follows Equation (3.1) in Lee et al. (2016),

gri = b0 +b1lgdp60i +X 0
i b2 +1{Qi < t}

�
d0 +d1lgdp60i +X 0

i d2
�
+Ui, (1.45)

where gri is the annualized GDP growth rate for each country i during the period 1960-1985, lgdp60i rep-

resents the log GDP in 1960, and Xi is a vector of additional covariates, including education, demographic

characteristics, market openness, politics, and interaction terms. Table 1 in Lee et al. (2016) provides a de-

tailed introduction to the covariates. We use either the initial GDP or the adult literacy rate in 1960 as the

threshold variable Qi following Durlauf and Johnson (1995) and Lee et al. (2016). The grid interval ranges

from the 10th to the 90th percentiles of the threshold variable. We utilize covariates from Lee et al. (2016) and

the dataset originating from Barro and Lee (1994) and Durlauf and Johnson (1995). With initial GDP as the

threshold variable, we have 79 countries with 46 covariates. With literacy rate as the threshold variable, we

have 67 countries with 47 covariates. The traditional OLS and MLE are no longer valid because of 2p > n.

Tables 1.3 and 1.4 summarize the results with initial gdp and adult literacy rate as the threshold vari-

ables. We reconfirm the existence of the threshold point, as some values of d2 are significantly different

from 0. These results thus verify that multiple steady states exist in growth models. The significance of

covariates varies depending on the regime. Firstly, when initial gdp is the threshold variable, besides some

common variables that affect both developing and developed countries, a positive trade shock and a higher

percentage of secondary school completion will accelerate a developing country’s economic growth, whereas

participating in an external war may decrease a developing country’s economic growth. Secondly, when

the adult literacy rate is the threshold variable, in addition to some common variables that affect both well-

educated and less-educated countries, a higher percentage of secondary school completion will accelerate a

less-educated country’s economic growth. Additionally, the variables selected and the significance of covari-

ates in the threshold model differ from those in linear regressions. Finally, our selected relevant covariates

differ from those in Lee et al. (2016), but our results are more convincing as we report the standard error for
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each significant covariate.

1.6.3 Government Spending and GDP

Ramey and Zubairy (2018) provide theoretical and empirical background on the effect of a military news

shock on government spending and GDP and use state-dependence LP to estimate impulse responses. Later,

Adamek et al. (2024) reestimate the impulse responses through a state-dependence HDLP specification while

including more lags for a robustness check. However, the threshold point defining the state of the economy

in both literatures is based on a predetermined standard. For example, defining the state as slack when the

unemployment rate exceeds 6.5 percent (the US Federal Reserve’s standard). A state is defined as a zero lower

bound (ZLB) when the 3-month Treasury bill rates are below 0.5 percent. We thus apply a high-dimensional

local projection threshold model to find a theoretically more accurate threshold point to define the state and

estimate the impulse responses accordingly. The model is as follows,

Yi+h = bh,0 +bh,1xi +
K

Â
k=1

z0
i�kbh,2,k +1{Qi�1 < t}

 
dh,0 +dh,1xi +

K

Â
k=1

z0
i�kdh,2,k

!
+Uh,i, (1.46)

where Yi includes real per capita GDP and government spending, xi is the military spending news shock, zi

includes lags of the news, GDP, government spending, and tax. We use a quarterly dataset from 1889Q1 to

2015Q4 which is available at https://econweb.ucsd.edu/⇠vramey/research.html#govt. Section II.B in Ramey

and Zubairy (2018) provides a more detailed description of the data and variables. The time series length is

161, spanning a long U.S. history. It includes many prolonged periods of slack state and extended periods

of near-zero bound state, allowing us to estimate the impulse responses over reasonable horizons with non-

changing states. We use one lag of the 3-month Treasury bill rate or one lag of the unemployment rate as

the threshold variable. Section IV. A. and Section V.A in Ramey and Zubairy (2018) present the narrative

reasons for the choice of the variable to define the state of the economy.

When one lag of the 3-month Treasury bill rate is the threshold variable, we take K = 20, and search for

the optimal point in the interval [0,4] (0 and 4.23 are the lowest value and the 70th percentile, respectively,

of the threshold variable) by steps of 0.05. We try horizons from h = 1 to h = 5 for a robustness check. We

then define the state as ZLB when the rate is below 0.45 (the estimate when h = 1) and the normal state when

it is above 0.45. There is only one period in the range [0.45,0.5], where 0.5 is the point to define the state of

the economy in Ramey and Zubairy (2018) based on monetary policy, so our estimator aligns well with that

point. Figure 1.6 shows the impulse responses to a military spending news shock in government spending and

GDP. Compared to Figure 11 in Ramey and Zubairy (2018), in the ZLB state, for government spending, the

peak of our responses occurs at the same horizon, with a larger peak magnitude. For GDP, the peak occurs 2
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quarters earlier, and the peak magnitude is also larger. However, in the normal state, our responses are much

more subtle.

When one lag of the unemployment rate is the threshold variable, we take K = 20, and search for the

optimal point in the interval [3,10] (3.36 and 10.57 are the 10th and 90th percentiles, respectively, of the

threshold variable) by steps of 0.1. We also try horizons from h= 1 to h= 5 for a robustness check. Therefore,

we define the state as the low unemployment state when the unemployment rate is below 5.3 (the estimate

when h = 1) and the high unemployment state (slack state) when it is above 5.3. Figure 1.7 shows the

impulse responses to a military spending news shock in government spending and GDP. Compared to Figure

5 in Ramey and Zubairy (2018) and Figure 4 in Adamek et al. (2024), in the low unemployment state, the

patterns are very similar for both government spending and GDP. In the slack state, for government spending,

the peak of the responses occurs earlier but lasts longer, and the peak magnitude is slightly smaller. For GDP,

compared to Figure 5 in Ramey and Zubairy (2018), the peak of the responses occurs 5 periods earlier, and

the peak magnitude is slightly smaller. While comparing to Figure 4 in Adamek et al. (2024), the peak of the

responses occurs 2 periods earlier, and the peak magnitude is slightly smaller in the slack state. In addition,

the impulse responses are slight at horizon 0 in the linear, high, and low unemployment states.

Our results are more robust as we include more lags, and they are less sensitive to the number of lags

due to the Lasso estimator, which addresses variable selection. In contrast, Ramey and Zubairy (2018) only

include four lags and do not conduct robustness checks for the number of lags, and OLS is not suitable for

variable selection.

1.7 Conclusion

This paper proposes a debiased Lasso estimator for high-dimensional slope parameters in threshold regression

models, allowing for either cross-sectional or time series data. We derive the asymptotic distribution of tests

involving an increasing number of slope parameters and construct uniformly valid confidence bands. We

show that the asymptotic distributions are the same in the cases with no threshold effect and a fixed threshold

effect. Our study allows for less restrictive assumptions than existing research in high-dimensional threshold

models, accommodating heteroskedastic non-subgaussian error terms and non-subgaussian covariates. Future

research directions could include considering multiple threshold points or multiple threshold variables in the

current framework and developing uniform inference theory in dynamic panel data models with threshold

effects.
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Table 1.3: Estimates and standard errors (in parentheses) with Q = gd p60

Linear Model Threshold Model
bt = 2978

bb bd
lgdp60 �0.0172⇤⇤⇤ �0.0139⇤⇤⇤ -

(0.0004) (0.0004)
lsk 0.0078⇤⇤⇤ 0.0070⇤⇤⇤ -

(0.0018) (0.0018)
pyrf60 - - �0.0002⇤

(0.0024)
syrf60 - - (�7.9203⇥10�5)⇤

(0.0015)
nof60 0.0019⇤⇤⇤ - (8.1229⇥10�5)⇤⇤⇤

(0.0008) (0.0009)
seccm60 0.0047⇤⇤⇤ - 0.0062⇤⇤⇤

(0.0019) (0.0024)
seccf60 - (�9.8805⇥10�5)⇤ -

(0.0016)
llife 0.0349⇤⇤⇤ 0.0200⇤⇤⇤ -

(0.0008) (0.0008)
lfert �0.0136⇤⇤⇤ �0.0127⇤⇤⇤ -

(0.0021) (0.0021)
edu/gdp 0.0615⇤⇤⇤ 0.1203⇤⇤⇤ -

(0.0766) (0.0772)
gcon/gdp �0.0767⇤⇤⇤ �0.0840⇤⇤⇤ -

(0.0274) (0.0272)
revol �0.0007⇤⇤ �0.0017⇤⇤⇤ -

(0.0101) (0.0107)
wardum �0.0036⇤⇤⇤ �0.0003⇤ �0.0033⇤⇤⇤

(0.0041) (0.0039) (0.0044)
wartime �0.0140⇤⇤⇤ �0.0190⇤⇤⇤ -

(0.0057) (0.0132)
lbmp �0.0230⇤⇤⇤ �0.0234⇤⇤⇤ �0.0007⇤⇤

(0.0091) (0.0085) (0.0088)
tot 0.0798⇤⇤⇤ - 0.0971⇤⇤⇤

(0.0526) (0.0931)
lgdp60⇥pyrf60 (1.6110⇥10�5)⇤⇤ - (�3.4547⇥10�5)⇤⇤

(0.0003) (0.0004)
lgdp60⇥ syrf60 - - (3.0148⇥10�5)⇤⇤⇤

(0.0002)
lgdp60⇥prim60 �0.0004⇤⇤⇤ �0.0004⇤⇤⇤ -

(0.0001) (0.0001)
lgdp60⇥ seccf60 - (�1.4203⇥10�5)⇤ -

- (9.3643⇥10�5) -
lgdp60⇥ seccm60 - - (2.5449⇥10�5)⇤⇤

(0.0003)
Note: *** p<0.01, ** p<0.05, * p<0.10.
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Table 1.4: Estimates and standard errors (in parentheses) with Q = lr

Linear Model Threshold Model
bt = 83

bb bd
lgdp60 �0.0138⇤⇤⇤ �0.0090⇤⇤⇤ -

(0.0004) (0.0004)
lsk 0.0086⇤⇤⇤ 0.0085⇤⇤⇤ -

(0.0018) (0.0018)
pyrf60 - - �0.0002⇤

(0.0023)
seccm60 0.0045⇤⇤⇤ - 0.0061⇤⇤⇤

(0.0019) (0.0025)
llife 0.0267⇤⇤⇤ 0.0158⇤⇤⇤ -

(0.0008) (0.0008)
lfert �0.0138⇤⇤⇤ �0.0132⇤⇤⇤ -

(0.0021) (0.0021)
gcon/gdp �0.0717⇤⇤⇤ �0.0732⇤⇤⇤ -

(0.0284) (0.0275)
revol �0.0013⇤⇤⇤ �0.0009⇤⇤ -

(0.0105) (0.0111)
wardum �0.0011⇤⇤⇤ �0.0010⇤⇤⇤ �0.0003⇤

(0.0042) (0.0040) (0.0043)
wartime �0.0195⇤⇤⇤ �0.0245⇤⇤⇤ �0.0023⇤⇤

(0.0074) (0.0173) (0.0205)
lbmp �0.0176⇤⇤⇤ �0.0148⇤⇤⇤ �0.0008⇤⇤

(0.0092) (0.0085) (0.0090)
tot 0.1210⇤⇤⇤ �0.0637⇤⇤⇤ 0.0112⇤⇤

(0.0436) (0.0789) (0.0813)
lgdp60⇥pyrf60 (�8.6678⇥10�5)⇤⇤⇤ (�2.2235⇥10�5)⇤⇤ (4.3976⇥10�5)⇤⇤⇤

(0.0003) (0.0003) (0.0004)
lgdp60⇥hyrm60 0.0001⇤⇤⇤ (5.9845⇥10�5)⇤⇤⇤ -

(0.0002) (0.0001)
lgdp60⇥nof60 0.0003⇤⇤⇤ (1.0465⇥10�5)⇤⇤⇤ -

(0.0001) (4.1041⇥10�5)
lgdp60⇥prim60 �0.0002⇤⇤⇤ �0.0003⇤⇤⇤ -

(0.0001) (0.0001)
lgdp60⇥prif60 (�8.0069⇥10�5)⇤⇤⇤ �0.0001⇤⇤⇤ (�4.1852⇥10�5)⇤⇤⇤

(0.0001) (0.0001) (0.0002)
lgdp60⇥ seccm60 - - (3.4412⇥10�5)⇤⇤

(0.0004)
lgdp60⇥ seccf60 (�1.0598⇥10�5)⇤⇤ - -

(0.0002)
Note: *** p<0.01, ** p<0.05, * p<0.10.
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Figure 1.6: Impulse responses to a military spending news shock of the size
of 1% of GDP in government spending and GDP.

Figure 1.7: Impulse responses to a military spending news shock of the size
of 1% of GDP in government spending and GDP.
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1.8 Appendix A

We first recall the concentration inequality from Chernozhukov et al. (2014) and Chernozhukov et al. (2015),

as formulated in Lemma 2 of Chiang et al. (2023), to derive oracle inequalities. For notation, C is an arbitrary

positive finite constant, and its value may vary from line to line.

Lemma 2 (A Concentration Inequality). Let {Xi}n
i=1 be p-dimensional independent random vectors, B =s

E


max1in max1 jp

���X ( j)
i

���
2
�

and s2 =

max1 jp 1/nÂn
i=1 E

⇣
X ( j)

i

⌘2
�
. For C > 0, with probability at least 1�C(logn)�1,

max
1 jp

�����
1
n

n

Â
i=1

⇣
X ( j)

i �E
h
X ( j)

i

i⌘�����.
r

s2log(p_n)
n

+
Blog(p_n)

n
.

Without loss of generality, we will assume p > n throughout the appendix.

Lemma 3 (A Concentration Inequality for Partial Sum of Random Variables). Let {Xi}n
i=1 be p-dimensional

independent random vectors, B =s

E


max1in max1 jp

���X ( j)
i

���
2
�

and s2 = max1 jp 1/nÂn
i=1 E

⇣
X ( j)

i

⌘2
�
. For C > 0, with probability at

least 1�C(logn)�1, we have

(i) max
1 jp
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1
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,

(ii) max
1 jp
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1qkn

�����
1
n

k

Â
i=q

⇣
X ( j)
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h
X ( j)
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i⌘�����.
r
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n
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Blog(pn2)

n
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Proof of Lemma 3. Denote a deterministic upper triangular matrix with all elements equal to one by Xn,n :

Xn,n =

0

BBBBBBB@

1 1 · · · 1

0 1 · · · 1
...

...
. . .

...

0 0 · · · 1

1

CCCCCCCA

. (1.47)

Let x (k)
i be the i-th row, k-th column element of Xn,n, and ex (q)

i be the i-th row and q-th column of the transpose

of Xn,n, denoted by XT
n,n.

To prove (i), write

max
1 jp
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1kn

�����

k
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�����
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and X ( j)
i x (k)

i is a independent random variable. Due to the speciality of matrix Xn,n, we obtain

max1 jp max1kn 1/nÂn
i=1 E
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i x (k)
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(i) thus holds with probability at least 1�C(logn)�1.

Next for (ii), write
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(ii) thus holds with probability at least 1�C(logn)�1.

1.8.1 Proofs for Section 1.3.2

To establish the prediction consistency of the Lasso estimator, we define some regularized events and provide

some inequalities.

Lemma 4 (Regularized events A1 and A2). Suppose that Assumption 12 holds and set l by (2.7). Let

µ1 = µ/A and define the events
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, then P(A1)� 1�C(logn)�1,

P(A2)� 1�C(logn)�1,P(A0
2)� 1�C(logn)�1,and P(A1 \A2)� 1�C(logn)�1.
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Proof of Lemma 4. Under Assumption 12, let s2 =max1 jp 1/nÂn
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which implies that A1 holds.

Next, consider A2. Similarly, under Assumption 12, let s2 = max1 jp 1/nÂn
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which implies that A2 holds. By the same steps, we can obtain that A0
2 holds with probability at least 1�

C(logn)�1.

Since P(A1 \A2)� 1�P(Ac
1)�P(Ac

2), we prove the lemma.

Lemma 5 (Regularized events A3 and A4). Suppose that Assumption 12 hold and set l by (2.7). Let µ2 =

2µ1/C3 and define
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Then, P(A3)� 1�C(logn)�1,P(A4)� 1�C(logn)�1,and P(A3 \A4)� 1�C(logn)�1.

Proof of Lemma 5. Under Assumption 12, let s2 = max1 jp 1/nÂn
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holds with probability at least 1�C(logn)�1, and conditional on A0
2,

max
1 jp

�����
1��X ( j)
��

n

1
n

n

Â
i=1

UiX
( j)
i

�����.
1

min1 jp
��X ( j)

��
n

r
log(p)

n
 µ1l

C3
.

We thus obtain that A3 holds with probability at least 1�C(logn)�1.

Next, consider the event A4. Since we have n observations, sort {Xi,Ui,Qi}n
i=1 by (Q1, . . . ,Qn) in as-

cending order. Given the sorted Qi, the supremum over t is achieved at one of the points Q(i). Thus, for

j = 1, . . . , p,
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Under Assumption 12, let s2 = max1 jp 1/nÂn
i=1 E

⇣
UiX

( j)
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, which is bounded, and B 
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Lemma 3 (i), with probability at least 1�C(logn)�1,
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which implies A4 holds.

We will follow appendix C in Lee et al. (2016) to establish our oracle inequalities. Define J0 = J(a0),

bD = bD(bt), D =D(t0) and Rn = Rn(a0,t0), where

Rn(a,t) := 2n�1
n

Â
i=1

UiX 0
i d {1(Qi < bt)�1(Qi < t)} .

Lemma 6. Conditional on the events A1, A2, A3 and A4, for 0 < µ < 1, we have
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Lemma 6 directly follows from Lemma 5 in Lee et al. (2016), so the proof is omitted.

Proof of Lemma 1. Conditional on the events A1, A2, A3 and A4, the three terms on the right-hand side of

(1.48) can be bounded as follows by using Hölder’s inequality:
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Combining (1.50), (1.51) and (1.52) with (1.48) yields
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1.8.2 Proofs for Section 1.3.2.1

Our first result is a preliminary lemma that can be used to prove adaptive restricted eigenvalue condition.

Lemma 7. Suppose that Assumption 12 hold, with probability at least 1�C(logn)�1, we have
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Proof of Lemma 7. Under Assumption 12, let s2 =max1 j,lp 1/nÂn
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implying that
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Next, sort (Xi,Ui,Qi)n
i=1 by (Q1, ...,Qn) in ascending order, we have
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Under Assumption 12, let s2 = max1 j,lp 1/nÂn
i=1 E

⇣
X ( j)

i X (l)
i

⌘2
�
, which is bounded, and B 

q
M2

XX ,

by Lemma 3 (i), with probability at least 1�C(logn)�1,
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implying that
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Now we consider the empirical UARE condition. Define

bk(s0,c0,T, b⌃) = min
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and recall Assumption 13 (2.8)
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Lemma 8. Suppose that Assumptions 12-13 hold, let
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2
< bk(c0,T, b⌃)

2
�
,

A5 holds with probability at least 1�C(logn)�1.
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Proof of Lemma 8. Write
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By Holders’ inequality,
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According to the defined restriction set, we have
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Minimizing the right hand side over t 2 T yields
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The above inequality holds for all t 2 T and
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By Lemma 7, with probability at least 1�C(logn)�1,

(1+ c0)
2s0 sup

t2T

�����
1
n
X(t)0X(t)� 1

n

n

Â
i=1

E
⇥
Xi(t)0Xi(t)

⇤
�����

•

.
 r

log p
n

!
, (1.57)

thus, with probability at least 1�C(logn)�1, (1+ c0)2s0 supt2T ||1/nX(t)0X(t)�
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2 , we prove the lemma.

Lemma 9. Suppose that d0 = 0 and that Assumptions 12 amd 13 hold with k = k
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Proof of Lemma 9. Following the proof of Lemma 9 in Lee et al. (2016), conditional on events A1, A2, A3,

A4 and A5, we have
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which implies that
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Combining (1.58) with (1.60) yields
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Next, conditional on A1, A3, A4 and A5, by (1.59) and (1.60),
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we thus have
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Proof of Theorem 1. The proof follows immediately from combining Assumptions 12 and 13 with Lemma

9. Specially, P(A1 \A2 \A3 \A4 \A5)� 1�C(logn)�1.

1.8.3 Proofs for Section 1.3.2.2

The following lemma provides an upper bound for |bt � t0| .
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Lemma 10. Suppose that Assumption 14 holds. Let
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then, conditional on the events A1, A2, A3 and A4, we have
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Proof of Lemma 10. Following the proof of Lemma 11 in Lee et al. (2016), conditional on the events A1, A2,

A3 and A4, we have
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the second inequality in (1.65) is obtained by applying (1.50), (1.51) and (1.52) to bound the last three terms,

and the last inequality follows from Lemma 1.

Now suppose that |bt � t0|> h⇤, then Assumption 14 and (1.65) together imply that
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which leads to contradiction as bt is the minimizer of (2.4). Therefore, we have proved the lemma.

Lemma 11. Suppose that Assumption 12 holds, then for any h > Clogp/n > 0, with C > 0, there exists a
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Proof of Lemma 11. Under Assumption 12, Qi is continuously distributed, and
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is continuous and bounded in a neighborhood of t0 for all 1  j, l  p, and by (1.53),

(1.66) holds immediately.

To show that (1.67) holds, we sort {Xi,Ui,Qi}n
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under Assumption 12 (iv), with h > Clogp/n > 0, by lemma 3, (1.67) holds with probability at least 1�

C(logn)�1.

We now provide a lemma for bounding the prediction loss and the l1 estimation loss for a0. To do so, we
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Lemma 12. Suppose that |bt � t0| ct and |ba �a0|1  ca for some (ct ,ca). Suppose that Assumptions 13
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Proof of Lemma 12. The proof follows that of Lemma 12 in Lee et al. (2016). We have
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p

ct , (1.68)

by (1.67). Conditioning on A4, the triangular inequality implies that
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(1.69)

where the last inequality is by Assumption 15. We now consider two cases:
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Case (i): Combining (1.68) and (1.69) yields
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Along with (1.48), we have
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which implies

(1�µ)
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1
 3
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1
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Then, subtracting (1�µ)
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1
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1
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1
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In this case, we are applying Assumption 13 with adaptive restricted eigenvalue condition k
⇣

s0,
2+µ
1�µ ,S,⌃

⌘
.

Since |bt � t0|  ct , Assumption 13 only requires to hold with S in the ct neighborhood of t0. As d0 6= 0,
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(1.60) now includes an extra term
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where the last inequality is due to conditioning on events A1 and Assumption 15. Combining this result with

(1.70) yields
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Applying a+b  2a_2b, we get the upper bound of
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We next derive the upper bound for kba �a0k1, using (1.71),
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where the last inequality is due to conditioning on A3. Then using the inequality that a+ b  2a_ 2b with

(1.63) and (1.72) yields
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Case (ii): In this case, (1.48) shows
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which provides the result.

We further tighten the bound for |bt � t0| in the following lemma using Lemmas 10 and 12.

Lemma 13. Suppose that |bt � t0| ct and |ba �a0|1  ca for some (ct ,ca). Let eh =C�1
4 l

⇣
(1+µ)

q
C2

2 +µlca +G1

⌘
.

If Assumption 14 holds, then conditional on the events A1, A2, A3, and A4, we have,

|bt � t0| eh .

Proof of Lemma 13. The proof follows that of Lemma 13 in Lee et al. (2016). Conditioning on A1, A2, A3,

A4 and (1.67), we derive
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Suppose eh < |bt � t0| ct . As in (1.64),
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where the last inequality is due to Assumption 14, Hölder’s inequality and (1.69).

Since C4eh =
⇣
(1+µ)

q
C2

2 +µ1lca +G1

⌘
l by definitation, similarly to the proof of Lemma 10, con-

tradiction yields the result.

There are three different bounds for |a �a0|1 in Lemma 12 and the two terms G1 and G3 are functions of

ct and ca . We thus apply Lemmas 12 and 13 iteratively to tighten up the bounds. We start the iteration with
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Lemma 14. Suppose that Assumptions 12 to 15 hold with S = {|t � t0| h⇤}, k = k
⇣

s0,
2+µ
1�µ ,S,⌃

⌘
for

0 < µ < 1. Let (ba,bt) be the Lasso estimator defined by (2.4) with l given by (2.7). In addition, there exists

a sequence of constants h1, ...,hm⇤ for some finite m⇤. With probability at least 1�C(logn)�1, we have
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Proof of Lemma 14. The proof follows that of Lemma 14 in Lee et al. (2016). The iteration to implement is

as follows:
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(1.73)

as G(m�1)
1 > 0, G2l s0 > 0 and c(m)

a � 3
(1�µ)

p
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3�µl
G2l s0.

Note that (1.73) shows c(m)
t �Cs0

log p
2n , which is a necessary condition to apply Lemma 10 through Lemma
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13. Then c(m
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which is the bound for |bt � t0|.

Next, we turn to prove the existence of m⇤. First, by induction, we can show that G(m�1)
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t are decreasing as m increases. We start the iteration with c(0)t and c(0)a in step 1. In step 2, as long as
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Proof of Theorem 2. The proof follows immediately from Lemma 14 under Assumptions 12 to 16. Specially,

P(A1 \A2 \A3 \A4 \A5)� 1�C(logn)�1.

1.8.4 Proofs for the Asymptotic Properties of Nodewise Regression Estimator

The proof is similar to that of Lemma A.9 in the Appendix of Caner and Kock (2018). Define the following
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Lemma 15. Suppose that Assumptions 12-6 hold and that bd (bt) 6= 0 via (2.4). Set lnode =
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i be the element in the i-th row and l � th

column of the transpose of Xn,n, we can then obtain that Bnode holds with probability at least 1�C(logn)�1.

Next, for each j+ p 2 H, by Lemma 8

(1+ c0)
2s j sup

t2T
k bM� j,� j(t)�M� j,� j(t)k•  (1+ c0)

2s̄sup
t2T

k bM(t)�M(t)k•

 k(s̄,c0,T,M)

2


k(s j,c0,T,M)

2

implies that ⇢
(1+ c0)

2s j sup
t2T

k bM� j,� j(t)�M� j,� j(t)k• 
k(s j,c0,T,M)

2

�
⇢ A( j)

EV .

Then we have,

⇢
(1+ c0)

2s̄sup
t2T

k bM(t)�M(t)k•  k(s̄,c0,T,M)

2

�
⇢ \ j+p2HA( j)

EV .

We thus obtain, by Lemma 8, that \ j+p2HA( j)
EV holds with probability at least 1 �C(logn)�1 provided

that k(s j,c0,T,M) > 0. Similarly, we can show that \ j2Hor j+p2HB( j)
EV holds with probability at least 1�

C(logn)�1.

