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CHAPTER 1

Introduction

In statistical inference, when a singlignificance test is performed, we primarily concern ourselves with the type |
error of the test. On the other hand, in the case of multiple testing, we are concerned with the accumulation of errors
across tests. This was originally addressed with theepdraf family wise error (FWER), the probability of one or

more tests falsely rejecting (Tukey 1953; Dunn 1961).

An alternative proposal, in considering the rate of false rejections, was formaliZBénjamini and
Hochberg 199bwith their definition ofthe false discovery rate (FDR). However, a distinction must be made
between the formal BH definition of the FDR, and another quantity: the probability that tests are null conditioned
on their rejection. This latter Bayesian quantity is equivalent to tkeofdalse discoveries conditional on one or
more rejections being observed (formally defined as the positive false discovery rate (pfR&¥eyn2003), which
also established this equivalency), which is a condition not required for the BH defitfiitten EDR. The FDR is
useful when examining the properties of a stddgign and when strict control is desired. However, out of the two
quantities, the pFDR answers the natural question that arises when faced with a set of rejettdthtasihow
many do we expect to correspond to the null hypothesis of no effect? Control of the FDR by a multiple testing

algorithm does not necessarily guarantee a small pFDR.

A general class of methods have been proposed in the literature to estisaigantityvia a family of
empirical Bayes approaches, made possible by the equivalency established bg8a8kgetween the pFDR and
the posterioBayesFDR quantity (for example, those describeqAfiison et al. 2002; Pounds and Morris 2003;
Aubert et al. 2004Liao et al. 2004; Pounds and Cheng 2004; Tang et al. 2007; Efron)R010b

In Chapter 2, we provide a thorough review of the topics outlined above. In particular, we present a unified
framework used to introduce a variety of ideas presented in thduierander a common notation, aiming to
highlight the relationships between them. We discuss and illestratdistinction between the classically defined
FDR and the positive false discovery rate. Importantly, the FDR measures overall frequentiseprofgerejection
procedure, but the pFDR measures the probability of observed rejections to be misleading, which is the scientific
question which most interests researchers in practice. Further, we review a selection of empirical methods for pFDR
estimaton on the basis of classical z owvalues, focusing on those presente{Storey 2002Efron 2010b). These
methods are illustrated with a simulation example consisting of underdisperakeg, as well as with a reabrld
largesscale inference exanm®lstudying the association between 224,866 SNPs and prostate cancer, with
accompanying code provided online. Chapter 2 concludes with our recommendations for routine use of false
discovery quantities. We intend for this chapter to serve as an importantae$or those seeking to gain a better
understanding of false discovery rates and their implications in traditional statistical inference. The topics covered
represent some of the most fundamental FDR concepts, with inclusion of and reference toaigtidefideas,

howeverarenot necessarily fully comprehensive.



Next, we turn our focus to an alternative paradigm, with the incorporation of an interval null hypothesis in
lieu of a standard point null hypothesis. This interval null is defined tostafséffects which are null or practically
null, i.e., those which are not of scientific interest or have negligible impact in real practice. One such methodology
that utilizes this paradigm is thatBlume etal(2 0 1 8 ) , in the dedenerationfr ahued aheartr
alternative metric to the classical/plue. This approach formalizes the concept of practical significance, rather than
only statistical significance, into the inference process. Blumle @04.8) establish several improved properties of
the SGPV and introduces a preliminary definition of the pFEDRs well as an analogous quantity, the false
confirmation rate (FCR) for seconegeneration gvalues. The assumptions required to calculagsehFDR
quantities, however, are quite restrictive and ultimately do not directly account for the interval null, despite this
being the key underlying concept. In Chapters 3 and 4, we undertake an examination of several different topics at

the intersectiomf seconegeneration pralues and false discovery rates.

First, in Chapter 3, we address a specific questioow do we generally define the pFDR, i.e., the Bayes
FDR, for secondjeneration pralues, accounting for interval null and alternative hypotheard how may we
empirically estimate it in practice? We begin by providing a further examination @lthvae et al. 2018) definition
of the SGPV FDR and FCR using simple null and alternative hypothesis specifications. Next, building on this work,
we ddine a general form of the Bayes FDR quantities. Our proposed solution includes specifying a weighting
function for the parameters across the null or alternative spaces, hypothetically representing the true underlying
distribution of effects, and marginaiing across the power curve of the SGPV to obtain the respective design
probabilities conditional on each of the composite hypotheses. We provide several different approaches for
specification of these weighting distributions. We find that regardles® @fpthroach used, the SGPV Bayes FDR
converges to zero as a function of the sample size underlying the tests. This represents an important generalization
of the findings ofBlume et al. 2018). However, for finite sample sizes, the specifications of idjetivg functions
can result in FDR estimates which vavidely. Further, we note that the null weights do not impact the asymptotic
behavior of the Bayes FCR for the secagiaheration pralue However, the alternative weighting specification
mightT namey, in the instance where a point mass is placed at the minimum scientifically importanireffddéth

case the FCR converges to a lower bound greater than zero (but lds}k than

We conclude with proposing an estimator of the Bayes FDR for seggmehtion pvalues which utilizes
empirical Bayes methods, similar to those described in Chapter 2, for part of the calculation. This results in a
reduction in the number of specifications and assumptions required. The component that is empirically estimated,
the mixture probability of a SGPV rejection, behaves well, particularly with large numbers of tests. However, the
specification of the other components, such as the null design probability and null proportion, can still have a
substantial impact on the td8ng estimates. An upper bound on this estimator can be found without much trouble,
although it may be an appreciable overestimate in some cases. Future work on empirical estimation of the design
probabilifes, and of the proportion of null tests, is bled to produce reliable Bayes FDR, i.e., pFDR, estimates for

secondgeneration pralues for use in practice.



Next, in Chapter 4, we broaden our scope, and provide a holistic examination ofgeneration pralue
performance in largecale inference. This chapter addresses several open questions related to the SGPV, including
its comparison with ywalue approautes that adjust for multiple comparisons, and an assessment of overall FDR
control (referring back to the original BH definition of the false discovery rate). Several assumptions are relaxed,
particularly those of fixed, known variance and of common vaeaamong tests, which previously limited the
applicability of the findings. We use extensive simulations to examine the impact of factors such as sample size,
number of tests and variance on the overall FDR control, the pFDR, the probability of obsejedtigns, and

power as defined by the rate of truly scientifically meaningful tests rejected.

First, if scientific relevance is ignored and we focus on the rejection of exactly null effects, we fihd that
unlike with the BenjaminHochberg approach the FDR is not generally controlldsy the SGPVfor all sample
sizes although the main scientific quantity of inter@isie pFDR is often comparable or reducddowever, when
trivial effects (i.e., those where the true effect is-mero, but not large engh to be scientifically relevant) are
considered, neither the BH or SGPV methods control the FDR for finite samples, and only the SGPV pFDR is
asymptotically controlledn general, for most settings, SGPV FDR control occurs only when the pFDR itself fall
below the desired threshold, which is guaranteed for large enough samplé\&zesnclude by examining two
hybrid methods, one of which we propose as an intersection between the SGPV and BH, and another which is a
simple extension of a method descrilpeelviously by Goodman et §2019). These hybrid methods provide a better
overall balance between FDR control and pFDR minimizatimwever they are not universal improvements over
the SGPV alone in regard to the pFDR and power. As a whole, we shoatehdard gvalue methods are not
sufficient when scientific relevance is considered, and methods such as the gewceradion pralue, or a hybrid
approach, should be implemented instead. Ultimatkly best choice of methodsll depend on factors sticas

study priorities and expected properties of the data.

Overall, this dissertation provides contributions to the field of false discovery rates hst¢algenference,
with elucidation of established methodology, and with further development of tiesignplementationf a newer
metric, the secondeneration gvalue. Chapter 2 provides an accessible yet thorough introduotibe field of
false discovery rates, which will prove useful for statisticians endeavoring to better understand this ogitaddol
area. Chapter 3 establishes a more general framework for the gpawerdtion pralue Bayes FDR (i.e., pFDR).
The illustration of small and largeample properties of proposed methods provides an improved understanding of
this metric, while a prom®ed empirical estimator illustrates the need for further work in this area, with the end goal
of establishing a robust method to estimate the probability that findings are null or practicdllg kel question
in largescale inference. The comprehemsioverview of secondeneration pralue behavior in largecale
inference, found in Chapter 4, will provide insighto which method to use in practice in various contexts,

ultimately leading to improved, scientifically meaningful statistical inference.



CHAPTER 2

A Statistical Primer on False Discovery Quantities

Valerie F. Welty, Jeffrey D. Blume

2.1 Introduction

The problem of simultaneous multiple inferences has been studied for quite some tinatengtt beginning
around the 19506s. There is by now a rich and vast 1|
example,Tukey 1953, 1991; Miller 1981; Hochberg and Tamhane 1987; Benjamini and Braun2@®pyoblem

of multiple inferences was originally studied in the context of relatively few tests (e.g., on the order of 10 or 20
tests). Now, however, it is commonplace to see multiple testing problems with thousands or even millions of
simultaneous tests. For example, in genawde association studies (GWASjenetic variantgnay be studied to

assess their association with a particular outcome, such as prostate cancer. When the number of tests become large,
the strategy of controlling the probability that at least one false p@sitiours is debatable. In these contexts, it is

often more desirable to allow a small humber of false positives to occur in order to increase the probability of
identifying true signals. This idea was formalized in a seminal 1995 paper by Benjamini amlokekocThey

proposed an algorithm for controlling the false discovery rate instead of the-faisdyerror ratéBenjamini and

Hochberg 1995) An i mport ant aspect of Benjamini and Hochbe
workable definition of tk fifalse discovery rate building on the work and ideas of others at the t{8@atvoll

1972; Simes 1986; Berger and Sellke 1987; Soril 1989)

The BenjaminiHochberg procedure has become quite popular; as of 2005, it\wasthe list of most
cited pgers published since 1993 with 294 citatigRyan and Woodall 2005At the time of this writing, the
original paper has amassed over 78,000 citations. However, advancements and refinements in false discovery
methodology have not received quite as mutdnéibn. The goal of thishapteiis to serve as a statistical primer on
false discovery quantities and some popular advancements, particularly in the area of estimating relevant quantities.
We introduce fundamental and advanced FDR concepts, present a unified notational structyrecfadieas share
simulations and a realorld example to illustrate key concepts, and present some simple recommendations for using
false discovery quantities in practice.

2.1.1 Motivating examples

A common context is a GWAS study where singleleotide polyrorphism (SNP) data is collected in diseased
and nordiseased individuals. For each SNP, researchers might fit a logistic regression model of disease status on

the number of variant alleleghis approach iseferred to aghe additive model)and adjust fordemographd

4



covariates. The coefficient fahe SNP is the coefficient of interest, and there is one for eachv@iR utilizing

the additive modelFor a simple motivating simulation example, imagine that we have 1,000 SNPs with resulting
regression coéitients—8 h—; . We assume that 85% of these SNPs are truly not associated with the outcome
(i.e., they are null) while the remaining 15% come from a commomnbistribution with a positive mean, and

that all SNPs are independent (a tenu@simption in genetic settings). The mixture distribution of thealaes

and pvalues, for one such realization of this simple scenario, are shown in Bigj(akalong with the theoretical

null distributions. In largescale inference settings, the ungiery structure of the data is generally not so simple,
containing for example a complex correlation structure and a variety efuibeffect sizes. To illustrate, we used

a realworld example to explore the association between prostate cancer and 622hgtnucleotide
polymorphisms (SNPs) from chromosome six. The data was collected from 3,894 individuals by the International
Consortium for Prostate Cancer Genetics (ICP(S8haid and Chang 2005)he distribution of the-zalues and
p-values for thistudy are provided in Figuéel(b). To illustrate the importance of flexible FDR methods, we use

a second simulation scenario that has an underdispersed null distribution, which is one type of departure from the
theoretical null that can occur in genstignd imaging scenarios. We set the number of tests at 50,000, which is a
more typical size of modern largeale inference experiments. It is assumed that 90% of the tests are null and the
alternative distribution is generated as a mixture distributiompecised of three effect sizes. The underdispersion
can be seen in Figu21(c) when contrasting to the red line, which is the theoretical null ofp (for the z

values) or'Y rip (for the pvalues) The departure from the theoretical null can be seest clearly in the upper

range of the observedvalue distribution. Further details on the simulations and the prostate cancer genetic SNP
study are provided in the Appendix (Remark 2.A).

2.1.2  Setup andnotation

We are interested in testirig null hypotheses, for some very large which we denote 'O RO . For

each hypothesis there is an associated test statisticvealdgoSome of these null hypotheses will be correct, say

a &, while the resta & & , are false. It is convenient to work with the proportion of truly null
hypotheses, defined&s & j &, and the proportion of nemull hypotheses, definedas & j & . Throughout
thechapter we will assume a point null hypothesis is being usede Nt in largescale settings it is unlikely that

all effects will be exactly equal to zero, and some methodologies are robust to this in the sense that they allow for a
composite null hypothesis comprised of small-nelevant effectgEfron 2010b) Seealso in(Cabras 2010; Chi

2010; Sun and McLain 2012; Blume et al. 2018)

A helpful step in false discovery estimation is mapping the observed test staWEfid§Y , or their p
values, to values for the purpose of leveraging their normality propeifies pvalues can be directly transformed
tozvaluesbyd B 1R , however this definition does not guarantee that thalzes have the same sign as the
originaltest statistics. For example, if thesplues were calculated as uppeit onesided pvalues of test statistics
such as-statistics, the resulting will have the reverse sign. To utilize thisvplue, we would need to define the
special transforma@nd B p 1 to maintain the original sign. A specialized transformation is also required

if using twosided pvalues. More discussion and examples are given iApipendix(Remark 2.B) and ifEfron

5
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Simple Simulation Prostate Cancer SNP Example
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Figure2.1 Histograms of pralues and alues for the example$he pvalues are onsided upper tail values.

The red line is either the theoretical null distributior vfip assuming all tests are null (for thevalues) or the
theoretical null distribution ob mdp (for the zvalues). (a) simple simulation;)(lbeatworld SNP example; (c)
underdispersed simulation.

2010b) Alternately, we can use a more straightforward transformation if working directly with the original test
statistics: for test statistic¥f H'Y with distribution function”YD "O "Y under the null hypothesis, thevalue

transformation i€y B  "O Y . For example, suppo$¥ ¢ comes from a onsided uppetail t-test with 10

degrees of freedom, such thiat T8t 0 @ Khe correspondinggcoreisthed B O ¢ B p N
B T @ 0 0 p& w T For the remainder of thehaptey we will assume a ansformation has yieldedhalues

@M Ry suchthatosO DO mip .

Table2.1 displays the data table, which summarizes the outcomes of sstaigeinference procedure. In
the set ofi null hypotheses under consideration, previously defined abe set of those that are rejected will be
denoted byt and the size of that set’Y. The set of hypotheses that were not rejected is denotedry has size
a Y. Itis also common tdenote the number of rejected hypotheses that correspond to true null hypotheses by
®, and the number of rejected hypothesis that correspondseoriall hypotheses is denoted™yThe quantities
G hx ,andd are fixed, although onl§t is known to the analyst. The total column is also observed with realized
valuesi andd i respectively. The interior of the table, along with and& , are not observable in given set of

data. Theguantitiesw (false rejections) ant¥ (correct rejections) are random variables; they change from table



Table2.1 Data tablesummarizing the results of a multiple testing procedline rows correspond to the results

of the analysis, i.e., reject or inconclusive (fail to reject), while the columns correspond to the truth or falsehood of
thed null hypotheses. Note that onlyetlast column, containing the totals, is known after the analysis; the other
columns contain unknown quantities (shaded in grey), unless the data are simulated.

Null > Alt Total
Reject T ) Y Y
Inconclusive ! a W a ) a 'y
Total a a a

to table under the same data generating mechanism in the same WagldkatBut for any given set of data, these

random variables have fixed but unknown values, denoted dxyd 6, and these arienportant false discovery

quantities.

An important aspect of a data table like this is that it is dependent on the definiti@jexftad hypothesis.

The set and number of rejectiornis §nd'Y) vary depending on rejection criterion. For example, in routine cases,

depends on the pspecified size of the rejection region, spg tH for a one sided 5%izedtest. Tables 2.2(a)

(c) provide example data tables for 1,000atues generated from the simple simulation setting for three different

rejection criteria (an unadjusted procedure and two multiple testing procedorferroni and Benjamini

Hochberg). These tables are augmeéntith the marginal row percentages. The proportion of rejected hypotheses

that are null, oy 'Y, is called the false discovery proportion (FDP) and is the basis for nearly all false discovery

quantities.

2.2 Error control in multiple testing

For a single sigificance test, the-palue rejection threshotiis chosen to control the Type | Error rate at some pre

specified level . A consequence of this strategy is that in lasgale testing, wheré significance tests are

performed, the groupise Type | Eror rate will greatly exceed. However, the groupvise Type | Error rate can
Gidg§k 1967

be controlled with classical adjustments like Bonferr@dak, or Simes( Dunn 196 1 ;

Simes 1986; Hochberg 1988). These solutions work by allowing thédndi Type | Error rates to shrink to zero

as the number

of

tests

grows.

For nearly

70

year s,

alternative approach emerged, building on preceding itBm@istvoll 1972; Berger and Sellke 1987; $ori 1 9 8 9 ;

Benjamini and Hochberg 1995). lestd of fixing the (préest) familywise Type | Error rate at some level, we

might instead focus on a different goal and try to bound the -{psBtprobability that the observed rejection is

mistaken. This lattespproach is based on false discovery quantities. Note that all approaches attempt to control the

total number of false rejections (the random variabie our data table) in some way.



Table2.2 Data table summarizing the results of a multiple testing analysis for the simple simulation for various
rejection regions or procedurdhe rows correspond to the results of the analysis (reject or inconclusive), while the
columns correspond to the truth or falsehood ofotheull hypotheses. Unknown values are shaded in grey. Also
shown are the marginal row percentages, correspondomginase to the realized false discovery proportion (FDP)
value and in another to the realized false-dmtovery proportion (FNP). (a) Unadjusted upfaélrz-value rejection

region of p#® tHb , (b) Bonferroni procedure, and (c) Benjardiochberg procedfe.