Therefore, by P(A\B)� 1�P(Ac)�P(Bc
2), we derive

P
⇣
Anode \

⇣
\ j+p2HA( j)

EV

⌘
\Bnode \

⇣
\ j2Hor j+p2HB( j)

EV

⌘⌘
� 1�C(logn)�1.
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Lemma 16. Suppose that Assumptions 12-6 hold and set lnode =
C
µ

q
log p

n . Then,

max
j2H

sup
t2T

���bQ j(t)�Q j(t)
���
1
= Op

 
s̄

r
log p

n

!
(1.74)

max
j2H

sup
t2T

���bQ j(t)�Q j(t)
���
2
= Op

 r
s̄ log p

n

!
(1.75)

max
j2H

sup
t2T

���bQ j(t)
���
1
= Op

⇣p
s̄
⌘

(1.76)

max
j2H

sup
t2T

���bQ j(t)0 b⌃(t)� e0j
���
•
= Op

 r
log p

n

!
(1.77)

Proof of Lemma 16. Given 8t 2T and each j 2 H or j+ p 2 H, (1.20) is a loss function for linear model, the

pointwise oracle inequalities for linear model have been proved in Theorem 2.4 of van de Geer et al. (2014).

Since the uniform oracle inequalities only involve the noise conditions Anode and Bnode, and adaptive re-

stricted eigenvalue conditions \ j+p2HA( j)
EV and \ j2Hor j+p2HB( j)

EV , by Lemma 15, we obtain that the following

results hold uniformly in T and H,

sup
t2T

max
j+p2H

|X (� j)(t)0g j(t)�X (� j)(t)0bg j(t)|n 
C

k(s̄,c0,T,M)

p
s̄,lnode (1.78)

sup
t2T

max
j+p2H

��g j(t)� bg j(t)
��
1 

C
k(s̄,c0,T,M)2 , s̄,lnode (1.79)

with probability at least 1� (logn)�1.

In line with the inequalities presented in Lemma A.9 in the Appendix of Caner and Kock (2018), we can
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thus establish the following set of inequalities:

max
j+p2H

sup
t2T

���bA j(t)�A j(t)
���
1
= Op

 
s̄

r
log p

n

!
(1.80)

max
j+p2H

sup
t2T

���bA j(t)�A j(t)
���
2
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 r
s̄ log p

n

!
(1.81)

max
j+p2H

sup
t2T

���bA j(t)
���
1
= Op

⇣p
s̄
⌘

(1.82)

max
j+p2H

sup
t2T

1
bz j(t)2 = Op (1) (1.83)

max
j2Hor j+p2H

sup
t2T

���bB j(t)�B j(t)
���
1
= Op

 
s̄

r
log p

n

!
(1.84)

max
j2Hor j+p2H

sup
t2T

���bB j(t)�B j(t)
���
2
= Op

 r
s̄ log p

n

!
(1.85)

max
j2Hor j+p2H

sup
t2T

���bB j(t)
���
1
= Op

⇣p
s̄
⌘

(1.86)

max
j2Hor j+p2H

sup
t2T

1
bez j(t)2

= Op (1) (1.87)

Now consider (1.12) and (1.27),

max
j2H

sup
t2T

���bQ j(t)�Q j(t)
���
1


max
j2Hor j+p2H

sup
t2T

max
n

2
���bB j(t)�B j(t)

���
1
,2
���bB j(t)�B j(t)

���
1
+
���bA j(t)�A j(t)

���
1

o
,

max
j2H

sup
t2T

���bQ j(t)�Q j(t)
���
2


max
j2Hor j+p2H

sup
t2T

max
n

2
���bB j(t)�B j(t)

���
2
,2
���bB j(t)�B j(t)

���
2
+
���bA j(t)�A j(t)

���
2

o
,

max
j2H

sup
t2T

���bQ j(t)
���
1
 max

j2Hor j+p2H
sup
t2T

max
n

2
���bB j(t)

���
1
,2
���bB j(t)

���
1
+
���bA j(t)

���
1

o
.

We thus have proved the first 3 inequalities in Lemma 16.

Next, we will bound max j2H supt2T

���bQ j(t)0 b⌃(t)� e0j
���
•
. We can show that bA(t) is an approximate in-

verse matrix of cM(t). Let bA j(t) denote the j-th row of bA(t), we then have bA j(t) = bCj(t)/bz j(t)2. Denoting

by ee j the j-th unit vector, the KKT conditions imply that

��� bA j(t)0cM(t)�ee0j
���
•

���b�j(t)

���
lnode

bz j(t)2 . (1.88)
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Similarly, we have
���bB j(t)0cN(t)�ee0j

���
•

����
be�j(t)

����
lnode
bez j(t)2

. (1.89)

Therefore, we obtain

max
j2H\ jp

sup
t2T

���bQ j(t)0 b⌃(t)� e0j
���
•
= max

j2H\ jp
sup
t2T

�������

h
bB j(t) � bB j(t)

i
2

64
cM cM(t)

cM(t) cM(t)

3

75� e0j

�������
•

= max
j2H\ jp

sup
t2T

���
h
bB j(t)cN(t) 0

i
� e0j

���
•
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j2H\ jp
sup
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���bB j(t)0cN(t)�ee0j
���
•
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j2H\ jp
sup
t2T

lnode
bez j(t)2

.

max
j+p2H

sup
t2T

���bQ j(t)0 b⌃(t)� e0j
���
•
= max

j+p2H
sup
t2T

�������

h
�bB j(t) bB j(t)+ bA j(t)

i
2

64
cM cM(t)

cM(t) cM(t)

3

75� e0j

�������
•
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j+p2H

sup
t2T

���
h
bA j(t)cM(t)� bB j(t)cN(t) bA j(t)cM(t)

i
�
⇥
0 ee0j

⇤���
•

 max
j+p2H

sup
t2T

max
n���bA j(t)0cM(t)�ee0j

���
•
+
���bB j(t)0cN(t)�ee0j

���
•
,
���bA j(t)0cM(t)�ee0j

���
•

o

 max
j+p2H

sup
t2T

lnode

bz j(t)2 +
lnode
bez j(t)2

.

1.8.5 Proofs for Theorem 3

1.8.5.1 No Threshold Effect

We first prove the case with no threshold effect, i.e. the true model is linear.

To show that the ratio

t =
p

ng0(ba(bt)�a0)q
g0 b⇥(bt)b⌃xu(bt) b⇥(bt)0g

(1.90)

is asymptotically standard normal. First, by (1.17), we have t = t1 + t2, where

t1 =
g0 b⇥(bt)X(bt)0U/n1/2
q

g0 b⇥(bt)b⌃xu(bt) b⇥(bt)0g
, and t2 =

g0D(bt)q
g0 b⇥(bt)b⌃xu(bt) b⇥(bt)0g

,

which suffices to show that t1 is asymptotically standard normal and t2 = op(1).

Lemma 17. Suppose that Assumptions 12, 13, 6 and 7 hold, conditional on events A1, A2, A3, A4, A5, we

have g0D(bt) = Op

⇣
s0
p

h log pp
n

⌘
.
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Proof of Lemma 17. By Hölder’s inequality, Theorem 1, and Lemma 16, we obtain

g0D(bt) max
j2H

|D j(bt)| Â
j2H

|g j|= max
j2H

���
⇣
bQ j(bt)b⌃(bt)� e0j

⌘p
n(ba(bt)�a0)

��� Â
j2H

|g j|

 max
1 j2p

���bQ j(bt)b⌃(bt)� e0j
���
•

p
n |ba(bt)�a0|1 Â

j2H
|g j|

C

 
lnode
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2
j(bt)

+
lnode

bz2
2
j(bt)

!
·
p

n ·l s0
p

h = Op

 
s0
p

h log pp
n

!
.

Lemma 18. Suppose that Assumption 7 hold, then

max
1k,l, jp

�����
1
n

n

Â
i=1

⇣
X (k)

i X (l)
i X ( j)

i
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� 1

n

n

Â
i=1

E
⇣

X (k)
i X (l)

i X ( j)
i

⌘2
������= Op

 r
log p

n

!
,

max
1k,lp

�����
1
n

n

Â
i=1

⇣
X (k)

i X (l)
i Ui

⌘2
� 1

n

n

Â
i=1

E
⇣

X (k)
i X (l)

i Ui

⌘2
������= Op

 r
log p

n

!
,

max
1l,k2p

sup
t2T

�����
1
n

n

Â
i=1

X(k)
i (t)X(l)

i (t)U2
i � 1

n

n

Â
i=1

E
h
X(k)

i (t)X(l)
i (t)U2

i

i�����= Op

✓p
log pp

n

◆
.

Proof of Lemma 18. Under Assumption 7, by applying Lemmas 2 and 3, we can obtain the results using

similar proofs as in Lemmas 5 and 7; therefore, the proof is omitted.

Lemma 19. Suppose that Assumptions 12 to 7 hold, conditional on events A1, A2, A3, A4 and A5, then we

have

���g0 b⇥(bt)b⌃xu(bt) b⇥(bt)0g�g0⇥(bt)⌃xu(bt)⇥(bt)0g
���= Op

 
hs̄
q

s3
0

r
log p

n

!
.

Proof of Lemma 19. Recall no threshold effect case, we have ⌃xu(bt) = E
⇥ 1

n Ân
i=1Xi(bt)X 0

i (bt)U2
i
⇤
, bUi(bt) =

Yi �X 0
i (bt)ba(bt) =Ui +Xi(bt)0a0 �Xi(bt)0ba(bt), b⌃xu(bt) = 1

n Ân
i=1Xi(bt)Xi(bt)0 bUi(bt)2, and define e⌃xu(bt) =

1
n Ân

i=1Xi(bt)Xi(bt)0U2
i . Then we will follow the proof (part b) of Theorem 2 in Caner and Kock (2018) to

derive our results. First, to prove this lemma, we need to prove the followings, as (A.62), (A.63) and (A.64)

in Caner and Kock (2018),

���g0 b⇥(bt)b⌃xu(bt) b⇥(bt)0g�g0 b⇥(bt)e⌃xu(bt) b⇥(bt)0g
���= op(1), (1.91)

���g0 b⇥(bt)e⌃xu(bt) b⇥(bt)0g�g0 b⇥(bt)⌃xu(bt) b⇥(bt)0g
���= op(1), (1.92)
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���g0 b⇥(bt)⌃xu(bt) b⇥(bt)0g�g0⇥(bt)⌃xu(bt)⇥(bt)0g
���= op(1). (1.93)

To prove (1.91), we write

���g0 b⇥(bt)b⌃xu(bt) b⇥(bt)0g�g0 b⇥(bt)e⌃xu(bt) b⇥(bt)0g
���


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1
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Then we obtain,
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By Cauchy-Schwarz inequality and Hölder’s inequality
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the last equality follows from Lemma 18, and |ba(bt)|1  |a0|1+Op

✓
s0

q
log p

n

◆
, kX(bt)ba(bt)�X(bt)a0kn =
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✓
p
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q
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n

◆
by Theorem 1, and |a0|1 = Op(s0) under Assumption 12. Also, we have
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We then obtain
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Therefore,
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To prove (1.92), we have

e⌃xu(bt)�⌃xu(bt) =
1
n

n

Â
i=1

Xi(bt)Xi(bt)0U2
i � 1

n

n

Â
i=1

E
⇥
Xi(bt)Xi(bt)0U2

i
⇤
.

We thus derive

���g0 b⇥(bt)e⌃xu(bt) b⇥(bt)0g�g0 b⇥(bt)⌃xu(bt) b⇥(bt)0g
���
���g0 b⇥(bt)

⇣
e⌃xu(bt)�⌃xu(bt)

⌘
b⇥(bt)0g

���


���g0 b⇥(bt)

���
2

1

���e⌃xu(bt)�⌃xu(bt)
���

•

 

Â
j2H

|g j|max
j2H

sup
t2T

���bQ j(bt)
���
1

!2���e⌃xu(bt)�⌃xu(bt)
���

•

Op (hs̄)Op

 r
log p

n

!
= Op

 
hs̄

r
log p

n

!
.

59



To prove (1.93), we write
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Furthermore,
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Finally, under Assumption 7 (ii),
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Proof of Theorem 3 in no threshold effect case. Step 1.
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Step 1.1) Given that t0 is undefined and unknown in the current setup, it is necessary to show the asymp-

totic standard normality of t 01(t) =
g0⇥(t)X 0(t)U/n1/2p
g0⇥(t)⌃(t)xu⇥(t)0g

uniformly over t 2 T. Subsequently, for any bt ob-

tained from (2.4), we need to show get t 01(bt) and t1 are asymptotically equivalent.

We will follow the proof (part a) of Theorem 2 in Caner and Kock (2018) to derive our results. As
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Next, we will apply Lyapounov’s central limit theorem for a sequence of independent random variables, we
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where the first inequality follows from the Holder’s inequality.
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Next, we show that g0⇥(t)Sxu(t)⇥(t)0g is asymptotically bounded away from zero. We have,
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which is bounded away from zero since k(s̄,c0,T,⌃xu) and k(s̄,c0,T,⇥) are bounded away from zero under

Assumption 7 (iv). The Lyapunov condition is thus satisfied. For 8t 2 T, t 01(t) converges in distribution to a

standard normal distribution.

Step 1.2).
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where the first equality holds by conditioning on A1, A2, A3 and A4 and by Lemma 16, and the last equality

holds under Assumption 7 (ii). In addition, we can show
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by Lemma 19. Thus, |t1 � t 01(bt)|= op(1).

Step 2. In addition, we have
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by Lemma 17. Finally, by Slutsky’s theorem, t = op(1)+ t 01(bt)
d! N(0,1).

1.8.5.2 Fixed Threshold Effect

This subsection proves the case where the threshold effect is well-identified and discontinuous. To show that

the ratio
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is asymptotically standard normal. Now, by (1.19), t = t1 + t2, where
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which still suffices to show that t1 is asymptotically standard normal and t2 = op(1).

Lemma 20. Suppose that Assumptions 12 to 7 hold, conditional on events A1, A2, A3, A4, and A5, then we
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Proof of Lemma 20. Recall that D(t) =
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The result of Lemma 20 is similar to that of Lemma 17 but is derived under different conditions.

Lemma 21. Suppose that Assumptions 12 to 7 hold and let g be 2p⇥ 1 vector satisfying |g|2 = 1. Then,

conditional on events A1, A2, A3, A4, and A5, we have
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Proof of Lemma 21. As Qi is continuously distributed and E
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(1.98)

We thus have,
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log p

n = op(1) under Assumption 12.

Lemma 22. Suppose that Assumptions 12 to 7 hold, conditional on events A1, A2, A3, A4, and A5, then we
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Proof of Lemma 22. There are only two cases for X(bt)0X(t0): X(bt)0X(t0)=X(t0)0X(t0) or X(bt)0X(t0)=
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where the last equality follows from Assumption 15, and we know that supt2T
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Lemma 23. Suppose that Assumptions 12 to 7 hold, conditional on events A1, A2, A3, A4, and A5, then we

have
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Proof of Lemma 23. Recall the fixed threshold effect case, we have ⌃xu(bt) = E
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By Cauchy-Schwarz inequality and Hölder’s inequality
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We then obtain
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Proving (1.100) and (1.101) is the same as deriving (1.92) and (1.93) in Lemma 19.

Lemma 24. Suppose that Assumptions 12 to 7 hold, conditional on events A1, A2, A3, A4, and A5, then

���g0 b⇥(bt)b⌃xu(bt) b⇥(bt)0g�g0⇥(t0)⌃xu(t0)⇥(t0)
0g
���= op(1).

Proof of Lemma 24. To prove this lemma, we require to prove the following,

|g0⇥(bt)⌃xu(bt)⇥(bt)0g�g0⇥(t0)⌃xu(bt)⇥(bt)0g| (1.102)

|g0⇥(t0)⌃xu(bt)⇥(bt)0g�g0⇥(t0)⌃xu(bt)⇥(t0)
0g| (1.103)

|g0⇥(t0)⌃xu(bt)⇥(t0)
0g�g0⇥(t0)⌃xu(t0)⇥(t0)

0g|. (1.104)

Firstly, we prove (1.102). Since ⇥(bt) is symmetric, |⇥(bt)0g|1 = |g0⇥(bt)|1. Additionally, k⌃xu(bt)k• is

bounded under Assumption 12. Combining these with (1.98), we obtain
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To prove (1.103), as |g0 (⇥(bt)�⇥(t0)) |1 = |(⇥(bt)�⇥(t0))
0 g|1, we derive
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To prove (1.104), we write
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Since we have
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Therefore, we have
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By Lemma 23, we obtain
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Proof of Theorem 3 in the fixed threshold effect case. Step 1.

This step is the same as Step 1 in the proof of Theorem 3 for the no-threshold case, implying that in

the fixed-threshold case, |t1 � t 01(bt)| = op(1), where t 01(bt) converges in distribution to a standard normal

distribution.

Step 2. By Lemma 20 and 22,

t2 =
g0 b⇥(bt)(X(bt)0X(t0)�X(bt)0X(bt))a0/n1/2 �g0D(bt)q

g0 b⇥(bt)b⌃xu(bt) b⇥(bt)0g
= op(1).

Finally, by Slutsky’s theorem,

t = op(1)+ t 01(bt)
d! N(0,1).

Additionally, Lemma 24 implies that sup
a02A

(2)
`0

(s0)

��� b⇥(bt)b⌃xu(bt) b⇥(bt)0 �⇥(t0)⌃xu(t0)⇥(t0)0
���

= op(1).

1.8.6 Proof of Theorem 4

Proof of Theorem 4. We will follow the proof of Theorem 3 in Caner and Kock (2018). For e > 0, define the

following events

F1,n =

(
sup

a02B`0 (s0)
|g0D(bt)|< e

)
,

F2,n =

(
sup
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�����
g0 b⇥(bt)b⌃xu(bt) b⇥(bt)0g
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)
,
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F3,n =

(
sup

a02B`0 (s0)
|g0 b⇥(bt)X(bt)0U/n1/2 �g0⇥(bt)X(bt)0U/n1/2|< e
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9
>=

>;
.

By Lemma 17 (and 20), Lemma 19 (and 23), (1.96) from Step 1.2 in the proof of Theorem 3 in no

threshold effect case, and Lemma 22, respectively, we obtain that the probabilities of these sets all approach

one. Thus, for each t 2 R, we have
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(1.105)
where P{d0 = 0}+P{d0 6= 0}= 1. Firstly, we consider the second term in the last inequality of (1.105), we

write
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, (1.106)

As g0⇥(bt)⌃xu(bt)⇥(bt)0g is bounded away from zero, there exists a positive constant D1 such that
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where the last inequality is derived from the proof of Theorem 3, in which we established the asymptotic

normality of g0⇥(bt)X 0(bt)U/n1/2p
g0⇥(bt)⌃xu(bt)⇥(bt)0g

. Since the right-hand sides in the last inequality in (1.107) do not depend on

a0, we obtain
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The above arguments hold for all e > 0. By the continuity of F(·), for any h > 0, we can choose e to be

sufficiently small and derive that
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Next, as g0⇥(bt)⌃xu(bt)⇥(bt)0g is bounded away from zero, there exists a positive constant D2 such that

P

8
<

:
g0 b⇥(bt)X(bt)0U/n1/2 �g0D(bt)q

g0 b⇥(bt)b⌃xu(bt) b⇥(bt)0g
 t,F1,n,F2,n,F3,n

9
=

;

=P

8
<

:
g0 b⇥(bt)X(bt)0U/n1/2 �g0D(bt)p

g0⇥(bt)⌃xu(bt)⇥(bt)0g
 t

s
g0 b⇥(bt)b⌃xu(bt) b⇥(bt)0g
g0⇥(bt)⌃xu(bt)⇥(bt)0g ,F1,n,F2,n,F3,n

9
=

;

�P
(

g0⇥(bt)X(bt)0U/n1/2
p

g0⇥(bt)⌃xu(bt)⇥(bt)0g
 t(1� e)� e + ep

g0⇥(bt)⌃xu(bt)⇥(bt)0g
,F1,n,F2,n,F3,n

)

�P
(

g0⇥(bt)X(bt)0U/n1/2
p

g0⇥(bt)⌃xu(bt)⇥(bt)0g
 t(1� e)�D2e

)
+P{F1,n \F2,n \F3,n}�1

�F(t(1� e)�D2e)� e +P{F1,n \F2,n \F3,n}�1,

(1.110)
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where the last inequality is from the asymptotic normality of g0⇥(bt)X(bt)0U/n1/2p
g0⇥(bt)⌃xu(bt)⇥(bt)0g

.

As P{F1,n \F2,n \F3,n} can arbitrarily approach to one by choosing n sufficiently large and e suf-

ficiently small, meanwhile, the right-hand sides in the last inequality in (1.110) do not depend on a0, we

have
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By the continuity of F(·), for any h > 0, we can choose e to be sufficiently small and obtain

inf
a02B`0 (s0)

P

8
<

:
g0 b⇥(bt)X 0(bt)U/n1/2 �g0D(bt)q

g0 b⇥(bt)b⌃(bt)xu b⇥(bt)0g
 t,F1,n,F2,n,F3,n

9
=

;� F(t)�h �2e. (1.112)
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We now consider the first term in the last inequality of (1.105) and write
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As g0⇥(bt)⌃(bt)xu⇥(bt)0g is bounded away from zero, there exists a positive D3 such that
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Thus, for any h > 0, we can choose e to be sufficiently small and derive that
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by similar arguments of obtaining (1.109).

Next, as g0⇥(bt)⌃(bt)xu⇥(bt)0g is bounded away from zero, there exists a positive constant D4,
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As the right-hand sides in the last inequality in (1.117) do not depend on a0, and P{F1,n \F2,n \F3,n \F4,n}

can be arbitrarily close to one by choosing n sufficiently large and e sufficiently small, we have
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Thus, for any h > 0, we can choose e to be sufficiently small and derive
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by similar arguments of obtaining (1.112).
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Therefore, for (1.105), we have
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 t

9
=

;�F(t)

������
! 0. (1.121)

To obtain (1.33), we write
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P
(

a( j)
0 /2

"
ba( j)(bt)� z1�a/2

bS j(bt)p
n

,ba( j)(bt)+ z1�a/2
bs j(bt)p

n

#)
= P

(�����

p
n(ba( j)(bt)�a( j)

0 )

bs j(bt)

�����> z1�a/2

)

=P
(p

n(ba( j)(bt)�a( j)
0 )

bs j(bt)
> z1�a/2

)
+P

(p
n(ba( j)(bt)�a( j)

0 )

bs j(bt)
<�z1�a/2

)

1�P
(p

n(ba( j)(bt)�a( j)
0 )

bs j(bt)
 z1�a/2

)
+P

(p
n(ba( j)(bt)�a( j)

0 )

bs j(bt)
<�z1�a/2

)
.

(1.122)

Thus, taking the supremum over B`0(s0) and letting n go to infinity yields (1.33) by (1.32).

Finally, to prove (1.34), let g = e j and as fmax(⇥(t))) = 1/fmin(⌃(t)), for t 2 T, we derive

sup
a02B`0 (s0)

diam

ba( j)(bt)� z1�a/2

bs j(bt)p
n

,ba( j)(bt)+ z1�a/2
bs j(bt)p

n

�

= sup
a02B`0 (s0)

2bs j(bt)z1�a/2/
p

n

= 2

 
sup

a02B`0 (s0)

q
e0j⇥(bt)⌃xu(bt)⇥(bt)0e j +op(1)

!
z1�a/2/

p
n

 2
✓q

fmax(⌃xu(bt))
1

fmin(⌃(bt))
+op(1)

◆
z1�a/2/

p
n = Op(1/

p
n),

(1.123)

the last equality is due to the boundedness of fmax(⌃xu(bt)) and fmin(⌃(bt)) under Assumptions 13 and 7.

1.9 Appendix B

1.9.1 Proofs for Section 1.5.1

We first recall the definitions of Near-Epoch Dependence and Mixingale from Davidson (2002), as formulated

in Adamek et al. (2023).

[Near-Epoch Dependence, Davidson (2002), ch. 18] Suppose that there exist non-negative NED constants

{ci}•
i=�•, an NED sequence {yq}•

q=0 such that yq ! 0 as q ! •, and a (possibly vector-valued) stochastic

sequence {si}•
i=�• with F

i�l+q
i�l�q = s{si�q, . . . ,si+q}, such that {F i�l+q

i�l�q }
•
q=0 is an increasing sequence of

s -fields. For p > 0, the random variable {Xi}•
i=�• is Lp-NED on si if

⇣
(E)
h���Xi � (E)

⇣
Xi|F i�l+q

i�l�q

⌘���
pi⌘1/p

 ciyq.

for all i and q � 0. Furthermore, we say {Xi} is Lp-NED of size �d on si if yq = O(q�d�e) for some e > 0.

[Mixingale, Davidson (2002), ch. 17] Suppose that there exist non-negative mixingale constants {ci}•
i=�•

and mixingale sequence {yq}•
q=0 such that yq ! 0 as q ! •. For p � 1, the random variable {Xi}•

i=�• is an
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Lp-mixingale with respect to the s -algebra {Fi}•
i=�• if

�
(E)
⇥��(E)(Xi|Fi�q)

��p⇤�1/p  ciyq,

�
(E)
⇥��Xi � (E)(Xi|Fi+q)

��p⇤�1/p  ciyq,

for all i and q � 0. Furthermore, we say {Xi} is an Lp-mixingale of size �d with respect to {Fi} if yq =

O(q�d�e) for some e > 0. The same notation for the constants ci and sequence yq used in near-epoch

dependence applies, due to the same role in both types of dependence. We also recall the properties of NED

and mixingale sequences from Davidson (2002).

Lemma 25. Let {Xi}•
i=�• be an Lr-bounded sequence, for r > 1 and Lp-NED of size �b on a sequence

{si} for 1  p  r with non-negative constants {c0i}•
i=�•, if {si} is a-mixing of size �a and p < r, then

{Xi �E[Xi],F i
�•} is an Lp- mixingale of size �min{b,a(1/p�1/r)} with constants ci  max{c0i, |Xi|r}.

This Lemma is from Theorem 18.6 (i) of Davidson (2002).

Lemma 26. Let Xi and Yi be Lp-NED on a sequence si of respective sizes �d1 and �d2. Then Xi +Yi is

Lp-NED of size �min{d1,d2}.

This Lemma is from Theorem 18.8 of Davidson (2002).

Lemma 27. Let Xi and Yi be Lp-NED on a sequence si with p � 2 of respective sizes �d1 and �d2. Then

XiYi is Lp/2-NED of size �min{d1,d2}.

This Lemma is from Theorem 18.9 of Davidson (2002).

Due to the existence of the non-zero parameters, we define the weak sparsity index set

Sl :=
�

j :
��b 0

j
��> l

 
with cardinality |Sl |, (1.124)

for l � 0, and its complement set Sc
l = {1, . . . ,N}\Sl .

Lemma 28. Suppose that Assumptions 8, 9 and 10 hold, and assume that

0 < r < 1 : l �C ln(ln(n))
d+m�1

r(dm+m�1)

2

4sr

 
p(

2
d +

2
m�1 )

p
n

! 1
( 1

d + m
m�1 )

3

5

1
r

r = 0 : s0 C ln(ln(n))�
d+m�1

dm+m�1

" p
n

p(
2
d +

2
m�1 )

# 1
( 1

d + m
m�1 )

,

l �Cln(ln(n))1/m p1/m
p

n
,

(1.125)
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For C > 0, with probability at least 1�C ln(ln(n))�1, we have

max
1 jp

max
1kn

1
n

k

Â
i=1

���uiX
( j)
i

���. l
4
,

and

�����
1
n

n

Â
i=1

XiX 0
i �

1
n

n

Â
i=1

E
⇥
XiX 0

i
⇤
�����

•

 C
|Sl |

.

This Lemma is from Theorem 1 of Adamek et al. (2023), serving as the concentration inequality for

dependent data.

Lemma 29. Let {Xi,Fi} be an Lr mixingale for some r > 1 and Â•
q=1 yq < •. Assume that E[Xi] = 0. Define

Sk = Âk
i=1 Xi. Then there exists a positive constant C such that

|| max
1kn

|Sk|||r C

 
n

Â
i=1

c2
i

!1/2

,

where ||Xi||r = (E|Xi|r)1/r .

This mixingale concentration inequality directly follows from Lemma 2 in Hansen (1991).

Proof of Theorem 5. The proof of Theorem 5 is similar to those of Theorems 1 and 2. We now apply the

concentration inequality from Lemma 29, combined with Triplex inequality (Jiang (2009)), similarly to the

proof of Lemma A.3 in Adamek et al. (2023), as a time series analog of Lemma 2. Additionally, we use

the concentration inequality from Lemma 29, combined with Markov’s inequality, similarly to the proof of

Lemma A.4 in Adamek et al. (2023), as a time series analog Lemma 3. Meanwhile, we obtain that
n

X ( j)
i Ui

o

and X ( j)
i X (l)

i �E
h
X ( j)

i X (l)
i

i
are Lm-Mixingale sequences with respect to Fi = s{Wi,Wi�1, ...}, following

Lemma A.1 and Lemma A.2 in Adamek et al. (2023) under Lemmas 25, 26 and 27. Furthermore, the proof

of Lemma 28 follows from that of Theorem 1 in Adamek et al. (2023). With the additional Assumptions 14

and 15 for the well-defined threshold effect, we can thus establish the oracle inequalities in Theorem 5.

Proof of Theorem 6. With the condition s3/2
r,maxlogp/

p
n ! 0, we can obtain

���g0 b⇥(bt)(X(bt)0X(t0)�X(bt)0X(bt))a0/n1/2
���= op (1)

by Lemma 22. Then, based on the oracle inequalities in Theorem 5, and combing the proof of Theorem

3 with the proof of Theorem 2 in Adamek et al. (2023), we thus establish the asymptotic normality of the

debiased estimator.
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Proofs of Theorem 7 and Theorem 8. We can prove Theorem 7 by combiing the proof of Theorem 3 with that

of Theorem 3 in Adamek et al. (2023). Additionally, we can prove Theorem 8 by combining the proof of

Theorem 4 with Corollary 2 in Adamek et al. (2023).
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CHAPTER 2

Inference for the threshold parameter in high-dimensional threshold regression models

Jiatong Li1

1Department of Economics, Vanderbilt University, jiatong.li@vanderbilt.edu

2.1 Abstract

This paper develops a valid inference for the threshold parameter in high-dimensional threshold regression

models. I derive the asymptotic distributions of the threshold parameter estimator under three specifications:

kink, diminishing jump, and fixed jump, with the latter two representing discontinuities. These distributions

are shown to be continuous, satisfying the necessary conditions for applying the subsampling method. To

estimate the convergence rate of the threshold parameter when the specification at the threshold point is un-

known, I apply the subsampling method. This method is further used to construct confidence intervals. I

demonstrate the performance of these confidence intervals through Monte Carlo simulations. I apply the

proposed inference method to support the validity of splitting the countries into different regimes when ana-

lyzing their growth behavior and defining the state of the economy when estimating the impulse response to

a military news shock in the US government spending.

Keywords: High-dimensional data, Lasso, Inference, Subsampling, Threshold models.

JEL Codes: C18, C24, C46.

2.2 Introduction

In this paper, I focus on the following threshold regression model:

Yi = X 0
i b0 +X 0

i d01{Qi < t0}+Ui, i = 1, . . . ,n, (2.1)

where Xi includes p covariate variables, and Qi is the threshold variable that drives regime-switching.1 Re-

cently, there has been increasing interest in applying threshold models to empirical analyses. For example,

well-developed countries exhibit different growth rates compared to developing countries, as discussed in
1The threshold variable Q could either be related to or an element of X .
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Hansen (2000), Lee et al. (2016) and Li and Yan (2024). Here, t0 represents the unknown threshold param-

eter, and Ui is the error term. This paper aims to perform valid inference for the threshold parameter t0 in

high-dimensional models (allowing for p > n), to avoid arbitrary variable selection and to identify threshold

effects. Notably, the threshold point is considered nonstandard, as the least squares objective function is lo-

cally linear, rather than locally quadratic around t0. It can also be interpreted as a “middle” boundary of the

threshold variable, as discussed by Yu (2012) and Yu (2014).

The statistical theory of the threshold parameter in threshold regression models saw significant devel-

opment following the pioneering work of Hansen (2000). Hansen introduces the approach of inverting the

likelihood ratio statistic to construct confidence intervals for the threshold parameter, showing that this test is

asymptotically pivotal when the threshold effect diminishes as the sample size increases. However, the con-

fidence intervals tend to be conservative under the fixed jump specification. While Chan (1993) derives the

asymptotic distribution of the threshold estimator in a threshold autoregressive model (TAR), a subclass of

time series threshold regression models, this distribution depends on numerous nuisance parameters, making

the construction of confidence intervals for the threshold parameter impractical. In threshold regression mod-

els with a threshold boundary, Yu and Fan (2021) show that the asymptotic distribution of the least square

estimator (LSE) corresponds to a compound Poisson field under the fixed-threshold-effect framework of

Chan (1993), and to a two-sided Brownian field under the diminishing-threshold-effect framework of Hansen

(2000).

A common remedy for performing inference on the nonregular parameter is the bootstrap method. How-

ever, Yu (2014) shows the invalidity of both the nonparametric bootstrap and various wild bootstraps due to

the discreteness introduced by bootstrap sampling on the local data around t0. To address this issue, Seijo

and Sen (2011) suggest the smoothed bootstrap, and Yu (2014) further establishes the validity of this method

in more practical settings. Nevertheless, the smoothed bootstrap still suffers from the curse of dimensionality

particularly when estimating the joint distribution of f (X 0,Q) in high-dimensional settings.

Other valid methods for constructing confidence intervals for the threshold parameter have been discussed

in recent literature. Seo and Linton (2007) propose smoothed least squares estimation under the fixed jump

specification and establish the asymptotic normality of the threshold parameter estimator. However, the con-

vergence rate is lower than n, and a smoothing parameter must be predetermined. Another commonly used

inference method is the nonparametric posterior interval (NPI) (Yu (2015)). Similar to the smoothed boot-

strap, NPI also suffers from the curse of dimensionality when estimating the joint density of (X 0,Q,U)0. Yu

(2015) suggests that this dimensionality issue can be addressed under the independence assumption between

U and (X ,Q)0. However, NPI becomes invalid in misspecified models where this independence assumption

does not hold. Furthermore, there is no existing evidence supporting the application of NPI in threshold
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regression models with a kink at the threshold point.

To address the challenge of inference for nonstandard parameters, Politis and Romano (1994) propose

the subsampling method, which requires minimal assumptions, primarily that the statistic associated with

the parameter of interest has a continuous limiting distribution. Subsampling is thus a potential approach

for constructing confidence intervals for the threshold parameter. The convergence rate for the threshold

parameter varies across three cases: kink, diminishing jump, and fixed jump, with the latter two representing

discontinuities. Hidalgo et al. (2019) study robust inference when the continuity is unknown; however, their

bootstrap-based test inversion confidence interval is not applicable under the fixed jump specification, as

noted in the remarks following their Theorem 3. Additionally, the high-dimensional setting further affects

the convergence rate of the threshold parameter.

In this paper, I establish the asymptotic distributions of t̂ under three specifications and demonstrate

that these limiting distributions are continuous, satisfying the requirements for the subsampling method. I

show that the convergence rate of bt differs from that of ba , indicating that their distributions are independent.

Consequently, I can approximate the asymptotic distribution of bt as if a were known with certainty. I then

apply subsampling to estimate the convergence rate of the threshold estimator, assuming that the specification

at the threshold point is unknown (whether it involves a kink or a jump). The subsampling method is further

used to construct confidence intervals for the threshold parameter. Meanwhile, I introduce a continuity test

and provide algorithms for constructing these confidence intervals. Finally, I apply the proposed inference

method to support the validity of splitting the countries into different regimes when analyzing their growth

behavior and defining the state of the economy when estimating the impulse response to a military news

shock in the US government spending.

High-dimensional threshold regression has been studied from various perspectives: (i) deriving oracle

inequalities for the prediction errors and estimation errors of the Lasso estimator for both the slope parameters

and the threshold parameter under a fixed design with Gaussian errors (Lee et al. (2016)); (ii) establishing

model selection consistency under a random design with sub-Gaussian covariates and errors (Callot et al.

(2017)); and (iii) developing uniform inference theory for threshold regression parameters using the de-

sparsified method under a random design with heteroskedastic non-sub-gaussian covariates and non-sub-

gaussian errors (Li and Yan (2024)). This paper contributes to the existing literature by performing a valid

inference for the threshold parameter.

Building on Politis and Romano (1994), a growing body of literature has applied the subsampling method

to perform inference for nonstandard parameters or parameters in models where the specification is unknown.

When the convergence rate of the parameter of interest is uncertain, Bertail et al. (1999) suggest applying the

subsampling method twice to construct an asymptotically correct confidence region. Sherman and Carlstein
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(2004) propose a one-step subsampling method by calculating the empirical distribution, bypassing the need

to estimate the preliminary convergence rate. However, the interval length is of order a�1
l , where l is the

subsample size. Gonzalo and Wolf (2005) apply the subsampling method to perform inference for both

regression parameters and the threshold parameter in threshold autoregression models, providing an algorithm

to select an optimal subsample size.2 In this paper, I apply subsampling twice to construct a confidence

interval for the threshold parameter.

Organization: The paper proceeds as follows. Section 2.3 introduces the model specifications and revis-

its the Lasso estimator of Lee et al. (2016). I perform valid inference for the threshold parameter in Section

2.4. Section 2.5 assesses the finite sample performance of the confidence interval, followed by two empirical

applications. Section 2.6 concludes. All proofs are presented in the Appendix.

Notation

Denote the `q norm of a vector a by |a|q and the empirical norm of a 2 Rn by ||a||n :=
�
n�1 Ân

i=1 a2
i
�1/2

. For

a 2Rn, denote the cardinality of J(a) by |J(a)|, where J(a) = { j = 1, ...,n : a j 6= 0}. Let aM denote the vector

in Rn that has the same coordinates as a on M and zero coordinates on Mc. Let the superscript ( j) denote the

jth element of a vector or the jth column of a matrix. Define f(a,t)(x,q) := x0b + x0d1{q < t}, f0(x,q) :=

x0b0 + x0d01{q < t0}, and bf (x,q) := x0bb + x0bd1{q < bt}. The prediction norm is defined as
���bf � f0

���
n

:=
r

1
n Ân

i=1

⇣
bf (Xi,Qi)� f0(Xi,Qi)

⌘2
. In addition, C represents an arbitrary positive finite constant, and its value

may vary from line to line.

2.3 The Model and the Lasso Estimator

2.3.1 Lasso Estimation

Recall the threshold regression model (2.1),

Yi = X 0
i b0 +X 0

i d01{Qi < t0}+Ui, i = 1, . . . ,n.

The parameter t0 is the unknown threshold parameter within a compact parameter space T = [t0, t1]. I assume

heteroskedastic, non-subgaussian error terms and non-subgaussian covariates, a less restrictive condition, as

discussed in Li and Yan (2024). This paper focuses on performing valid inference for the threshold parameter

t0, allowing for p > n. Lasso estimation is applied, as traditional methods such as OLS and MLE, are no

longer valid in high-dimensional regression models. Furthermore, the lasso estimator can simultaneously

perform covariate selection and choose between linear and threshold models. Denoting a (2p⇥1) vector by
2The convergence rate for the continuity specification in Theorem 3.4 is incorrect. For more explanations, refer to the remarks

following Theorem 1 in Hidalgo et al. (2019).
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Xi(t) = (X 0
i ,X

0
i1{Qi < t})0 and an (n⇥2p) matrix by X(t), where the i-th row is Xi(t)0. Let X and X(t)

represent the first and last p columns of X(t), respectively. Thus, I can rewrite (2.1) as

Yi =Xi(t0)
0a0 +Ui, i = 1, . . . ,n. (2.2)

where a0 = (b 0
0,d 0

0)
0.

Let Y := (Y1, . . . ,Yn)0. The residual sum of squares is

Sn(a,t) = 1
n

n

Â
i=1

�
Yi �X 0

i b �X 0
i d1{Qi < t}

�2
= kY �X(t)ak2

n . (2.3)

The Lasso estimator for threshold regression can thus be defined as the one-step minimizer:

(ba,bt) := argmina2B⇢R2p,t2T⇢R {Sn(a,t)+l |D(t)a|1} , (2.4)

where B is the parameter space for a0, and l is a tuning parameter. The (2p⇥2p) diagonal weighting matrix

is denoted as follows3:

D(t) := diag
n���X( j)(t)

���
n
, j = 1, ...,2p

o
. (2.5)

Furthermore, I can rewrite the penalty term as

l |D(t)a|1 = l
2p

Â
j=1

���X ( j)(t)
���

n

���a( j)
���

= l
p

Â
j=1

h���X ( j)
���

n

���a( j)
���+
���X ( j)(t)

���
n

���a(p+ j)
���
i
.

Here, bt is an interval; I choose the maximum of the interval as the estimator bt. For any n, I use grid search to

find candidates for bt over {Q1, . . . ,Qn}. 4

2.3.2 Model Specification at the Threshold Point

There are two general specifications at the threshold point: continuity, referring to a kink, and discontinuity,

which includes diminishing and fixed jumps. I assume that researchers do not have prior knowledge about

whether the specification at the threshold point involves a kink or a jump.5 To illustrate these specifications,

I decompose d0 =
⇣

d (1)
0 ,d (2)0

0 ,d (3)
0

⌘0
and Xi = (1,X 0

i2,Qi)
0 . Note that Q is not necessarily included among

the covariates in a discontinuous threshold regression model. The estimator in (2.4) is the unconstrained
3Various ways to impose weights are discussed in Remark B.1. of Chiang et al. (2023).
4If n is very large, I can use only N < n evaluations; see p.4 in Hansen (2000).
5Estimation and inference in a regression kink model have been studied by Hansen (2017).
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Lasso estimator. For clarification, I also introduce a continuity-constrained Lasso estimator, analogous to the

continuity-constrained LSE in equation (9) of Hidalgo et al. (2019),

(ea,et) := argmina2B⇢R2p:d (1)+td (3)=0,d (2)=0;t2T⇢R {Sn(a,t)+l |D(t)a|1} . (2.6)

In previous studies on threshold regression models, Hansen (2000) derives the asymptotic distribution of

the threshold parameter estimator under the diminishing jump specification related to a two-sided Brownian

motion. The convergence rate is n1�2f , where f is the rate at which d0 decreases to zero (d0 = d ·n�f , 0 <

f < 1/2, and d is a constant vector of the same dimension as d ). The continuity of the asymptotic distribution

follows from the remarks after Theorem 1. Hidalgo et al. (2019) prove that the asymptotic distribution of the

unconstrained LSE is also related to a two-sided Brownian motion, with a convergence rate of n1/3 when re-

searchers lack prior knowledge about the specification at the threshold point and the true threshold regression

has a kink. The continuity of the asymptotic distribution is shown in the proof of Proposition 2. This conver-

gence rate is slower than
p

n, which is the convergence rate of the threshold parameter estimator derived by

Chan and Tsay (1998) when the true specification of continuity is imposed. Furthermore, in Chan and Tsay

(1998), the distribution of the slope parameter estimators affects the distribution of the threshold parameter

estimator, as they share the same convergence rate and satisfy a joint asymptotically normal distribution with

a non-diagonal covariance matrix. Yu and Fan (2021) derive that the asymptotic distribution of the threshold

parameter estimator under the fixed jump specification is related to a compound Poisson process, and Yu

(2012) demonstrates that this asymptotic distribution is continuous in Appendix D.

In these three scenarios, the convergence rates differ and are distinct from
p

n, which is the convergence

rate for the regression parameter estimators in low-dimensional threshold regression models. The limiting dis-

tributions for the threshold parameter estimator and the slope parameter estimators are independent (see Chan

(1993), Hansen (2000), Yu (2014) and Hidalgo et al. (2019)). This paper focuses on the high-dimensional

threshold regression model, where high dimensionality affects the convergence rates of both the slope and

threshold parameter estimators.

2.4 Inference for the Threshold parameter

In this section, I construct the confidence interval for the threshold parameter estimator using the subsam-

pling method and introduce the corresponding algorithms to achieve this. To derive the convergence rate

of the threshold parameter estimator in high-dimensional threshold regression models, I refer to the oracle
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inequalities from Li and Yan (2024). First, I define the tuning parameter in (2.4) as

l =
C
µ

p
log pp

n
(2.7)

for a constant C and a fixed constant µ 2 (0,1). I then impose some assumptions on the covariates and error

terms and briefly discuss them. Li and Yan (2024) provide a more detailed discussion of Assumptions 12 to

16.

Assumption 12. Let {Xi,Qi,Ui}n
i=1 denote a sequence of independently distributed random variables.

(i) For the parameter space B for a0, any a := (a1, . . . ,a2p) 2 B ⇢ R2p, including a0, satisfies |a|• C1,

for some constant C1 > 0. Furthermore, M (a0) s0 and s2
0|d0|21 log p

n = op(1).

(ii) The threshold variable Qi, i = 1, ...,n, is continuously distributed with intensity function fQ(t). The

parameter t0 lies in T= [t0, t1], where 0 < t0 < t1 < 1. Additionally, 0 < f Q  fQ(t) f Q < • for t 2 T.

(iii) The covariates Xi, i = 1, ...,n, satisfy max1 jp E
⇣

X ( j)
i

⌘4
�
C4

2 and min1 jp

E
⇣

X ( j)
i (t0)

⌘2
�
�C2

3 , for some constants C2 and C3.

(iv) The error terms Ui, i = 1, ...,n, satisfy E(Ui|Xi,Qi) = 0 and max1in E(U4
i )  C4 < •, for a positive

constant C4.

(v)
p

EM2
UX

p
log pp

n = op(1), where MUX = max1in max1 jp

���UiX
( j)
i

���.

(vi)
p

EM2
XX

p
log pp

n = op(1), where MXX = max1in max1 j,lp

���X ( j)
i X (l)

i

���.

(vii) The conditional distribution of (X 0,U)0 given Qi = t is continuous in t when t is in a neighborhood of

t0.

Assumption 12 imposes weaker conditions on the covariates and error terms allowing for heteroskedastic

non-subgaussian error terms and non-subgaussian covariates. The second part of (i) allows |d0|1 to increase

with n and potentially diverge under the discontinuous specification at the threshold point. In contrast, under

the continuity specification, |d0|1 remains fixed, according to the first part of (i) and the form of the kink

model.

Before imposing the standard assumptions in high-dimensional regression models, I define the population

covariance matrix⌃(t)=E [1/nÂn
i=1Xi(t)Xi(t)0], M =E[1/nÂn

i=1 XiXi
0], M(t)=E [1/nÂn

i=1 Xi(t)Xi(t)0] ,

and N(t) = M �M(t). ⌃(t) can be represented as a 2⇥ 2 matrix due to the properties of the indicator

function, i.e.,

⌃(t) =

2

64
M M(t)

M(t) M(t)

3
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and I denote the following population uniform adaptive restricted eigenvalue,
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k(s0,c0,S,⌃)=min
t2S

min
J0⇢{1,...,2p},|J0|s0

min
g 6=0,kgJc

0
k1c0

ps0kgJ0k2

(g 0E [1/nÂn
i=1Xi(t)Xi(t)0]g)1/2

|gJ0 |2
.

Assumption 13. (i) M(⌧ ) and N(⌧ ) are non-singular;

(ii) (Uniform Adaptive Restricted Eigenvalue Condition) For some integer s0 such that M (a0) s0 < p, for

a positive number c0 and some set S⇢ R, the following condition holds

k(s0,c0,S,⌃)> 0. (2.8)

Assumption 13 (i) is for model estimation, and (ii) is a uniform adaptive restricted eigenvalue condition,

typically imposed in high-dimensional models, which can be relaxed under Assumption 13 (i).

Assumption 14 (Identifiability under Sparsity and Discontinuity of Regression). For a given s0 � M (a0) ,

and for any h and t such that h < |t � t0| and a 2 {a : M (a) s0}, there exists a constant C4 > 0 such

that, with probability approaching one,

�� f(a,t)� f0
��2

n >C4h .

Assumption 14 is the identification condition for t0. Based on Lemma 10 in Li and Yan (2024), define

h⇤ =
2(3+µ2)C1

C4

q
C2

2 +µ1l s0l , S= {|t � t0| h⇤}

Assumption 15 (Smoothness of Design). For any h > 0, there exists a constant C5 < • such that with

probability to one,

sup
1 j,lp

sup
|t�t0|<h

1
n

n

Â
i=1

���X ( j)
i X (l)

i

��� |1{Qi < t0}�1{Qi < t}|C5h , (2.9)

Assumption 16 (Well-defined second moments). For any h such that 1/nh 
r
(6+2µ2)C1

q
C2

2 +µ1l
p

s0l ,

h2
n(h) is bounded with probability approaching one, where

h2
n(h) =

1
2nh

max{[n(t0+h ]),n}

Â
i=min{1,[n(t0�h)]}

�
X 0

i d0
�2
, (2.10)

and [·] denotes an integer part of any real number.

Lemma 11 in Li and Yan (2024) shows that Assumption 15 holds automatically under Assumptions 12
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and 16.

Assumption 17. z1i and z2i have absolutely continuous distributions, where z`i, ` = 1,2, follows the condi-

tional distribution of z`i given Qi = t0, and

z1i ⌘
d 0

0XiX 0
i d0 +2X 0

i d0Ui

s0logp
, z2i ⌘

d 0
0XiX 0

i d0 �2X 0
i d0Ui

s0logp
.

Assumption 17 ensures that the localized objective function has a unique minimizer in the presence of a

fixed threshold effect.

Assumption 18. For 0 < f < 1/2, d0 = d · n�f . Additionally, d0E[XiX 0
i |Qi = t0]d > 0, d0E[XiX 0

i U
2
i |Qi =

t0]d > 0

Assumption 18 guarantees the existence of a diminishing threshold effect. When f = 0, it corresponds to

the fixed threshold effect.

Assumption 19. Assume d (3)
0 6= 0 and d (1)

0 +d (3)
0 t0 = 0; d (2)

0 = 0.

Assumption 19 serves as a necessary condition for the regression kink model. In this case, the high-

dimensional setup affects only the convergence rate of the slope parameters and does not impact that of the

threshold parameter.

Theorem 10. Suppose that Assumptions 12 to 16, and 17 hold, I have

n
s0logp

(bt � t0)
d! argmin

v
D(v)⌘ Zt

with

D(v) =

8
>>>><

>>>>:

N1(|v|)

Â
i=1

z1i, if v  0;

N2(v)

Â
i=1

z2i, if v > 0,

where {z1i,z2i}, N1(·) and N2(·) are independent of each other. And N`(·) is a Poisson process with intensity

fQ(t0).

Theorem 11. Suppose that Assumptions 12 to 16, and 18 hold, and s0logp
n1�2f ! 0, I have

n1�2f

s0logp
(bt � t0)

d! w argmax
v


�1

2
|v|+W (v)

�
⌘ wT
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with w =
d0E[XiX 0

i U
2
i |Qi=t0]d

(d0E[XiX 0
i |Qi=t0]d)

2 fQ(t0)
and T = argmaxv

⇥
� 1

2 |v|+W (v)
⇤
, where W (v) is a two-sided Brownian

motion and

W (v) =

8
>>>>><

>>>>>:

W1(�v), if v < 0;

0, if v = 0,

W2(v), if v > 0;

W1(v) and W2(v) are independent standard Brownian motions on [0,•).

Theorem 12. Suppose that Assumptions 12, 13, and 19 hold, I have

n1/3 (bt � t0)
d! argmax

v

2

642d (3)
0

r
fQ(t0)s2(t0)

3
W (v3)+

⇣
d (3)

0

⌘2

3
fQ(t0)|v|3

3
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with s2(t) = E[U2
i |Qi = t] and W (v) being the same as in Theorem 11.

Theorems 10, 11 and 12 establish the asymptotic distributions of t̂ under three specifications. The asymp-

totic distribution of bt corresponds to a compound Poisson process in the presence of a discontinuous fixed

threshold effect and to a two-sided Brownian process when there is a discontinuous diminishing threshold

effect or when the specification has a kink at the threshold point. The proof of Theorem 11 builds upon the

proof of Theorem 10 and Theorem 1 in Hansen (2000). Similarly, the proof of Theorem 12 is derived from

the proof of Theorem 10 and Theorem 1 in Hidalgo et al. (2019). I thus omit the proofs of these two theorems.

Additionally, Li and Yan (2024) develop the asymptotic distribution theory for the debiased estimator of

slope parameters, which has a convergence rate of
p

n. The convergence rate of the Lasso estimator for the

slope parameters, as stated in Theorem 2 of Li and Yan (2024), is
q

n/(s2
0logp). Both of these convergence

rates differ from that of the threshold parameter estimator across the three specifications, as outlined in

Theorems 10, 11 and 12. Consequently, the asymptotic distribution of t̂ is independent of that of â. In the

appendix, I demonstrate their asymptotic independence by decomposing the objective function into distinct

components corresponding to the slope parameters and the threshold parameter, respectively. I thus can

approximate the distribution of t̂ as if a were known with certainty. Likewise, this approach can be applied

to approximate the distribution of â as if t were known.

When researchers lack prior knowledge of the specification at the threshold point, and assuming the

convergence rate is bn, bn(t̂�t0) follows a continuous asymptotic distribution, as demonstrated in Yu (2012),

Hansen (2000) and Hidalgo et al. (2019), corresponding to the fixed threshold effect, diminishing threshold

effect and continuous specification at the threshold point, respectively. This satisfies the conditions necessary

for applying the subsampling method to construct the confidence interval for the threshold parameter.
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2.4.1 Test for Continuity

Given the specific form of d0 under the continuity specification at the threshold point, and following Section

5 of Gonzalo and Wolf (2005), I introduce a similar test statistic to test continuity. Let q = (a 0,t)0, and define

the test statistic under the sparsity condition as

h(q̂) =
���d̂ (1) + t̂ d̂ (3)

���+
p�2

Â
j=1

���d̂ (2)
j

��� .

Recall the construction of an asymptotically valid test from Section 2.2 of Gonzalo and Wolf (2005).

Define Wn = bnwn(X1, ...,Xn), and Gn(x) = P(bnwn  x). The sampling distribution of Wn is given by

bGn,m(x) =
1

Nn

Nn

Â
i=1

1{bnwm,i  x} ,

with Nn =
�n

m
�
. The critical value for the test is the 1�u quantile of bGn,m(·), defined as

gn,m(1�u) = inf
n

x : bGn,m(x)� 1�u
o
.