(a) Unadjusted
Null Alt. Row Pct. Null Row Pct. Alt.
5 Total
Reject T VT pco|l pxo T8 P w000 ™ p P
Inconclusive ' YT G X (N T8 @ X T8t o ¢ "00 0
Total guT| pum| phtmm o ¢ ™o “
(b) Bonferroni
Null Alt. Row Pct. Null Row Pct. Alt.
5 Total
Reject T o p T pp T8t w p "00 O T80 T W
Inconclusive ' Pt w| p1m| wPw T v Y ™ T ¢ 00 0
Total gum| pum| plmm ™o “ ™®ou "
(c) BenjaminiHochberg (BH)
Null Alt. Row Pct. Null Row Pct. Alt.
5 Total
Reject T v LU QT T8t Y 0 "00 0 o p X
Inconclusive ' YTt u| wu WT T ) W W ™ 1T p "O0 O
Total gum| pum| plmm ™o “ ™oy “

2.2.1 Family wise error rate and adjusted pvalues

Perhaps the most weéthown multiple testing error metric is the familjse error rate (FWER), which is the

probability of making at least one false rejection, writedas p p p | under theusualsimplifying

assumptionsit was originallyr e f err ed t o avs steheriff @x p e raitesom dorri(Tulegnrtroo r r
1953; Ryan 1959)ands al so somet i meiss e addredr it haet Hoegnpdisoe eror

rat eo. | f& sigréficapce testsp each having@rcomparison Type | Error rate of 5%, then the family

wise error rate grows large quickly as the number of tests grow. For example, performing 45 tests with individual
Type | Error of] T3t uwill result in an overall FWER of@®a Largescale biomedicatiata often has tens of

thousands or hundreds of thousands of téstdhese settings, FWER adjustments incur a very large Type Il Error

rate penalty, and this makes the FWER approach much less desirable because the power is reduced dramatically
(Brown andRussell 1997; Perneger 1998)



In general, we define a fAmultipl pvaluesgBimn dorpr ocedu
values & B hd |, to a list of rejected and not rejected null hypotheses. This mapping can be done to meet any
constraint, on any error metric, related to the group of experiments. The most popular tegliipgeprocedure for
controlling the FWER at level” is the Bonferroni procedure, which sets thegue rejection threshold jafj & .

The Bonferroni thresHd for controlling the FWER at 5% in the SNP examplads ¢ clw @ ¢ ¢& p 1 and

in the simple simulation is8t ppft T T v p T . Because Bonferroni uses a@lue threshold that is much more

severe than the original unadjusted procedure, much fewer hypotinesesjected. In the SNP example we reject

the null hypothesis for onlp ¢of the tests compared pofp o pejected tests with the unadjusted procedure. The
Bonferronipr ocedure is an approximation to the Gidg8k proce
that is the bounds are comprised of known quantities or quantities specified a priori’ (argl¢t ). Other FWER

controlling procedures are dependendmithe observed data (Mig, &, or even the original data) and are known as
ffladaptive procedureso. Hol més p exanple efuan adaptive procedoreat r o | |
Adaptive FWER procedures are sometimes classified according todbe inrwhich tests are compared, e.g.,

starting with the smallestpyal ue and wor ki Wgwhatkwar ds af¢fiswalugpnd/i t h t h
working fowwands (fAstep

A common misconception is that a procedure designed to control the FVBERnl have a FWER equal
to 5%. Controlling the familgvise error rate means that it has an upper bound, not that it is exactly equal te the pre
specified rate. Several factors (such as correlation among the tests and the proportion of hypothesésibpat ar
null) can result in a much lower FWER. This can be seen in our underdispersed simulation example where the

Bonferroni procedure results in a FWER of 0.3%, substantially smaller than the apparent 5% level.

A helpful concept is that of an adjustedglue. It can allow for a much simpler rejection scheme when the
adjusted pvalue is well defined. For example, we reject hypoth€xis the adjusted value 1] is less thamgt v
In the case of the Bonferroni procedure, the adjustealye isr I ETN tafp . Multiple testing algorithms
can be quite complex, and the derivation of the adjustedue is not often straightforwar8haffer (1995provides
the following general defi ni ti-wloecori@égendnegtothedentpfasimglet pr o
hypothesisO can be defined as the level of the entire test procedure at higbuld just be rejected, given the

values of al | test statistics involved. 0o We wil/ us e

2.2.2 False discovery proportion

In largescale settings, where false positive findings are virtually guaranteed and inference is typically more
exploratory, it makes more sense to try and control the rate of false posihasis, rather than using a
(contoversial) statistical adjustment to try and prevent all false rejections, the investigator should simply estimate
how many false rejectiongo might have occurred in the set of significance tests or the proportion of false

rejectionswf'Y. ThefiFalse Discovery Proportiar{(FDP) is a good starting point for false discovery concepts and



is loosely defined as the proportion of false discoveries that were observed. Formally, the FDP is

o d) e = o
00k § L W'Y x EAY Ty

i Aap n xEAY =n 21

This composite definition is necessary because when no rejectiong(¥ccum), there can be no false rejections,
sowyYis technically unDescaedry THReo fdémrildgowmmibmig foNte) | s
rate of missed discoveries defined & "Yji A @ 'Y Fp . Both quantities assess the degree to which an
observed rejection or neejection is reliable. Ideally, both would be reported in lesgale experiments where
estimaton of these false discovery quantities is possible.

To fix ideas, wesimulated largescale data and plotted the joint distributioriYedindw (Figure2.2(a)) and
the distribution of the false discovery proportib(Figure2.2(b))for the fixed zvalue rejection region op&@ ttb .
The simulated false discovery proportion ranged fréno to & P gnd wa®) T& ¢ gnaverageThe observed
false discovenproportion is a random variable, however propertied sfich as its expected valaee not.The
average FDP is called the False Discovery Rate, and an array of methods for controllingTihexistdescribed

in detail in the next section.

2.2.3 False digovery rate

Benjamini and Hochberg (1998howed how to control the expected value of the false discovery proportion, which
they named the False Discovery Rate (FDR). The idea was inspi®ohbyi | , ahdlti®e prdposed procedure is

a simplemodification of(Simes 1986) Benj ami ni and Hochbergds proposal
it abandoned control of the FWER, in favor of FDR control, in order to increase power in multiple comparisons

settings. The FDR, typically denoted Ry, can be expressed as
FDR KX Oovu OV Y mtOOY 18 (2.2)

We see thak is equal to the scaled expected proportion of false discoveries when at least one rejection is observed.
Thescaling factoiis the probability ofit least one rejection, which quickly approaches one in medium to large data
sets. Benjamini and Hochbesgowed that controlling the false discovery rateés a more powerful procedure than
controlling the FWER. Becauseis a raadom variable bounded by 0 and 1, the FDR is always less than or equal to
the FWER 'Q 0 0@ m 0@ p). They also noted that when all hypotheses are truly null, the FWER
and"00 "dre equal’@ O 0@ 1 0@ p) Remark 2.Ddescribeshow to computex for procedures

where the distribution 6% andasY are known; otherwise, simulation ®f is straightforward.

Let the pvalue order statistics bg E 1 E 1 . TheBenjamini and Hochberg (BH)

algorithm to controN at levelnj is:

1) Define’Q to be the largest index for which 1t Qd , and

2) Reject all null hypothesi®© correspondingtqy if Q Q

10
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Unadjusted Unadjusted
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Figure2.2  Distributions ofY, ¢, and0 for the simple simulation from 100,000 simulation replicatians the
mean across the simulated value$ ofa) Joint distribution ofY andcfor the unadjusted-zalue rejection region
p® tHb , as a heat map. (b) Distribution @ffor the unadjusted rejection region. The vertical blue line is at
& ¢.xc) Joint distribution ofY and for the BH procedure, as a heat map. (d) Distributié0 for the BH

procedure. The vertical blue line islat T8t T ¢ L
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Note that it is common to usg instead of or| *, to denote the level of FDR control because the quantities are
fundamentally different. We can see from Tal2é4b)-(c) that in the simple simulation illustration data, the BH
procedure rejects more hypotheses than the strict Bonferroni procedure, without an increase in the FDP. An FDR
controlled procedure, however, controls only the average FDP and not theseDPInt this example, the BH
procedure results in an FDP @f T8t Y, alespite that fact that the averapés less than or equal tp T8t L

Using the same repeated simulation data from FigRd&)(b), the distributions ofY, ¢, and0 for the BH
procedure are provided in Figurd2(c)-(d). Note thatwand'Y are discrete variables and this is appaieRigure

2.2(c). Figure 2.2(d) shows how the BH procedure is controlling the false discovery proporti@venage The
distribution is skewed towards 0, and the spike at Tt is large enough to hold the average false discovery
proportion (the FDR) below 0.05.

The percomparison and famityise error rates are related to the-fast probability that an error will be
made, while the FDR is related to the ptesit probability that the observed test result is mistaken (Bame
2008, 2011Y¥or further discussion; sedsa Section2.3.2). The FDR is in fact controlled at levelr, such that
N “ N 1 (under certain conditions for dependen@enjamini and Yekutieli 200)) For example, if 85% of
the hypotheses are null, then the FDR is controllesat qubenry 18t v Correlation among the tests can reduce
the truex further below the control level, and in the unusual case of negative dependence between tests, FDR
control is not guaranteed with the standard @bicedurgHeesen and Janssen 2015)modified pocedure has
been proposed which guarantees control under general dependence but can be quite cofBenjatiiai and
Yekutieli 2001) It can be helpful to revrite the BH procedure as an adjustedatue procedure, namely rejéct

whenr)  wherer a Q% j Qa .Theadjustedpalues for the Bonferroni and Benjamini Hochberg

procedures are illustrated Supplemental Figurg.1. Additional discussion on FDR topics not covered in detail
here can be found in th&ppendix (Remarks2.F i 2.1), such as the marginal false discovery r@e fO'Y ,

conditional false discovery ra@® 71, and extensions such a$-bR.

2.3 Estimating falsediscovery quantities

Care must be taken for the proper interpretation of false discovery rate quantities. A common interpretation of results

from a false discovery rate procedure is:

iWe used t Hechb8g procadare toicontrol the false discoveaye in 1,000
candidate tests. This resulted in 60 significant findings and we expect 5% of these findings to be

fal se positives. o0

Whil e this interpretation seems natural, it is not ne
befale positiveso r ef er ®hi.The quartty cao beseen asea dealigatioa oftthe taydom
variableqy Y given thatY 1 However, the expected value of this conditional random varighdg, YSY T,

is not the FDR because the scaling fadtolY Tt is missing. Some have also argued that the quoted statement

above refers to a realizatiogi conditional onY i (Tsai et al. 2003; Pounds and Cheng 2084} we remain

12



unconvinced. fieBH procedure catrols onlyO ¢ 'YSY mt0 'Y m ‘OO0 which is taken over all values of
Yincluding’Y 1 it does not contrdD o 'YSY T or'O ) 'YSY 1 . Anextreme example is that the FDR can

be 5% with a 50% chance of rejecting any hypotheses sO %t 1 1@ andOwIYSY 1 1. In this

case the mistaken interpretation of the statement is very misleading (the correct rate is 10%, not 5%). Even when
0 'Y 1 is near 1, one cannot interpret an observed realization as the expectation, just as we cannothiterpret t

p-value as the Type | error.

Storey (2003@efinedO WFYSY 1 to be the positive False Discovery Rate (pFDR) which in fact has a
nice probabilistic interpretation. In effedttanswes t h e dlowerdiable arathefiindings? T h idifferents a
qguestion MHowratableis ky study dgsiogn? f or whi ch we use Type | and T
that questioriBlume 2008, 2011)Notice that the FDR is a scaled version of the pFDR, and that the FDR is a lower
bound for the pFR. In largescale settings, they afrequentlyidentical because typically 'Y 1  p. However,
we keep focus on the pFDR because formally is the more relevant quantity. What the above means is that: (1) we
should estimat® wI'YSY 1 because that is morelevant after an experiment is conducted and we wish to assess
the reliability of findings, and (2) for experiments with a high probability of disco@oif YsY 1t will be close
to the FDR (and the conditional FDR), approaching from above.

2.3.1 The positivefalse discovery rate

Although formally named in(Storey 2003) the positive false discovery rate was discusse(Bénjamini and

Hochberg 1995put dismissed because it is strictly not controllable. By definition, pFDR = 1 Whenp (all
hypothesesarehul ) . St or ey e aéds,0nmosnet weotulfidwhweannt t he f al se di sc
no tests are significant, no one is interested in the false discovery rate anyway. Therefore, if we are interested in
estimating false discovery quantitiesistfssue is not relevant and the pFDR is a natural statistic to focus on.

The pFDR, indeed all false discovery quantities, correspond to a particular rejection region. If we define
to be the rejection set for thevalue space such that we rejétif & N 3, then the quantity is shorthand for the
more explicitY 3 which is the number of rejectioitéthat result from rejectin® whend M 3. Similarly, for

andw 3 . The more explicit definition for pFDR is

i "00% h O % Y3  mh 2.3)
with 1 "O0% mwhen'Y 71t We will also use the shorthand notatipiOO% h 'Oy 'YSY 1% . The
rejection regiors need not be fixed ahead of time to yield proper estimates of the pFloRY et al. 2004)-or
simplicity, we will consider only rejection regions of the esided tailarea forms  aftb for definitions and
discussion, although alesults can be easily extended to {sided rejection regions and some illustrations will
show the results based on tsioled rejection regions. We will also make use of the further shorth&@® & h
N "O0% daftb . The pFDR has a natural Bayesian intet@tion and various techniques for estimating the pFDR

make use of this connection.
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2.3.2 Bayesian interpretation of the pFDR

The fiBayes false discovery ratedo has been introduced
(Efron, Storey, et al2001; Efron, Tibshirani, et al. 2001; Storey 2001a, 20002, 2003)The key insight is to

regard the truth of each null hypothesis as a random variabléQaD Qi € € @ & & Where’O  mindicates

that the null hypothesis is truglere* is the prior probability that the null hypothesis is true, t.e., 0 GO

1T, rather than the observed proportion of hypotheses that ar@meilBayes FDR is defined as

%3 h 00O mgH~ 3 8 (2.4)

Additionally, the distribution of the -xalues is a mixturé0g “ {0 & p “ 1°Od.HereOa isthe

distribution of null zvalues andO & is the distribution of nomull z-values (with correspondingrobability

density functionsQ &, Qd, andQd “ i'Qa p “ {°Qa). Efron (2008)discusses this scalled
itwogoups model 06 and its propert i Sterey (2008gh@vedhatfoed as s u mp
identical hypothesis tests withvalues F8 R |, significance rgioncy, and for @HO independent and identically

distributed random variables,
OVQY mp VIO TN W3 (2.5)
That is,Storeyshowed thaf) "'O0% %03 .

We can appl y -8xprgsethedBayeuHDR fortaagenera rejection regitrat can be any
subset of the real line as
000 mio@vs3s0o nm “ tOs3 .

9 h ON < I 2.6
%3 h 0 CO mION 3 R o3 h (2.6)

where the notatin of the distribution functioiOand™O of a regions is used to meaf0O3 0 O®ON 3

. QO'Qdand™0 3 0 AN 80 T "Q & 'QGrespectively. In this notation, the (proper) cumulative

distribution functionO® is™O  HMD 0 @G @. As we will see later, the forim Equation 2.6) is helpful

for estimating the Bayes FDR. It i s ctaslkdl & dhethdrthe figl o b :
test statistic is in the rejection region. As a result, Btk and"O3 are tail area probabilities for typical cases

suchas b . Conditioning on just the observed test statiglic,&, | eads to a Al oeeal FDR
later. The global FDR quantity is very intuitive; it is the scaled ratio of the probability of a null test statisticgejectin

to the probability of any test statistic rejecting. We can get a simple estimate of this quantity by using-ithe plug
principle with assumptions dictatiri@ 3 han empirical estimate 603 , and setting* p to be conservative.

Section2.3.5 describethis and other estimation approaches.

2.3.3 g-Value

The gvalue was introduced to mimic thevplue in posteriorspacby t aki ng i nto account @ me
The gvalue is defined as
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na h I ER"0O0YH 1T EDI'O moN dib (2.7)

fora N & R . For our purposes, we assume nestedsided upper taifirea rejection regions which yields
this simpler definitiona more general definition of thevglue is given in(Storey 2003)In this context, eyalues

are pFDR estimates that are modified to ensure monotonicityatue space. Tif is illustrated inSupplemental
Figure2.2. In practice, using a pldig estimator, the monotonicity is forced directly upon the estimated pFDR by

defining the estimated-galuen & h | Ef "OO b . Storey and Tibshirani (2008plain that thestimated

gval ue can be used as fia measure of each featurebs s
t housands ar e si muFutthemteey argué that iffeaturasgvitht estimdteshies less than a

level ) are Bken to be significant, thefi p 1 1 6f them are expected to be false discoveries. However, this
remains to be proven for all classes ofadue estimates. In some situations, using suclrauge procedure would

resultin a more powerful FDRontrolled pocedure than if the pFDR was used. There are also a variety of situations
where the eyalue does not add anything beyond the pFDR. We find that it is better to stick with the original pFDR

estimate which is a more fndantetpretal 6 quantity that is e

2.3.4 Local FDR

The global FDR conditions on the rejection of a null hypothesis. We might also consider conditioning on the
observed significance level of the test and the resulting FDR is called a local FDR. The global FDR assumes the
resutse¢ only parsed as firejectedo or finot rejectedo, wh
each test was communicated. Both FDRs are useful in practice as results are often communicated in different ways.
Efron, Tibshirani, etal. (20000 ef i ne t he fil ocal false discovery rateo .
“1Qa

%of_XHO@T[&I) G 04

o] (2.8)

Note that this is a ratio of densiti€Q¢ and™Q & ) rather than a ratio of distribution functions. Local inference is
possible in largescale settings via empirical Bayes methods, but tends to be unstable in smaller samples because
the density estimates are noichnically, the local FDR is a local w&on of the Bayes FDR (a pFDR quantity),

not the classic FDR 0 . In large samples however there is virtually no distinction and the literature follows this
convention. More on the local FDR can be foun¢Sfion, Tibshirani, et al. 2001; Efron and $Hirani 2002; Efron

2010b)

2.3.5 Estimation approaches

The Bayes false discovery r&e3 , from Equation2.6), can be computed without difficulty whé@ & and™O &

are known.“ can be set to 1 to provide a conservative upper bound for the Wi "O & often takes an
assumed form under the nul} & is typically left unspecified. We can skip estimatiori@fa because we only
need to know the mixture distributic®d , which can be estimated directly from the observed data (e.g., a

histogram of the walues or smooth version of the same). Typically, we might assum@tiiat 0 7dp , but
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there are circumstances where this does not necessarily hold, e.g., with correlatigntezalues(Efron 2008)

So, it is important to have methods that relax this assumption in our toolbox.

A wide variety of methods have been proposed for estimating the false discovery components. Here we
focus our attention on methods describe(Eiinon 2010bYhat have the benefits of working in the unconstrained z
value space, estimating the mixture distribution directly and flexibly, and are simple and straightforward to
implement. Other approaches are worth exploring. Many rely on paramematati of the alternative distribution
"O or on norparametric estimation of the alternative or mixture distribuf#dlison et al. 2002; Pounds and Morris
2003; Aubert et al. 2004, Liao et al. 2004; Pounds and Cheng 2004; Tang et al.2#0&)discussn of these
approaches is ifTang et al. 2007) These methods can perform well under certain conditions, although some are

less robust or more complex than the approaches described here.

2.3.5.1 The ECDF estimate

A simple nonparametric estimate of the cumulative distribution function comes from the ECDF of the observed z
values’O0 NG )& for'Q@ piB M (wherel & denotes the number in st For a general regic

we define theECDFtype estimatofO3 N°gx N 3ja for'd phB R . For uppettail rejection regions with

“ p assumed, we get an estimated global FDR of

“ {0 afb  ptp B a .

%0 & Firb o afib w (2.9)

wherel3 & is the standard Normal distribution and the denominator is simplified under the assumption that the
& FB R are thereverseorder statistics for the-zaluesé & E & suchthafl™@ &  "QSome

estimators exceed 1 because of the {fiugstimation strategy and the conservative boundirfg ofVhen%o. &

p it is standard practice to truncate the estimate @ethnical notes are provided in tAppendix(Remark 20).

This estimator is easy to use and apply. Figure 2sB@ys thd@rue Bayes pFDR of the underdispersed simulation
along with the estimate from Equatidhq). The FDR esthate does not match the true FDR curve well (even when
the true valudor “ of 0.9 is used for Equatior2.Q)) because the assumed theoretical daés not hold. The
estimator applied to the SNP example (Figure 2.3(b)) is a good illustration of hesymuanth the ECDF estimator
can be, and how thewplues could be helpful in such a situation. However, thielges are less useful in Figure

2.3(a), vhere the roughly bimodal nature of the curve is due to erroneous assumptions about the null.

An important connection to note is ththe BH adjusted alue is equal to the estimateerglue when
using Equation (2.9)Thatis,f & | E% & 1 for %o& estimated by Equation (2.9). This derivation is
given inthe Appendix(Remark 2.P)The quantities are illustrated in Figure 2.4 for the simple simulation, which
also helps to illustrate the distinction between the pFDR aralug. This conngtion sometimegncourages BH

adjusted pvalues to be mistaken for FDRs. Howevevalues are actually thresholded FDRs, and this equoality
holds for BH derived ¢yalues. In this setting rejecting features witliadues less than or equalgce-specified
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Figure2.3  Estimated FDR quantities using the theoretical null and EG&¥ed estimatoi&quation 2.9) and

corresponding local version). The tsa@ed pFDR is shown instead of the upper tail pFDR. When applicable, the
original unbounded estimates are shown and"@@'Y p region is shaded in grey. For the underdispersed
simulation, the estimates using the tftue T1@oin place of* p are also provided. The horizontal black dashed
line is at 0.05. (a) True and estimated pFDR (andlges) for the underdispersed simulation, (b) Estimated pFDR
(and gvalues) for the SNP example, (c) True and estimated local fébfhe underdispersed simulation, (d)
Estimated local FDR for the SNP example.
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Figure 2.4 Connection between the Benjamitochberg procedure and the pFDR andatpe The pFDR
estimated as described in Sectib®.5.1 and the Benjamitiochberg adjusted-palue, which is equivalent to the
g-value calculated from the pFDR using ECDF mixture estimates, for the simple simulation. The unadjusted p
values are also shown, alpwith an example 0.05 cutoff as the horizontal dashed black line.

levelr) would result in an FDRontrolled procedure because it is equivalent to the BH procedure. However, when
g-values are derived by other meaRBR control does not necessarily follow (it must be evaluated on abgase

case basis).

Estimation of the local FR requires an estimate of the mixture density rather than the mikstiri®ution
function, and a similar neparametric approximation can be obtained by discretizing-tradues into bingEfron
2010b) the details of this estimate are provided in thpéndix (Remark 8). The resulting estimates are shown
in Figures 2.&)-(d). These estimates are highly locally variable, particularly in areas where there is little
information (i.e., few zvalues) such as in the left tail of the distribution in theusation or the right tail of the
distribution in the SNP example. However, in our simulation, we see that they still felidwothe true local FDR
curve. Because of the instability and resulting local bias, this estimator is not recommended fpratéa but

is helpful for comparison purposes.

2352 Lindseyds met hod

Smoothing the empirical mixturevalue distribution can help reduce the volatility of ECBdsed methods. Here

we use Lindseyds met hod becausedBrti eifsl yf,| elxiinbd see yadnsd
observed histogram ofwalues to model the height of each,kin, as a flexible function of thkin center pointo

(for example, as &order polynomial or spline function) using a Poisson count mdiedisey1974; Efron and
Tibshirani 1996) The estimated mixture density is calculated®@ @ aj ¢ t& whered is the histogram

bin widthandw ¢ is the Poissomodel predicted count &t Further details are given in tigopendix Remark

2.R) and the fitted distributions corresponding to various valugsaoff] are shown in Supplemental Figure.2.6
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This approach typically provides a nice smooth fit to thealzie distribution, althougsometimes care must be

taken with choosing the flexibility parameter

Using this approaclhihe estimate of the pFDR for the upper tail rejection region is

e “ {0 afb  ptp B a .
%o O htb : —h
00 Q QA Qa T 0gQa (2.10

assuming that" p and the theoretical null holds. The corresponding local FDR estima¥ @

“tQdjQd  pt'Qd jQa . Figures 25(a)y(d) show thesgpFDR and local FDR estimates for the
underdispersedimulation and SNP examples, overlaid with the previous EG&¥ed estimates from Equation

29) . Lindseyd6s method yields a nice s &9 estinimte pufddds e st i n
not suffer from high local variability. Howevem®sothing does not address the irregular shape and bias of the pFDR

curve inthe simulationEigure 2.5(a), becausehisis partly due to the violation of the theoretical null assumption.

For this, we will turn to estimating the null distribution in Sect®3.5.4. As before,-galues are not particularly

useful in this simulation, and in the SNP exampligire 2.5(b))g-values do not add anything beyond the pFDR

estimates because the smoothed mixture results in a smooth and unimodal pFDR estimadeifditey at 1).

2.3.5.3 Estimating the null proportion

Rather than assuming the conservative bourmdfof “ , many methods have been proposed for estimatingr

a ). While these might provide less biased FDR estimates, they increasstithation variance. Benjamini and
Hochberg originally formalized a graphical approach proposéscinweder and Spjgtvoll 198®) estimating ,

resulting in more powerful procedures for FWER conftdbchberg and Benjamini 199@nd FDR control
(Benjamini and Hochberg 2000Bince then, many other methods have been described, includi@tpiay and
Tibshirani 2003; Efron 2010b; Murray and Blume 202Mjyistration of these selected estimation approaches are
given in theAppendix(Remark 2T). Some dter methods proposed inclydmit are not limited to(Pounds and

Morris 2003; Broberg 2004; Langaas et al. 2005; Nettleton et al. 2005; Pawitan et al. 2005; Meinshausen 2006;
Jiang and Doerge 2008Review of some methods can be foun@Broberg 2005Kang 2020) Any of theg “

estimates may be substituted forin Equations 2.9) or .10), or their local FDR counterparts. In Section 2.3.5.4,

we describe an estimation process for the null distribution, which conveniently incorgorattsnation.

2.3.5.4 The empirical null

Under the null, the assumption is that observedlnes are distributed d@s mip . However, this assumption may
be violated. For example, correlation among tests (e.g., among SNPs or imaging voxels) under the null would not
lead to a mip mixture (it would be underor overdispersed)Efron proposes a direct estimation approach,

assuming the null distribution has the fofd@ 0 | h, . Two methods to jointly estimate the set of parameters
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Figure25 Est i mated FDR quantities using t he (BEglatool®t i c al

and corresponding local version). The previous E@RA&ed estimates are also given for comparison. Thsitlead

pFDR is shown instead of the upper tail pFDR. When applicable, the original unbounded estimates are shown and

the"OO'Y p region is shadeth grey. For the underdispersed simulation, the estimates using ttfe trua®oin

place of*

p are also provided. The horizontal black dashed line is at 0.05. (a) True and estimated pFDR for the

underdispersed simulation, (b) Estimated pFDR for th® 8xample, (c) True and estimated local FDR for the
underdispersed simulation, (d) Estimated local FDR for the SNP example.
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1 h, A have been describethe central matching (CM) method and the maximum likelih@éd) method
(Efron 2004, 2007b, 2010a). These methodsartined inthe Appendix Remark 2.1). Efron concludes that the
maximum likelihood method tends to produce estimates that are less variable but more lpsanham those from
the central matching approach. In onderdispersed simulation, the CM estimates@ie (7@t tr@ X  with

“ o candthe ML estimates ar® ¢ 0 18t mdo with* 180 @ Recall that the true null § Tir@o
and” T®oin this simulationThe resulting estimates from the SNP examplé@me (1@t frgo ¢ with

“ o wfor the CM approacland™Q & 0 18t pfo®o p  with T80 ofor the ML approachA visual
illustration of the different fits is given in thgppendix Remark 2V) to helpfix ideas.

Using an empirical null distribution gives tgeneral empirical Bayes estimator for the upper tail pFDR,

. “ o aftb  “ tp Oa .
%o O FHb ‘ * R
bo C 04 0d T 0a0d (2.12)

where™O ¢ is 0 h, with | h, H estimated from either the central matching or maximum likelihood

method. Here the mixture densif@d i s esti mated via Lindseyods method, h
combination with an empirical null estimate. The corresponding local FDR éstiisi%o ¢ “tQajQa .

The resulting pFDR and local FDR estimates foruthderdispersed simulation and SNP examples are provided in

Figures 2.6(ajd) for both empirical null approaches. While the null distribution estimates are not exduoesratc

the true null distribution in the simulation, the empirical null does capture the underdispersion and helps correct
much of the bias in the pFDR curve induced by usingth@p null. We see that in the right tail of the local FDR

curve in Figure2.6(c), the estimates match the true FDR closely, butresible in the left tail of the curve. Because

the local FDR estimate occurs at a single pointalme) rather than averaging over a tail area, it is much more
sensitive to the estimators thasicomprised of, particularly when a flexible aparametric mixture estimator such

as Lindseyds method is used. I n the case of the SNP e
known which of the empirical null or theoretical null estbes are a better estimate. However, Figli6€d)

illustrates that the local FDR estimate does not always suffer from llitgtésues. While the empirical null can

be important in obtaining correct FDR estimates, we restate thastingated null paraeters can be prone to bias

and thus care must be taken when considering this approach, particularly when the numbet af Estller.

2.4 Discussion

2.4.1 FDR testing and estimation

There are a number of benefits and drawbacks of FDR climgrprocedures and of FDR estimation approaches.
When all underlying necessary assumptions are met, we can achieve strict control of the false discovery rate, which
may be important in some circumstances. Control of the false discovery rate allowsdguatential discoveries

than control of the family wise error rate, and control at the 5% level, for example, continues to provide a reasonable
rate of errors in many lareggcale inference contexts. A wide array of methods for EBfRrol have been propase

with well-established properties, and some of which are more robust to violatiassusfiptions such as
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Figure2.6 Estimated FDR quantitiesusingthenp i r i cal Nul |l di stri bution with L

(Equation 2.11) and corresponding local version). The tsided pFDR is shown instead of the upper tail pFDR.
Both the maximum likelihood and central matching empirical null method$iavens When applicable, the original
unbounded estimates are shown and@@'Y p region is shaded in grey. The horizontal black dashed line is at
0.05. (a) True and estimated pFDR for the underdispersed simulation, (b) Estimated pFDR for the SNP(example,
True and estimated local FDR for the underdispersed simulation, (d) Estimated local FDR for the SNP example.
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independence among the tests. However, the prevailing drawback of FDR controlling algorithms is that they only
focus on the overall FDR, i.e., the expected value of the random vaJiatch also includes no rejections as no

false rejections. For example, if we employ a procedure which controls the FDR at 5%, such as BElojeinhiaig,

and this results in 100 rejected tests, can we say that we expect 5 or less of them to be fadss?ajéethave
discussed that this it the case; this is measured by flusitive false discovery rateand FDR control provides

no information about what the pFDR is.

Unfortunately, 1 is not possible to develop a rejection procedure which controlpRBR under all
circumstances. However, the most important scientific question we would like the answer to is that which the pFDR
answersAn analogy can be made for FDR control versus estimation with basic principles: a significance test results
in a yes o no decision (reject or not reject), and has wefined frequency properties, but we would then like to
know the strength of evidence or the effect size. Similarly, control of the FDR with an appropriate procedure gives
us a clear answer of reject ortireject, but we would like to know moifenamely, the propensity fabserved
results to be misleading, or how many to expect to be true discovérersforewe may employ a pFDR estimation
method to approximate this answehe probabilistic equivalemlefinition of the pFDR allows for an intuitive class
of empirical Bayes methods for estimation. These methods may be flexible and more robust to deviations from some
commonassumptiondHowever, one drawback is that the focus remains still on the cesriddncy measure of the
expected valuef the false discovery proportipand no attention is paid the variance or minimum or maximum
value. On average, procedure may havep&DR of 5%, but the distribution ody 'Y could still range from 0 to 1.

This means that the proportion of false rejections in a particular observed set of rejections could still be very large,
such as 90% or 100%, with some probability greater than 0, even if on average it is 5%. Extentls®standard

pFDRT which condition®n a global tail area rejection regibsuch as the local pFD& FDRmay be considered,
although their estimatiois more challengingandthe resulting estimates may be biased or highly variable and could
result in misleading interpretations of finding3ne important topic of note that was not covered is variance
estimates for false discovery rate estimatther global or localEfron covers this in detail, describing both
theoretical approximation and bootstiagsed variance estimators (Efron 20@@10a, 2010bCurrentlythis issue

is often ignored in the literature in much the same way that the variability ofvhleg is ignored.

Onedrawback oktandardalse discovery ratapproaches for both FDR controlling and pFDR estimation
i is that they rely on-xalues or pvalues, which confound effect size and standard error(Ferer et al. 2006
Stephens 20)7or alternative approaches. False discovery rates based on ggnwmrdtiorp-values(Blume et al.

2018, 2019nlso emphasize effect size and scientific relevahigis.is coveredn detail in Chapters 3 and 4.

2.4.2 Advanced topics

In this chapterwe introduced several approachable and effective methods for estimating false disateery
quantities and provided examples of how these methods behave in some cases to illustrate concepts. An evaluation
and direct comparison of some important pFDR/FDR estimation methods are avail#uaehauer et al. 2019)

Further developments in tfield include lse discovery rate estimates based on rdittensional statistigsvhich
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can be used to incorporate information from any type of auxiliary covariate available in the da@h(@mg.et al.

2015; Alishahi et al. 2016; Chen et al. 2019pme other notable advances are adaptive procedures which use an
auxil i ary o covanate riofupdatenthe rejacteom threshold or a component of the FDR estimate (e.g.,
Boca and Leek 2018; Lei and Fithian 2018; Zhang etal. 281®d t he devel opment of FDR
testing where the total number of te§tss not yet knowm (such aslavanmard and Montanari 2018; Ramdas et al.

2018; Robertson and Wason 2018)

2.4.3 Recommendations for routine use of FDRs

The critical takeaways for understanding and using false discovery quantities on a routine basis are:

1 Controlling the false dicovery rate is less strict than controlling the family wise error rate and perfectly
sufficient for maintaining scientific rigor in larggcale inference settings.

1 Thepositive false discovery rate (pFDR) is the expected fraction of observed resultsghalse. This is
typically what scientists wish to control once results are observed and is therefore the relevant quantity to
gauge and control.

1 The gvalue parallels the-palue in definition and is less intuitive for describing the reliability of olesd
results. It makes more sense to simply report the tendency for the observed results to be misleading, which
is the pFDR.

1 The local FDR is an even more direct inferential quantity. However, it faces additional challenges in
estimation.

1 A variety of (empirical) Bayes methods have been proposed for estimating false discovery quantities.
Met hods that estimate the entire mixture distribu
distribution alone, are easier to implement and more suitdatdad daily use (in our opinion).

{1 Estimating the null distribution (e.g., assuming h, rather thard tip ) adds a layer of flexibility and
robustness that can be critical in some contexts. Relaxing this null assumption should considered as a
routine sensitivity analysis.