Thus, the nominal level u test rejects the null hypothesis if and only if

Wn > gn,m(1�u). (2.11)

Corollary 1. Suppose that Assumption 12 holds, and let q̂ be the Lasso estimator from (2.4). If the model is

discontinuous, suppose that Assumptions 17 and 18 hold. If the model is continuous, suppose that Assumption

19 holds. Let wn = h(q̂) and bn = n1/3. Furthermore, assume that m ! • and m/n ! 0 as n ! •. I have,

(i) If the specification is continuous at the threshold point, then the subsampling test based on (1) has an

asymptotic size equal to u .

(ii) If the specification is discontinuous at the threshold point, then the subsampling test based on (1) has an

asymptotic power equal to 1.

The proof follows from that of Theorem 5.1 in Gonzalo and Wolf (2005), under the sparsity condition.

2.4.2 Estimation of the Convergence Rate and Construction of Confidence Intervals

Given that the specification at the threshold point is assumed to be unknown, the convergence rate of the

threshold parameter thus remains unspecified. However, it takes the form bn = nr/(s0logp) when the speci-

fication has a jump and bn = n1/3 when there is a kink. Additionally, bn(bt �t0) follows a continuous limiting

distribution. Therefore, I use the subsampling method to estimate the convergence rate before constructing the
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confidence interval for t. This approach follows Bertail et al. (1999), by constructing multiple subsampling

distributions based on subsample sizes.

Define

Kn,mn(x) =
1

Nn

Nn

Â
i=1

1{t̂⇤i � t̂  x} ,

where Nn =
� n

mn

�
. Denote the t-quantile of Kn,mn by K�1

n,mn(t). When constructing I subsampling distributions,

let bi = bnxic under the kink specification and bi = bnxic/(s0logp) under the jump specification, 1 > x1 >

... > xI > 0. Consider some points t j 2 (0.5,1) such that K�1
n,bi

(t j)> 0, for j = 1, ...,J. Define

Vi j = log
⇣

K�1
n,bi

(t j)
⌘
.

Then the following estimator of r satisfies rI,J = r +oP
�
(logn)�1� , as established by Theorem 1 in Bertail

et al. (1999). Specifically,

rI,J =�ÂI
i=1(Vi,·�V )(log(bi)� log)

ÂI
i=1(log(bi)� log)2

, (2.12)

where Vi,· = J�1 ÂJ
j=1 Vi j, V = (IJ)�1 ÂI

i=1 ÂJ
j=1 Vi j, and log = I�1 ÂI

i=1 log(bi).6

Additionally, I use bi in step 4 of Algorithm 2, where bi = b/(1� (b/n)) accounts for the finite pop-

ulation correction. Bertail and Politis (2001) demonstrate that the factor 1� b/n is necessary when using

the extrapolation technique to improve second-order accuracy. Interpolation and extrapolation techniques

have been shown to improve the performance of subsampling distribution estimators when considering Edge-

worth expansion. Given the complexity of the asymptotic distribution of t, Bertail (1997) recommend using

the Richardson extrapolation proposed by Bickel and Yahav (1988) and incorporating the finite population

correction factor to reduce the loss in Edgeworth expansion accuracy. While these techniques improve the

performance of the single subsampling distribution used here, a detailed investigation of them is beyond the

scope of this paper.

I then apply the following algorithms to construct the confidence interval for the threshold parameter

based on the subsampling method. Algorithm 1 outlines the process for generating subsamples. Algorithms

2 and 3 construct the confidence interval for the threshold parameter after estimating the convergence rate

and when a fixed block size is given. Algorithm 4 selects an approximate block size, as proposed in Section

6 in Gonzalo and Wolf (2005).
6Although the convergence rates take different forms, Bertail et al. (1999) take the logarithmic form of the subsampling distribution,

thereby canceling out the term s0logp.
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Algorithm 1 Generating subsamples from the estimated model
1. Get the one-step estimator from (2.4) as (â, t̂).
2. Generate a sequence {U⇤

i }b
i=1 from N(0,s2) if the error distribution is given, otherwise, estimate the

density of U by kernel smoothing,

f̂ (U) =
1
n

n

Â
i=1

Kh(Ûi �U)

with Kh(·) = 1
h K
� ·

h
�
, where h is the bandwidth, and K(·) : R! R is a kernel density.

3. Generate a sequence {X⇤
i ,Q

⇤
i }b

i=1 by sampling without replacement from {Xi,Qi}n
i=1.

4. Generate a sequence {Y ⇤
i }b

i=1 by

Y ⇤
i = (X⇤

i )
0b̂ +(X⇤

i )
0d̂1{Q⇤

i < t̂}+U⇤
i .

30 If (Yi,Xi,Qi) is a sequence of dependent data, generate a sequence {Y ⇤
i }n

i=1 by

Y ⇤
i = (Xi)

0b̂ +(Xi)
0d̂1{Qi < t̂}+U⇤

i ,

where {U⇤
i }n

i=1 is generated from step 2.

Algorithm 2 Constructing the confidence interval for a fixed block size: cross-sectional data
1. Generate {Y ⇤

i ,X
⇤
i ,Q

⇤
i }b

i=1 using steps 1, 2, 3, 4 in Algorithm 1.
2. Calculate t̂⇤ based on {Y ⇤

i ,X
⇤
i ,Q

⇤
i }b

i=1.

3. Repeat step 1 and step 2 B times to get a sequence of estimators
�

t̂⇤d
 B

d=1 .

4. Find the u
2 and 1 � u

2 percentiles of
�

bi
�
t̂⇤d � t̂

� B
d=1 , denoted as cn,d

�u
2
�

and cn,d
�
1� u

2
�
,

then the equal-tailed subsampling confidence interval for t is
⇥
t̂ �b�1

n cn,d
�
1� u

2
�
, t̂ �b�1

n cn,d
�u

2
�⇤
.

Similarly, the symmetric subsampling confidence interval for t is constructed by finding the 1 � u
percentile of {bi |t̂⇤i � t̂|}B

d=1 , denoted as cn,d (1�u) , then constructing the confidence interval as⇥
t̂ �b�1

n cn,d (1�u) , t̂ +b�1
n cn,d (u)

⇤
.

Algorithm 3 Constructing the confidence interval for a fixed block size: dependent data
1. Generate {Y ⇤

i ,X
⇤
i ,Q

⇤
i }n

i=1 using steps 1, 2, 30 in Algorithm 1.
2. For d = 1, ...,n�b+1, calculate t̂⇤d based on {Y ⇤

i ,X
⇤
i ,Q

⇤
i }d+b�1

i=d .

3. Find the u
2 and 1 � u

2 percentiles of
�

bi
�
t̂⇤d � t̂

� n�b+1
d=1 , denoted as cn,d

�u
2
�

and cn,d
�
1� u

2
�
,

then the equal-tailed subsampling confidence interval for t is
⇥
t̂ �b�1

n cn,d
�
1� u

2
�
, t̂ �b�1

n cn,d
�u

2
�⇤
.

Similarly, the symmetric subsampling confidence interval for t is constructed by finding the 1 � u
percentile of {bi |t̂⇤i � t̂|}n�b+1

d=1 , denoted as cn,d (1�u) , then constructing the confidence interval as⇥
t̂ �b�1

n cn,d (1�u) , t̂ +b�1
n cn,d (u)

⇤
.

Algorithm 4 Selecting the block size
1. Fix a selection of reasonable block size b between limits blow and bup.
2. Generate K pseudo sequences {Y ⇤

ki,X
⇤
ki,Q

⇤
ki}n

i=1, k = 1, ...,K, by Algorithm 1. For each k and each b,
compute a subsampling confidence interval CIk,b for t by Algorithm 2.
3. Compute ĝ(b) = #

�
t̂ 2CIk,b

 
/K.

4. Find the value b̂ that minimizes |ĝ(b)� (1�u)| .
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2.5 Monte Carlo Simulation and Applications

2.5.1 Monte Carlo Simulation

This section examines the finite sample performance of the proposed confidence interval for the threshold

parameter in the high-dimensional threshold regression models through Monte Carlo experiments and ap-

plies the proposed inference method to perform inference in a cross-country economic growth model. To

choose the tuning parameter l , I utilize the regularization parameter l = 4bs
p

(2logp)/n from equation (31)

in Javanmard and Montanari (2014), which reduces computational time compared to the cross-validation

method.

Before discussing the results, I briefly describe the data-generating process. I consider the threshold re-

gression model (2.1) with a fixed threshold effect, where the rows of the design matrix are i.i.d realizations

from N(0,⌃), with S j,k = 0.5| j�k|, a Toeplitz structure, and error terms are Ui ⇠ N(0,0.25). When the thresh-

old variable Qi is independent of Xi, I assume Qi ⇠ uniform(0,1). I also consider the case where the threshold

variable correlates with the covariates. The threshold parameter is set to t0 = 0.5, unless otherwise specified.

The grid search method is used to estimate t over the interval [0.30, 0.70] with a step size of 0.02. Without

loss of generality, I assume that b0 is a p⇥ 1 vector with the first s0 elements being b, the remaining p� s0

elements being zeros and that d0 is a p⇥ 1 vector with the first s0 elements being 0, the next s0 elements

being b1, and the remaining elements being zeros. I typically set the subsampling size to m = n/4, due to the

time-consuming nature of using algorithm 4 to select the block size, particularly in high-dimensional settings.

However, I adjust the subsampling size to asses its performance. The number of subsampling replications is

200 and B = 200 in algorithm 2. 7

Table 2.1 presents the simulation results for the average coverage rate and the average length of nominal

95% confidence intervals for t for each realization

(n,2p,m,s0,rQ,X(2) ,b,b1). I make the following observations: (i) As either the sample size or subsample size

increases, the coverage rate approaches the nominal 95% probability. (ii) When the sample size doubles, the

length of the confidence interval is halved, implying the n consistency of the threshold estimator.8 (iii) As both

the sample size and subsample size increase, the coverage rate remains close to the nominal 95% probability,

even when the threshold effect is small. (iv) The performance of the confidence interval is unaffected when

Q is related to or an element of X . (v) The performance of the confidence interval is robust to the variations

in the location of the threshold parameter and different levels of sparsity.
7Increasing both values to 500 or 100 improves the performance of the confidence interval, though it comes at the cost of increased

computational time.
8I use bn = n/(s0logp) and bm = m/(s0logp) in step 4 of algorithm 2, as I consider the fixed jump specification.
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aaaaaaaaaConfiguration

Measure
coverage rate length

(100,120,25,5,0,1,1) 0.98 0.046
(100,120,25,10,0,1,1) 0.975 0.047
(100,120,25,5,0.5,1,1) 0.965 0.047
(100,120,25,5,1,1,1) 0.945 0.047
(100,120,40,5,0,1,1) 0.95 0.050
(200,120,50,5,0,1,1) 0.965 0.022
(200,120,50,15,0,1,1) 0.97 0.033
(200,120,50,5,0,1,0.5) 0.94 0.040
(200,120,50,5,0,1,1)t = 0.4 0.98 0.027
(200,120,75,5,0,1,1)t = 0.4 0.965 0.017
(200,120,50,5,0,1,0.25) 0.975 0.040
(200,120,75,5,0,1,0.25) 0.95 0.039
(200,300,50,5,0,1,1) 0.965 0.036

Table 2.1: Simulation results for average coverage rate and average length of nominal 95% confidence inter-
vals for t

2.5.2 Economic Growth Rate

Durlauf and Johnson (1995) provide a theoretical background for the existence of multiple steady states in

economic growth models. Li and Yan (2024) confirm the existence of multiple steady states in economic

growth models by constructing confidence intervals for the debiased Lasso estimators of slope parameters

and show that the significance of covariates varies depending on the regime. The setup follows Equation

(3.1) in Lee et al. (2016),

gri = b0 +b1lgdp60i +X 0
i b2 +1{Qi < t}

�
d0 +d1lgdp60i +X 0

i d2
�
+Ui, (2.13)

where gri is the annualized GDP growth rate for each country i during the period 1960-1985, lgdp60i rep-

resents the log GDP in 1960, and Xi is a vector of additional covariates, including education, demographic

characteristics, market openness, politics, and interaction terms. Table 1 in Lee et al. (2016) provides a de-

tailed description of the covariates. Either the initial GDP or the adult literacy rate in 1960 is considered

as the threshold variable Qi, following Durlauf and Johnson (1995) and Lee et al. (2016). The grid interval

ranges from the 10th to the 90th percentiles of the threshold variable. The covariates are from Lee et al.

(2016), with the dataset originating from Barro and Lee (1994) and Durlauf and Johnson (1995). There are

79 countries with 46 covariates when initial GDP is used as the threshold variable. There are 67 countries

with 47 covariates when literacy rate is used as the threshold variable. Li and Yan (2024) have confirmed the

existence of a fixed threshold effect for both threshold variables.

When the initial gdp is the threshold variable, the threshold parameter estimator is t̂ = 2978. I then adjust
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the grid interval to [2720,3350] and [2050,5400], 9 and use the subsampling method (m = n/3) to construct

the corresponding confidence intervals, which are [2860,3060] and [2680,3283]. Chile and Japan are included

in the first interval, while Mauritius, Barbados, Chile, Japan, Ireland, and Spain are included in the second

interval. The growth pattern for these countries remains uncertain. However, other countries are split into

well-developed and developing countries, exhibiting different growth patterns, as discussed in Li and Yan

(2024).

When adult literacy is the threshold variable, the threshold parameter estimator is t̂ = 83. I then adjust

the grid interval to [75,90] and [70,93], 10 and use the subsampling method (m = n/3) to construct the

corresponding confidence intervals, which are [82,86] and [79,87]. Jamaica and Chile are included in the first

interval, while Jamaica, Chile, Ireland, and Spain are included in the second interval. The growth pattern for

these countries remains uncertain. However, other countries are split into well-educated and less-educated

countries, exhibiting different growth patterns, as discussed in Li and Yan (2024).

2.5.3 Government Spending and GDP

Ramey and Zubairy (2018) provide theoretical and empirical background on the effect of a military news

shock on government spending and GDP and use state-dependence LP to estimate impulse responses. Li

and Yan (2024) reestimate the impulse responses using a high-dimensional local projection threshold model.

They find a threshold point to define the state and estimate the impulse responses accordingly. The model is

as follows,

Yi+h = bh,0 +bh,1xi +
K

Â
k=1

z0
i�kbh,2,k +1{Qi�1 < t}

 
dh,0 +dh,1xi +

K

Â
k=1

z0
i�kdh,2,k

!
+Uh,i, (2.14)

where Yi is real per capita GDP or government spending, xi is the military spending news shock, and zi

includes lags of the news, GDP, government spending, and tax. A quarterly dataset from 1889Q1 to 2015Q4

is available at https://econweb.ucsd.edu/⇠vramey/research.html#govt. Section II.B in Ramey and Zubairy

(2018) provides a more detailed description of the data and variables. The data spans 161 periods, covering

a significant portion of U.S. history. It includes many prolonged periods of slack, thereby allowing for the

estimation of impulse responses over reasonable horizons with stable states. Here I consider one lag of the

unemployment rate as the threshold variable.11 The threshold parameter is 5.3, which is slightly different

from 6.5 in Ramey and Zubairy (2018), based on the US Federal Reserve’s policy announcements, and from

5.57 in Barro and Redlick (2011), based on the median unemployment rate from 1914 to 2006. But I adjust
9Intervals are constructed based on the quantile level of the estimated threshold parameter, with an increment of ±0.05 (or ±0.1).

10Intervals are constructed based on the quantile level of the estimated threshold parameter, with an increment of ±0.05 (or ±0.1).
11I do not consider one lag of the 3-month Treasury bill rate as the threshold variable because there is only a small portion of the

period during which the rate is below the estimated threshold parameter, making subsampling inaccurate.
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the grid interval to [4.6,6]12 and use the subsampling method (m = n/3) for dependent data to construct the

corresponding confidence interval, which is [5.16,5.44]. This results in a narrow confidence interval, with

only a few periods included, while the remaining periods are split into slack state and low unemployment

states, making this estimator more reliable for defining the economic state.

2.6 Conclusion

In this paper, I establish the asymptotic distributions of the threshold parameter estimator under three spec-

ifications (kink, diminishing jump, and fixed jump) and demonstrate that these distributions are continuous.

Therefore, when researchers lack prior knowledge about the specification at the threshold point, subsampling

can be used to estimate the convergence rate, and subsequently construct the confidence interval. Future

research directions could focus on nonlinearity tests with size correction using the subsampling method, as

discussed in Andrews and Guggenberger (2009).

12Intervals are constructed based on the quantile level of the estimated threshold parameter, with an increment of ±0.15.
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2.7 Appendix A

2.7.1 Proof for Theorem 10

Proof. Under Assumptions 12 to 16, by Theorem 2 in Li and Yan (2024), n
s0logp (bt � t0) = OP(1), I thus

set bn = n
s0logp when there is a fixed threshold effect. Define u = (u1,u2)0 and assume v > 0, the objective

function is written as follows:
2

64Sn

0

@a0 +
uq

n
s2
0logp

,t0 +
v
n

s0logp

1
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I decompose the objective function into three components. Considering Q3(u,v), I have the following:
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Note that
argmin

u,v
|Q31(u)+Q32(v)+D (t0)a0|

= argmin
u,v

(Q31(u)+Q32(v))2

= argmin
u,v

�
Q31(u)0Q31(u)+Q32(v)0Q32(v)+2Q31(u)0Q32(v)

�
.

(2.16)

Therefore, the asymptotic distribution of n
s0logp (bt � t0) depends on Q1(v),Q32(v)0Q32(v) and Q31(u)0Q32(v)

because n
s0logp (bt � t0) = argminv

n
s0logp (Q1(v)+Q32(v)0Q32(v)+

2Q31(u)0Q32(v)) by (2.15) and (2.16). I can show that

n
s0logp

lQ32(v)0Q32(v) = op(1) and
n

s0logp
lQ31(u)0Q32(v) = op(1)

by (7.21) in Lemma 11 of Li and Yan (2024), and l = C
µ

p
log pp

n = o(1) under Assumption 12 (i).

I thus obtain that the asymptotic distribution of bt is independent of that of ba , and n
s0logp (bt � t0) =

argminv
n

s0logpQ1(v).

Additionally, decompose Q1(v) as follows:
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I can show that Q11(v) = Op(1) and Q12(v) = op(1) by (7.21) in Lemma 11 of Li and Yan (2024) and

Assumption 16.

Next, I show the stochastic equicontinuity of Q11(v). Assume 0 < v1 < v2, for any e > 0, following Part

(ii) of the proof of Theorem 1 in Yu (2014), I derive
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where the second inequality is due to Markov’s inequality, and for the third inequality, I can take C =

f Q supt0<t<t0+z E [|z2i| |Qi = t] < • by (7.21) in Lemma 11 of Li and Yan (2024) and under Assumptions
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16 and 17.

Under Assumptions 12 and 17, from Yu (2012), I obtain

n
s0logp

(bt � t0) = argmin
v

D(v)⌘ Zt

with

D(v) =

8
>>>><

>>>>:

N1(|v|)

Â
i=1

z1i, if v  0;

N2(v)

Â
i=1

z2i, if v > 0,

where {z1i,z2i}, N1(·) and N2(·) are independent of each other. And N`(·) is a Poisson process with intensity

fQ(t0). Additionally, the distribution of Zr is continuous.
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3.1 Abstract
This paper proposes a novel method of algorithmic subsampling (data sketching) for multiway cluster-
dependent data. We establish a new uniform weak law of large numbers and a new central limit theorem
for multiway algorithmic subsample means. We show that algorithmic subsampling allows for robustness
against potential degeneracy, and even non-Gaussian degeneracy, of the asymptotic distribution under multi-
way clustering at the cost of efficiency and power loss due to algorithmic subsampling. Simulation studies
support this novel result, and demonstrate that inference with algorithmic subsampling entails more accu-
racy than that without algorithmic subsampling. We derive the consistency and the asymptotic normality for
multiway algorithmic subsampling generalized method of moments estimator and for multiway algorithmic
subsampling M-estimator. We illustrate with an application to scanner data for analysis of differentiated
products markets.

Keywords: algorithmic subsampling, data sketching, multiway clustering, robustness against degeneracy,
scanner data

JEL Codes: C2, C3, C55

3.2 Introduction
In the present era of big data it is not uncommon that data sets are so large that researchers may not need to
use the whole sample for statistical inference to draw informative conclusions. Furthermore, computational
bottlenecks in time and/or memory may even prohibit econometric analyses with such large data sets. The
recent econometrics literature (e.g., Lee and Ng, 2020a,b) suggests methods to deal with these circumstances
that started to arise in today’s data-rich environments. The algorithmic subsampling or data sketching ex-
plored by these authors paves the way for econometric and statistical analyses based on random subsampling
of big data.

The existing study of algorithmic subsampling focuses on i.i.d. cases, and it has been “silent about how
to deal with data that are dependent over time or across space” (Lee and Ng, 2020a, Section 8). On the other
hand, some of big data may exhibit cross-sectional statistical dependence, such as multiway clustering. For
instance, common scanner data (leading examples of big data) are clustered in two ways by markets and
products. Common demand shocks within a market may induce statistical dependence among different prod-
ucts within that market. Similarly, common supply shocks by a producer may induce statistical dependence
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among different markets within the product produced by that producer. “A natural stochastic framework
for the regression model with multiway clustered data is that of separately exchangeable random variables.”
(MacKinnon et al., 2021)

In this paper, we propose a novel method of algorithmic subsampling for separately exchangeable random
variables, which we will refer to as the multiway algorithmic subsampling, and develop asymptotic statisti-
cal properties of this method. We first establish basic theories for multiway algorithmic subsample means,
namely their uniform weak law of large numbers and central limit theorem, which differ from the standard
ones in a meaningful way. In particular, the form of the central limit theorem that is unique to multiway
algorithmic subsampling entails a practically useful property of robustness against potential degeneracy. Re-
searchers do not know ex ante how the data in use are affected by the cluster sampling. In cases where
the cluster-specific shocks have no mean effect on the data, the standard multiway-cluster-robust asymptotic
distribution without algorithmic subsampling would suffer from degeneracy, which can lead to either a Gaus-
sian limiting distribution with a faster convergence rate or a non-Gaussian limiting distribution (cf. Menzel,
2021), and invalidates the statistical inference based on standard multiway cluster-robust standard errors.
On the other hand, we show that multiway algorithmic subsampling allows for a non-degenerate asymptotic
distribution regardless of whether the data are dependent or not. In other words, algorithmic subsampling
ensures robustness against potential degeneracy, and even non-Gaussian degeneracy, of the asymptotic dis-
tribution, thereby allowing researchers to robustly enjoy valid statistical inference without knowing whether
data are dependent or not. This finding about the added practical advantage of algorithmic subsampling is
novel in the literature to our knowledge. We emphasize that these advantages of robustness come at the cost
of efficiency and power loss due to algorithmic subsampling.

Once these basic asymptotic statistical theories are established, we apply them to common econometric
frameworks. Specifically, we propose a multiway algorithmic subsampling generalized method of moments
(GMM) estimator, and derive asymptotic theories for it, including consistency, asymptotic normality, and
consistent variance estimation. This multiway algorithmic subsampling GMM estimator also enjoys the
aforementioned robustness property against potential degeneracy. Likewise, we also propose a multiway
algorithmic subsampling M-estimator, and derive similar asymptotic theories for it, including the consistency,
asymptotic normality, and consistent variance estimation.

Relation to the Literature: This paper intersects with two branches of the literature, namely algorithmic
subsampling and multiway clustering. In econometrics, algorithmic subsampling and its properties are first
studied by Lee and Ng (2020a,b). This literature has focused on random (i.i.d.) sampling as emphasized
earlier. Robust variances under multiway clustering have been proposed by Cameron et al. (2011), Thomp-
son (2011), and Cameron and Miller (2014). Asymptotic statistical properties under multiway clustering have
been rigorously investigated by Davezies et al. (2020), Chiang et al. (2021), MacKinnon et al. (2021), Menzel
(2021), and Chiang et al. (2022) under various contexts. This literature has not considered algorithmic sub-
sampling. To our knowledge, this paper is the first to study the properties of algorithmic subsampling under
multiway clustering, and therefore, is the first to propose the aforementioned advantage of algorithmic sub-
sampling for robustness against potential degeneracy, including non-Gaussian degeneracy, in the asymptotic
distribution under multiway clustering. We take advantage of the asymptotic distributional theory for incom-
plete one-sample U-statistics (Janson, 1984) to develop parts of our basic theoretical results. The method of
algorithmic subsampling is also closely related to the general scheme of resampling methods for clustered
data, which has been studied for one or multiway clustering by MacKinnon and Webb (2017), MacKinnon
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and Webb (2018), Djogbenou et al. (2019), Davezies et al. (2020), MacKinnon et al. (2021), Chiang et al.
(2021), and Menzel (2021), to name but a few.

Organization: The rest of this paper is organized as follows. Section 3.3 introduces multiway algorithmic
subsampling and presents its asymptotic statistical theories. Sections 3.4 and 3.5 demonstrate applications to
the GMM and M-estimation frameworks, respectively. Section 3.6 presents Monte Carlo simulation studies.
Section 3.7 presents an empirical application to scanner data. Section 3.8 concludes. All mathematical proofs
and details are collected in the appendix.

3.3 Multiway Algorithmic Subsampling
Suppose a researcher observes data {Wi j : 1  i  N,1  j  M}, where N and M are the sample sizes in
the first and second cluster dimensions. For instance, N and M are the number of markets and the number
of products, respectively, in scanner data. The data may be two-way clustered, in the sense that we allow for
arbitrary statistical dependence of Wi j across j 2 {1, ...,M} within each market i (due to a common demand
shock) and also allow for arbitrary statistical dependence of Wi j across i 2 {1, ...,N} within each product j
(due to a common supply shock). A formal assumption of this sampling process will be stated as Assumption
20 below. Using such two-way cluster sampled data, we are interested in (uniformly) consistent estimation
of and statistical inference about E[ f (Wi j)] based on standard econometric techniques. Since scanner data are
very big, however, computational bottlenecks in time or memory may limit or even prohibit implementation
of standard econometric analysis. Lee and Ng (2020a,b) therefore suggest algorithmic subsampling of big
data to alleviate computational burdens.

Adapting the ideas of Lee and Ng (2020a,b) to our framework of two-way clustered data, we propose
the following multiway algorithmic subsampling procedure. (We remark that algorithmic subsampling is
different from subsampling as a resampling method.) Let pNM denote the probability of subsample selection
that may depend on the current sample size (N,M). Generate i.i.d Bernoulli(pNM) random variables {Zi j : 1
i  N,1  j  M} independently from data. Let L̂ = ÂN

i=1 ÂM
j=1 Zi j denote the number of non-zero elements.