1 Assuming" p while estimating the FDR is usually not overly conservative and can simplify the pFDR
estimation process considerably. Estimatingan however lead to less conservative pFDR estimates and

a greater number of stoveries.
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2.5 Appendix A: Remarks and supplemental content
2.5.1 Remarks

2.5.1.1 Remark 2.A: Details of simulations and examples

In the simple simulatiorgeneratéx  pht 1t rndom zvalues wheré @ wfthem come from the null Tip
distribution andp  “ T vof them come from an alternate distributiontof¢& fp . In the underdispersed
simulation, generaté v fit T random zvalues where 8o of them come from an underdispersed null
distributiond @0, andp “ T of them @me from underdispersed alternate distributibnsAto , evenly

divided between effect sizes-ef @, p anda.

The real example is set in the context of a single nucleotide polymorphism (SNP) genetic study. A SNP is
a position on human DNA which hasdpeidentified to commonly have variation in the nucleotide sequence or
allele. These variations may be associated with disease and therefore are typically studied in connection with health
conditions. Any allele at a SNP position that is prevalent inttess50% of the population is referred to as a variant
allele. For each person in the sample, we measure the number of variant alleles, with possible values 0, 1, or 2,
because humans have 2 copies of each chromosome, and therefore the variant akebpeesambat the specified
genome position in none, one, or both of the copies of the chromosome. In the prostate cancer SNP example, data
on 3,894 individuals (2,511 cases with prostate cancer and 1,383 controls without prostate cancer) comes from the
International Consortium for Prostate Cancer Genetics (ICRS&)aid and Chang 2005)0 assess potential
association between a SNP and prostate cancer, a logistic regression model was used with number of variant alleles
treated as a continuous predictorighle. Further background on the data and how it was processed is detailed in
(Blume et al. 2019)Because some of the SNPs had a constant (or nearly constant) number of variant alleles across
all subjects, some models were not identifiable and thesesmexened out. Ultimately, we have 224,8&fatistics
corresponding to SNPs from chromosome six.

2.5.1.2 Remark 2.B: Mapping of test statistics to zvalues

Much of the work in FDR estimation can be applied to the originadlpes (with a number of original papers
presented only in that context) but transformation to tivalze space can be beneficial, for working in the
unconstrained Tip distribution ratler than théY¢ "Qifp distribution. If the sign of the original test statistics is
not relevant (as in the case of. astatistic), we can simply use the calculatecapues and the transformatidn

B N to transition to the -walue space. In thisase, small ywalues will be mapped to larger negativeatues
(e.g.,n T COQ p& w)@nd larger pralues will be mapped towalues near 0 and (withyalues near 1
mapped to large positivevalues).

For original test statisticwhere the ign of the test statistic can be helpful to preserve, such as-with t
statistics, more care must be taken with the transformation. As noted in the main text, using the original statistics
"YR R'Y with distribution functio’Y D "O "Y under the null fipothesis and the transformatian 5 "0 "Y
will give us a direct zalue mapping. If using the-yalues, specialized transformations are needed, aside from

lower-tail onesided pvalues wheréd £ 1 B 'O Y gives zvalues with the correairiginal sign of
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Y. For uppettail onesided pvalues, we needtouse B p 1 to obtain zvalues with the same original

sign as’Y. For twasided pvalues, we cannot perform a sigreserving transformation from thevalues alone and

would needo know at least the sign of the original test statistic. Therefore, there is no reason not to use the direct
mapping®d B O "Y . The only exception would be an unusual case encountered wherevdheep are
provided along with the test statistics @ least their signs), but the type of test statistic is not known such that
"O Y is not known. Then, the mapping B nfgc OECM B /7t OY mig p

B n7¢ ‘OY m 'OY m could be used.

2.5.1.3 Remark 2.C: Scientific validity of controlling FDR vs FWER

When we perform a large number of tests, making a handful of false discoveries, while not desirable, may not be a
big concern especially when it comes with the benefit of increased power such that we can reject a larger number of
hypotheses. For example, if we reject 100 tests, 5 of which are false discoveries, the observéj FEP@p

vjil A@ it 18t v This does not seem like such as bad deal. Hypothetically, if a multiple comparisons
procedure makes only 5 false discoveries00 every time the experiment is hypothetically repeated, i.e., the FDP

is controlled at 5%, this could be a desired testing procedure. This is particularly the casesodergaference

where the mass significance testing is often used as a screeodeglure for findings. That is, if a set of genes is
found to be associated with prostate cancer occurrenc
medical practice. Rather, they will typically be used to inform further researctefdtes while wasting resources

is of concern, the impact of false discoveries in lezgale inference on human health is not generally thought to be

an issue.

2.5.1.4 Remark 2.D: Calculation of FWER and FDR
For the random variable

T
Tt

O (qY A
Y A

mr mr
<"> =

X
X
the family-wise error rate iOOGOYO Qo p 0@ m 0@ 1, suchthat
OOOYOI0 m p 0B =

p 0 mwY ntod¥ n 0D myY nitodr n

p ptOOYy m O0@Y MY ntooOr m

p OOY¥ m 0@ mWY mMiodr m
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The false discovery rate denotedyis

"OOW X OO0 ©Ow'vYsYy mtodr =

0Oy mt Oa'YSY iRY miody isy m
. . OwgY i .,00r msY 1 toOvr i
OO 1t ‘| t oo n
P

i—f'o(;;sv i fodr 18

The number of false rejectionsis a Binomial random variab@ D 6 "Q¢ é4dh  when assuming the tests are
independent with fixed identical type | error ratand the number of true rejectioi¥és a Binomial random variable
YD 6 Q¢ &afp T when assuming the tests are independent with fixed identical type Il erffor Tatas'Y

@ "Yis the convolution of these two independent Binomial random variables. The conditional distribdih of
(i.e., cgd 7Y, the conditional distribution of two Binomial random variables conditioned on their sum) follows
Fi s her 6 s hypeogaometnt distréodtion. We can usenvpow' in the R package “distr’ to easily obtain the
pdf for'Y,0 O¥ i . The R package ‘BiasedUrn" provides the@d® 0SY i using dFNCHypergeo(Xs

n=i, ml=d , m2=4 , oddst) and theexpected valu® ¢cxY 1 using meanFNCHypergeo(md=, m2=t ,

n=i,oddss),wherg | jp | j p T jf

2.5.1.5 Remark 2.E: Data tables for rejection procedures of interest

Supplementarable2.1(a) displays the known elements of the data table from our SNP example using an unadjusted
rejection region ofp  p@ tHb . There are 10,637-walues that fall in the rejection region for the SNP example,

but we are unable to fill in the first two colusof the data table, because we do not know the truth of each
hypothesis under consideratiddupplementaTable 2.1(b) displays the known elements of the data table for the
Bonferroni procedure, and Suppleméntable 2.1(c) displays the known elements tife data table for the
BenjaminiHochberg (BH) procedure. We can see that there are much fewer rejections in than in the unadjusted

setting, but that the BH procedure has almost double the rejections than for the Bonferroni procedure.

2.5.1.6 Remark 2F: Adjusted p-values

The adjusted qvalues for the simple simulation are shown in Supplemental FRjliraVe can see that the BH

procedure provides a balance between the uncontrolled unadjusted procedure and the Bonferroni procedure.

2.5.1.7 Remark 2.G: The marginal false discovery rate

When Benjamini and Hochberg proposedas a measure of interest to control in lasgale testing, they discussed
other alternative quantities that could be considered. One of the main reasons that Benjamini and Hatbddberg se
on X is that many of the other quantities cannot be controlled in the strong or weak sense. Strong control of a

quantity means that it can be controlled at a certain level no matter how manjhygbdtieeses are truly null, while
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Supplemental Tabl2.1  Partially filled data table summarizing the results of a multiple testing analysis for the
SNP example for various rejection regionpowceduresThe rows correspond to the results of the analysis (reject
or inconclusive), while the columns correspond to the truth or falsehood @friné hypotheses. Unknown values

are shaded in grey. (a) Unadjusted ugpérz-value rejection regiov of p& tH , (b) Bonferroni procedure, and
(c) BenjaminiHochberg procedure.

(a) Unadjusted

Null Alt.
5 ) Total
Reject T ¢ g ppox
Inconclusive ' e e ¢ plt ¢ d
Total e e G Clw o g
(b) Bonferroni
Null Alt. Total
3 ~
Reject 1 e e PO
Inconclusive ' e e ¢ clwu
Total e e G Glpoq
(c) BenjaminiHochberg (BH)
Null Alt.
5 ) Total
Reject T e e cy
Inconclusive' e e G C rEp o\
Total e 3 CClwoqg
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Supplemental Figur@.1 Adjusted pvalues for the Benjamistiochberg procedure applied to the simple
simulation The black points are the unadjustedgues, the red points are the Bonferroni adjustedlpes, and
the blue paits are the Benjamistiochberg adjusted-palues. The saxis is the pvalue index, with 1 indicating the
smallest pvalue in the data and 1,000 indicating the largeslpe in the data. The black dotted horizontal line is
the classic 0.05 cutoff.

weak ontrol for a quantity means that it can be controlled at a certain level only if all the hypotheses are truly null.

The two major alternatives discussed by BH@m j O'Y and the pFDR (discussed in Section 2.3).

The quantityO w j ‘O'Y is often referred to in the literature as the marginal false discovery rate (nFDR).
In many cases, the marginal FDR and the pFDR are approximately equal, and under a certain settafrsssump
they are exactly equivalent. However, there are drawbacks to the marginal FDR, particularly that it does not assess
the joint behavior ofo and'Y, which is of more theoretical interest. 38¢orey 2003; Tsai et al. 2003; Benjamini

2010)for further discussion.

2.5.1.8 Remark 2.H: The conditional false discovery rate

Benjamini and Hochberg (199%)so discuss the conditional false discovery rate (cFDR), whiach 80'Y

O 'YsY i ‘O a8Y 1 ji.Thisquantity is close to the quanfiyw j i discussed originallyitSor i | 1989)
which was the inspiration for the FDR, but the conditional expectation is not equal to the marginal expectation

(O asY i Ow). Instead O® B OwgY i 00OY i . The cFDR is a more properly defined
inferential quantity thai® @ j i (sometimes céd the empirical FDR), because it keeps the connection of the joint
relationship betwee and'Y. Tsai et al. (2003xndPounds and Cheng (200@mong others) have provided nice
mathematical forms for and estimation of the cFDR and argue that it [geferable quantity to the pFDR. In

general, the cFDR and pFDR have a lot of properties in common. In fact, under-gp@tipe mixture model setup
discussed in Section 2.3.2, the cFDR is equal to the pFDR and the mFDR. The argument that cFDRhiarbetter t

the other quantities for summarizing observed results of an experiment because it conditions on the actual number

of observed rejections does not necessarily provide us with any more precise inference. Rather, we would prefer to
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focus in on the locaFDR (discussed in Section 2.3.4), which conditions on the value ofvthkie or pvalue,
rather than conditioning on the less natural idea of other experiment repetitions which produce the same number of

rejections.

2.5.1.9 Remark 2.I: k-family wise error rate and k-false false discovery rate

Alternatives to the traditional FWER and FDR which allow a larger level of false discoveries have been proposed.

The familywise error rate has been generalize®X®®m 0'YO & 'Q, so that any number of falsliscoveries

lessthanQd oes not fi ¢ o (Dondbidet & 2004 Te false discovery rate has been generalized to
Q'00'YO wt jyt it , where again we only start fcount

have passed a certaingshold ofQfalse discoverie¢Sarkar 2007)

2.5.1.10 Remark 2.J. Exceedance control

Anot her generalization, referred to as fexceedance ¢
Instead of controlling the expectationtofthe taitarea probiility of 0 is controlled. Thatig) 0 [ is bounded

for a prespecified value df ¥ dp . More on this can be found (@enovese and Wasserman 2002, 2004; Romano

and Wolf 2007)Various methods proposed for such control have been described, see foleé¢iKam et al. 2004;

van derLaan et al. 2004; Lehmann and Romano 2005; Genovese and Wasserman 2006; Dohler and Roquain 2020)

2.5.1.11 Remark 2.K: Rejection procedure and pvalue ordering

In almost all accepted largeeale testing methods, the ranking of observedlipes is respected by the rejection

rules. This means that, by convention, a hypothesis with a smalidu@r) may not fail to reject null hypothesis

"O if any hypothes with a larger valuen rejects null hypothesi® . False discovery rates usually follow this
convention, although not in all cases (i.e., if one is willing to use another measure of evidence such as the Likelihood
ratio, a posterior probability,rdhe secondjeneration pralue). This condition is sometimes imposeehad (such

as with gvalues, as we see in Section 2.3.3).

2.5.1.12 Remark 2.L: More illustration of g -value vs pFDR

An illustration of how the ¢yalue operates, forcing the estimated pFDR to be monotone decreasing in the case of
onesided upper tail area rejection regions (or unimodal, in the case efided rejection regions) is shown in
Supplemental Figure 2.2. Frothis figure, we see that the pFDR and theatye are often very close. However,

these two quantities can be substantially different, as is seen in later sectionshaipege.g., Figure 2.3(a)).
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Supplemental Figurg.2 lllustration of gvalues showing an estimated pFDR and the corresponding estimated
g-values

2.5.1.13 Remark 2.M: Local FDR interpretation

In the ratebased form of the local FDR) ¢y 'YSY T3 & , the interpretation may be difficuecause it is
not that common for the results to contain more than 1 evélues that are exactly equaléto even in largescale
inference. This issue mibe dealt with by some expanded local region (8.g., & 1 hx 1 ) for a carefully
specified . Alternatively, in the probabilistic form of the local FDR,CO pd & , the interpretation is more

straightforward.

2.5.1.14 Remark 2.N: Global vs local FDR llustration

The distinction between a global tailea false discovery rate and the local false discovery rate in terms of the

empirical Bayes estimation is illustrated conceptually in Supplemental Figure 2.3.

2.5.1.15 Remark 2.0: Further technical details on theECDF estimator

The simplest form of the uppéail area pFDR estimatas inEquation £.9), results wher 8 i are defined to
be the reverse order statistics such that & E & , i.e., thed are in decreasing order. In this case,
Ngx & QWewilalsomakeuseofl™ @ a G M@ a G nN@ a a 1Q

p.

Recall that the probabilistc form of the pFDR fronEquation 2.6) is %03
“ t0 OOy 3y T1jO @M 3 . For onesided uppettail area pFDRs, this can be written %s afHb
“t0O@ &g mjO0 @ &, withanestimato% aftb  pip B & jOi® & assuming p

and that the theoreticél Tip null holds.
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(a) (b)

Supplemental Figurg.3 lllustration of global pFDR vs local FDR he red line (and shaded area) is the null
distribution, and the blue line (and shaded area) is the mixture distribution. (a) ThepgiblBtlas a ratio of tail
areas, (b) the local FDR as a ratio of densities at the observed summary measure.

We can use either the formal ECDF estim#@& or the generalized ECDfype estimatéO3
Mgy N 3 ja to derive the denominatdri ¢ & . For wsing the formal ECDF, the pFDR denominator can be
written as0i® a@ p 01® & p 0i& & hwith the last equality holding because we are
utilizing a stepwise estimate. The formal ECDF estimat®is Mg & ja a Qpja p
"Q pja. So,we have thah icd & p 0idd & p "Oa& P p Qp pija
Ra .

For using the generalized ECBype estimator, the denominator 51¢& & 'O ahb
Nngx~y abtb ja M@ & ja "R fwith the last equality holding again becauseittarein decreasing
order. Either approach givesis & @& "4, such that
ptp B a

%o &b o

8 o

Note that because we can estimate the pFDR for any valisenof only those observedvalues in the
data, we technically need to adjust the estif@téfHb to account for values df outside of the observed range
of z-values. Otherwise, the denominadbthe pFDR estimate in Equatio?.9) would be 0, resultingp an undefined
pFDR estimate. We can do this by defining
NOhEGE | A@GB Ry

Odtb s hewE i Aami ©

More generally, we could also write the modification@s | A@ @~ 3 fp ja.
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2.5.1.16 Remark 2.P. Derivation of Benjamini-Hochberg adjusted pvalue equality to estimated FDR

The equivalence of the Benjamidbchberg adjusted-ypalue to the pFDRestimated as in Section 2.3.5udith the
ECDF holds for any pvalue type (lower tail, upper tail, or twgided), but we will show the derivation only for the

uppertail setting that we have been working with.

For Equation2.9) we have defined thie[8 fix to be the reverse order statistics suetd  E & .
The corresponding orsided upper tailwalues are thus in increasing order, i.e., they are the order stafistics
E 1 ,using the conventional notation. To be cléar, is the pvalue corresponding t (the smallestvalue
andlargest zvalue),y is the pvalue corresponding i (the second smallestyalue and second largesvalue),

and so on with p B a.

We can write the estimatedvalue asfi ¢ | E %o b & E 1% & fb , taking estimates

across only the observed set efalues rather than the whole continuougiue interval. The sef® & can

be simplified to™Q "Obecause thé are in decreasing order, so we end up wijtlk | E%o & fb .
Substitutingthe estimator of Equatio®Q)in,f & [ Elp B & | @& . Note that the numerator is equal
to the pvalue in this case, thusa | El j Qa , which equals thadjusted BenjamiaHochberg pvalue
n I ER) ] @a defined in Section 2.2.3. Therefore, the BH adjustewlpe is equal to the-galue, a

modified pFDR quantity, in the following setting: we assme p, itis assumed that the theoretical nulboftp

holds and the ECDF is used to nparametricallyestimate the mixture distribution.

2.5.1.17 Remark 2.Q: Local FDR non-parametric mixture density approximation estimate

The local FDR requires the density rather than the distribution function, therefore the simple ECDF estimate
described in Section 2.3.5.1 istrsufficient for a comparable simple local FDR estim@feon (2010butilizes the
following approach: discretize the observedatuestt F8 i according to bins of width] (withj ) such that
the histogram has a corresponding number of bitsaccommodate the range of the observedlnes. Note that
alternately, we could fix and thef will be determined by the range of the observedizes. Defingd to be the
midpoint of bin®Qand note that the bounds of Bidare defined by ® 1 Hfw 1 .The estimator oiQa
based on the observedialues is defined as

ngny o 1

"Q0 . x E@E "Qan v
a o Ta @E Qovw 8

Note that this quantity is approwately equal to"Ow 1 "Ow 1 j¢ with "Obeing the ECDF as in

Section 2.3.5.1. The same approximation is applied to the numadorand we get a simple estimator for the
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local FDR as
“i1 0w Ow 1 |4 ptd Ow O w ;

%o G - _
oo 04 N~ o 1 |

with™@Q @ v v . The bin width] will contribute to the noise and instability of the estimétisge numbers

of bins will result in less biased but more noisy 1pamametric estimates of the local false discovery réies .

Local FDR estimates for various valuesiofre shownn Supplemental Figure 2.4¢&)) for the simple simulation
example. We use the simple simulation instead of the underdispersed simulation because it provides a clearer
illustration of how varyingd might affect the estimate. While the exact nature oftth@evaries quite a bit, the

overall shape of the curve is roughly the same for each valuénatis case, and lines up pretty well with the true

FDR curve.

25118 Remar k 2. R: Lindseybs met hod

Discretize the observedvaluesd 8 fx  according to bins ofvidth ¢ (with 1) such that the histogram has
a corresponding number of binsto accommodate the range of the observedlaes. Alternately, fix the number
of bins0 such that will be determined by the range of the observedlnes. Definev to be the midpoint of bin
"Qand note that the bounds of Bidare defined by ® 1hd 1 .Defined as the countin each bin (i.e.,
the histogram height)py M Qx v v . Model® as a flexible function oy (e.g., using a-order polynomial

or spline function) assuming a Poisson model. For examptlefinodel

fit = gm(yk ~ splines::ns(xk, df = 7), familyfp oi ssono)

in R. See the code in the Github repositantps://github.com/weltybiostat/FDRprimjefor more detail. The

estimated density is then given 0 @] ¢ ta , wherew is the fitted value otd from the Poisson
regression model evaluatedoat & This approeh is described itEfron and Tibshirani 1996) and is based off of
work in (Lindsey 1974).

25119 Remar k 2.S: Lindseyébés method fits

Supplemental Figure 2.5¢#)) showsQd , the estimated mixturtor the underdispersed simulation usiing X

and] T8t T (from discretizing the walues intop 1t lins), and the SNP example usigg v and] T8tu @
(also from discretizing thewalues intg T bins). The mixture estimates fit thevalue curves very wkhnd provide

an almost exact estimate of the true mixture for the underdispersed simulation asSsp@heimental Figure 2.5(a).
For the SNP example, the default valuebof X resulted in an improperly estimated density function where the
right tail did not converge to 0. While the default@f x may work in many cases, this issareothers such as

overfitting may arise and so the paraméteray need to be adjusted.
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Supplemental Figur2.4  True and estimated local FDR as given by the estimate which uses the theoretical null
and the empirical density approximation of the mixture distribution for the simple simufatidmth“ p and

the true null proportion @ v Both the unbounded and bounded FDR estimates are shown. (a) 1t(b)

0 pmifc) pg,mand@dL pu.TT
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s
0

The fitted densities for varying values oaind0 for the simple simulation are given in Supplemental
Figure 2.6(a)}(f). There are noticeable issues with overfitting in Supplemental FR)a¢e)(f) for 0 p ywhere
too much flexibility allows this to happen. For bath p mandy p ¢,7the right tail of the density does not
converge to zero forall  w This improperly estimated density issue mentioned above prevents us from estimating
the pFDR and serves as another note of cath¢dhasen f or e

value of(, and adjusting as necessary.

2.5.1.20 Remark 2.T: Examples ofZ estimation

One method described by Efron relies on the fAzero as:s
histogram of zvalues contain only those from thall distribution(Efron 2010b) Of course, unless all alternative

z-values correspond to extremely large effects, there are likely to be some alternaivueszin this central

proportion! . However, the assumption is reasonable in lagde infereoe where" is usually large and

therefore an overwhelming majority afin ' will be null. Mathematically, the assumption is th@ta  mtfor

an ' where' contains the middle 2 p Tt Tt &f the observed-galues. The proportion is specified ahead

of time, while the exact bounds of will depend on observedhalue distribution. Efron argues that there is no
methodical approach to selecting, but that differences in tHe estimdion do not typically have a meaningful

effect and so the choice is not critical. As we have ge®Emin Figure 2.3(a) and Figure 2.5(a), the difference
betweenn "OOfdt “ p and” T@is quite large nealt  Ttbut is small for extreme values @f where the

bias is most relevant.
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Supplemental Figurg.6 Mi xture density estimated by vdndinfarthey ds me
simple simulationThe black line is the true mixture, and the purple lines are the mixture density estimates. For
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If we use this method in the underdispersed simulation and SNP examples withi® Ttwe obtain
estimates of* pfor both. Other met hodshutaperate differantly, farexampte s pi r i
that of (Storey and Tibshirani 2003) andtidur r ay and Bl ume 2021) Al ast histo
two methods assess the histogram-véfues and rely on the expectation that the histogram of rualyesshould
be uniform, and that large\mlues are very likely to correspond to null results. For these two methods, we obtain
estimates of* p for both methods for the underdispersed simulation ‘and p and “ T80 @
respectively, for the SNP ample. The last histogram height algorithm is easily implemented in R with the package
"FDRestimationwith the functionget.pi0,and StoreyandT i bs hi rani 6 s met hod pidest h t he
in the R packagegvalue.

2.5.1.21 Remark 2.U: Empirical null estimation methods

The two proposed empirical null estimation methods are described in further déEibim 2004, 2007b, 2010b).
Briefly, the central matching approachmakest fizer o a &% u nigee Remank®. T); soiah thai "@
equas| T“CQa in the central region of the observedaues. Assume also thiati"@x has aquadratic form
within ' suchthal T"@x 1 f & [ @ and fit with least squares to the estimaté'@ r om Li ndseyd
method. Thereforé, f & T & 1 1"@ 1 1“CQda and we can find a mapping betwegnfi i and
1 h H toobtain the estimates h, H . The maximum likelihood approach constructs the likelihoo@for
the collection ofz-values that fall in , and obtains maximum likelihood estimates for the paramétefs f
The likelihood is
* R

Qi i D o —
AR 5 — p — R

1

whereO g~ 0 M0,01 h s h GQaiths  the density fob 1 h, , and—
“ 'O<-| F], 0 @ N !

2.5.1.22 Remark 2.V: Empirical null distribution fits

The estimated null densities are shown in Supplemental Figure 2.7 for the underdispersed simulation and the SNP

example. The true ull distribution along with the theoretical mip null for T80 is shown for the
underdispersed simulation and the theoretical null assumingp for the SNP exampleThe overdispersion in
the theoretical null can be seen somewhat in the tails of the distribution Smihiation but the overestimates of
“ from the true value afi@omask this somewhat. In the case of the SNP example, the empirical null estimates a
not much different than the theoretical null, which appears to fit the obsemeddezdistribution quite well. The

unusual spikes in the histogram do not appear to cause much of an issue in the null estimation.

38



(a) (b)

Simulation SNP
A\ —— True null N(0, 0.9), 7;=0.9 1 —— Theoretical null N(0, 1), 7o=1
< —— Theoretical null N(0, 1), %,=0.9 —— CMemp. null N(-0.04, 0.98), 75=0.99
o ah —— CM emp. null N(0.04, 0.86), 1;=0.93 —— ML emp. null N(-0.015, 0.91), 7%;=0.93
—— ML emp. null N(0.03, 0.9), %,=0.95 —
i S
| o
™ |
o ‘
|
o
2z 2z
Z 3
& 3 @
8 © o X
(=}
-
o v
o
= =
o o
T 1 I i} 1
2 0 2 4 6 -4 2 0 2 4 6
z Z

Supplemental Figurg.7 Estimates of the empirical null in the exampl@g Null densities estimated from the
central matching and maximum likelihood approaches for the underdispemsgdtigin and (b) Null densities
estimated from the central matching and maximum likelihood approaches in tinorieaENP data.

2.5.1.23 Remark 2.W: Accompanying code

The code used to generate the simulation data, figures, and tables is available at the following Github repository:

https://github.com/weltybiostat/FDRprimer
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CHAPTER 3

The Positive False Discovery Rate faBecondGeneration p-Values

Valerie F. Welty, Jeffrey D. Blume

3.1 Introduction

In many modern applications, the original problem of multiple comparisons (Tukey 1953), havgstivin scale

to include hundreds of thousands, or even multipléons of numbers of tests. The original solution, control of the
family wise error rate (the probability of making one or more false rejecfiakefy 1953 Ryan 1959is no longer
satisfactory in such cases, wheré&% chance of a single rejection ohall test is an exceedingly strict criteria
(Brown and Russell 1997; Perneger 1p8&njamini and Hochber@995)were the first tdormalize an alternative
proposal, the false discovery rgte€DR). However, as we have discussed extensively in Chaptéei formal
definition of the FDRquantitydoes not answer the natural scientific questidmat is the expected rate of false, i.e.,
null, discoveries when we observe a set of rejected t&sisjuestioris answered instead lihe positive false
discovery rate, and equivalent to the Bayes FBRich iswritten generally ad T O© © §A ODE A fEhdk A
Storey et al. 2001; EfronTibshirani,et al. 2001; Storey 2001a, 2002602,2003. Various approaches to empirical
estimation of thigjuantity continue to develop, with the vast majority for rejection procedures centered around the
classical pvalue Storey and Tibshirani 2003 ang et al. 2007Efron 2010a; Efron 2010b

The classical jwalue remains the most common statistical measised, despite its weknown
shortcomings and misinterpretatio(Greenland et al. 2018Nasserstein and Lazar 2Q1®ne of the most
important shortcomings of theyalue is that it does not account for scientific relevance with the use of the point
null hypothesis. A very smallpalue could correspond to an effect size that is either indistinguishable from the null
due to equipment tolerance/measurement error, or is not clinically meaningful in practice (e.g., a lengthy invasive
procedure expectedtotexe nd a pati ent 6s | iahiepofaptredsdn thattie pualieeemgdins Howe v
popul ar is that i t-6unbesummaryafthe msultswfiaddemtifc experimentigdeed, it is
often helpful to have a single numberthatdi cat es how Ainterestingd or relev
are, particularly for multiple testing scenarios, and especially-Brgke inference settings, such as is in genetic,
imaging, or microbiome studies. With one test or a small numbiests, an examination eftimatecdeffects and
confidence interval values together to assess real impact of significant effects may be corigetedr, it is not
feasible to do so for millionsr many thousandsf tests. Thus, a helpful singleimbker summary to filter or assess
results, while accounting for the scientific context, remains key. The s@eymdation pralue (SGPV), an
alternative to the wvalue proposed by Blume et al. (2018), fits in well for this role. The SGPV is based on a pre

specified definition of what effect sizes would be considerigdcally relevant or interesting, as would be done in

40



equivalence testing or composite null hypothesis teg@ufpuirmann 1987Royall 1997; Blume 2002\Vellek
2010.

Application of false disavery rate concepts to the secageheration gralue may result in an improved
inferential result, with focus on nenivial, scientifically relevant results. This idea has been examined in a limited
scope in prior work, such &Blume et al. 2018, 2019 owever, theemake strong simplifying assumptigrend
notably do nofully or rigorously incorporatehe idea of an interval null hypothesis. this chapter we aim to
provide a more comprehensive framework for, and examination of, the Bayesian.eDRHDR, for second
generation pralues. The broad definitions fieey SGPV FDR quantities are straightforward. However, exact
specification or calculation of thess ot as simple and requires further investigatidhe key quantities for
calculationof the positive false discovery rate are the design probabilitiebich outline the probabilities of
observing a rejected test under the null and alternative design hypotheses, respieativedll as the proportion
of tests which are truly nulForthe SGPV, which utilizes an interval or composite null hypothesis, the null design

probability is not clearly defined.

In thischapter, ve present a variety of possible approaches to handle this specificatigimg from point
value specifications to mginalization approacheas well as the specification of the alternative design probabilities
(which areultimately needed to assess an analogous SGPV quantity, the false confirmation rate FE€R))
behavior of these approaches, in terms of their impatte false discovery rate quantities, are examin&kction
3.3.4 They vary in terms of complexity and ultimate usefulné3gnote, we find that the SGPV Bayes FDR will
converge to Ofor all sensible choices ahethod used for the null design prability and alternative design
probability. The SGPV Bayes FCR will converge to 0 for most methods, except for those which place all of the
weight exactly on the null boundafin the latter case, the FCR will converge insteadjtgj | j¢ 1 , where
i is the prior odds For the majority of considered null and alternathistributions, the SGPV FDR snallerthan
that of the classical unadjusteeralue, with the exception beirggsettingwhere null effects are spread acrgss

and all alternativeféects are right at the null boundaryunderstandably, a challenging scenario.

In practice, tavoid specification of, and thus possible misspecification of, these design probabilities, some
empirical Bayes estimation approaches are studiigtie empirically estimated mixture probability for secend
generation gvalues is substituted in the denommtor of the Bayes FDR and FCR quantities, then two things are
accomplished: 1) only one of the design probabilities must be specified for each quantityjtaag@3sible to
calculate the upper bound of the quantities, rather than needing to shecifylt proportion. Howeverye find
that, while these are useful to a degree, more extensive empirical approaches are needed to reliably estimate the
false discovery rate for secogéneration pvalues in practiceThe upper bound estinmat may be quite
conservative, and themainingnecessary design probability specification can still have appreciable impacts on the

resultingBayes FDR quantities.

Overall, we illustrate how secosgkneration gralues may be able to provide an improvement over the
classial p-value in terms of false discovery rates for lasgale inference, by reducing the rate of both null and

practically null effects in the set of rejected tests. However, we see that this false discovery rate may still be larger
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than desired for smallasnple sizes. Further, obtaining an estimate of the false discovery rate should accompany
usage in practice. Whibhis chapteestablishes this framework for SGPVs and studies preliminary empirical Bayes
estimates, they will require further developmenbbefinding utility in real studies. In particular, reliable empirical
estimation of the null proportion and the relevant design probabilities for sgemmdation pralues would allow

for practical, impactful use.

3.2 Secondgeneration pvalue background

To calculate a secorgkneration gvalue (SGPV), an interval null hypothesisid corresponding alternative

hypothesidor a parameter or value of interest,is specified as

O¢N g —h— 3.1)
0d—= g 8
We could also write the alternative hypothe€lsas'Og— g Hh— < —FHb . This interval is a pre

specified range of values that are deemed to be scientifically not meaningful. For example, it might contain effect
sizes that are indistinguishable from the point null hypothesis due to measurement error of instruments. $omight al
be comprised of effect sizes that are not clinically meaningful, such as an odds ratio b&weerw p8t Uor the
probability of hospital readmission for a new hospital protocol, or an extended life expectancp aminutes for

a new drug with nominimal side effects. This null interval hypothesis is also sometimes referred to as an

fiindi fference zonebo.

While not necessarily required, there are many circumstances where despite an interval null being specified,
there is a specified point null hypatsis of interest, denoted ¥ ¢— —. In one of the above examples, the point
null would be that the change in life expectancy-s 1 minutes, while the interval null hypothesis of ron
clinically meaningful changes in life expectancyis p & v minutes (or whatever length of time is deemed
to be not clinically relevant, particularly when balanced with the risks or side effects méwhdrug). It is also
important to note that the interval null does not need to be symmetric; for example, we could setp @p 1t
minutes, indicating that an increased life expectancy of less than 1 hour is not clinically meaningful, but any more
than 15 nmutes of decreased life expectancy is.

The othernecessary component of the secgederation pralue is an interval estimaté) for the
parameter of quantity of interest In general, the SGPV can be calculated for any type of interval, such as a
corfidence interval, likelihood support interval, bootstrap percentile interval, or Bayesian credible interval. Define

the bounds of the interval estimate to®e —h— . The secondeneration pralue, denoted by , is defined as

. 098 o S0
i Ag—1fp 8 3.2
e QR Y sm 52

It essentially measures the fraction of overlap between the null hypothesis and the interval estimate, with a small
sample correction factor (the maximum term). See Blume et al. (2018, 2019) for more details. For a symmetric null

hypothesis, is the halflength of the interval null (i.eg — 1 h— 1 ).However as noted above, the null
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Table3.1

Description of three important outcomes for seegaderation pralue

Outcome:

How we get it:

What it indicates:

SO g s m ie., the interval
estimate is entirely outside of th
interval null

All hypotheses supported by the interval estim
are scientifically meaningful

The interval estimaté&has some
overlap with g , but is not
contained entirely insidg

There are many scenarios covered by |
Ainconclusiveodo setti
the interval estimate supports both scientifice
meaningful and trivial effects, to varying degr
indicated by the magnitude of

P g , i.e., the interval estimat

is entirely inside of the interve
null

All hypotheses supported by the interval estim
are scientifically trivial or not meaningful

hypothesis need not be symmetric, and so we will keep things general with the notgtion of-h— . Unlike

the traditional pvalue, the supportaf is fp (i ncl usi ve of 0 There

and 1).

the sgpv: equal to O, imetween 0 and 1, and equal to 1. These are summariZedblin 3.1

calculated, because it involves interval lengths and overlap Bizgsneral, ifa symmetric scale exists, this should

It is important to note thathe secondjeneration pralue is not invariant to the scale on which it is

ar

be used in place of the original scale (such as in the case of an odds ratio, hazard ratio, etc.). For example, if t

underlying parameter of interest is an odds ratio, the SGPV should be calculated on the latjmddale, using

the interval estimat&and the interval null hypothesis defined in terms of the log odds ratio.