Note that L̂ follows Binomial(NM, pNM), and thus L ⌘ E[L̂] = NMpNM in particular. In fact, this formulation
of algorithmic subsampling is called the Bernoulli subsampling, and is one of the alternative approaches to
subsampling proposed by Lee and Ng (2020a). We focus on Bernoulli subsampling in this paper for simplicity
as well as its desired property of the aforementioned robustness against degeneracy. That said, we remark
that it is also feasible to use alternative subsampling methods (namely, the uniform subsampling with and
without replacement) proposed by Lee and Ng (2020a).

We use L̂�1 ÂN
i=1 ÂM

j=1 Zi j f (Wi j) to estimate and make inference about E[ f (Wi j)]. To this end, we first
develop the uniform weak law of large numbers and the central limit theorem under this setting of multiway
algorithmic subsampling in Sections 3.3.1 and 3.3.2, respectively. We then apply these basic theories in
turn to establish the consistency and the asymptotic normality for the generalized method of moments and
M-estimation in Sections 3.4 and 3.5, respectively. Hereafter for conciseness of notations, pNM will be
abbreviated as p. We let [k] denote the set {1, ...,k} for any k 2 N, and let [k]c = N\[k] for any k 2 N. We use
the short-hand notation C = min{N,M}. Throughout the paper, the asymptotics is understood as C ! •. For
a vector v 2 Rk, let kvk denote the Euclidean norm of v.

3.3.1 The Uniform Weak Law of Large Numbers
We first formally state the assumption of two-way cluster sampling.

100



Assumption 20 (Sampling). (i) (Wi j)(i, j)2N2 is an infinite sequence of separately exchangeable d-dimensional

random vectors. That is, for any permutations p1 and p2 of N, we have (Wi j)(i, j)2N2
d
=
�
Wp1(i)p2( j)

�
(i, j)2N2 . (ii)

(Wi j)(i, j)2N2 is dissociated. That is, for any (c1,c2) 2N2, (Wi j)i2[c1], j2[c2]
is independent of (Wi j)i2[c1]c, j2[c2]c

.

Part (i) requires a form of the identical distribution condition in separate permutations of the i index and the
j index. Although we relax the independent sampling, we maintain a form of identical distribution as such.
Part (ii) requires that sets of observations are independent if they do not share the same i index or the same
j index, i.e., (Wi j : i 2 {1, ...,c1}, j 2 {1, ...,c2}) and (Wi j : i 2 {c1 +1, ...}, j 2 {c2 +1, ...}) are assumed to
be independent for any (c1,c2) 2 N2. However, where any observations are sharing either the same i index
or the same j index, then they are allowed to be arbitrarily dependent. For example, in the scanner data,
two observations in the same market i may be dependent due to a common demand shock, and likewise two
observations in the same product j may also be dependent due to a common supply shock.

Assumption 20 consists of a sufficient condition for what we actually need. These conditions can be
relaxed to the assumption that the data (Wi j)(i, j)2N2 are generated via the process Wi j = f (ai,b j,ei j) for
some Borel-measurable function f , where (ai)i2N, (b j) j2N, and (ei j)(i, j)2N2 are mutually independent, and
each of (ai)i2N, (b j) j2N, and (ei j)(i, j)2N2 is i.i.d. This data generating process, or so-called Aldous-Hoover-
Kallenberg representation, is implied by Assumption 20. We can interpret ai and b j as i- and j-specific
effects, respectively, while ei j is an idiosyncratic effect. This representation is also consistent with the data
generating processes considered in the simulation studies.

For convenience of stating the next assumption, we introduce additional notations and definitions. Let
(T,d) be pseudometric space1. For e > 0, an e-net of T is a subset Te of T such that for every t 2 T there
exists te 2 Te with d(t, te) e . We define the e-covering number N(T,d,e) of T by

N(T,d,e) = inf{Card(Te) : Te is an e-net of T}.

For any probability measure Q on a measurable space (S,) and any q � 1, define k fkQ,q = {
R
| f |qdQ}1/q and

let Lq(S) = { f : S !R : k fkQ,q < •}. A function G : S ! is an envelope of a class of functions 3 g, g : S !,
if supg2 |g(s)|  G(s) for all s 2 S. With these notations and definitions, we state the following assumption
regarding the function class where f resides.

Assumption 21 (Function Class). The function class F satisfies (i) E [ f (Wi j)] = 0 for all f 2 F . (ii) F

admits an envelope F satisfying E [F(Wi j)] < • with supQ N(F ,k·kQ,2 ,e kFkQ,2) < • for all e > 0, where
Q is any finite discrete measure. (iii) F is pointwise measurable.2

Part (i) is a location normalization (centering) and is therefore without loss of generality. Although this part
will not be needed in the short run (Lemma 30), we state it here as this Assumption 21 collects requirements
about the function space where f resides. Part (ii) is a regularity condition imposed to establish a uniform
weak law of large numbers. Part (iii) is a technical requirement that is used to avoid measurability issues.
At this moment, we are stating these high-level assumptions for the sake of generality, but we will provide
the standard lower-level primitive conditions in the context of the application to the generalized method of
moments presented in Section 3.4 and the application to the M-estimation presented in Section 3.5.

1That is, d(x,y) = 0 does not imply x = y
2For its definition, see van der Vaart and Wellner (1996, pp. 110) for instance.
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Under these assumptions, we can establish the uniform weak law of large numbers for multiway algorith-
mic subsample means as formally stated in the lemma below.

Lemma 30 (Uniform Weak Law of Large Numbers). Suppose that Assumption 20 holds and that F satisfies
Assumption 21 (ii)–(iii). Then, for any f 2 F , we have

sup
f2F

�����
1
L̂

N

Â
i=1

M

Â
j=1

Zi j f (Wi j)�E [ f (W11)]

�����
P! 0.

This result is not very surprising, but we state above as Lemma 30 and prove it (in Appendix 3.10.1) for the
following two reasons. First, this is the first time it is stated and proved in the literature to the best of our
knowledge. Second, more importantly, this lemma serves as a useful auxiliary device for other results to be
presented below that are practically more relevant.

3.3.2 The Central Limit Theorem
To establish the central limit theorem under multiway algorithmic subsampling, we augment our assumptions
with the following additional condition. Recall the short-hand notation C = min{N,M}.

Assumption 22. There exists a constant L � 0 such that (C/NM)((1� pNM)/pNM)! L.

It entails that there exist constants l1 � 0 and l2 � 0 such that C/N ! l1, C/M ! l2.

To facilitate the subsequent discussions, we introduce a notion of degenerate asymptotic distribution. For
any scalar-valued sequence of random variables (Xi j)(i, j)2N2 satisfying Assumption 20, we say the asymptotic
distribution is degenerate if

�
(
p

C/NM)Xi j
�
! 0 as C ! •. The following theorem establishes the central

limit theorem under multiway algorithmic subsampling.

Theorem 13 (Central Limit Theorem). Suppose that Assumptions 20, 21 (i), (iii) and 22 hold, and that the
class F = { f1, ..., fk} is finite, independent of sample size, and admits an envelope F satisfying E

⇥
F(Wi j)2⇤<

•. Let f = ( f1, ..., fk)
T . Then,

p
C

1
L̂

N

Â
i=1

M

Â
j=1

Zi j f (Wi j)
d! N (0,G) ,

where the variance is given by G = GA +LGB, GA = l1E
⇥

f (W11) f T (W12)
⇤
+ l2E

⇥
f (W11) f T (W21)

⇤
and

GB = E
⇥

f (W11) f T (W11)
⇤
.

A proof is provided in Appendix 3.10.2. This central limit theorem entails a novel and useful feature of
algorithmic subsampling for multiway clustered data in practice. Notably, the asymptotic variance G consists
of a sum of two components, GA and LGB. This is in contrast with algorithmic subsampling for independent
data, where the asymptotic variance consists of only one term. The first part, GA, in fact coincides with the
asymptotic variance that we would get without algorithmic subsampling. Specifically, G = GA if p = 1. More
generally, if p is a constant, as the sample sizes (N,M) increase, then L = 0 so that G = GA. On the other
hand, if p is chosen so that L= limN,M!•(C/NM)((1� p)/p)> 0, then the second part, LGB, is also present.
Furthermore, GB is nonzero whenever the distribution of f (Wi j) is non-degenerate, and this feature ensures
robustness in inference against possible events of no cross sectional dependence.

In practice, a researcher may not ex ante know whether data exhibit cross sectional dependence
(E[ f (W11) f T (W12)] 6= 0 or E[ f (W11) f T (W21)] 6= 0) or not. If a researcher knew the true dependence struc-
ture, he or she could set the correct cluster dimension to conduct valid inference. However, this premise is
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implausible. In cases where there is no cross sectional dependence, then GA = 0 and the statistical infer-
ence based on the asymptotic normality without algorithmic subsampling would suffer from the degeneracy
problem. Because of algorithmic subsampling, however, we can robustly safeguard against such degenerate
asymptotic distributions without requiring a prior knowledge of the researcher about the presence/absence
of cross sectional dependence in data. This result is novel in the literature, and also uncovers an additional
useful property of algorithmic subsampling in practice.3 Simulation studies presented in Section 3.6 support
this practically relevant property of multiway algorithmic subsampling.

Intuitively, algorithmic subsampling with smaller p makes it less likely that multiple observations from
the same row i or same column j are selected. Thus, it results in placing relatively more weights on the
variance E[ f (Wi j) f (Wi j)] than on the covariances, E[ f (Wi j) f (Wi j0)] and E[ f (Wi j) f (Wi0 j)], in the asymptotic
distribution. Hence, the part E[ f (Wi j) f (Wi j)] of the asymptotic variance becomes dominant in the case of
degenerate covariances, and this feature of algorithmic subsampling prevents the degeneracy problem.

We can apply these theoretical results to a number of common frameworks of econometric analysis.
Two of the most frequently used classes of econometric methods are the generalized method of moments
(GMM) and the M-estimation. Therefore, we will demonstrate applications of these basic theories of the
uniform weak law of large numbers (Lemma 30) and the central limit theorem (Theorem 13) to establish
the consistency and the asymptotic normality of the GMM and M-estimators under multiway algorithmic
subsampling in Sections 3.4 and 3.5.

We conclude this section with a remark on alternative subsampling methods. As mentioned earlier, our
method is based on the Bernoulli subsampling, and is one of the alternative approaches to subsampling pro-
posed by Lee and Ng (2020a). Besides the Bernoulli subsampling on which we focus in this paper, they
propose uniform subsampling with replacement, uniform subsampling without replacement, and leverage
score subsampling. Among these alternative methods, it is also feasible to use uniform subsampling with re-
placement and uniform subsampling without replacement. Similar asymptotic properties will follow through
similar lines of the argument following Janson (1984) to those in the proof of Theorem 13. See Appendix
3.15 for details.

3.3.3 Application to the Ordinary Least Squares
This section demonstrates an application of the basic theories to the ordinary least squares (OLS) estimator.
Consider the linear regression model

Yi j = XT
i j b +ui j 1  i  N,1  j  M, (3.1)

where Yi j is a response variable, Xi j is a vector of d covariates and ui j is an error satisfying E [ui j|Xi j] = 0.

Let Wi j =
⇣

Yi j,XT
i j

⌘T
, and we apply the proposed multiway algorithmic subsampling to Wi j. The parameter

of interest is the vector of linear projection coefficients

b = E
⇥
X11XT

11
⇤�1 E [X11Y11] , (3.2)

3Indeed, the method of inference by MacKinnon et al. (2021) as well as Cameron et al. (2011) adapts to specific classes of degenerate
asymptotic distributions. However, these are restricted to the cases of Gaussian degeneracy, where the convergence rate is

p
NM yet

the asymptotic distribution is still Gaussian. On the other hand, these existing methods of inference by Cameron et al. (2011) and
MacKinnon et al. (2021) do not adapt to the class of non-Gaussian degenerate asymptotic distributions.
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and multiway algorithmic subsampling OLS estimator is

b̂ =

 
1
L̂

N

Â
i=1

M

Â
j=1

Zi jXi jXT
i j

!�1 
1
L̂

N

Â
i=1

M

Â
j=1

Zi jXi jYi j

!
. (3.3)

Applications of Lemma 30 and Theorem 13 yield the following limit distribution property about bb .

Corollary 2. Suppose that Assumption 20 holds for Wi j =
⇣

Yi j,XT
i j

⌘T
. Assume E

⇥
|Y11|4

⇤
< •, E

h
||X11||4

i
<

•, and that E
⇥
X11XT

11
⇤

non-singular. For b and b̂ defined in (3.2) and (3.3), we have

p
C
⇣

b̂ �b
⌘

d! N (0,V ) ,

where V = J�1GOLSJ�1, J = E
⇥
X11XT

11
⇤
, GOLS = GOLS,1 +LGOLS,2,

GOLS,1 = l1E
h
X11u11 (X12u12)

T
i
+l2E

h
X11u11 (X21u21)

T
i
, and GOLS,2 = E

h
X11u11 (X11u11)

T
i
.

See Appendix 3.10.3 for proof of this corollary.

3.4 Application to Generalized Method of Moments (GMM)
In this section, we apply the basic methods and theories presented in Section 3.3 to multiway algorithmic sub-
sampling generalized method of moments (GMM). Suppose that an economic model implies moment restric-
tions E

⇥
g
�
Wi j,q 0�⇤= 0 for a true parameter vector q 0 = (q 0

1 , ...,q 0
k )

T 2 Q, Q ⇢Rk, where g = (g1, ...,gm)
T ,

and m � k. With a Bernoulli sample {Zi j : 1  i  N,1  j  M}, algorithmic subsample moment evaluated
at q = (q1, ...,qk)T 2 Q is given by ĝNM (q) = L̂�1 ÂN

i=1 ÂM
j=1 Zi jg(Wi j,q). Let V̂ be a positive semi-definite

random matrix, which may depend on q . We define multiway algorithmic subsampling GMM estimator q̂ as
the solution to

max
q2Q

Q̂NM (q) ,

where Q̂NM (q) =�ĝNM (q)T V̂ ĝNM (q) . The true parameter vector q 0 2 Q is assumed to uniquely solve the
population problem maxq2Q�E[g(Wi j,q)]TV E[g(Wi j,q)], where V is positive semi-definite and V̂ P!V .

3.4.1 Consistency and Asymptotic Normality
To establish the consistency and asymptotic normality for multiway algorithmic subsampling GMM estimator
bq , we make the following assumption. To concisely state the following assumption, we introduce one addi-
tional definition regarding Lipschitz continuity. A function g : Rk !, is Lipschitz with a universal Lipschitz
constant, if there exists a positive constant M such that |g(w,q)�g(w,q 0)| M kq �q 0k for all w 2 (Wi j).

Assumption 23.
(i) V is positive semi-definite, and V E[g(Wi j,q)] = 0 only if q = q 0.

(ii) q 0 2 int(Q), where Q is a compact subset of Rk.
(iii) (a) q 7! gr(w,q) is Lipschitz with a universal Lipschitz constant.

(b) Each coordinate of q 7! —q gr(w,q) is Lipschitz with a universal Lipschitz constant.
(iv) E

⇥
supq2Q

��g(Wi j,q)
��⇤< •.

(v) GTV G is nonsingular where G = E
⇥
—q g

�
Wi j,q 0�⇤ .

(vi) E
⇥
supq2Q

��—q g(Wi j,q)
��⇤< •.
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(vii) gsup(·) = maxr2{1,...,m} |gr (·,q) | satisfies E[gsup(Wi j)2]< •.

Assumption 23 is analogous to the conditions required for Theorem 2.6 and Theorem 3.4 in Newey and
McFadden (1994), which state the consistency and asymptotic normality, respectively, of the GMM estimator
under the conventional random sampling.

We first state the consistency of the multiway algorithmic subsampling GMM estimator.

Lemma 31 (Consistency of Multiway Algorithmic Subsampling GMM Estimator). If Assumptions 20 and
23 (i), (ii), (iii), (iv) hold, and that V̂ P!V , then q̂ P! q 0.

A proof is provided in Appendix 3.12.1. It follows from combining the arguments in the proofs of Newey
and McFadden (1994, Theorem 2.1) with our uniform weak law of large numbers for multiway algorithmic
subsampling (Lemma 30) presented in Section 3.3.1.

We next state the asymptotic normality of the multiway algorithmic subsampling GMM estimator.

Theorem 14 (Asymptotic Normality of Multiway Algorithmic Subsampling GMM Estimator). If Assump-
tions 20, 22, and 23 hold, and that V̂ P!V , then

p
C
�
q̂ �q 0� d! N

⇣
0,
�
GTV G

��1 GTV WV G
�
GTV G

��1
⌘
,

where G = E
⇥
—q g

�
W11,q 0�⇤ and W = G1 +LG2, with

G1 = l1E
⇥
g
�
W11,q 0�gT �W12,q 0�⇤+l2E

⇥
g
�
W11,q 0�gT �W21,q 0�⇤ and G2 = E

⇥
g
�
W11,q 0�gT �W11,q 0�⇤.

A proof is provided in Appendix 3.12.2. It follows from combining the arguments in the proofs of Newey
and McFadden (1994, Theorem 3.4) with our central limit theorem for multiway algorithmic subsampling
(Theorem 13) presented in Section 3.3.2.

3.4.2 Algorithmic Subsampling Variance Estimation
The components, G and W in Theorem 14, of the asymptotic variance of multiway algorithmic subsampling
GMM estimator can be estimated by

eG =
1
L̂

N

Â
i=1

M

Â
j=1

Zi j—q g
�
Wi j, q̂

�

and
eW = eG1 +LeG2,

respectively, where

eG1 =
C
bL2

N

Â
i=1

Â
1 j, j0M

Zi jZi j0g
�
Wi j, q̂

�
gT �Wi j0 , q̂

�
+

C
bL2 Â

1i,i0N

M

Â
j=1

Zi jZi0 jg
�
Wi j, q̂

�
gT �Wi0 j, q̂

�

and
eG2 =

1
L̂

N

Â
i=1

M

Â
j=1

Zi jg
�
Wi j, q̂

�
gT �Wi j, q̂

�
.
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We propose to estimate the asymptotic variance
�
GTV G

��1 GTV WV G
�
GTV G

��1 by the sample coun-
terpart

�
G̃TV̂ G̃

��1 G̃TV̂ W̃V̂ G̃
�
G̃TV̂ G̃

��1
. To guarantee that this algorithmic subsampling variance estimator

works asymptotically, we make the following assumption in addition.

Assumption 24.
(i) q 7! E [—q g(Wi j,q)] is continuous at q 0.

(ii) q 7! l1E
⇥
g(Wi j,q)gT (Wi j,q)

⇤
+l2E

⇥
g(Wi j,q)gT (Wi j,q)

⇤
is continuous at q 0.

(iii) q 7! E
⇥
g(Wi j,q)gT (Wi j,q)

⇤
is continuous at q 0.

With this additional assumption,
�
G̃TV̂ G̃

��1 G̃TV̂ W̃V̂ G̃
�
G̃TV̂ G̃

��1 is consistent for the asymptotic variance
�
GTV G

��1 GTV WV G
�
GTV G

��1, as formally stated in the following theorem.

Theorem 15 (Consistent Asymptotic Variance Estimation of Multiway Algorithmic Subsampling GMM Es-
timator). If Assumptions 20, 22, 23 and 24 hold and that V̂ P!V , then

�
G̃TV̂ G̃

��1 G̃TV̂ W̃V̂ G̃
�
G̃TV̂ G̃

��1 P!
�
GTV G

��1 GTV WV G
�
GTV G

��1
.

A proof is provided in Appendix 3.12.3. It follows by combining Lemma 30 and similar lines of arguments
to those in the proofs of Lemma 31 and Theorem 14.

3.5 Application to M-Estimation
In this section, we apply the basic methods and theories presented in Section 3.3 to multiway algorithmic
subsampling M-estimation. Let Q ⇢ Rk be a parameter space and define the class Q = {q(·,q) : q 2 Q} of
functions q(·,q) indexed by q . With a Bernoulli sample {Zi j,1  i  N,1  j  M}, we define multiway
algorithmic subsampling M-estimator q̂ as the solution to

max
q2Q

�1
L̂

N

Â
i=1

M

Â
j=1

Zi jq(Wi j,q) .

The true parameter vector q 0 = (q 0
1 , ...,q 0

k )
T 2 Q is assumed to uniquely solve the population maximiza-

tion problem maxq2Q�E [q(Wi j,q)], in the sense that E
⇥
q
�
Wi j,q 0�⇤ < E [q(Wi j,q)] holds for all q =

(q1, ...,qk)T 2 Q and q 6= q 0. For each q 2 Q, let �L̂�1 ÂN
i=1 ÂM

j=1 Zi jq(Wi j,q) and �E [q(Wi j,q)] be de-
noted by Q̂NM (q) and Q0 (q), respectively, for conciseness.

3.5.1 Consistency and Asymptotic Normality
To establish the consistency and asymptotic normality for multiway algorithmic subsampling M-estimator bq ,
we make the following assumption.

Assumption 25.
(i) q 0 2 int(Q) where Q is a compact subset of Rk, and E[q(Wi j,q 0)]< E[q(Wi j,q)] for all q 2 Q\{q0}.
(ii) (a) q 7! q(w,q) is Lipschitz with a universal Lipschitz constant.

(b) Each coordinate of q 7! —q q(w,q) is Lipschitz with a universal Lipschitz constant.
(c) Each coordinate of q 7! —qq T q(w,q) = ∂ 2q(w,q)/∂q∂q T is Lipschitz with a universal Lipschitz

constant.

106



(iii) E[supq2Q q(Wi j,q)]< •.

(iv) E
⇥
supq2Q

��—qq T q(Wi j,q)
��⇤< •.

(v) H = H
�
q 0� is nonsingular where H(q) =�E [—qq T q(Wi j,q)] .

(vi) q̇sup(·) = maxr2{1,...,k} |∂q(·,q)/∂qr| satisfies E[q̇sup(Wi j)2]< •.

Assumption 25 is analogous to the conditions required for Theorem 2.1 and Theorem 3.1 in Newey and
McFadden (1994), which state the consistency and asymptotic normality, respectively, of the M-estimator
under the conventional random sampling.

We first state the consistency of multiway algorithmic subsampling M-estimator.

Lemma 32 (Consistency of Multiway Algorithmic Subsampling M-estimator). If Assumptions 20 and 25 (i),
(ii), (iii) hold, then q̂ P! q 0.

A proof is provided in Appendix 3.13.1. It follows from combining the arguments in the proof of Newey
and McFadden (1994, Theorem 2.1) with our uniform weak law of large numbers for multiway algorithmic
subsampling (Lemma 30) presented in Section 3.3.1.

We next state the asymptotic normality of multiway algorithmic subsampling M-estimator.

Theorem 16 (Asymptotic Normality of Multiway Algorithmic Subsampling M-estimator). If Assumptions
20, 22 and 25 hold, then p

C
�
q̂ �q 0� d! N

�
0,H�1SH�1� ,

where H =�E
⇥
—qq T q

�
W11,q 0�⇤, S = S1 +LS2, S1 = l1E

h
—q q

�
W11,q 0�—q q

�
W12,q 0�T

i
+

l2E
h
—q q

�
W11,q 0�—q q

�
W21,q 0�T

i
and S2 = E

h
—q q

�
W11,q 0�—q q

�
W11,q 0�T

i
.

A proof is provided in Appendix 3.13.2. It follows from combining the arguments in the proof of Newey
and McFadden (1994, Theorem 3.1) with our central limit theorem for multiway algorithmic subsampling
(Theorem 13) presented in Section 3.3.2.

3.5.2 Algorithmic Subsampling Variance Estimation
The components, H and S in Theorem 16, of the asymptotic variance of multiway algorithmic subsampling
M-estimator can be estimated by

eH =�1
L̂

N

Â
i=1

M

Â
j=1

Zi j—qq T q
�
Wi j, q̂

�

and eS = eS1 +LeS2, respectively, where

eS1 =
C
bL2

N

Â
i=1

Â
1 j, j0M

Zi jZi j0—q q
�
Wi j, q̂

�
—q q

�
Wi j0 , q̂

�T

+
C
bL2 Â
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M

Â
j=1

Zi jZi0 j—q q
�
Wi j, q̂

�
—q q
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�T

and
eS2 =

1
L̂
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i=1

M

Â
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�
—q q

�
Wi j, q̂

�T
.
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Thus, we propose to estimate H�1SH�1 by the sample counterpart eH�1eS eH�1. To guarantee that this asymp-
totic variance estimator works, we use the following assumption in addition.

Assumption 26.
(i) q 7! E [—qq T q(Wi j,q)] is continuous at q 0.

(ii) q 7! l1E
h
—q q(Wi j,q)—q q(Wi j,q)T

i
+l2E

h
—q q(Wi j,q)—q q(Wi j,q)T

i
is continuous at q 0.

(iii) q 7! E
h
—q q(Wi j,q)—q q(Wi j,q)T

i
is continuous at q 0.

With this additional assumption, eH�1eS eH�1 is consistent for the asymptotic variance H�1SH�1, as formally
stated in the following theorem.

Theorem 17 (Consistency of the Asymptotic Variance of Multiway Algorithmic Subsampling M-estimator).
If Assumptions 20, 22, 25, 26 hold, then eH�1eS eH�1 is consistent for H�1SH�1.

A proof is provided in Appendix 3.13.3. It follows by combining Lemma 30 and similar lines of argu-
ments to those in the proofs of Lemma 32 and Theorem 16.

3.6 Simulation Studies
As emphasized in Section 3.3, we discovered a new advantage of algorithmic subsampling that it allows for
robustness in inference against potential degeneracy of the asymptotic distribution under multiway cluster-
ing. In this section, we use Monte Carlo simulations to demonstrate this robustness property. Following
Menzel (2021), we consider two broad categories of designs, namely additively separable designs (Section
3.6.1) and nonseparable designs (Section 3.6.2). For each of these two broad categories, we experiment with
a design that leads to a non-degenerate asymptotic distribution and another design that leads to a degenerate
asymptotic distribution if algorithmic subsampling were not to be employed. In total, we consider four de-
signs. Multiway algorithmic subsampling will be shown to yield more accurate finite sample coverage results
than conventional methods robustly across all four cases, thereby supporting the aforementioned theoretical
discovery by this paper.

3.6.1 Additively Separable Designs
First, we generate the two-way clustered array {Yi j}i2[N], j2[M] according to the additively separable model

Yi j = saai +sbb j +seei j,

where b j and ei j are i.i.d. standard normal, and ai = (zi � µz )/sz for log(zi)
i.i.d.⇠ N(0,1), µz = E[zi], and

s2
z = Var(zi). With this basic setup, we consider two designs:

Design 1 : s2
a = 0.5,s2

b = 0.1, and s2
e = 0.2; and

Design 2 : s2
a = 0.0,s2

b = 0.0, and s2
e = 0.2.