3.21

The distribution functionO )
summaries of it have been derived, for interval estim@ased in the SGPV calculation that are exactly or

asymptotically Norma(Blume et al. 2018)We assume that an estimatar$ds obtained as-h — with sampling

Operational characteristics

distribution — 0 —Ab , and constructa p Mm@ |

function For thischapter we will use the simplifying assumption that the true variance is known and used to

®h—

a; w whereq B p

calculate the confidence interval.

a symmetricnull hypothesis ofy
t he

each

In Supplement 1 (S1) ¢Blume et al. 2018), the following three probabilities are provided assuming that

of

— 1h— 7

three

for the secondjeneration pralue has not been described, however a few

b confidence interval for— as 'O —h—

| j ¢ andB is the standard normal cumulative distribution

is used. Here, we describe se@robabilities of falling into
miujfon a gerferal il bypaihesiso r — b—h @stedds Bierthe
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assumptions described above, we have fhiowing operational characteristics or probability distribution

summaries:

1) The probability of observing data that are compatible with the alternative,

2) The probability of observing data that are compatible tiighnull
0f p 0N phRhth

a;

a; ES gs

Ge GE (34)
T E® gs

3) The probability of observing data that are inconclusive,

Om A p Om f  phiHadER
P = —= &  E#& $0s
W e W e
'y o o
— &, — a 35

¥z oe e (33
o — q, —— & Eg <$Os
Vg W& W&

Note that because we are assuming a fixed varianogtioé length of the interval estima®is then fixed
as well, giving the piecewise definitions above. To further simplify the demonstration of FDR calculations, we will

set the variance as g s (i.e., the standard deviation equals the width of the null hypothesis). Note that these

propertiesare a function of only the ratio of the standardized effect size, i.e}, ofo and the standardized null

interval bounds—j @ and—j . This means that if the variance is known and sample size fixed, we could re
parameterize the entire effegiase to the standardized effect space such that these properties are not directly a
function of@ (although still indirectly dependent am). Alternately, we could rparameterize the effect space by

only the standard deviatiSN'O @ and allows to vary.In this and other illustrations throughout tteaptey we

will use a null hypothesis af TP , with variancad g S 18t T One possible interpretation for this
setting is that it roughly represents null odds ratios between 0.9 and 1.13, weittance of approximately 1 (on

the odds ratio scale).
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Figure 3.1(a)d) illustrates the probabilities in Equatiords3)-(3.5), as a function of thetandardized effect
size— Mo for one sample siz&” wheresS® g s and another sample siz& whereS® g s These illustrate
some important properties of the SGPV compared to classiallps, established {{Blume et al. 2018 Unlike
with the classical ywalue, the SGPV power curve-at Ttis not fixed at , ratlerit is bounded above by, with

the exact value dependent on the null wigiths the variancen, and the sample size Further0 1, 1 |

for all—~ g , not only— Tt In the limit,0 1/ Tt converges to @s¢ © Hofor — Tt We note that this

convergence happeas wellafor— — -h— - |i.e. theentiretyof the null zone exadingthe boundaries

At the null boundariese.g., at—,we havethdtjc 0 R T | andd0 1 T O |jcastO H
Notably,0 1 O 1 | ! —regardless ofthe sample size or null widthis means that while

type | error is reduced for the SGPV, the power is as, feelffinite €. Essentially, the SGPV requires the lower
bound— — to be deemed significant rather than only requiring+hat 1t (focusing on the positive effect space).
Therefore, we are more likely to get inconclusive results with the SGPV than with the classitzd fand also
why we are much less likely to obsertype | errors)However, we still see tha@t 1 11 © p asthe effect size

magnitude increases to infinity, as wellas8  Hh— - ° — -fb asé O Hh

Some examplesaf | p andd T N p curves were given originally in Supplement 1 (S1) of
(Blume et al. 2018), and some additional examples illustrated in Figure-@L(djere, we outline some key
properties of each. The probability f p is nonzero only for—in g and in a small area around it (i.e.,
— -h— -, and only whenw is small enough o€ large enough such thaf® gy s (otherwise,

0 f p 1 —asdescribedin EquatioB.4). As¢ © b0 R p © pforg except for the boundaries,

ie,— — -h— - .Wefindthatatthe boundaries ofthenullzane,0  p | j¢across all sample

sizes,wher® 1, p Tatthe smallestsuchtha8@ g sandd 4 p O |jcast© H

The probability of inconclusive results, 1 1 p , is either unimodal or bimodal as a functior-ef
depending on the sample siaed appears to be naero for—within doublethe width of the null bound (i.efor
—N ¢— -hg— -), although this requires furthevork to confirm. For very smak, this probability as a
function of—is unimodal with a maximum at Tt At sone point, ag becomes largefi T 1 p becomes
bimodal, with maxima at the boundaries off , and a local minimum withig at — 1 As £ © Hy
O0m R poOomaswellasforalkr — -h— - .Ingeneralp | O m i p p lijcg

across allsample sizesndd m i p O p | ast© Hh

Note that all of the statements here are dependent on the assumption that the confidence interval estimate
truly has the stated coverage|of More generally these will be factors of the true coagei for example,
O 1 1 will be bounded above iy 1 , wheré is the coverage probability of the interval estini@sed in

the SGPV calculation; we will assume the apparent coverage is the truth in the entireghaptee
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Figure 3.1 Operational characteristics of the secaasheration pralue (a)(b) Second generationvalue
operational probabilities 1, 1 (black),b n p (blue),andd 1™ 1 p (red), as well as the classical
p-value powercurve 1 | (black dashed line). The nullés Tepp with variancew T8t (such that

1 g 9¢ W ). The xaxis is given in standard deviation unigg/id. (a)¢ &7, wheret” is such thag®
g sthus 0 i p m, heret” pm(b)e &7, wheret™ is such tha8@ g § hereg® ¢ m(c)H(d)
Large¢, illustrating to some degraehat happens to these probability curves & H, here¢ v .71

Designprobabilities

In addition, there are several different design probabilitgsneralizeakrror rates or power type calculatidnthat

may be of interest when conditioning on the gahkypothese®© andO. These are all based o
for the SGPV, presuming thgt Ttis taken as a significant finding (in support of the alternative hypothesis),

N p is taken as a significant finding (in support of the null hypaflesandm 1 p is taken as an
inconclusive resultTable 3.2provides an overview of tkemain design probabilities when utilizing these three
SGPVW-based outcome regions.
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Table3.2 Summary of design probabilities for SGPV inference

(Call for Null) (Inconclusive) (Call for Alternative)
True v psO vm n  psO vn O
1l Power Undesirable outcome Error
True 01  psO Om n psO vn RO
1l Error Undesirable outcome Power

The probabilityd ; SO is general version dahe typical type | error, declaring a significant finding
in support of the alternative when the null hypothesis is actually true. The probability ™SO is the
comparable power probability for the secegeheration gvalue. The probabilityd 1T 1 psO is an
undesirable result, failing to correctly declare a significant finding in support of the alternative. It could be thought
of as a sort of type Il erroHowever, note that becauge p is not seen as an inconclusive result in this setting,
this probability is not the complement of the power (i2], x A O U D A unlike in classical significance
testing.As these quantities all condition on general composite hypotheses, they are not well defined as written. In

later sections, we examine wapsit these design probabilities might be defined.

Because) p is taken as a finding in support of the null hypothesis, there is an additional set of design
probabilities or error rates that can be defined. The probabilily psO is the null versiorof a type | error,
the probabilityd /|  pgSO is the null version of a general power type probability, &nd 1) psO is
another undesirable, inconclusive result (a null analogue to the type Il é&itdf)e null and alternative design

probabilitiescan also be written generally @siy ¥ 30O , forregionss ¥ mhrip hp .

For classical gralues, the null design probability (type | error) is calculated-at tand is fixed at ,
ie,0n |sO O n | | . As described above, the point null type | error of the SGPV is less than that
for the classical value,ie.0 5 1™ 0 1 | | . In the setting relating to Figure 3.1(a), with ogly
p Ttthis point null design probability 5 /4 1 78t T T much bwer than the classicahlue 0.05 type |
error.However, becaus® is an interval rather than a point null when using the SGPV, there are several different
ways that the quantity could be defined; these will be explored in detail later segtitwsigh regardless of
methodchosen to calculate the SGPV null design probability will find thatd 1, 15O 0n |sO for

any¢ (duetod 1 | forany—~ g ).

For design probabilities conditioned @ we might also select a single point vl N g , to calculate
On ~ss0 0 i N 3s— — . Inclassical null hypothesis significance testing, this alternative value is chosen
somewhat arbitrarily, or the entire power curve is examined. In settings where the null hyppthssisosen to
represent clinically nomeaningful values, we might select for example — -, just above the upper
boundaryof the null region(or use— — for simplicity), as the smallest effect size that would be clinically
meaningful (in the positiveffect spack For example, in the scenario relating to Figure 3.1(a), the point alternative

design probabiliteare 5 ~TS— — mrgandn | s— — @ dor seconelgeneration and classical
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p-values, respectively. This unadjusted classieahlpe rejection region has more thanfal@ the power of the
SGPV, for the reasons described previouisty,due to a much more relaxed rejection threshold. Other approaches

to specifying these null and alternative design probabilities will be described in Section 3.3.2.

3.3 False discovery rate quantity definitions

The design probabilities described in Section 3.2 are most relevant for cases where data has yet to be observed,
namey study design. However, after the data are observed, the study characteristics are relevant but not the key
quantities of interest. Specifically, we might be interested in some measure of reliability of the results. For example,

if we observe) m8t uorry ) and interpret this as a significant finding, what is the probability that this is in

error (i.e., that the null hypothesis is in fact true)? These types of posterior probabilities, conditional on a statistic
such as a+alue or secondeneration gpralue, are commonly referred to as Bayesian false discovery(Edtes,

Storey, et al. 2001; Efron, Tibshirani, et al. 2001; Storey 2001a, 2001b, 2002, \200@ these were originally
conceptualized in the context of classicalghues and-xaluesthe framework can be made general to accommodate

any type of statistic used.

In this framework, the truth of the null hypothesis is regarded as a random variable ' OasimeBernoulli
indicator variable that the alternative hypothesis is true, su¢hiQharm means thatO is true andO p means
that'O is true. The probability "O 1t is denoted by . Assume also that we are working with a general statistic
“Yo, and speaaiofup anofdtew®d t hat i s'YoJOP pc Ontdi tOt"O,mwkeete di st r
"0 is the distribution of Yo under the null hypothesis, af@ is the distribution of Yo under the alternative
hypothesis. Thus, the fAmiXtoDretOdipptri®uti ondo for the

As stated, we might biaterested in posterior probabilitiés’O  "&Yo N 3 for'Qv mip . We will also

use the shorthanisl O $Y® N & interchangeably. Specifically, the Bayes false discovery rate is

"O0W 0 OSYo N3 00 mY®wN3h (3.6)

wheres is a region defined to be representative of a rejected null hypothesis, or some defined level of support for
the alternative hypothesis. The key false discovery rate quantities based on clagaigasmre summarized in

Table 3.34). For example, for an unadjusted significance test based on classmlalep, the Bayes FDR is

0 'OfyN mh . The corresponding summarization for secgederation pralues is given in Table 3.3(yhich

is a simple extension of the tweliability probabilitiesdescribed in (Blume et al. 2018)which arethe FDR and

FCR. For the secondeneration gvalue, the Bayes FDR is best definedla® g 1. Because the SGPV can

also indicate support for the interval null, another quantity of interéis¢ iBayes false confirmation rate (FCR) for

intervals that support the null, i.6Q6 'Y 0 "Og) p . This is essentially a null analogue to the FDR.

We note that the reliability posterior probabilities in Table 3.3(a) are connected to the foundalsenal fa
discovery rate work in multiple testing, as described in Chapter 2. Wherns a classicalwalue (or zvalue), the
Bayes false discovery rat@, O™ 3 , is equal to a quantity called the

(Storey 2003Efron 2010h. For a multiple testing scenario whérehypotheses are being tested, Witthe number
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Table3.3 Summaryof false discovery quantities for classicalglues andsecondgeneration gralues (a)
Probabilistic (Bayes) false discovery quantities and terminology for classicalups. (b)Probabilistic (Bayes)
false discovery quantities and terminology for seegaderation gvalues.

(a) Classical pralue:

Status:
Result: O True 'O False
Reject Null o O] HSI.U o L T.BTU
Afal se discover Atrue discovery
Fail to Rej_ect Null 509 L ) U 0_3’1 T8t v
(Inconclusive) ifal sdéd sncoorvery r

(b) Secondgeneration gralue:

Status:
Result: O True 'O False
Reject Null ~ 2 (O] n ~ 0o n
ifalse di scover Aitrue di scover)
Inconclusive bon N mip 0 0nf N Tip
5o% o os p
Uit Rl itrcwoenfirmati on Anfal se confir ma

* Included for completeness, but not how we might prefer to definedismovery or norconfirmation rates.

of hypotheses that were rejected by a significance testing procedurey #rel number of these rejections
corresponding to null hypotheses, DR is defined a§ "O0fY O ¢j 'YSY 1. That s, the expected proportion

of rejections that are made in error, for assessing at least one rejection. The pFDR is one component of the original
BenjaminiHochberg definition of the falsgiscovery rate, whicis OO Owi A@p  Ow'YSY 1t

0Ov m 1"00te O¢ 1 (Benjamini and Hochberg 19959)n the presenthapter we focus only on the
Bayes/positive false discovery rate and ignore the BH definition of FDR. Therefore, as is common in the literature

inthef i el d, we will often use the acronym HOHW® 3al one t

In classical pvalue testing, we may also define the Bayes false-dignovery rate (FNR) as
0 'O QN | fp for an unadjusted significance tg&@enovese and Wasserman 2002 The term #Afal s
di scovery r adivaués isfabitof acnisaomer becamde it glies on a common misinterpretatjon of
18T vas a result supporting the null hypothedikis quantity is sometimes referred to in the diagnostic testing
|l iterature as the fAfalse omissi .ONearguethevever, tah imdtbhs i s son
not technically a A@f atllhgdtheses rathdr, ussan ioconcldsiver resaliria.lap non
ffundesirabl e outcomed. A mor e f ibecauseitgssesses anwhatiratelisthe b e
alternative hypothesis true for inconclusive (fail to reject) resRkgardless, we use the standamininology for

thechaptetto avoid any confusian
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Defining an analogous FNR quantity for secagyaheration pralues is not straightforward. The most
general quantities using tlemtire inconclusive range for secegeneration gvalues would bé& O i N Tip
or0 'O v rip . These are included in Table 3.3(b) for completeridesiever, these are too general to be
useful becaus§ N T1ip covers such a wide range of inconclusive resiits. could perhaps define a secend
generation pralue false nomliscowery rate asO ‘'O N 1@ and a false nowgonfirmation rate as
0'0nf v i .However, the full probability distribution function far has not been described (only the
summary probabilities dEquations 8.3)-(3.5)), and therefore design probabés related to SGPV regions such as
3 T® ors T®Ip are presently unable to be calculated. We leave these topics for further study in future

work.

Usi ng Bayes 6 -groud specificatioh, anyhoéthesevpasterior probabilities of intereshean
re-expressed in two forms:
00 0 Yo N 380
0 "Yo N3
_ “ {0 Yo N 35"0~ i
“ 10 "Yo N 350 p “ 10 "Yo N3350

0 'OsSYo N 3

(3.7)

(39)

for O ip . Thus, to calculate or estimate any of these, we need to know the prior probability of the ant
the relevant design probabilities @f"Y® ¥ 30 and0 “"Yo N 350 . Thereforejf these design probabilities
and the prior probability are all known, or perhaps estimated from the observed data, it is straightforward to calculate

any false discovery quantity desired

3.3.1 Example: simplenull and simple alternative hypotheses

The FDR and FCR rates for the secayaheration gvalue,whenthe simple approaches described in Section 3.2.1
are used (assuming Ttfor the null hypothesis and some point alternative —) and setting the prior probability

“ at 0.5,is the apprach proposed and examined originally in (Blume et al. 2018). We illustrate their approach in
Figure 3.2 as a function ef- in standard deviation units, i.esj /o, along with the analogous calculations for the
FDR and FNR calculated based on the éatasp-value.Note that the curves are drawn for the entire range-of
including values inside the interval null hypothesis. This implies calculafioh&o N 350 0 "Yo N 35—

— for — not in the alternative region, which do not make sense indhtext of our interval null hypothesis

framework. Really, we may be interested in the curves onkfosr g Hh— ¢« —hb.

Blume et al.(2018) provide discussion aome notable properties of each, for finite sample sizes and
asymptotically as a function ef and&, which can be observed as wellthre Figure 3.2 illustrationFor finite
sample sizes, this simple SGPV FDR is less than the analotpasicalp-value FDR, for all possible—. The
behavior of the FDR is driven by the size of the alternative design probability relative to the null design probability;

for all —, this ratio for the SGPV is larger than that of the classisalpe.The p-value FDRconverges to and is
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Figure 3.2 Comparison of FDR and FCR for SGPV to FDR and FNR for the classicalup The FDR
calculation uses a point null at 0 and point alternative-atvhich is varied over the-axis. Here, the null ig

T with variance 18t t(suchthat 9 §¢ M Q),“ ™, and the sample sizeds ¢ nThe
x-axis is given in standard dation units,—j V.

bounded below by j | i , wherei p “ J* (Wacholder et al. 2004 This is the pvalue power

O 1N | © phbutthetype | erroris fixed at, thus the pralue FDR approaches this lower limit.

On the other hanaheconvergence of thsimplesecondgeneration pralue point null design probability
0 / 1 O Tresults in tie (Blume et al. 2018)ersion of theSGPV FDR converging to 0 as° Hb. Thus they
make the argument that multiple comparisons adjustments are detifee secondjeneration gvalues due to this
finat ur alHowewen fortfinite (small) sample sizes, note that the FDR may not be controllegossitly
greater than the FDR for procedures which use a multiple comparisons adjuatad fsuch aby a Bonferroni or
BenjaminiHochberg correction) his general idea is examined in further detail in Chapter 4. See also (Blume et al.
2018), Supplement 1, for a discussion of power comparisons for Bonferroni adjusted appiRaghediess of
what metre (p-value or SGPV) is used, tlielse discovery rates are bounded abové hyand the FNR and FCR

are bounded above lpy “ .