Note that Design 2, without i-specific randomness or j-specific randomness, would lead to a degenerate
asymptotic distribution if algorithmic subsampling were not employed.
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Design 1: Non-Degenerate Case
No Algorithmic Subsampling Algorithmic Subsampling

(p = 1) p = 1C/(NM) p = 2C/(NM)
N M Bias SD RMSE 95% Bias SD RMSE 95% Bias SD RMSE 95%
40 40 0.006 0.127 0.127 0.885 0.005 0.194 0.194 0.926 -0.002 0.155 0.155 0.908
80 80 -0.001 0.087 0.087 0.902 0.002 0.131 0.131 0.925 -0.002 0.110 0.110 0.916

160 160 -0.001 0.060 0.060 0.918 0.000 0.094 0.094 0.925 0.002 0.079 0.079 0.923
320 320 0.001 0.044 0.044 0.916 0.000 0.068 0.068 0.932 0.000 0.057 0.057 0.927
640 640 0.001 0.032 0.032 0.922 0.000 0.047 0.047 0.948 -0.001 0.040 0.040 0.934

Design 2: Degenerate Case
No Algorithmic Subsampling Algorithmic Subsampling

(p = 1) p = 1C/(NM) p = 2C/(NM)
N M Bias SD RMSE 95% Bias SD RMSE 95% Bias SD RMSE 95%
40 40 0.000 0.011 0.011 0.999 -0.001 0.105 0.105 0.981 -0.001 0.049 0.049 0.986
80 80 0.000 0.006 0.006 1.000 -0.001 0.051 0.051 0.963 0.001 0.036 0.036 0.970

160 160 0.000 0.003 0.003 1.000 0.001 0.036 0.036 0.959 0.000 0.026 0.026 0.961
320 320 0.000 0.001 0.001 1.000 0.000 0.025 0.025 0.959 0.000 0.018 0.018 0.960
640 640 0.000 0.001 0.001 1.000 0.000 0.018 0.018 0.944 0.000 0.013 0.013 0.950

Table 3.1: Simulation results for the additively separable design with N = M = 40, 80, 160, 320, and 640
based on 2,500 Monte Carlo iterations. The top panel reports results for Design 1 (non-degenerate case),
whereas the bottom panel reports results for Design 2 (degenerate case). Each panel contains results based
on no algorithmic subsampling (p = 1), results based on algorithmic subsampling with p = 1C/(NM), and
results based on algorithmic subsampling with p = 2C/(NM) for estimation of the mean. The displayed
statistics are the bias (Bias), the standard deviation (SD), the root mean square error (RMSE), and the 95%
coverage (95%).

Table 3.1 reports simulation results for N = M = 40, 80, 160, 320, and 640. The top panel reports results
for Design 1 (non-degenerate case), and the bottom panel reports results for Design 2 (degenerate case). Each
panel contains results based on no algorithmic subsampling (i.e., p = 1)4 and results based on algorithmic
subsampling (with the subsampling probabilities of p = 1C/(NM) and p = 2C/(NM)) for estimation of the
mean. The asymptotic variance is estimated using a random subsample of ten percent of the sample. The
displayed statistics are the bias (Bias), the standard deviation (SD), the root mean square error (RMSE), and
the 95% coverage (95% Cover).

Observe that the 95% coverage frequencies are closer to the nominal probability of 95% when using
algorithmic subsampling compared to not using it. This observation is robustly true in both Design 1 (non-
degenerate case) and Design 2 (degenerate case). For Design 2 or the degenerate case, in particular, the
coverage frequency moves away from the nominal probability as the sample size increases if algorithmic
subsampling were not used. On the other hand, the coverage frequency approaches the nominal probabil-
ity as the sample size increases if algorithmic subsampling is used. These results demonstrate the afore-
mentioned robustness property of multiway algorithmic subsampling against the potential degeneracy of the
asymptotic distribution. We also experimented with additional simulation settings with much larger N and
M and other subsampling probabilities for algorithmic subsampling variance estimation, but we observe the
same qualitative patterns in the results under these alternative settings.

On the one hand, p = 1 leads to more precision, as quantified by smaller RMSE. On the other hand, p = 1
leads to larger coverage as observed above. These two phenomena may appear contradictory at first glance.

4The 95% coverage is computed based on our asymptotic variance formula as the special case with p = 1.
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The relevant issues are with the variance estimation, and not with the point estimates. These results precisely
highlight the cases of degeneracy. The asymptotic normality with the

p
C-rate fails under the degeneracy if

we do not use algorithmic subsampling, i.e., if p = 1. Therefore, the standard errors are misleadingly larger
compared to the actual RMSE of the estimator and the simulated coverage rates exceed the nominal coverage
probability in the degenerate case with p = 1. This is the main reason why we propose to use algorithmic
subsampling (i.e., p < 1) to have inference with estimated variance robust against the degeneracy.

3.6.2 Nonseparable Designs
Second, we generate the two-way clustered array {Yi j}i2[N], j2[M] according to the non-additive model

Yi j = (ai �µa)(b j �µb)�µaµb + ei j,

where ai, b j and ei j are i.i.d. standard normal. With this basic setup, we consider two designs:

Design 3 : µa = 1.0, and µb = 1.0; and

Design 4 : µa = 0.0, and µb = 0.0.

Note that Design 4 would lead to a degenerate asymptotic distribution that is Gaussian chaos, which is non-
Gaussian (cf. Menzel, 2021), if algorithmic subsampling were not employed.

Table 3.2 reports simulation results for N = M = 40, 80, 160, 320, and 640. The top panel reports results
for Design 3 (non-degenerate case), and the bottom panel reports results for Design 4 (degenerate case). Each
panel contains results based on no algorithmic subsampling (i.e., p = 1) and results based on algorithmic
subsampling (with the subsampling probabilities of p = 1C/(NM) and p = 2C/(NM)) for estimation of the
mean. The asymptotic variance is estimated using a random subsample of ten percent of the sample. The
displayed statistics are the bias (Bias), the standard deviation (SD), the root mean square error (RMSE), and
the 95% coverage (95% Cover).

Similarly to the case with the additively separable design, observe that the 95% coverage frequencies are
closer to the nominal probability of 95% with the use of algorithmic subsampling than without the use of it.
This observation is robustly true in both Design 3 (non-degenerate case) and Design 4 (degenerate case). For
Design 4 or the degenerate case, in particular, the coverage frequency moves away from the nominal proba-
bility as the sample size increases if algorithmic subsampling were not used. On the other hand, the coverage
frequency approaches the nominal probability as the sample size increases if algorithmic subsampling is
used. As before, these results demonstrate the aforementioned robustness property of multiway algorithmic
subsampling against the potential degeneracy of the asymptotic distribution. We also experimented with
additional simulation settings with much larger N and M and other subsampling probabilities for algorith-
mic subsampling variance estimation, but we observe the same qualitative patterns in the results under these
alternative settings.
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Design 3: Non-Degenerate Case
No Algorithmic Subsampling Algorithmic Subsampling

(p = 1) p = 1C/(NM) p = 2C/(NM)
N M Bias SD RMSE 95% Bias SD RMSE 95% Bias SD RMSE 95%
40 40 -0.002 0.221 0.221 0.943 0.007 0.382 0.382 0.955 0.003 0.316 0.315 0.944
80 80 0.008 0.160 0.160 0.943 -0.004 0.272 0.272 0.949 0.003 0.221 0.221 0.956

160 160 -0.002 0.113 0.113 0.942 0.001 0.190 0.190 0.952 0.001 0.158 0.158 0.945
320 320 0.000 0.079 0.079 0.944 0.004 0.140 0.140 0.940 0.004 0.110 0.110 0.953
640 640 -0.002 0.055 0.055 0.956 -0.001 0.096 0.096 0.954 0.001 0.079 0.079 0.949

Design 4: Degenerate Case
No Algorithmic Subsampling Algorithmic Subsampling

(p = 1) p = 1C/(NM) p = 2C/(NM)
N M Bias SD RMSE 95% Bias SD RMSE 95% Bias SD RMSE 95%
40 40 0.000 0.036 0.036 1.000 -0.004 0.221 0.221 0.980 -0.004 0.160 0.160 0.980
80 80 0.000 0.018 0.018 1.000 -0.001 0.155 0.155 0.971 0.001 0.110 0.110 0.975

160 160 0.000 0.009 0.009 1.000 0.002 0.113 0.113 0.956 -0.001 0.078 0.078 0.966
320 320 0.000 0.005 0.005 0.999 0.000 0.078 0.078 0.956 0.000 0.057 0.057 0.952
640 640 0.000 0.002 0.002 0.999 0.001 0.057 0.057 0.946 -0.001 0.039 0.039 0.952

Table 3.2: Simulation results for the nonseparable design with N = M = 40, 80, 160, 320, and 640 based
on 2,500 Monte Carlo iterations. The top panel reports results for Design 3 (non-degenerate case), whereas
the bottom panel reports results for Design 4 (degenerate case). Each panel contains results based on no
algorithmic subsampling (p = 1), results based on algorithmic subsampling with p = 1C/(NM), and results
based on algorithmic subsampling with p = 2C/(NM) for estimation of the mean. The displayed statistics
are the bias (Bias), the standard deviation (SD), the root mean square error (RMSE), and the 95% coverage
(95%).

3.7 Application to Scanner Data
In this section, we demonstrate an application of our proposed method to an analysis of demand for differen-
tiated products using scanner data from the Dominick’s Finer Foods (DFF) retail chain.5 Scanner data may be
subject to two-way cluster dependence, as mentioned in Section 3.2. Specifically, common demand shocks
within a market may induce statistical dependence among different products within that market. Similarly,
common supply shocks by a producer may induce statistical dependence among different markets within the
product produced by that producer. In this light, a researcher would like to use a two-way cluster robust
variance estimate for inference about the model parameters. However, the scanner data from the Dominick’s
Finer Foods (DFF) retail chain are too large, and today’s computational resources will not permit the two-
way cluster robust variance estimation in reasonable lengths of time. A simple way to overcome this problem
is to use the full sample for parameter estimation and to use a subsample for variance estimation, but this
approach fails to deliver robustly valid inference. Hence, we use our proposed multiway algorithmic subsam-
pling method for estimation and two-way cluster robust inference about the key demand model parameter.

Following the literature (for instance, see a survey by Nevo, 2000) on analysis of demand for differen-
tiated products with an additive Type-I-Extreme-Value error, we use the GMM approach with the moment
restriction

g(Wi j,q) = zi j(ln(Si j)� ln(S0 j)� ln(Pi j)q1 �XT
i j q�1), (3.4)

5We thank James M. Kilts Center, University of Chicago Booth School of Business for allowing us to use this data set. It is available
at https://www.chicagobooth.edu/research/kilts/datasets/dominicks.

111



Beer Oats Snacks Tuna
Number of UPCs 788 96 425 94
Number of Weeks 303 306 386 375
Number of Stores 89 93 94 93
Number of Products N 788 96 425 94
Number of Markets M 22,299 26,210 32,708 31,853
Number of Observations 3,990,672 1,333,465 5,427,491 1,048,575

Table 3.3: Data sizes of the four product categories: beer, oats, snacks, and canned tuna.

where i indexes products (universal product code, hereafter referred to as UPC), j indexes markets (store ⇥
week), Si j denotes the share of product i in market j, Pi j denotes the price, Xi j denotes a vector of controls
(the UPC fixed effects and a time trend), zi j denotes instruments, and Wi j = (Si j,Pi j,XT

i j ,z T
i j )

T .6 In addition
to the elements in Xi j, the instrument vector includes zi j as an excluded variable the wholesale costs, which
are calculated by inverting the gross margin. We drop those observations for which ln(Si j)� ln(S0 j) is not
finite,7 as well as those observations with missing values. The parameter vector in the model consists of
q = (q1,q T

�1)
T , and we are in particular interested in the price coefficient q1.

We consider four product categories: beer, oats, snacks, and canned tuna. Table 3.3 summarizes the sizes
of the original data in terms of various dimensions. It first shows the number of UPCs, the number of weeks,
and the number of stores for each product category. As we define a product as that identified by the UPC, the
number of products N coincides with the number of UPCs. We define a market as the unique combination
of the week and the store. Therefore, the number of markets M is close to, but is generally smaller than, the
product of the number of weeks and the number of stores. It is smaller than the naı̈ve product because of
the unbalancedness of data. Finally, the bottom row shows the total number of observations, which is again
smaller than the naı̈ve product NM because of the unbalancedness in data.

We now apply our multiway algorithmic subsampling GMM with the moment function defined in (3.4)
for each of the four product categories. Table 3.4 summarizes the estimation results. The table displays the
probability p of algorithmic subsampling, the corresponding estimates and their standard errors for the price
coefficient, and computational time in seconds for each of parameter estimation and asymptotic variance
estimation.

First, observe that the estimates of the price coefficient are negative, as expected, and are statistically
significant at the level of 95% for each column except for tuna despite efficiency loss due to algorithmic sub-
sampling and despite the two-way cluster robustness in the asymptotic variance. As emphasized in Sections
3.3 and 3.6, algorithmic subsampling with p µ C/(NM) allows these standard errors to have asymptotically
accurate coverage robustly against potential degeneracy, unlike the conventional two-way cluster robust stan-
dard errors without algorithmic subsampling.

Second, the computational time for parameter estimation is within about a dozen seconds for each column,
6In cases where the model involves product fixed effects, algorithmic subsampling can be applied to within-transformation. This

operation incurs additional computational costs, although this is a common issue in fixed-effect methods in general. In cases where
a model involves two-way fixed effects, two-way differencing may induce a more complicated dependence structure especially under
unbalanced panels. An alternative approach may be to use instrumental variables. We leave rigorous treatments of such a variety of
extensions to fixed-effect models for future research.

7In other words, we drop observations with the zero market share. Dropping these observations may generally incur a trimming
bias. We adopt this trimming as it is a standard practice in the literature of demand analysis for differentiated products markets, and we
consider the possibly biased estimand as our pseudo-true value.
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Beer Beer Oats Oats Snacks Snacks Tuna Tuna
p 100C

NM
200C
NM

100C
NM

200C
NM

100C
NM

200C
NM

100C
NM

200C
NM

0.004 0.009 0.004 0.008 0.003 0.006 0.003 0.006
Price Coefficient † -0.223⇤⇤ -0.334⇤⇤⇤ -1.186⇤⇤⇤ -1.273⇤⇤⇤ -1.155⇤⇤⇤ -1.105⇤⇤⇤ -1.605⇤ -0.936⇤

(0.102) (0.066) (0.173) (0.103) (0.159) (0.151) (0.985) (0.500)
Computational Time ‡

Parameter Estimation 7.313 13.952 0.081 0.129 2.525 5.582 0.063 0.092
Variance Estimation 1223 4458 34 189 676 2901 10 46

Table 3.4: Results of the estimation of the price coefficient. † The standard errors are shown in parentheses
under the estimates. *** p<0.01, ** p<0.05, * p<0.10. ‡ Computational time is expressed in seconds based
on a single processor of Intel Xeon Processor E5-2687W V4.

given that algorithmic subsampling extracts only the proportions, p ⇡ 0.003��0.009, of the original sample
sizes. However, it is the asymptotic variance estimation that costs more computational time under multiway
cluster dependence. Focusing on the beer product category, for instance, even the algorithmic subsampling
that extracts only the p ⇡ 0.004 portion of the original sample size requires 1223 seconds of computation
for variance estimation. When the proportion doubles to p ⇡ 0.009, then the computational time nearly
quadruples to 4458 seconds. A naı̈ve calculation implies that the use of the full sample without algorithmic
subsampling would require about three years.

3.8 Conclusion
In this paper, we propose a novel method of algorithmic subsampling for multiway cluster-dependent data.
We develop asymptotic statistical properties of this proposed method. Specifically, we develop a new uniform
weak law of large numbers and a new central limit theorem for multiway algorithmic subsample means. As
a consequence of the new central limit theorem, we show that algorithmic subsampling allows for robustness
against the potential degeneracy of the asymptotic distribution under multiway clustering at the cost of
efficiency and power loss due to the subsampling. Applying these basic asymptotic statistical theories, we
derive the consistency and the asymptotic normality for the multiway algorithmic subsampling generalized
method of moments estimator and the multiway algorithmic subsampling M-estimator.

Our main finding that algorithmic subsampling allows for the robustness against degeneracy in the asymp-
totic distribution is novel in the literature on multiway clustering. Indeed, the method of inference by MacK-
innon et al. (2021) as well as Cameron et al. (2011) adapts to the Gaussian degeneracy. However, these
existing methods do not adapt to the class of non-Gaussian degenerate asymptotic distributions. In contrast,
the asymptotic distribution under algorithmic subsampling adapts even to the non-Gaussian degeneracy as
well. The bootstrap method of Menzel (2021) is robust against non-Gaussian degeneracy. Our proposed
method via algorithmic subsampling leads to the exact limit distribution, and thus non-conservative infer-
ence, unlike the method of Menzel (2021). This said, we again emphasize that these merits come at the cost
of efficiency and power loss by disposing parts of big data.

Finally, we shed some light on possible future directions. This paper considers non-nested multiway
clustering (as in Cameron et al., 2011). In practice, researchers may be interested in applications with nested
clustering in one or more cluster dimensions. Under the current framework, one could take the coarsest levels
of clustering. Handling it in a more efficient way is a useful topic but is beyond the scope of this paper. In
addition, in MacKinnon et al. (2020), formal theory is developed for testing the correct level of (one-way)
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clustering. One could consider generalizing such a test for multiway nested clustering, which is also left for
future research.

3.9 Appendix A
Throughout this appendix, for any arrays (aNM) and (bNM), denote aNM . bNM for aNM  CbNM for some
positive constant C independent of sample size.

3.9.1 Choice of the Subsample Size
Theorem 13 provides a guidance on rates at which p should converge in order to guarantee robustness
against degeneracy under multiway cluster sampling. Specifically, p = pMN should be chosen so that L =

limN,M!•(C/(NM))((1� p)/p)> 0 holds. To this goal, it is in particular sufficient to choose

p = c
C

NM
for some c > 0.

For our asymptotic properties with robustness, any choice of a positive constant c works in theory. Simulation
studies presented in Section 3.6 demonstrate that even the naı̈ve choices, such as c = 1 and c = 2, result in
excellent finite-sample performances across various alternative data generating designs.

That said, it is also useful as well to provide a data-driven method to choose c based on a well-defined
criterion. In this section, we propose a method to this end following the idea of power analysis which is
often employed to determine experimental sample size. Suppose that a researcher has in mind a maximum
tolerable level Vmax of the approximate variance G/C of L̂�1 ÂN

i=1 ÂM
j=1 Zi j f (Wi j) in the asymptotic normal

approximation by Theorem 13.
First, choose a preliminary positive value of cpre, set ppre = cpreC/(NM), generate i.i.d Bernoulli(ppre)

random variables {Zpre
i j : 1  i  N,1  j  M} independently from data, and set L̂pre = ÂN

i=1 ÂM
j=1 Zpre

i j . Then,
estimate GA = l1E

⇥
f (W11) f T (W12)

⇤
+l2E

⇥
f (W11) f T (W21)

⇤
and GB = E

⇥
f (W11) f T (W11)

⇤
by

bGpre
A =

C
(bLpre)2

N

Â
i=1

Â
1 j, j0M

Zpre
i j Zpre

i j0 f (Wi j) f
�
Wi j0

�
+

C
(bLpre)2 Â

1i,i0N

M

Â
j=1

Zpre
i j Zpre

i0 j f (Wi j) f
�
Wi0 j

�

and
bGpre

B =
1

L̂pre

N

Â
i=1

M

Â
j=1

Zpre
i j f (Wi j) f (Wi j) ,

respectively. Finally, solve

CVmax = bGpre
A +

C
NM

NM� cC
cC

bGpre
B

for c to find the value c⇤ of c. This plug-in procedure yields the subsample size rate ppre = cpreC/(NM),
under which the approximate variance G/C of L̂�1 ÂN

i=1 ÂM
j=1 Zi j f (Wi j) is close to the target level Vmax. Note

the similarity of this procedure to the power analysis for sample size calculation, which is often employed by
experimental researchers.

We remark that this proposed procedure of choosing the subsample size differs from that proposed by
Lee and Ng (2020a, Section 7.2). This difference in the approaches taken is due to the different goals under
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Design 2: Degenerate Case
No Algorithmic Subsampling Algorithmic Subsampling

(p = 1) p = c⇤C/(NM)
N M Bias SD RMSE 95% Bias SD RMSE 95%
40 40 0.000 0.011 0.011 0.999 0.001 0.071 0.071 0.987
80 80 0.000 0.006 0.006 1.000 0.001 0.050 0.050 0.972

160 160 0.000 0.003 0.003 1.000 -0.001 0.036 0.036 0.964
320 320 0.000 0.001 0.001 1.000 0.000 0.025 0.025 0.953
640 640 0.000 0.001 0.001 1.000 0.001 0.017 0.017 0.955

Table 3.5: Simulation results for the additively separable design with N = M = 40, 80, 160, 320 and 640
based on 2,500 Monte Carlo iterations. Each panel contains results based on no algorithmic subsampling
(p = 1) and results based on algorithmic subsampling with p = c⇤C/(NM), for estimation of the mean. The
displayed statistics are the bias (Bias), the standard deviation (SD), the root mean square error (RMSE), and
the 95% coverage (95%).

Design 4: Degenerate Case
No Algorithmic Subsampling Algorithmic Subsampling

(p = 1) p = c⇤C/(NM)
N M Bias SD RMSE 95% Bias SD RMSE 95%
40 40 0.000 0.036 0.036 1.000 0.000 0.084 0.084 0.990
80 80 0.000 0.018 0.018 1.000 0.000 0.067 0.067 0.984

160 160 0.000 0.009 0.009 1.000 -0.001 0.051 0.051 0.966
320 320 0.000 0.005 0.005 0.999 0.001 0.038 0.038 0.957
640 640 0.000 0.002 0.002 0.999 -0.000 0.027 0.027 0.958

Table 3.6: Simulation results for the nonseparable design with N = M = 40, 80, 160, 320 and 640 based on
2,500 Monte Carlo iterations. Each panel contains results based on no algorithmic subsampling (p = 1) and
results based on algorithmic subsampling with p = c⇤C/(NM), for estimation of the mean. The displayed
statistics are the bias (Bias), the standard deviation (SD), the root mean square error (RMSE), and the 95%
coverage (95%).

different dependence structures. Lee and Ng (2020a) base their requirement for the subsample size on a
condition that guarantees the subspace embedding (Lee and Ng, 2020a, Definition 1). On the other hand,
we base our requirement for the subsample size on attaining robustness against degeneracy under multiway
cluster sampling.

While the simulation studies presented in Section 3.6 are based fixed c 2 {1,2}, we now present simula-
tion results under the above choice rule of the subsample size. We set Vmax = 0.5/C throughout, and start with
c = 1 for preliminary estimation of bGpre

A and bGpre
B . Focusing on the degenerate case, Table 3.5 summarizes

simulation results under the additively separable designs, as the counterpart of Table 3.1 in the main text.
Similarly, focusing on the degenerate case, Table 3.6 summarizes simulation results under the nonseparable
designs, as the counterpart of Table 3.2 in the main text. Overall, we observe qualitatively similar patterns
here to those presented in the main text.

3.9.2 Additional Simulation Results
The simulation studies presented in Section 3.6 in the main text and Appendix 3.9.1 compare inference results
only across those methods that assume two-way clustering. This section extends these simulation analyses
by comparing the finite-sample performance of our proposed method with more conventional methods that
assume i.i.d. sampling and one-way clustering as well as two-way clustering.
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Design 1: Non-Degenerate Case
Algorithmic

No Algorithmic Subsampling Subsampling
0-Way 1-Way 2-Way Cluster

N M Cluster Cluster p = 1 p = 1C/(NM) p = 2C/(NM)
40 40 0.270 0.834 0.885 0.926 0.908
80 80 0.192 0.837 0.902 0.925 0.916
160 160 0.140 0.854 0.918 0.925 0.923
320 320 0.097 0.846 0.916 0.932 0.927
640 640 0.074 0.845 0.922 0.948 0.934

Design 2: Degenerate Case
Algorithmic

No Algorithmic Subsampling Subsampling
0-Way 1-Way 2-Way Cluster

N M Cluster Cluster p = 1 p = 1C/(NM) p = 2C/(NM)
40 40 0.952 1.000 0.999 0.981 0.986
80 80 0.960 1.000 1.000 0.963 0.970
160 160 0.945 1.000 1.000 0.959 0.961
320 320 0.948 1.000 1.000 0.959 0.960
640 640 0.951 1.000 1.000 0.944 0.950

Table 3.7: 95% coverage frequencies of various inference methods in the additively separable designs with
N = M = 40, 80, 160, 320 and 640 based on 2,500 Monte Carlo iterations.

We continue to use the same simulation designs from Section 3.6. Namely, data are generated according
to Designs 1–4. Sample sizes are varied as N = M = 40, 80, 160, 320 and 640. Each set of simulations con-
sists of 2,500 Monte Carlo iterations. Unlike Section 3.6, however, we also compute 95% coverage frequen-
cies with the Eicker-Huber-White robust variance estimator (0-Way Cluster) and the conventional one-way
cluster-robust variance estimator (1-Way Cluster) in addition to the two-way cluster-robust variance estimator
(2-Way Custer). Tables 3.7 and 3.8 summarize the results for Designs 1–2 and Designs 3–4, respectively.

In each of these two tables, we make the following observations. First, the 0-Way Cluster method suffers
from severe under-coverage across all the sample sizes under the non-degenerate designs. Second, the 1-Way
Cluster method suffers from under-coverage across all the sample sizes under the non-degenerate designs,
while it in contrast suffers from over-coverage across all the sample sizes under the degenerate designs.

Third, comparisons between the 2-Way Cluster method without algorithmic subsampling and the 2-Way
Cluster method with algorithmic subsampling remain the same as those presented in Section 3.6 in the main
text. In particular, we conclude that the 2-Way Cluster with algorithmic subsampling is the only approach
that delivers correct coverage across all the designs.

3.10 Proofs of the Main Results
3.10.1 Proof of Lemma 30
Proof. By the definition of Zi j, it can be written as Zi j = {Ui j  pNM} for some i.i.d. Ui j ⇠ Unif(0,1)
independent from the data. Define F̃ = {(u,w) 7! f (w) : f 2 F} and G̃NM = {(u,w) g̃NM7! (u  pNM)/pNM}.
Note that Assumption 21 (ii)–(iii) for F implies that the same conditions hold with F̃ in place of F . Also,
note that for each (N,M), G̃NM consists of a single function with itself as an envelope. Therefore, by Theorem
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Design 3: Non-Degenerate Case
Algorithmic

No Algorithmic Subsampling Subsampling
0-Way 1-Way 2-Way Cluster

N M Cluster Cluster p = 1 p = 1C/(NM) p = 2C/(NM)
40 40 0.341 0.914 0.943 0.955 0.944
80 80 0.240 0.927 0.943 0.949 0.956
160 160 0.170 0.924 0.942 0.952 0.945
320 320 0.122 0.916 0.944 0.940 0.953
640 640 0.089 0.923 0.956 0.954 0.949

Design 4: Degenerate Case
Algorithmic

No Algorithmic Subsampling Subsampling
0-Way 1-Way 2-Way Cluster

N M Cluster Cluster p = 1 p = 1C/(NM) p = 2C/(NM)
40 40 0.950 1.000 1.000 0.980 0.980
80 80 0.940 1.000 1.000 0.971 0.975
160 160 0.946 1.000 1.000 0.956 0.966
320 320 0.946 1.000 0.999 0.956 0.952
640 640 0.953 1.000 0.999 0.946 0.952

Table 3.8: 95% coverage frequencies of various inference methods in the nonseparable designs with N =
M = 40, 80, 160, 320 and 640 based on 2,500 Monte Carlo iterations.