To get a single number estimate of these rates, we might set the alternative design probabilities at the
bound of the null irgrval, as described iBection 3.2.1These calculations are markedKigure 3.2with a round
point. The FDR estimated at the upper bound of the null interval, — (which should indicate the smallest
clinically meaningful effect size) i8 'Og) 1T 18t 1 for the SGPV compared 10 'Og) T8tL T8I @

for the pvalue. These calculations for varyingrgale sizee are given irFigure 3.3(afor “ ™.
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Simple FDR as a function of sample size for varying values of the proportion of tests which.are null

Comparison of FDR for SGPV (solid red line) to FDR for the classicalpe (dotted red line) for varying n (for
varying“ ). Note the differences in theaxis ranges for (alc); the axes for smallér are reduced, to be able to
fully examine the dfferences in the classicalyalue and SGPV FDRs.

Another important notéo emphasizés that the limiting behavior for theymalue FDR is dependent upon
the null prior probability’ . That is, no matter how much data we observe, it is impossible to fully overcome the
prior probability. These limiting behaviors are illustrated in Figurg(B)-(c), in contrast with the convergence of
the SGPV FDR to zerdf “
assume that the majority of the tests correspond to truly null hypotheses, Such @®y then the pralue FDR

T, the pvalue FDR converges to a reasonable value of 0.048. However, if we

can be no smaller than 0.31. In a possibly extreme example Whereg@®, the FDR converges to 0.88though

this large value of may actually not be uncommon in largeale inference contexts.

3.3.2 Composite hypotheses approaches

Makingthe asunptions ofpoint null and alternative valugsovides simple calculations for the false discovery rate
quantities. However, one of the key aspects of the segendration gralue is incorporating an interval null
hypothesis. Naturally, we would wantaocount for this in our computations; we might want to marginalize across

the set of interval null (or even alternative) regions. However, this needs to be done in the design probability space,
rather than the false discovery rate space. The easiesticalmegproaches which account for the interval
hypotheses would be to take a minimum or maximum, or the simple average across the null zone. More advanced

techniques using weighted marginalization may however provide more robust measures.

In general, we nght marginalize ovedb 1 1 with a prior distribution or weighting function that

corresponds to the respective hypothesis of interest. For null design probabilities, this would be calculated as
0 n N 3so O i ~3 t°Q —Q-fer a weighting fundbn "Q — that has a support restrictedgo. For
alternative design probabilities, this would be calculated) a$ ¥ 35O 0 n ~v3 t'Q—Q—or a

weighting functionQ — that has a support restrictedgto (or a subset of it). When these mardjiretion
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approaches are used for both design probabilities, the general false discovery quantity calculations then look like

0 "OsYo N 3

“t 0 Yorvs iQ —Q— 3
— - ———— —h (3.9
t. 0 YoN3 tQ—-O—"1t 0 YoN3 tQ—-Q—

>v

for ' 1ip (depending on whether we are interested in the false discovergiszmvery, or confirmation rate).

For simplicity, for the alternative design probabilities we will focus on the positive effect spali® . That is,
we calculated n Y30 . 0 n M3 {'Q —Q-and’Q — has support— b O g . However, note that

for a symmetric null hypothesis and symmefric"Y® N 3 , this approach is equivalent to using a symmetric prior
"Q — that covers the entire range®f (i.e., puts equal weight on effects of equal magnitude in the negative and

positive alternative effect size space).

One straightforward approach to getting a marginalized null probability would be to use an unweighted
average across the null zone, i@.,— D "Y¢ "QXh— . This prior function is straightforward and does not require
the specification of any hyperparameters. Alternative types of prior functions that could be considered are a
unimodal distribution (with either small or large variance)perhaps a tshaped prior function. This latteption
would give a result similar to the frequentist approach to composite null design probabilities, which is to take the
maximum value of the type | error ovgr. That is, for secondeneration gvalues,calculated | N 350
O fH ~v3 where— h AOCI.A®@ n 1. For secondjeneration pralues, the maximum value of

0 1 T occurs at the boundaries gf . If we use this method in combination with the alternative design

probabilityd 1/ N 3 calculated at the smallest scientifically interesting effect (s8eiction 3.3.), the false

discovery rate simplifies to and the FCR simplifies o for any sample size. I't doesndét make
to use this estimator in practice; instea@, will focus on options which use the point null or the marginalization

approaches

Choosing a marginalization function for the alternative design probabilities is not so straightforward,
particularly because the space is unconstrained andamimuous.As mentioned above, we will focus on the
positive alternative effect space to address the latter issue. In this setting we might want to choose a prior function
that is unimodal near the edge of this range (as discussed bBbogase— would representhe smallest clinically
meaningful effect size), and that converges to zaroan appropriate rateelative to the convergence of
0 "YoNs3.What is fAappropriated is not cQeoaverdeytoodsewly, ne d, I
the resulting design probabilify ;,  1$O would be approximately equal to 1 regardless of sample size (because
too much weight is put on values -efwhere the power curve has already converged to 1). On the other hand, if
"Q — convergesvery quickly, then the majority of the weight is put e®® —h— @ for some smaltd(this
may however be the desired result in some calsetje presenthapte, we consider a linearly shifted Exponential
distribution"Q — 'O & 1y, where_ is the standard rate parameter of the exponential distributiodathe
shift parameter. Other priors f&@® — might be useful; for example, if there is anothargér effect size— —
of interest (i.e..— is the smallest detegtile effect, and— is the effect size that scientists are hoping to observe),
then we might use a truncated Normal distribution with mean— and support= —Fib .
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Before exjoring example FDR calculationsve provide some alternate notation. When using the two

group model setup describedSection 3.3the false discovery quantities can be written as

B p il i E®E n
U OSYw N 3 i - (3.10

Pl & E%E p
Pl & h (312

for'y 1ip ,where “ j“ is the prior odds for the alternative versus the null, and
0 "Yo N 380

L o~ 3.12
"0 Yo v 350 (312

is the likelihood ratio (LR) for the alternative versus null hypotheses. When usintptiginalization methods as
in Equation 8.9), this looks more like a Bayes fact@effreys1935 Kass and Raftery 1935however, we will
make sure to us® — and’Q — that do not overlap, and thus is still a proper likelihood (@&umyall 1997; Blune
2002. Note that quantities such as the FDR and FNR use different reggitherefore the likelihood ratjo j in

calculating the FDR is different than the likelihood ratio used in calculating the FNR.

3.3.3 Common scenarios

Example 1

In Section 3.3.1we calculated the false discovery quantities based on the point null assumption® 3§0 h

0 “Yo N 3 and the point alternative assumption”Yo N 380 h 0 “"Yw N 3 ; we refer back to this

approach as Example Recall that this is a specifiion of the (Blume et al. 2018) approashtting— —.

Example 2

Using the simple unweighted average)of"Y@ N 3 across the interval null region, which is equivaleniging

the prior functionQ — D "Y¢ "Q%h— , with the point alternativassumption gives the likelihood ratio

0 Yo~ a3
' TT Yovs to —0— (313

for'Q — pj — — .This approach providestmlancebetween using the minimum type | error (at the point
null) and the maximum type | error.

Example 3

It might be the case that we have specified an interval null hypothesis, but that the peinirthlk least interesting
effect (A mo slues ofunedr the bpundarties df are questionably of intere§to account for this in

the calculaton of the design probabilities f6O, we mightuse a weighted average rather than the unweighted,
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uniform distribution approach employed above. A Normal distribution centered at poirt-ranid truncated to
cover onlyg can give several flexible forms féR —; this distribution is denoted either by ¢ 1* §, hAMA ,
with and®the truncatin bounds, or by O & i* §, fm , wheremis the truncation range of the distribution (such
thatm  APA). In this example, willust) — Do 0 ¢ i*a ™, g §uhd —FRd — , which truncates

the Normal distribution at v standard deviations fromandresults in a belshape type curve f6Q.

Using this approach with the point alternative assumption, the likelihood ratio quantigelsave the
sameform as in Equation3(13), but with prior distribution

— — T g Ei -0
0 — o 9u ggu g (314)

Tt El-6 g

wheree is the standard normal densiiy 1ip . This approach places most of the weight on values closebtat
still accounts for all—in the null region. We could consider alternate variance parameters for this truncated Normal
distribution, such as g sto get a relatively flat priorqr g g ¢1tto get a strong prior with the vast majority

of the weight right arountd.

Example 4

In this example, we will utilize the shifted exponential marginalization approach for calculating the alternative

design probabilityp "Yco N 3O . Combined with the gint null assumption, the likelihood ratio looks like

.0 Yorns tQ—Q— (315
Fo 0 Yo 3 '

for ' Q — 0Gmnhd — .In our examples, we setto have a default value of — pj @ & . This
function waschoserbecause it provided sensible values for power calculations for both the clasgidat @mnd
SGPV for variougy and sample sizeblote thatwe havenot derivel a closeeform soluton for the marginalized

guantities; rather, we rely on numerical calculations using the “integrate” function in R.

Example 5

Combining the uniform marginalization approach for the null design probability with the shifted exponential
alternative marginalization, the likelihood ratio has the form
Yo N3 i'Q —Q—

0
oo _ 3.16
r 0 Yors iQ —Q— (319

for'Q < Ownhd — and’Q —D7Y: QXh— .
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Example 6

Lastly, we will use the truncated Normal for the null, with the shifted exponential for the alternative. This likelihood

ratio has the same form askqguation 8.16), but with"Q as in Equation3.14).

3.3.4 Numerical illustrations and asymptotic behavior

The classicap-value based false discovery rale’©0SYw N 3 for"Yo nands  mimgt v), and the second
generation pralue based false discovery rale’0sYw N 3 for’Y® 1 ands 1) are provided in Table
3.4(a) for each of the example approaches destebeve, with varying sample sizes. Thegtue FDRs are only
calculated for methods which use the point value for the null desabability (Examples 1 and 4)lote that for

the pvalue FDR using the averaged alternative design probability, we usantieestifted exponential distribution
as for the SGPV (that is, shifted @ —) for purposes of comparison. Thevalue false noliscovery rate

(0 OsSY® Vv 3 for"'Y® fHands 18t dp ) for the examples where a point null is used are given in Table
3.4(b). The secondjeneration pralue false confirmation rate) (OSY® N 3 for Y& R ands p)

calculations are in Table 3.4(c).

For approaches which use the same method for calculating the null design probabilijes fay the
SGPV FDR using the exponential marginalization method will be smaller for finite valueshain the point
alternative approach. For finite, using he truncated normal marginalized null provides a balance between the
minimum null (at the point 0) and the uniform marginalization approach. For almost all the considered approaches,
the pvalue FDR is larger than the SGPV FDR across all sample sizegxtaption is when the uniform null is
used in combination with the point alternative-at(Example 2) for small sample sizes (e.g.j 1M0). However,
in this setting, the SGPV FDR becomes smallegfor ¢ ¢ ds the ratio of the alternative to null dgsprobability

becomes larger for the secegédneration gvalue

We see that the choigef null and alternativenethod only impact the secog@neration gralue FDR
calculations for finite& ; the limiting behavior is the same for all considered appr@aelitbough the convergence
rate differs As € © Hy, the SGPV FDR<onverge to Das opposed to the-yalue FDR which converges to
| j | 1 (as noted in Section 3.3(Wacholder et al. 2003 As long as the null design probability converges to
zero, and the alternative design probability converges to-aeranconstant, the SGPV FDR converges to Z&so.
described in Section 3.2.5, B T © mMast © kbfor— — -h— -, such that any gpoachi aside
from the maximization method where the null design probability is calculated at the null boundary, or perhaps a
weighting method which places some point mass at the null boundasiéisesult in0 SO © 1. More

details are provided iRemark 3.A in the Appendix

In the illustrative examples in Table 3.4(a), we see that SGPV FDR has converged for the point null method
bye pmaore ¢ nfor the point alternative and shifted exponential alternatives, respectively). However, the
null mawginalization methods do not converge even¢by v Tthu 1t for several of the example approaches.

Therefore, while the asymptotic behavior is the same, evendargele behavior can differ betweapproaches,
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Table3.4 False discovery, nediscovery, and confirmation rate quaytiesults for classical-palue significance
testing and secongeneration pralue based cutoffsAssumes* ™, i.e, i p with a null regiong
T and varianced g s TEIT

(@) pValue'OO'Y 0 '09) mdtvand SGPVOO'Y 0 'Oy T

Ex. 1 Ex. 2 Ex. 3 Ex. 4 Ex. 5 Ex. 6
p-value SGPV SGPV SGPV p-value SGPV  SGPV SGPV
n=10 0.1242 0.0157 0.1929 0.0831 0.053 0.0006 0.0086  0.0033
n=20 0.0759 0.0011 0.1445 0.0424 0.0495 0 0.0057  0.0015
n =100 0.0477 0 0.0703  0.0107 0.0476 0 0.0023  0.0003
n =500,000 0.0476 0 0.0034 0.0003 0.0476 0 0.0001 0
H 0.0476 0.0476
— 0 0 0 _ 0 0 0

(b) pValue'os 'Y § '0s) T8ru () SGPVOS 'Y § 'OF) p

Ex. 1 Ex. 4 Ex. 1 Ex. 2 Ex. 3 Ex.4 Ex.5 EX.6
n=10 0.4053 0.2454 * * * * * *
n=20 0.2917 0.2149 0.0803 0.1366 0.1033 0.0052 0.0094 0.0069
n =100 0.0012 0.1514 0.0244 0.0396 0.0290 0.0009 0.0015 0.0011
n =500,000 0 0.0279 0.0244 0.0248 0.0244 0 0 0
H 0.0244 0.0244 0.0244
0 0 i i i 0 0 0

o= o= -

which further emphasizes the need for care to be taken with selecting the weighting riviiredigorous

derivationof convergence ratder various approaches for calculating the FI2Rs leftas an area fduture work.

Thechoice of method for the aftgative design probability can affect the SGPER convergece. In our
examples, the marginalization approach with the shifted exponeBtamples 46) convergego O, while the
approach of setting the alternative design probability at the edge oflthegion (Examples 13) will have "O6 ¥
ljcjljc 1  in the limit Briefly, this is becausé n p © mfor— Hh— - — -fb,
such that choices for the alternative design probability which do not place point mass at the null boundaries will

conveage to zeroFor details orthis and the asymptotic results for Example8, tefer to Remarl.B.

The calculationsin Table 3.4 provide the true FDR for when each specified null and alternative
marginalization functions match the true distribution of underlying effects. If we wish to take a full conservative
approach for calculating the FDR, we might consider theipations asoutlined in Example 2, witthe uniform
null function and the calculation of the alternative design probability at the boundary of the null region. Other choices
could result in either less conservative, or underestimated FDRs, dependiitether these choices correctly
specify the distribution of effects. As much as possible, we would prefer to avoid specification of these probabilities,
and thus the issue of misspecification. Empirical methods may offer a solution, and we take ahitefiréction
in Section 3.4
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3.4  Large-scale inference: empirical estimation

To calculatethe false discovery rate for some inferential statistic, such as the classatakppr secongeneration
p-value, we have seen that the two main design probahilli€¥®d ¥ 3s0 and0 "Yo N 380 , must be
specified in some manner. This may be done either via a selection of a single point, utilizing a maximization
approach, or specifying a marginalization function across null and/or alternative effects. If théamspes are

not correct, the resulting FDRs may be ewgrnderestimatedThis presents a challenge, because the specification

is generally arbitraryror inference based on classicalglues, empirical Bayes estimation methods have been used
to avad or minimize the requirement of such specifications, by leveraging the information available from a large
number of simultaneous teswu¢has Efron 2004; Tang et al. 2007; Efron 201® name just feyv Additional
discussion of and reference to suckthods can also be found in Chapter 2. Such methods have not been examined
for inference based on secegdneration pralues. In this section, we examine a first step towards achieving such

an FDR quantity estimator in largeale inference.

3.4.1 Empirical Bayes mixture estimates

In the setting of FDR estimation for classicalgdues or avalues, a simple approach for empirical estimation of
false discovery rate quantities replaces the-gnaup form of the mixture distribution with a direct nparametric
estimate of it, using the empirical cumulative distribution function (ECDF) of thalyes. It is defined foé
statistical tests with-paluesn F8 | as™Ow M@  ®ja, i.e., the observed proportion oivplues less
than or equal t@ We can generalize this to estimate the probability thé&ills in any general regiom as

O AN 3 n'g) ™ 3ja. The secondeneration pvalue analogue would be to estimabern M 3

n'ey N3 ja ford statistical tests with secomgbneration praluest F8 ) . In our contexts, we are interested
in

on m nNe mja (317

and

on p N@® pjas (3.18
These empirical mixture distribution or probability estimates can then be substitutedifor Tt or0 1,  p
in the denominator of false discovery quantities as desdrildeguation 8.7). Using this empirical mixture estimate

0 n T eliminates the need for specification of the alternative design probability for the SGPV FDR, but not for
the SGPV FCR.

We illustrate numerical results for this empirical mixture distribution estimate with a simple simulation
scenario. Estimated effectsf8 h— were directly generated from a sim@group model with a single common

null mean at 0 and single commdteenative mean at the boundary of the null hypothesis.Zdmenumber ofruly

null effects @ t & ) and number of truly alternative effecfs ( p t &) were kept as fixed quantities,
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rather than random variables. The ndgion isg TP , and the variancds ® g s 18T T The
alternative meah was set at — 1, and we examined two values for, T® andT@®a Note that while
have focused ofh 1@ up until this point, it is common in larggeale inference settings to expect a nigjaf
the hypotheses tested to be null (¢'g., T®@ois sometimes cited as a general rul¢hofmb (Efron 2016). Thus,

Torepresents a setting that is more likely to be encountered in pr&aiidbis setup, the underlying mixture

probabilities @& written generally as

0 "Yo N 3 t0 "Yo N 3 p t0 "Yovs3s8 (3.19)

Note that these quantities are also reliant on the null zone, variance, and sample size such that we should more
explicitly write the mixture probability as "Yo N s[fore g ; however, we will stick with the shorthand notation

for convenience.