9.15 in Kosorok (2008), for g̃NMF̃ = {g̃NM f : f 2 F̃}, we have that

sup
Q

N
⇣

g̃NMF̃ ,k·kQ,2 ,
p

2e kg̃NMFkQ,2

⌘
 sup

Q
N
⇣
F̃ ,k·kQ,2 ,e kFkQ,2

⌘
1 < •

uniformly over (N,M) for any finite discrete measure Q and e 2 (0,1]. Note that g̃NMF̃ satisfies Assumption
21 (ii)–(iii). Under Assumptions 20 and 21 (ii)–(iii), therefore, we can apply Lemma 35 (Appendix 3.11) to
g̃NMF̃ , and then apply the Markov inequality to get

sup
f2F

�����
1

NM

N

Â
i=1

M

Â
j=1

Zi j

pNM
f (Wi j)�

1
pNM

E [Z11 f (W11)]

�����
P! 0.

Since E [Z11 f (W11)] = E [Z11]E [ f (W11)] = pNME [ f (W11)] , we in turn obtain

sup
f2F

�����
1
L

N

Â
i=1

M

Â
j=1

Zi j f (Wi j)�E [ f (W11)]

�����
P! 0.

Finally, Lemma 34 (Appendix 3.11) implies that L̂/L P! 1, and thus

sup
f2F

�����
1
L̂

N

Â
i=1

M

Â
j=1

Zi j f (Wi j)�E [ f (W11)]

�����
P! 0.
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This completes the proof.

3.10.2 Proof of Theorem 13
Proof. Consider the decomposition of L̂�1 ÂN

i=1 ÂM
j=1 Zi j f (Wi j) into two terms as

1
L̂

N

Â
i=1

M

Â
j=1

Zi j f (Wi j) =
L
L̂

1
L

N

Â
i=1

M

Â
j=1

Zi j f (Wi j) =
L
L̂

⇣
ANM +

p
1� pNMBNM

⌘
, (3.5)

where ANM and BNM are defined by

ANM =
1

NM

N

Â
i=1

M

Â
j=1

f (Wi j) and BNM =
1
L

N

Â
i=1

M

Â
j=1

Zi j � pNMp
1� pNM

f (Wi j) ,

respectively.
The first step is to get the asymptotic normality for ANM . Our setup satisfies the first part of Assumption

3 in Davezies et al. (2018), since class F is finite and E
⇥
F2⇤ < •. Under our Assumptions 20, 21 (i), (iii),

and 22, applying Theorem 3.1 of Davezies et al. (2018) yields

p
CANM

d! N
�
0,l1E

⇥
f (W11) f T (W12)

⇤
+l2E

⇥
f (W11) f T (W21)

⇤�
. (3.6)

Next, we will obtain the variance-covariance matrix of BNM . By the law of total covariance,

(BNM,BNM) =E
h⇣

BNM,BNM

���
�

Wi j
 

i2[N], j2[M]

⌘i

+
�
E
⇥
BNM|{Wi j}i2[N], j2[M]

⇤
,E
⇥
BNM

��{Wi j}i2[N], j2[M]

⇤�
.

For the first term, we can write

E
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���
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.
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For the last term, note that

E
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���
�
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i
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⇤
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It thus follows that

(BNM,BNM) =
1
L

E
⇥

f (Wi j) f T (Wi j)
⇤
=

1
L

E
⇥

f (W11) f T (W11)
⇤
, (3.7)

where the second equality holds by Assumption 20 (i).
Finally, we will show that ANM and BNM are independent and asymptotically Gaussian. We have already

proved that
p

CANM is asymptotically Gaussian from (3.6). Pick any q = (q1, ...,qk)
T 2 Rk. Define
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N

Â
i=1

M

Â
j=1

(Zi j � pNM)ai jp
1� pNM

and a2
NM =

1
NM

N

Â
i=1

M

Â
j=1

a2
i j,

where
�

ai j
 

is a bounded sequence. Let V and W be independent random variables that follow
N
�
0,l1E

⇥
f T (W11)qqT f (W12)

⇤
+ l2E

⇥
f T (W11)qqT f (W21)

⇤�
and N

�
0,E

⇥
f T (W11)qqT f (W11)

⇤�
, respec-

tively. Let jp
C,L (s, t) denote the characteristic function of

�p
C(NM)�1 ÂN

i=1 ÂM
j=1 qT f (Wi j) ,

L�1/2 ÂN
i=1 ÂM

j=1 (Zi j � pNM)/
�p

1� pNM
�

qT f (Wi j)
�

and let j (s, t) = y (s)e�t2a2/2 denote that of (V,W ),
where y (s) denotes the characteristic function of V and a2 = E

⇥
f T (W11)qqT f (W11)

⇤
. Applying Lemma 2

of Janson (1984) with ai j = qT f (Wi j) , conditionally on {Wi j}i2[N], j2[M], we obtian

E

 
e

itL�1/2 ÂN
i=1 ÂM

j=1
Zi j�pNMp

1�pNM
qT f(Wi j)

�����
�

Wi j
 

i2[N], j2[M]

!
� e�t2a2

NM/2 ! 0.

Meanwhile, (NM)�1 ÂN
i=1 ÂM

j=1 f T (Wi j)qqT f (Wi j)
P! E

⇥
f T (W11)qqT f (W11)

⇤
, and thus a2

NM
P! a2, so that

119



the above conditional characteristic function converges to e�t2a2/2. Therefore, for any real s and t,

jp
C,L (s, t)�j (s, t)

= E

"
e

is
p

C(NM)�1 ÂN
i=1 ÂM

j=1 qT f(Wi j)+itL�1/2 ÂN
i=1 ÂM

j=1
Zi j�pNMp

1�pNM
qT f(Wi j)

#
�y (s)e�t2a2/2

= E

"
eis

p
C(NM)�1 ÂN

i=1 ÂM
j=1 qT f(Wi j)

 
E

"
e

itL�1/2 ÂN
i=1 ÂM

j=1
Zi j�pNMp

1�pNM
qT f(Wi j)

�����{Wi j}i2[N], j2[M]

#
� e�t2a2/2

!#

+
⇣

E
h
eis

p
C(NM)�1 ÂN

i=1 ÂM
j=1 qT f(Wi j)

i
�y (s)

⌘
e�t2a2/2 ! 0,

and we obtain

 
p

C
1

NM

N

Â
i=1

M

Â
j=1

qT f (Wi j) ,
1p
L

N

Â
i=1

M

Â
j=1

Zi j � pNMp
1� pNM

qT f (Wi j)

!
d! (V,W ) .

Now, apply Cramér-Wold device to get

 
p

C
1

NM

N

Â
i=1

M

Â
j=1

f (Wi j) ,
1p
L

N

Â
i=1

M

Â
j=1

Zi j � pNMp
1� pNM

f (Wi j)

!

d!
�
N
�
0,l1E

⇥
f (W11) f T (W12)

⇤
+l2E

⇥
f (W11) f T (W21)

⇤�
,N
�
0,E

⇥
f (W11) f T (W11)

⇤��
.

In case where f is unbounded, one can approximate f in L2 using a bounded function f 0 following the
argument in Theorem 1 of Janson (1984, pp. 499) under Lemma 34 and the condition E[F2] < • in
the statement of the theorem. The resulting errors in

p
CANM and

p
LBNM have variances bounded by

T1E[( f (W11)� f 0(W11))( f (W12)� f 0(W12))T ]+T2E[( f (W11)� f 0(W11))( f (W21)� f 0(W21))T ] and
T3E[( f (W11)� f 0(W11))( f (W11)� f 0(W11))T ] from (3.6) and (3.7), where T1, T2 and T3 are constants. The
result then follows by letting f 0 ! f with an application of the dominated convergence theorem. We have
thus obtained

p
C

1
L

N

Â
i=1

M

Â
j=1

Zi j f (Wi j) =
p

C
1

NM

N

Â
i=1

M

Â
j=1

f (Wi j)+

p
Cp
L

p
1� pNM

1p
L

N

Â
i=1

M

Â
j=1

Zi j � pNMp
1� pNM

f (Wi j)

d! N (0,G) ,

(3.8)

where G = GA+LGB, GA = l1E
⇥

f (W11) f T (W12)
⇤
+l2E

⇥
f (W11) f T (W21)

⇤
and GB = E

⇥
f (W11) f T (W11)

⇤
.

Finally,
p

CL�1 ÂN
i=1 ÂM

j=1 Zi j f (Wi j) can be replaced by
p

CL̂�1 ÂN
i=1 ÂM

j=1 Zi j f (Wi j) by virtue of Lemma 34
(Appendix 3.11).

We now show that the term (ANM +
p

1� pNMBNM) is asymptotically normal. Pick any q= (q1, ...,qk)
T 2

Rk. For a given bounded sequence
�

ai j
 

, define

YNM,L =
1p
L

N

Â
i=1

M

Â
j=1

(Zi j � pNM)ai jp
1� pNM

and a2
NM =

1
NM

N

Â
i=1

M

Â
j=1

a2
i j.
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And suppose f (Wi j) is bounded, by applying Lemma 2 of Janson (1984) with ai j = qT f (Wi j) , conditionally
on {Wi j}i2[N], j2[M], we obtain

E
⇣

eitYNM,L
���
�

Wi j
 

i2[N], j2[M]

⌘
� e�t2a2

NM/2 ! 0.

Meanwhile, (NM)�1 ÂN
i=1 ÂM

j=1 f T (Wi j)qqT f (Wi j)
P! E

⇥
f T (W11)qqT f (W11)

⇤
, and thus a2

NM
P! a2, where

a2 = E
⇥

f T (W11)qqT f (W11)
⇤
, so that the above conditional characteristic function converges to e�t2a2/2.

Thus, conditionally on
�

Wi j
 

i2[N], j2[M], we have
p

LqT BNM/a d! N(0,1). Also note that conditional on
�

Wi j
 

i2[N], j2[M], ANM is deterministic. In addition, we have already shown that
p

CANM is (unconditionally)
asymptotically normal as in (3.6). Therefore, an application8 of Theorem 2 in Chen and Rao (2007) yields
that

p
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1
L

N

Â
i=1

M

Â
j=1

Zi jqT f (Wi j) =
p

C
1

NM

N

Â
i=1

M

Â
j=1

qT f (Wi j)+

p
Cp
L

p
1� pNM

1p
L

N

Â
i=1

M

Â
j=1

Zi j � pNMp
1� pNM

qT f (Wi j)

d! N
�
0,qT Gq

�
,

(3.9)
recall that G=GA+LGB with GA = l1E

⇥
f (W11) f T (W12)

⇤
+l2E

⇥
f (W11) f T (W21)

⇤
and GB =E

⇥
f (W11) f T (W11)

⇤
.

The Cramér-Wold device now implies

p
C(ANM +

p
1� pNMBNM) =

p
C

1
L

N

Â
i=1

M

Â
j=1

Zi j f (Wi j)
d! N (0,G) . (3.10)

In cases where f is unbounded, one can approximate f in L2 using a bounded function f 0 following
the argument in Theorem 1 of Janson (1984, pp. 499) under Lemma 34 and the condition E[F2] < •
in the statement of the theorem. The resulting errors in

p
CANM and

p
LBNM have variances bounded by

T1E[( f (W11)� f 0(W11))( f (W12)� f 0(W12))T ]+T2E[( f (W11)� f 0(W11))( f (W21)� f 0(W21))T ] and
T3E[( f (W11)� f 0(W11))( f (W11)� f 0(W11))T ] from (3.6) and (3.7), where T1, T2 and T3 are constants. The
result then follows by letting f 0 ! f with an application of the dominated convergence theorem.

Finally,
p

CL�1 ÂN
i=1 ÂM

j=1 Zi j f (Wi j) can be replaced by
p

CL̂�1 ÂN
i=1 ÂM

j=1 Zi j f (Wi j) by virtue of Lemma
34 (Appendix 3.11).

3.10.3 Proof of Corollary 2
Proof. Since E

⇥
||X11||4

⇤
<•, we have E

h
X4

r,11

i
<•, for any coordinate Xr,11 of X11. The condition E

⇥
|Y11|4

⇤
<

• implies E
⇥
u4

11
⇤
< •. By Cauchy-Schwarz inequality, we have E

⇥
(Xr,11u11)2⇤< • and E

⇥
(Xr,11Xr0,11)

2⇤<
• for any r and r0, and also E

⇥
(||X11u11||)2⇤< •.

Applying Lemma 30 to the function class FOLS,1 = { f (Wi j) = Xr,11Xr0,11, for allr,r0}, we have

1
L̂

N

Â
i=1

M

Â
j=1

Zi jXi jXT
i j

P! E
⇥
X11XT

11
⇤
.

Now, let a vector µ have the same dimension as b , and denote fµ(Wi j) = µT Xi jui j. Applying Theorem
8We thank a reviewer for suggesting this proof strategy, which simplifies the proof.
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13 to FOLS,2 = { fµ (Wi j) , i 2 {1, ...,N}, j 2 {1, ...,M}}, we obtain

p
C

1
L̂

N

Â
i=1

M

Â
j=1

Zi j fµ(Wi j)
d! N

�
0,µT GOLSµ

�
,

where GOLS = GOLS,1 +LGOLS,2, GOLS,1 = l1E
h
X11u11 (X12u12)

T
i
+ l2E

h
X11u11 (X21u21)

T
i

and GOLS,2 =

E
h
X11u11 (X11u11)

T
i
. Cramér-Wold device thus yields

p
C

1
L̂

N

Â
i=1

M

Â
j=1

Zi jXi jui j
d! N (0,GOLS) .

Finally, applying Slutsky’s lemma yields

p
C
⇣

b̂ �b
⌘

d! N (0,V ) ,

where V = J�1GOLSJ�1 and J = E
⇥
X11XT

11
⇤
.

3.11 Useful Lemmas
In this appendix section, we state auxiliary lemmas that are used to prove our main results. Each of these
results is either coming directly from the existing literature or is the existing result with minor modifications.
For the latter case, we provide a proof.

Lemma 33. Let Q be a compact subset of Rk and let F = { f (·,q) : q 2 Q} be a class of real-valued
functions indexed by q such that f (w, ·) is continuous for all w 2 (Wi j). Then, F is a pointwise measurable
class of functions.

Proof. The proof is immediate and well-known. We provide proof for completeness. Let S =
�

f (·,q) : q 2 Q\Qk ,
where Q is the rationals. Therefore, by the denseness of Qk, for each w 2 (Wi j), we can find (qm)⇢ Q\Qk,
qm ! q as m ! • and then the continuity implies f (w,qm)! f (w,q), which coincides with the definition
of pointwise measurability.

The next lemma follows immediately from van der Vaart and Wellner (1996, Lemma 2.2.9).

Lemma 34 (Bernstein’s Inequality for Bernoulli r.v.’s). For each p 2 (0,1], it holds that

P
⇣
|L̂/L�1|>

p
2t/L+2t/(3L)

⌘
 2e�t ,

for every t > 0.

Lemmas 35 and 36 below follow closely from Theorem 3.4(i) in Davezies et al. (2020) and Lemma D.12 in
Davezies et al. (2018), respectively.

Lemma 35 (Glivenko-Cantelli for two-way clustered random variables). Let (FNM) be a sequence of classes
of functions that satisfies Assumption 21 (iii) and such that each FNM admits an envelope FNM
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with E [FNM (W11)]  M < •, supQ logN
⇣
FNM,k·kQ,2 ,e kFNMkQ,2

⌘
< • for any finite discrete measure Q,

e 2 (0,1], then under Assumption 20, we have

E

"
sup

f2FNM

�����
1

NM

N

Â
i=1

M

Â
j=1

f (Wi j)�E [ f (W11)]

�����

#
= o(1).

Proof. The result is a minor modification of the proof of Theorem 3.4 (i) in Davezies et al. (2020) with the
standard Glivenko-Cantelli theorem modified for function classes changing with the sample size. Denote
PNM = (NM)�1dXi j , where dx is the Dirac measure at x. Following their symmetrization argument (which
is nonasymptotic and independent of the function class) in the proof of Theorem 3.4 (i) in Davezies et al.
(2020), for each K > 0 and e > 0, denote FNM,K = FNM{FNM > K}, then one has

E

"
sup

f2FNM

�����
1

NM

N

Â
i=1

M

Â
j=1

f (Wi j)�E [ f (W11)]

�����

#

.E[FNM{FNM > K}]+E


e + Kp
NM

q
logN(FNM,K ,k ·kPNM ,1,e)

�
.

The first term on the right hand side is bounded by M. To deal with the second term, by Jensen’s in-
equality, it holds that k f � f 0kPNM ,1  k f � f 0kPNM ,2. Thus the smallest e-net for (FNM,k · kPNM ,2) is an
e-net for (FNM,k · kPNM ,1). Thus we have N(FNM,k · kPNM ,1,e)  N(FNM,k · kPNM ,2,e). The condition
supQ logN

⇣
FNM,k·kQ,2 ,e kFNMkQ,2

⌘
< • for all e 2 (0,1] implies N(FNM,k ·kPNM ,2,e)< • for all e > 0.

Finally, observe that E[kFkPNM ,1] = E[FNM]< M. This concludes the proof.

Lemma 36 (Lemma D.11 in Davezies et al. (2018) for sequences). Let (FNM) and (GNM) be two pointwise
measurable classes of functions. Suppose that each FNM admits an envelope FNM with E

h
FNM (W11)

2
i
< •

and Z 1

0
sup

Q

r
logN

⇣
FNM,k·kQ,2 ,e kFNMkQ,2

⌘
de  M < •,

where Q is taken over the set of all finite discrete measures and e 2 (0,1]. Similarly, (GNM) admits a sequence
of envelope functions (GNM) with E

h
GNM (W11)

2
i
< • and

Z 1

0
sup

Q

r
logN

⇣
GNM,k·kQ,2 ,e kGNMkQ,2

⌘
de  M < •.

Then, under Assumptions 20 and 22,

lim
C!•

E

"
sup

FNM⇥GNM

�����
C

(NM)2

N

Â
i=1

Â
1 j, j0M

f (Wi j)g
�
Wi j0

�
�l1E [ f (W11)g(W12)]

�����

#
= 0.

Proof. The proof follows the same steps of the proof of Lemma D.11 of Davezies et al. (2018) with the
modification of FNM , FNM , GNM , and GNM in place of F , F , G , and G, respectively. Notice that their sym-
metrization arguments and Lemma D.4 are non-asymptotic and thus are not affected by such modification.
The detail is omitted.
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3.12 Proofs for the Application to GMM
Define the class G = {gr (·,q) : q 2 Q and r 2 {1, ...,m}} of functions indexed by r and q and the class
G

0 =
�

∂gr(·,q)/∂ql : q 2 Q,r 2 {1, ...,m}, l 2 {1, ...,k}
 

of functions indexed by r, l and q .

3.12.1 Proof of Lemma 31
Proof. We verify the conditions of Theorem 2.1 in Newey and McFadden (1994), where the population cri-
terion is Q0(q) = �E [g(Wi j,q)]T V E [g(Wi j,q)]. Their Condition 2.1 (i), Q0 (q) is uniquely maximized
at q 0, holds by Lemma 2.3 in Newey and McFadden (1994) under Assumption 23 (i). Condition 2.1
(ii) holds by Assumption 23 (ii). Condition 2.1 (iii) that Q0 is continuous at q follows from Assump-
tion 23 (iii) (a). Under Assumption 23 (ii), (iii) (a), (iv), by Example 19.7 in Van der Vaart (2000)
and Lemma 9.18 in Kosorok (2008), we know that the class Gr = {gr (·,q) ,q 2 Q}, for r 2 {1, ...,m} ,
has an envelope

��gr(Wi j,q 0)
��+DM < •, where D is a diameter of a set containing Q. Thus, for any fi-

nite discrete measure Q and e 2 (0,1], N
⇣
Gr,k·kQ,2 ,e

⌘
 (1+4DM/e)k . Since G =

Sm
r=1 Gr, we obtain

N
⇣
G ,k·kQ,2 ,e

⌘
 m(1+4DM/e)k < •, which implies that the class G satisfies Assumption 21 (ii). G is

a pointwise measurable class of functions since Gr, for r 2 {1, ...,m} , is a pointwise measurable class of
functions by Lemma 33 under Assumption 23 (ii), (iii) (a) and G =

Sm
r=1 Gr. Thus, with Assumption 20, by

applying Lemma 30, we have supq2Q
��ĝNM (q)�E [g(Wi j,q)]

�� P! 0. By the triangle and Cauchy-Schwartz
inequalities, we obtain

��Q̂NM (q)�Q0 (q)
��


���(ĝNM (q)�E [g(Wi j,q)])T V̂ (ĝNM (q)�E [g(Wi j,q)])

���

+
���E [g(Wi j,q)]T

�
V̂ +V̂ T �(ĝNM (q)�E [g(Wi j,q)])

���+
���E [g(Wi j,q)]T

�
V̂ �V

�
E [g(Wi j,q)]

���


��ĝNM (q)�E [g(Wi j,q)]

��2��V̂
��+2

��E [g(Wi j,q)]
����ĝNM (q)�E [g(Wi j,q)]

����V̂
��

+
��E [g(Wi j,q)]

��2��V̂ �V
�� .

Thus, supq2Q
��Q̂NM (q)�Q0 (q)

�� P! 0 so that condition 2.1 (iv) is satisfied. Applying Theorem 2.1 in Newey
and McFadden (1994), we therefore obtain q̂ P! q 0.

3.12.2 Proof of Theorem 14
Proof. Under Assumption 23 (ii), (iii) (a), the first-order condition requires that 2ĜNM

�
q̂
�T V̂ ĝNM

�
q̂
�
= 0

holds with probability approaching one, where ĜNM (q) = —q ĝNM (q) . Expanding ĝNM
�
q̂
�

around q 0 and
multiplying by

p
C, we have

p
C
�
q̂ �q 0�=�

h
ĜNM

�
q̂
�T V̂ ĜNM

�
q̄
�i�1

ĜNM
�
q̂
�T V̂

p
CĝNM

�
q 0� ,

where q̄ is the mean value implied by the mean value theorem for each coordinate. Under Assumption 23
(ii), (iii) (b), similar lines of argument to those in the proof of Lemma 31 yield N

⇣
G

0,k·kQ,2 ,e
⌘
< • for any

finite discrete measure Q and e 2 (0,1]. G
0 is a pointwise measurable class of functions by Lemma 33 under
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Assumption 23 (ii), (iii) (b). With Assumptions 20 and 23 (vi), Lemma 30 thus yields

sup
q2Q

�����
1
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Â
i=1

M

Â
j=1

Zi j
∂gr (Wi j,q)

∂ql
�E


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������
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for each r and l. Since there are only finite numbers of r and l, it follows that ĜNM
�
q̂
�
�G

�
q̂
� P! 0 and

ĜNM
�
q̄
�
�G

�
q̄
� P! 0, where G(q) = E[—q g(W11,q)]. Also, since the conditions of Lemma 31 are satis-

fied, we have q̄ P! q 0 and q̂ P! q 0. We thus obtain G
�
q̂
�
�G P! 0 and G

�
q̄
�
�G P! 0 by the continuous

mapping theorem under Assumption 23 (iii) (b). Combining the above results yields ĜNM
�
q̂
� P! G and

ĜNM
�
q̄
� P! G. Therefore,

h
ĜNM

�
q̂
�T V̂ ĜNM

�
q̄
�i�1

ĜNM
�
q̂
�T V̂ P!

�
GTV G

��1 GTV follows by an appli-
cation of the continuous mapping theorem under Assumption 23 (v). Now, notice that finite function class
{g1
�
·,q 0� , ...,gm

�
·,q 0�} is pointwise measurable since G is a pointwise measurable class of functions fol-

lowing Lemma 31 and E
⇥
g
�
Wi j,q 0�⇤= 0. With E

⇥
gsup(Wi j)2⇤< • under assumption 23 (vii), by applying

Theorem 13 under Assumptions 20 and 22, we obtain
p

CĝNM
�
q 0� d! N (0,W), where W = G1 +LG2, with

G1 = l1E
⇥
g
�
W11,q 0�gT �W12,q 0�⇤+l2E

⇥
g
�
W11,q 0�gT �W21,q 0�⇤ and G2 = E

⇥
g
�
W11,q 0�gT �W11,q 0�⇤ .

Slutsky’s theorem then implies

p
C
�
q̂ �q 0� d! N

⇣
0,
�
GTV G

��1 GTV WV G
�
GTV G

��1
⌘
,

which concludes the proof.

3.12.3 Proof of Theorem 15
Proof. First, we want to establish eG P! G via

��� eG�G
��� 

��� eG�G
�
q̂
����+

��G
�
q̂
�
�G

�� , where G(q) =

E [—q g(W11,q)] . Since the conditions of Lemma 31 are satisfied, it holds that q̂ P! q 0. Under Assumption 24
(i), we obtain

��G
�
q̂
�
�G

�� P! 0 by the continuous mapping theorem. Note that G
0 is pointwise measurable

and N
⇣
G

0,k·kQ,2 ,e
⌘
< • for any finite discrete measure Q, e 2 (0,1] by the proof of Theorem 14. Under

Assumptions 20 and 23 (vi), by applying Lemma 30, we thus obtain
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for each r and l. Since there are only finite numbers of l and r, we get
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Zi j—q g(Wi j,q)�E [—q g(W11,q)]
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P! 0.

It then follows that G̃ P! G(q̂). Combining the above arguments, we establish G̃ P! G.

We will next verify G̃2
P! G2. Define a new class Gsub = {(w,z) 7! zgr (w,q) ,q 2 Q,r 2 {1, ...,m}}. For

any finite discrete measure Q and e 2 (0,1], we have supQ N
⇣
G ,k·kQ,2 ,e

��gsup
��

Q,2

⌘
< • by the proof of
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Lemma 31. By Theorem 9.15 in Kosorok (2008), therefore,

sup
Q

N
⇣
GsubGsub,k·kQ,2 ,

p
2e
��g2

sup
��

Q,2

⌘

 sup
Q

N
⇣
Gsub,k·kQ,2 ,e

��gsup
��

Q,2

⌘
sup

Q
N
⇣
Gsub,k·kQ,2 ,e

��gsup
��

Q,2

⌘
< •,

for any finite discrete measure Q and e 2 (0,1], where GsubGsub is defined as the pointwise product. Note that
GsubGsub is a pointwise measurable class of functions since Gsub is a pointwise measurable class of functions
by the arguments in the proof of Lemma 31. This implies that with E[gsup(Wi j)2] < • and Assumption 20,
by applying Lemma 35, we thus obtain

E

"
sup
q2Q

�����
1

NM

N

Â
i=1

M

Â
j=1

g(Wi j,q)Zi j (g(Wi j,q)Zi j)
T �E

h
g(W11,q)Z11 (g(W11,q)Z11)

T
i�����

#
= o(1).

As we can write

1
NM

N

Â
i=1

M

Â
j=1

g(Wi j,q)Zi j (g(Wi j,q)Zi j)
T =

L
NM

1
L

N

Â
i=1

M

Â
j=1

g(Wi j,q)Zi j (g(Wi j,q)Zi j)
T

= p
1
L

N

Â
i=1

M

Â
j=1

g(Wi j,q)Zi j (g(Wi j,q)Zi j)
T

and

E
h
g(W11,q)Z11 (g(W11,q)Z11)

T
i
= E

⇥
Z2

11
⇤

E
⇥
g(W11,q)gT (W11,q)

⇤
= pE

⇥
g(W11,q)gT (W11,q)

⇤
.

Therefore, by Markov’s inequality, it follows that

sup
q2Q

�����
1
L

N

Â
i=1

M

Â
j=1

g(Wi j,q)Zi j (g(Wi j,q)Zi j)
T �E

⇥
g(W11,q)gT (W11,q)

⇤
�����

P! 0.

In addition,
1
L

N

Â
i=1

M

Â
j=1

Zi jg(Wi j,q)g(Wi j,q) =
1
L

N

Â
i=1

M

Â
j=1

g(Wi j,q)Zi j (g(Wi j,q)Zi j)
T .

Thus, Lemma 34 yields G̃2
P! G2(q̂), where G2(q) = E

⇥
g(W11,q)gT (W11,q)

⇤
. Meanwhile, q̂ P! q 0 and we

have G2(q̂)
P! G2 by Assumption 24 (iii). Therefore, G̃2

P! G2 follows.
Finally, we establish eG1

P! G1. Note that Gsub is a pointwise measurable class of functions and that
supQ N

⇣
Gsub,k·kQ,2 ,e

��gsup
��

Q,2

⌘
< • for any finite discrete measure Q and e 2 (0,1]. With E[gsup(Wi j)2]<

• and Assumptions 20, 22, Lemma 36 yields

lim
C!•

E

"
sup
q2Q

�����
C

(NM)2

N

Â
i=1

Â
1 j, j0M

g(Wi j,q)Zi j
�
g
�
Wi j0 ,q

�
Zi j0
�T �E

h
l1g(W11,q)Z11 (g(W12,q)Z12)

T
i�����

#
= 0.
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As we can write
C

(NM)2

N

Â
i=1

Â
1 j, j0M

g(Wi j,q)Zi j
�
g
�
Wi j0 ,q

�
Zi j0
�T

=
L2

(NM)2
C
L2

N

Â
i=1

Â
1 j, j0M

g(Wi j,q)Zi j
�
g
�
Wi j0 ,q

�
Zi j0
�T

= p2 C
L2

N

Â
i=1

Â
1 j, j0M

g(Wi j,q)Zi j
�
g
�
Wi j0 ,q

�
Zi j0
�T

,

and

E
h
l1g(W11,q)Z11 (g(W12,q)Z12)

T
i
= E [Z11Z12]E

⇥
l1g(W11,q)gT (W12,q)

⇤

= p2E
⇥
l1g(W11,q)gT (W12,q)

⇤
.

Therefore, by Markov inequality, it follows that

sup
q2Q

�����
C
L2

N

Â
i=1

Â
1 j, j0M

g(Wi j,q)Zi j
�
g
�
Wi j0 ,q

�
Zi j0
�T �l1E

⇥
g(W11,q)gT (W12,q)

⇤
�����

P! 0

as C ! •. In addition, a symmetric argument also shows that

sup
q2Q

�����
C
L2 Â

1i,i0N

M

Â
j=1

g(Wi j,q)Zi j
�
g
�
Wi0 j,q

�
Zi0 j
�T �l2E

⇥
g(W11,q)gT (W21,q)

⇤
�����

P! 0

as C ! •. Also note that

C
L2

N

Â
i=1

Â
1 j, j0M

Zi jZi j0g(Wi j,q)gT �Wi j0 ,q
�
=

C
L2

N

Â
i=1

Â
1 j, j0M

g(Wi j,q)Zi j
�
g
�
Wi j0 ,q

�
Zi j0
�T

and
C
L2 Â

1i,i0N

M

Â
j=1

Zi jZi0 jg(Wi j,q)gT �Wi0 j,q
�
=

C
L2 Â

1i,i0N

M

Â
j=1

g(Wi j,q)Zi j
�
g
�
Wi0 j,q

�
Zi0 j
�T

hold. Therefore, Lemma 34 yields eG1
P! G1(q̂) where

G1(q) = l1E
⇥
g(W11,q)gT (W12,q)

⇤
+l2E

⇥
g(W11,q)gT (W21,q)

⇤
.

Meanwhile, since q̂ P! q 0, we get G1(q̂)
P! G1 by Assumption 24 (ii). We thus obtain eG1

P! G1.
Combining the above results yields eW P! W by continuous mapping theorem. By another application of

the continuous mapping theorem and the continuity of matrix inversion under Assumption 23 (v), we get⇣
eGTV̂ eG

⌘�1 P!
�
GTV G

��1
. Therefore,

�
G̃TV̂ G̃

��1 G̃TV̂ W̃V̂ G̃
�
G̃TV̂ G̃

��1 is consistent for
�
GTV G

��1 GTV WV G
�
GTV G

��1 by the continuous mapping theorem.
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3.13 Proofs for the Application to M-Estimation
For convenience, define the class Q

00 =
�

∂ 2q(·,q)/∂qr∂ql : q 2 Q and r, l 2 {1, ...,k}
 

of functions indexed
by q , r, and l.

3.13.1 Proof of Lemma 32
Proof. We verify the conditions of Theorem 2.1 in Newey and McFadden (1994). Condition 2.1 (i) that
Q0 (q) is uniquely maximized at q 0 follows from the second part in Assumption 25 (i). Condition 2.1 (ii)
holds by the first part in Assumption 25 (i). Condition 2.1 (iii) that Q0 (q) is continuous at q follows from
Assumption 25 (ii) (a). Under Assumption 25 (i), (ii) (a), (iii), by Example 19.7 in Van der Vaart (2000)
and Lemma 9.18 in Kosorok (2008), the class Q has an envelope

��q
�
Wi j,q 0���+DM < •, where D is the

diameter of a set containing Q. Thus, for any finite discrete measure Q and e 2 (0,1], N
⇣
Q,k·kQ,2 ,e

⌘


(1+4DM/e)k, which implies that the class Q satisfies Assumption 21 (ii). Q is a pointwise measurable class
of functions by Lemma 33 under Assumption 25 (i), (ii) (a). Thus, with Assumption 20, by applying Lemma
30, we have supq2Q

��Q̂NM (q)�Q0 (q)
�� P! 0, so that condition 2.1 (iv) is satisfied. Applying Theorem 2.1 in

Newey and McFadden (1994), we obtain q̂ P! q 0.

3.13.2 Proof of Theorem 16
Proof. We verify the conditions of Theorem 3.1 in Newey and McFadden (1994). Conditions 3.1 (i), (ii) and
(v) follow from the Assumption 25 (i), (ii) (c), (v). Note that the finite function class
�

∂q(·,q 0)/∂q1, ...,∂q(·,q 0)/∂qk
 

is pointwise measurable since Q
0 is by Lemma 33 under Assumption 25

(i), (ii) (b). With E[q̇sup(Wi j)2]< • under Assumption 25 (vi), by applying Theorem 13 under Assumptions
20 and 22, we obtain

p
C—q Q̂NM

�
q 0� d! N (0,S), where S = S1 +LS2,

S1 =l1E
h
—q q

�
W11,q 0�—q q

�
W12,q 0�T

i
+l2E

h
—q q

�
W11,q 0�—q q

�
W21,q 0�T

i
,

S2 =E
h
—q q

�
W11,q 0�—q q

�
W11,q 0�T

i
.

This implies that condition 3.1 (iii) is satisfied. Under Assumption 25 (i), (ii) (c), similar lines of argument to
those in the proof of Lemma 32 yield N

⇣
Q

00,k·kQ,2 ,e
⌘
< • for any finite discrete measure Q and e 2 (0,1].

Note that Q
00 is a pointwise measurable class of functions by Lemma 33 under Assumptions 25 (i), (ii) (c).

With Assumptions 20 and 25 (iv), Lemma 30 thus yields

sup
q2Q

�����
1
L̂

N

Â
i=1

M

Â
j=1

Zi j
∂ 2q(Wi j,q)

∂qr∂ql
�E


∂ 2q(W11,q)

∂qr∂ql

������
P! 0

for each r, l 2 {1, ...,k}. Since there are only finite numbers of r and l, we obtain supq2Q
��Ĥ (q)�H(q)

�� P! 0,
where Ĥ(q) = —qq T Q̂NM (q) . With Assumption 25 (ii) (c), condition 3.1 (iv) is satisfied. Applying Theorem
3.1 in Newey and McFadden (1994), we obtain

p
C
�
q̂ �q 0� d! N

�
0,H�1SH�1� .

3.13.3 Proof of Theorem 17
Proof. First, we want to establish eH P! H via

��� eH �H
��� 

��� eH �H
�
q̂
����+

��H
�
q̂
�
�H

�� , where H (q) =

�E [—qq T q(W11,q)] . Since the conditions of Lemma 32 are satisfied, we have q̂ P! q 0. Under Assumption
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26 (i), we thus obtain
��H
�
q̂
�
�H

�� P! 0 by the continuous mapping theorem. Note that Q
00 is pointwise

measurable and N
⇣
Q

00,k·kQ,2 ,e
⌘
< • for any finite discrete measure Q, e 2 (0,1] by the proof of Theorem

16. Under Assumptions 20 and 25 (iv), by applying Lemma 30, we obtain

sup
q2Q

�����
1
L̂

N

Â
i=1

M

Â
j=1

Zi j
∂ 2q(Wi j,q)

∂qr∂ql
�E


∂ 2q(W11,q)

∂qr∂ql

������
P! 0

for each r, l 2 {1, ...,k}. Since there are only finite numbers of r and l, we get

sup
q2Q

�����
1
L̂

N

Â
i=1

M

Â
j=1

Zi j—qq T q(Wi j,q)�E [—qq T q(W11,q)]

�����
P! 0.

Thus, we obtain eH P! H
�
q̂
�
. Combining the above result together yields eH P! H. By the continuity of matrix

inversion under Assumption 25 (v), it follows that eH�1 P! H�1.

Next, we will establish eS2
P! S2. Define a new class Q

0
sub =

�
(w,z) 7! z∂q(w,q)/∂qr,q 2 Q, r 2

{1, ...,k}
 
. Under Assumption 25 (i), (ii) (b), similar lines of argument to those in the proof of Lemma 32

yield supQ N
⇣
Q

0
sub,k·kQ,2 ,e

��qsup
��

Q,2

⌘
< •, for any finite discrete measure Q and e 2 (0,1]. By Theorem

9.15 in Kosorok (2008),

sup
Q

N
⇣
Q

0
subQ

0
sub,k·kQ,2 ,

p
2e
��q2

sup
��

Q,2

⌘

 sup
Q

N
⇣
Q

0
sub,k·kQ,2 ,e

��qsup
��

Q,2

⌘
sup

Q
N
⇣
Q

0
sub,k·kQ,2 ,e

��qsup
��

Q,2

⌘
< •

holds for any finite discrete measure Q and e 2 (0,1], where Q
0
subQ

0
sub is defined as the pointwise product.

Note that Q
0
subQ

0
sub is a pointwise measurable class of functions since Q

0
sub is a pointwise measurable class of

functions by the same argument as in the proof of Theorem 16. With Assumption 20 and E[q̇sup(Wi j)2]< •
under Assumption 25 (vi), by applying Lemma 35, we obtain

E

"
sup
q2Q

�����
1
L

N

Â
i=1

M

Â
j=1

—q q(Wi j,q)Zi j (—q q(Wi j,q)Zi j)
T �E

h
—q q(W11,q)—q q(W11,q)T

i�����

#
= o(1).

Therefore, by Markov inequality, it follows that

sup
q2Q

�����
1
L

N

Â
i=1

M

Â
j=1

—q q(Wi j,q)Zi j (—q q(Wi j,q)Zi j)
T �E

h
—q q(W11,q)—q q(W11,q)T

i�����
P! 0.

In addition, we can write

1
L

N

Â
i=1

M

Â
j=1

Zi j—q q(Wi j,q)—q q(Wi j,q)T =
1
L

N

Â
i=1

M

Â
j=1

—q q(Wi j,q)Zi j (—q q(Wi j,q)Zi j)
T .

Thus, Lemma 34 yields eS2
P! S2(q̂), where S2(q) = E

h
—q q(W11,q)—q q(W11,q)T

i
. Meanwhile, q̂ P! q 0
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and we have S2(q̂)
P! S2 by Assumption 26 (iii). Therefore, we establish eS2

P! S2.

Finally, we will establish eS1
P! S1. Note that Q

0
sub is a pointwise measurable class of functions and

supQ N
⇣
Q

0
sub,k·kQ,2 ,e

��qsup
��

Q,2

⌘
< •, for any finite discrete measure Q, e 2 (0,1]. With Assumptions 20,

22 and E[q̇sup(Wi j)2]< • under Assumption 25 (vi), Lemma 36 yields

lim
C!•

E

"
sup
q2Q

�����
C

(NM)2

N
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i=1

Â
1 j, j0M

—q q
�
Wi j,q

�
Zi j
�
—q q

�
Wi j0 ,q

�
Zi j0
�T �E

h
l1—q q(W11,q)Z11 (—q q(W12,q)Z12)

T
i�����

#

= 0.

As we can write
C

(NM)2
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Â
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Â
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—q q(Wi j,q)Zi j
�
—q q

�
Wi j0 ,q

�
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�T

=
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�
—q q
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—q q
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Wi j0 ,q

�
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,

and

E
h
l1—q q(W11,q)Z11 (—q q(W12,q)Z12)

T
i
= E [Z11Z12]E

h
l1—q q(W11,q)—q q(W12,q)T

i

= p2E
h
l1—q q(W11,q)—q q(W12,q)T

i
.

Therefore, by Markov inequality, it follows that

sup
q2Q

�����
C
L2

N

Â
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1 j, j0M

—q q(Wi j,q)Zi j
�
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�
Wi j0 ,q

�
Zi j0
�T �l1E

h
—q q(W11,q)—q q(W12,q)T

i�����
P! 0

as C ! •. In addition, a symmetric argument also shows that
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P! 0

as C ! •. Also, we can write
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Â
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Therefore, Lemma 34 yields eS1
P! S1

�
q̂
�
, where

S1(q) = l1E
h
—q q(W11,q)—q q(W12,q)T

i
+l2E

h
—q q(W11,q)—q q(W21,q)T

i
.

Meanwhile, since q̂ P! q 0, we get S1
�
q̂
� P! S1 by Assumption 26 (ii). We thus obtain eS1

P! S1 and eS P! S by

continuous mapping theorem. Therefore, eH�1eS eH�1 is consistent for H�1SH�1 by the continuous mapping

theorem.

3.14 Multiple Observations in a Cluster
In many empirical applications, researchers face situations in which there are multiple observations in some
cluster (i, j), and the number of observations may vary across the clusters. In this section, we generalize
the results from the main text to accommodate multiple observations per cluster. We shall follow the basic
setting in Davezies et al. (2018). Throughout this section, we call a pair (i, j) of indices a cell. The number
of observations in a cell is allowed to be random and can be correlated with the observations. This allows for
a wide range of heterogeneous cluster structures. We will denote the number of observations in the (i, j)-th
cell by Ni j, which is itself a random variable that takes a non-negative integer value. The observation that
corresponds to the `-th unit, 1  `  Ni j, in the (i, j)-th cell is a d-dimensional random vector denoted by
W`,i j.

With these notations, we consider the following sampling assumption.

Assumption 27 (Sampling). (i) The array
�
Ni j,(W`,i j)`�1

�
(i, j)2N2 is separately exchangeable.

(ii)
�
Ni j,(W`,i j)`�1

�
(i, j)2N2 is dissociated. (iii) E[N11]> 0.

This assumption is essentially identical to Assumption 1 in Davezies et al. (2018). Parts (i) and (ii) parallel
Assumption 20 (i) and (ii), respectively, in the main text except that the cell size is random and can differ
across cells here. When Ni j = 1 for all i and j, the conditions reduce to Assumption 20 in the main text. Also,
part (ii) allows for a wide range of correlation structures between Ni j and (W`,i j)`�1, and among (W`,i j)`�1

within (i, j)-th cell. Part (iii) excludes the cells that are almost surely empty.

Assumption 28 (Function Class). (i) E
h
ÂNi j
`=1 f

�
W`,i j

�i
= 0. (ii) F admits an envelope F satisfying

E
h
ÂNi j
`=1 F(W`,i j)

i
< • with supQ N(F ,k·kQ,2 ,e kFkQ,2) < • for all e > 0, where Q is any finite discrete

measure. (iii) F is pointwise measurable.

This assumption generalizes Assumption 21 by allowing for multiple observations within a cell as well as
heterogeneous cell sizes.

Lemma 37 (Uniform Weak Law of Large Numbers). Suppose that Assumptions 27 and 28 (ii)–(iii) hold.
Then we have

sup
f2F

�����
1
L̂

N

Â
i=1

M

Â
j=1

Zi j

Ni j

Ầ
=1

f
�
W`,i j

�
�E

"
N11

Ầ
=1

f (W`,11)

#�����
P! 0.

A proof of Lemma 37 is a straightforward modification of the proof of Lemma 30 and is therefore omitted.

Theorem 18 (Central Limit Theorem). Suppose that Assumptions 22, 27 and 28 (i), (iii) hold. In addi-
tion, suppose that any finite function class F = { f1, ..., fk} with a fixed k admits an envelope F satisfying
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E
⇣

ÂNi j
`=1 F(W`,i j)

⌘2
�
< •. Let f = ( f1, ..., fk)

T . Then,
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where G = GA +LGB,

GA =l1E
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Again, a proof is a straightforward modification of that of Theorem 13. Here we describe the necessary
modification without repetitively showing the entire proof. Note that under the current setting, we have

1
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Â
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M

Â
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Ầ
=1

f
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L
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⇣
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p
1� pNMBNM

⌘
,

where ANM and BNM are defined as

ANM =
1
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Â
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Â
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f
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�
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Zi j � pNMp
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Ầ
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f
�
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�
,

respectively. Then, using a similar argument to the one in the proof of Theorem 13, the asymptotic normality
for ANM can be established as
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CANM
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Similarly, the variance-covariance matrices for BNM can be calculated as

(BNM) =
1
L

E

2

4
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Ầ
=1

f
�
W`,11

�
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N11

Ầ
=1

f
�
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�
!T
3

5 .

We thus obtain Theorem 18 following from the arguments in the proof of Theorem 13.
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3.14.1 Application to Generalized Method of Moments
We now generalize the results for GMM from Section 3.4 to allow for multiple observations per cell. Under
the current setting, we assume that the true parameter vector q 0 = (q 0

1 , ...,q 0
k )

T satisfies

E

"
Ni j

Ầ
=1

g
�
W`,i j,q 0�

#
= 0,

where m � k. Multiway algorithmic subsampling GMM estimator q̂ can be subsequently defined as

max
q2Q

Q̂NM (q) ,

where Q̂NM (q)=�ĝNM (q)T V̂ ĝNM (q), ĝNM (q)= L̂�1 ÂN
i=1 ÂM

j=1 Zi j ÂNi j
`=1 g

�
W`,i j,q

�
. To establish the asymp-

totic properties of bq , we impose the following conditions.

Assumption 29.
(i) V is positive semi-definite, and V E

h
ÂNi j
`=1 g(W`,i j,q)

i
= 0 iff q = q 0.

(ii) q 0 2 int(Q), where Q is a compact subset of Rk.
(iii) (a) q 7! gr(w,q) is Lipschitz with a universal Lipschitz constant.

(b) Each component of q 7! —q gr(w,q) is Lipschitz with a universal Lipschitz constant.
(iv) E

h
supq2Q

���ÂNi j
`=1 g

�
W`,i j,q

����
i
< •.

(v) GTV G is nonsingular, where G = E
h
ÂNi j
`=1 —q g

�
W`,i j,q 0�

i
.

(vi) E
h
supq2Q

���ÂNi j
`=1 —q g

�
W`,i j,q

����
i
< •.

(vii) gsup(·) = maxr2{1,...,m} |gr (·,q) | satisfies E
⇣

ÂNi j
`=1 gsup(W`,i j)

⌘2
�
< •.

Lemma 38 (Consistency of Multiway Algorithmic Subsampling GMM Estimator). If Assumptions 27 and
29 (i), (ii), (iii), (iv) hold, and that V̂ P!V , then q̂ P! q 0.

A proof of Lemma 38 follows analogously from the proof of Lemma 31 and an application of Lemma 37.
We omit the proof.

Theorem 19 (Asymptotic Normality of Multiway Algorithmic Subsampling GMM Estimator). If Assump-
tions 22, 27 and 29 hold, and that V̂ P!V , then

p
C
�
q̂ �q 0� d! N

⇣
0,
�
GTV G

��1 GTV WV G
�
GTV G

��1
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,

where G = E
h
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W`,11,q 0�

i
and W = G1 +LG2, with

G1 = l1E
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and G2 = E
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ÂN11
`=1 g

�
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.
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A proof of Theorem 19 follows straightforwardly from the proof of Theorem 14 and an application of Theo-
rem 18 in place of Theorem 13. To avoid repetition, the proof is omitted.

3.14.2 Application to M-Estimation
We now generalize the results for M-Estimation from Section 3.5 to allow for multiple observations per cell.
Under this setting, multiway algorithmic subsampling M-estimator q̂ is defined as the solution to

max
q2Q

�1
L̂

N

Â
i=1

M

Â
j=1

Zi j

Ni j

Ầ
=1

q
�
W`,i j,q

�
.

The true parameter vector q 0 is assumed to be the unique solution of maxq2Q�E
h
ÂNi j
`=1 q

�
W`,i j,q

�i
. For

each q 2 Q, let �L̂�1 ÂN
i=1 ÂM

j=1 Zi j ÂNi j
`=1 q

�
W`,i j,q

�
and �E

h
ÂNi j
`=1 q

�
W`,i j,q

�i
be denoted by Q̂NM (q) and

Q0 (q), respectively. To establish the asymptotic properties of q̂ , we restate Assumption 25 as follows.

Assumption 30.
(i) q 0 2 int(Q) where Q is a compact subset of Rk. Also, E

h
ÂNi j
`=1 q(W`,i j,q 0)

i
< E

h
ÂNi j
`=1 q(W`,i j,q)

i
holds

for all q 2 Q\{q0}.
(ii) (a) q 7! q(w,q) is Lipschitz with a universal Lipschitz constant.

(b) Each coordinate of q 7! —q q(w,q) is Lipschitz with a universal Lipschitz constant.
(c) Each coordinate of q 7! —qq T q(w,q) = ∂ 2q(w,q)/∂q∂q T is Lipschitz with a universal Lipschitz

constant.
(iii) E[supq2Q ÂNi j

`=1 q
�
W`,i j,q

�
]< •.

(iv) E
h
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i
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�
q 0� is nonsingular where H(q) =�E

h
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�
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.

(vi) q̇sup(·) = maxr2{1,...,k} |∂q(·,q)/∂qr| satisfies E
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�
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Lemma 39 (Consistency of Multiway Algorithmic Subsampling M-estimator). If Assumptions 27 and 30 (i),
(ii), (iii) hold, then, q̂ P! q 0.

A proof of Lemma 39 follows analogously from the proof of Lemma 32 and an application of Lemma 37.
We omit the proof.

Theorem 20 (Asymptotic Normality of Multiway Algorithmic Subsampling M-estimator). If Assumptions
22, 27 and 30 hold, then p
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Ầ
=1

—q q
�
W`,12,q 0�

!T
3

5

+l2E

2

4
 

N11

Ầ
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Ầ
=1

—q q
�
W`,21,q 0�

!T
3

5 ,

134



and S2 = E
⇣

ÂN11
`=1 —q q

�
W`,11,q 0�

⌘⇣
ÂN11
`=1 —q q

�
W`,11,q 0�

⌘T
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A proof of Theorem 20 follows straightforwardly from the proof of Theorem 16 and an application of Theo-
rem 18 in place of Theorem 13. To avoid repetition, the proof is omitted.

3.15 Alternative Subsampling Methods
Although we have thus far focused on Bernoulli subsampling as the default subsampling method, other al-
gorithmic subsampling schemes are also applicable. In Lee and Ng (2020b), two classes of algorithmic
subsampling schemes are considered, namely, random subsampling methods and random projection meth-
ods, with the Bernoulli subsampling considered throughout this paper belonging to the former category. It is
possible to adapt other random subsampling methods under multiway cluster sampling setting, such as uni-
form sampling with/without replacement. In fact, the robustness against possible degeneracy remains valid
when either of these two alternative random subsampling schemes is substituted. We are going to illustrate
such adaptations in the rest of this section. On the other hand, as random projection-based methods produce
rather different decompositions in the asymptotic terms, their validity and asymptotic behaviors under the
current setting remain unclear to us, and are therefore not discussed here.

To implement uniform subsampling without replacement, the researcher sets L randomly chosen {Zi j :
i = 1, ...,N, j = 1, ...,M} to 1 and the rest to 0. To implement uniform subsampling with replacement, the
researcher generates {Zi j : i = 1, ...,N, j = 1, ...,M} following a multinomial distribution with L trials, mu-
tually exclusive events {1, ...,NM} and equal event probabilities 1/(NM). For both subsampling schemes,
the total number of subsampled units, ÂN

i=1 ÂM
j=1 Zi j = L, is deterministic, while for the Bernoulli random

sampling, ÂN
i=1 ÂM

j=1 Zi j = L̂ is stochastic. Despite such a discrepancy, the uniform subsampling without re-
placement yields asymptotically the same result as Bernoulli subsampling, since Bernoulli subsampling can
be considered as a uniform subsampling without replacement with random sample size and also L̂/L P! 1
due to Lemma 34. We state the following two propositions for the uniform subsampling with and without
replacement.

Consider the uniform subsampling without replacement. If the conditions for Theorem 13 hold, then

p
C

1
L

N

Â
i=1

M

Â
j=1

Zi j f (Wi j)
d! N (0,GUN) , (3.11)

where GUN has the same form as G in Theorem 13.
Consider the uniform subsampling with replacement. If the conditions for Theorem 13 hold, then

p
C

1
L

N

Â
i=1

M

Â
j=1

Zi j f (Wi j)
d! N (0,GUR) , (3.12)

where GUR = GA + limN,M!•(C/(NMp))GB, where GA and GB are as defined in Theorem 13.
Proofs of Propositions 3.15 and 3.15 follow from a straightforward adaptation of arguments in the proof

of Theorem 13 with Lemma 2 and Theorem 1 of Janson (1984). Here we describe the required modifications
rather than reproducing the repetitive proofs. First note that under either of these subsampling schemes, one
can proceed with the following proof of Theorem 13 to obtain the decomposition of Equation (3.5) with the
factor L/L̂ replaced by 1 . In addition, the BNM term in the decomposition of Equation (3.5) has a different
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conditional (on observations) distribution that depends on the subsampling scheme and thus a different con-
ditional variance. The propositions then follow from calculating the alternative conditional variance of BNM

and applying the law of total variance.
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