Examplesof the empirical mixture estimatésf ™ 3 and0 f N 3 for various sample sizes(10, 20,
100, and 50,000) and number of tast$100, 1,000, and 10,000) are given in Table 3.5(a) for @ and Table
3.5(b) for* 1o Note that these examples armgly for illustration, as a single simulated data set does not
represent the overall behavior of the estimator. Assessments such as the bias and variance of these estimators is left
for future work. The true mixture probabilities, calculabgdEquation 8.19), are also given for each sample size

and asymptotically.

Firstly, we notice that the mixture probabilities for all quantities vary widely with sample sizecept
perhaps for secongeneration gvalue discoveries, which generally have a lprebability of occurring. In the
provided example simulated data sets, the empirical mixture probability estimates are generally close to the true
mixture probabilities. This was true for bdth @ and” Tida For smaller number of tests, suclias p m,
we did observe some estimates that were off by a quite a bit. The magnitude of error appears to be worse for second
generation pralues than for classicahyalues forboth values of* . This is likely because it is more difficult to
get a secongenegation pvalue rejection than a classicalplue rejection, so this relatively rare event is more
difficult to estimate well. The error was much smaller for larger valugs,djut still noticeable. However, we

cannot say conclusively from this singleaexple estimate.

Note that fort  p Tithe sample size is too small relative to the indifference zone and variance to be able
to observe a confirmation with the secageheration pralue (0 rejections observed, by definition). In our settings,
we require aample size of atleast p & for0 1, p  Tto be possible. Additionally, in some settings, we
did not observe anyfw N 3 in our simulated example data. For example, in two instances we did not observe any
n 1 therefore the empirical mixture estitagequals zero (fek  p & p m,71as well as foE v fit
&4  pht tin Table 3.5(b)). When this happens, the empirical FDR estimate is undefined; this is sensible, because
we would have no interest in estimating the probability that the null is truejéoted hypothess , when t her e
any observed. This was much more likely to occur for stnalbut not impossible for largeér. Generally, the
smallerd is (the number of truly nenull hypotheses), the more likely this is to occur. Overadhpears that the

sample siz&é does not have much of an impact on how close the empirical mixture estimates are to the truth.
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Table3.5 True mixtureprobabilities and empirical estimates for various valugsifproportion, n, and nirhe
true mixture probabilities ara OGA U "Yo N 3lF , and the empirical estimates aved T H 0 "Yo N
3k . The asymptotic true mixture probabilities are also pralide

@ m™
p-value SGPV p-value non SGPV
discovery discovery discovery confirmation

0f m8tu on m 0n m8tu 0fn p

n=10 i1 ITH 0.2013 0.0127 0.7987 0
m = 100 %OTH 0.2500 0.0300 0.7500 0.0000
m = 1,000 0.2120 0.0120 0.7880 0.0000
m = 10,000 0.2039 0.0122 0.7961 0.0000
n=20 A1t 0.3294 0.0125 0.6706 0.1183
m = 100 %O TH 0.3200 0.0300 0.6800 0.1100
m = 1,000 0.2960 0.0060 0.7040 0.1150
m = 10,000 0.3354 0.0119 0.6646 0.1210
n =100 A ITH 0.5244 0.0125 0.4756 0.5113
m = 100 %O TH 0.5200 0.0200 0.4800 0.4900
m = 1,000 0.5230 0.0100 0.4770 0.5140
m = 10,000 0.5237 0.0127 0.4763 0.5115
n=50,000 A"l "ITH 0.525 0.0125 0.475 0.5125
m = 100 %O TH 0.5400 0.0100 0.4600 0.5100
m = 1,000 0.5210 0.0130 0.4790 0.5110
m = 10,000 0.5254 0.0129 0.4746 0.5132
H A" TR 0.525 0.0125 0.475 0.5125

pp | t° p “ tlijg p |t ‘ p “ tljg
() ™o
p-value SGPV p-value non SGPV
discovery discovery discovery confirmation

0fn m8tu on m 0n m8tu 0n p

n=10 i1 ITH 0.0803 0.0029 0.9197 0
m = 100 %O TH 0.0900 0.0000 0.9100 0.0000
m = 1,000 0.0870 0.0020 0.9130 0.0000
m = 10,000 0.0767 0.0034 0.9233 0.0000
n=20 A1t 0.1059 0.0025 0.8941 0.1977
m = 100 %O TH 0.1200 0.0100 0.8800 0.2300
m = 1,000 0.0980 0.0020 0.9020 0.2090
m = 10,000 0.1073 0.0025 0.8927 0.1977
n =100 A ITH 0.1449 0.0025 0.8551 0.9004
m = 100 %O TH 0.1400 0.0100 0.8600 0.8900
m = 1,000 0.1570 0.0040 0.8430 0.8940
m = 10,000 0.1484 0.0029 0.8516 0.8997
n=50,000 A"l "ITH 0.145 0.0025 0.855 0.9025
m = 100 %O TH 0.1300 0.0100 0.8700 0.9000
m = 1,000 0.1450 0.0000 0.8550 0.9030
m = 10,000 0.1457 0.0020 0.8543 0.9037
Ho RN 0.145 0.0025 0.855 0.9025

P p | t° p “ Hlig p | t* ‘ p “ tlig
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3.4.2 False discovery rate estimates

Using Equationd.7), thegeneral form of an empirical Bayes secagyaheration gpralue FDR estimate, utilizing the

empirical mixture probability estimates of Section 3.4.1, is

e “ {0 0
Gog T (3.20)
na mja
and the secondeneration pralue FCR estimate is
. i “ tf) \ "O
sog p —o g (3:21)
nay opja

The classical yvalue FDR and FNR forms parallel this. Note that we have not yet dealt with the unknown null and
alternative proportions; and® . One benefit of the empirical mixture approach is that we are able to set the
unknown“ to 1 in the FDRcalculation and to 1 in the FCR (or FNR) calculation, resulting in upper bound
estimates for each:

e ptd n TS0

v O Tt S .
9 nay mnja (322
o ptd n  psO
LOo? p — —38 3.23
nagy pja (3239

This is not possible when the mixture is calculated directly from mixture of the two design probabilities, otherwise
the false discovery quantities will always simplify to 1. We use the same sionutstup fronmSection 3.4.%o

illustrate example calculations for these empirically estimated false discovery quantities.

The results for the example simulated data sets‘with T@® and“ Toare given inTable 3.6(a) and
Table 3.6(b)While the denominators of the FDR quantities (the mixture distribution) are estimated empirically, the
numerator design probabilities must still be specified. Each of the design probability calculation methods from
Section 33.2 are considered, for the numerators of the FDR and FCR (or FNR). As before, we do not include any
marginalization approaches fitlwe null design probabilities for the classicalalue FDR. We include both the false
discovery rate quantity estimateerr using either i) the trde and" values (as in Equatior83s20and3.21), and
i) the upper bound estimateBquations3.22and3.23. The former are the fidracleod
and“ wer e known) a n dOO4 r &: OdeThe latterduppér Yourfdl estimates denoted by
OO ¢ : Ubo Recall that our true null mean is at 0, and the true alternative common mean is-. Thus,
the FDR quantities based on the point null represent those using the gospestified numerator nullesign
probabilities, and the FCR or FNR quantities based on the point alternative represent the correctly specified

numerator alternative design probabilities.

It is clear that, if we know what the tride and dategeneratingmechanism are (i.e., using design
probabilities which reflect the underlying truth), then the false discovery rate quantity estimates using the empirical
mixture distribution are quite close to the true FDR or FNR/FCR values. Note that there are sandeVéatjiens

for smallerd , due to less accurate estimation of the mixture distribution. However, the more impbsemiations
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Table3.6 True false discovery quantities and estimated false discovery quantities with the empirical mixture
probability estimate for the simple simulatifor various values afiull proportion, n, and nThe oracle estimator

(& ® :Or)usesthe true and“ values; the upper boun& @ : Ub) sets' at1 for the FDRand“ at1 for

the FNR and FCRThe results for various approaches to specifying the null and alternative design probabilities, as
described in Section 3.3, are given fevglues ad seconejeneration prsalue rejection regions

@ ™
p-value SGPV p-value SGPV
FDR FDR FNR FCR
Point Point Unif. T. Norm Point Shifted Point  Shifted
Null Null Null Null Alt. Exp. Alt. Exp.
n=10 ¢ R1TTH 01242 0.0157 - - 0.4053 - * -
m = 100 &P :Or 0.1 0.0066 0.0996 0.0377 0.4316 0.0712 * *
&P :Ub 0.2 0.0133 0.1991 0.0755 0.8632 0.1425
m = 1,000 0.1179 0.0166 0.2489 0.0944  0.4108 0.0678 * *
0.2358 0.0332 0.4978 0.1887 0.8216 0.1356
m = 10,000 0.1226 0.0163 0.2448 0.0928  0.4066 0.0671 * *
0.2452 0.0327 0.4897 0.1856 0.8132 0.1342
n=20 ¢ ATTH O 0.0759 0.0011 - - 0.2917 - 0.0803 -
m = 100 &%® :0Or 0.0781 0.0005 0.0704 0.0185 0.2877 0.0297 0.0864 0.0052
&R :Ub 0.1563 0.0009 0.1408 0.0369 0.5753 0.0595 0.1727 0.0103
m = 1,000 0.0845 0.0023 0.352 0.0923  0.2779 0.0287 0.0826 0.0049
0.1689 0.0045 0.7041 0.1846 0.5557 0.0574 0.1652 0.0099
m = 10,000 0.0745 0.0011 0.1775 0.0465 0.2943 0.0304 0.0785 0.0047
0.1491 0.0023 0.355 0.0931 0.5887 0.0608 0.157 0.0094
n =100 ¢ RTTTH 00,0477 0 - - 0.0012 - 0.0244 -
m = 100 &% :0Or 0.0481 0 0.0472 0.0067  0.0012 0 0.0255 0.0009
&R :Ub 0.0962 0.0945 0.0135 0.0025 0.0001 0.051 0.0018
m = 1,000 0.0478 0 0.0945 0.0135  0.0012 0 0.0243 0.0009
0.0956 0.1889 0.0269 0.0025 0.0001 0.0486 0.0017
m = 10,000 0.0477 0 0.0744 0.0106  0.0012 0 0.0244 0.0009
0.0955 0.1488 0.0212 0.0025 0.0001 0.0489 0.0017
n=50000 ¢ A'"TH  0.0476 0 - - 0 - 0.0244 -
m = 100 &% :0r 0.0463 0 0.0042  0.0004 0 0 0.0245 0
&% :Ub 0.0926 0.0084 0.0008 0.049
m = 1,000 0.048 0 0.0032  0.0003 0 0 0.0245 0
0.096 0.0065 0.0006 0.0489
m = 10,000 0.0476 0 0.0033 0.0003 0 0 0.0244 0
0.0952 0.0065 0.0006 0.0487
Ho ¢ AT 0.0476 0 - - 0 - 0.0244 -
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(b)“ T80

p-value SGPV p-value SGPV
FDR FDR FNR FCR
Point Point Unif. T. Norm Point Shifted Point  Shifted
Null Null Null Null Alt. Exp. Alt. Exp.
n=10 ¢ ATTTH 05607 0.1254 - - 0.0704 - * -
m = 100 &R :Or 0.5 n/a n/a n/a 0.0711 0.0117 * *
&P :Ub 0.5556 0.7114 0.1174
m = 1,000 0.5172 0.1793 1 1 0.0709 0.0117 * *
0.5747 0.1992 0.7091 0.117
m = 10,000 0.5867 0.1055 1 0.5994  0.0701 0.0116  * *
0.6519 0.1172 0.666 0.7012 0.1157
n=20 ¢ RTTTH 0425  0.0097 - - 0.0438 - 0.0096 -
m =100 &P :Or 0.375 0.0024 0.3802 0.0997  0.0445 0.0046 0.0083 0.0005
&P :Ub 0.4167 0.0027 0.4224 0.1107 0.4446 0.0459 0.0826 0.0049
m = 1,000 0.4592 0.0122 1 0.4983  0.0434 0.0045 0.0091 0.0005
0.5102 0.0136 0.5537 0.4337 0.0448 0.0909 0.0054
m = 10,000 0.4194 0.0098 1 0.3987  0.0438 0.0045 0.0096 0.0006
0.466 0.0109 0.4429 0.4382 0.0453 0.0961 0.0058
n =100 ¢ ATTTH 0.3106 0 - - 0.0001 - 0.0028 -
m =100 &P :0Or 0.3214 0 0.17  0.0242  0.0001 0 0.0028 0.0001
&% :Ub 0.3571 0.1889 0.0269 0.0014 0.0281 0.001
m = 1,000 0.2866 0 0.4251 0.0606  0.0001 0 0.0028 0.0001
0.3185 0.4723 0.0673 0.0014 0.028 0.001
m = 10,000 0.3032 0 0.5863 0.0835  0.0001 0 0.0028 0.0001
0.3369 0.6514 0.0928 0.0014 0.0278 0.001
n=50000 ¢ A'"TH 0.3103 0 - - 0 - 0.0028 -
m =100 &P :0Or 0.3462 0 0.0076  0.000/ 0 0 0.0028 0
&P :Ub 0.3846 0.0084 0.0008 0.0278
m = 1,000 0.3103 n/a n/a n/a 0 0 0.0028 0
0.3448 0.0277
m = 10,000 0.3089 0 0.038  0.0035 0 0 0.0028 0
0.3432 0.0422 0.0039 0.0277
H ¢ AT 0.3103 0 - - 0 - 0.0028 -

from Table 3.6(apndTable 3.6(bYelate to the scenarios where the numerator design probabilities are not correctly
specified. As noted irBection 3.3, the asymptotic behavior of the different secgederation gpvalue FDR
estimators are the same for each of the approaches. Howeveanngee that for finite sample sizes, using
approaches that do not align with the true data generating mechanism can also result in big differences between the
estimates and the true rates, even if the‘truis known. Overall, in this example where the null is truly a point at

0, using a marginalization approach for the design probability will result in quite an overestimate of the FDR for the
secondgeneration pvalue. In an extreme example, for ¢ Tandd  p T with “ T8y the true SGPV FDR is

0.0024, but is estimated to be 0.38 with the uniform null approach. The truncated normal prior is more closely
aligned to the truth than the uniform prior, and thus the resulting FDR estimates are closer, alénptgh ¢an
overestimate the FDR to a large degree. We also observe quite a few settihgs, iy where the FDR estimate

is equal to 1 with the null marginalization approaches.

On the reverse side, if the alternatives are truly all at a single pseirnthen usingur shifted exponential
approach for the alternative design probabilities can result in a severe underestimate of the FCR or FNR. For classical

p-values, the false nediscovery rate estimates are the same in the limit, however for thiedsgeneration pralue
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false confirmation rate, the shifted exponential approach gives the wrong result, even in the limit. However, we note
that this type of data generating setting (with all effects only-atis not as likely to be observed in praeti It
seems more likely that theffects may be clustered near, with a few larger effects; in this case, the shifted

exponential couldhenproduce the correct behavidam the limit.

If the true” is unknown, as is the case in practice, then gpeubound estimate can be used. The utility
of this estimate varies, however. WHen 1@, the FDR and FNR/FCR upper bound estimates aregdpatid
¢x that of theestimates calculated with theie“ and“ . When* T8y the FDR estimates are orpy 1iéo
p®x that of the oracle estimatdsowever the FNR and FCR upper bound estimatepjai® p ® that of the
oracle estimatesOverall, may conclude that if 18y which is commonly the case in largeale inference
settings, the upper bound estimatetf@ FDR may be minimally conservative; however, the same cannot be said
for the false confirmation rate. For classicalglues, there are methods which estimiatempirically from thea
observed pralues or zvalues, with varying degrees of succese fee exampleStorey and Tibshirani 2003; Efron
201(; Murray and Blume 2021Dne open question remains of how such methods might perform when the null is
defined as an interval range of trivial effects. Alternately, perhaps a method to estimafé — g based on
the observed secorgkneration pralues could be developed. The oftamsatisfactory upper bound estimate
behavior in our examples highlights the need for some sort of improved approach for Handinthe false

discovery rate quantity estation; thus, is an important area that requires further development.

Further, the selection of the null design probability (for the FDR) or the alternative design probability (for
the FCR or FNR) remains crucial. While methods to estimate these exdstridard gralues, much of the existing
methodology relies on the established distributional propertiesvafygs. These have not been established for
secondgeneration pralues. Therefore, we ultimately will desire some empirical approach for estimating
O0n mO andd | TSO (aswellasfory p) for seconegeneration pralues.This will be an important

area for future work, in order to facilitate the use of FDR estimation for seggmetation gvalues in practice

3.5 Closing remarks

The secondjeneration gvalue is a metric which can incorporate scientific relevance into-Ergle inference. It

has some improved characteristics over the classigalye, including improved type | error and false discovery
rate properties correspang to point null effects (Blume et al. 2018, Blume et al. 2019). An additional quantity,
the false confirmation rate (FCR), is defined for the SGPV as the rate atfvhiclp i indicating support for the

null hypothesi§ occurs for alternative effectBlume et al. 2018). To calculate such quantities as the FDR and FCR
for seconegeneration pralues, the null and alternative design probabilitey SO and0 , T8O (and
equivalently fom p), must be known, specified, or estimated. Furthes, rtull proportion* must either be

known or estimated, else we can only define upper bounds on the FDR and FCR.

In thischapter, we provide a detailed outline of the framework for false discovery quantities for the second
generation gralue, define gegral forms for the design probability components, and propose methods for specifying
these which incorporate the composite nature of both the null and alternative hypotheses. In this process, some
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further finite sample and asymptotic properties of SGPYuUeacy probabilities for certain values of the parameter
space, which have not been previously described in the literature, are outlined here. Finally, we describe an approach
for empirical estimation of FDR quantities for the secgederation pralue, ilustrate their calculatioin a

simulation exampleand discuss their utility in practice.

In largescale inference based on classicaijues, the design probability i | SO is usually wel
defined for a point null, and we often do not néed | SO at all (when an empirical Bayes estimate of the
mixture distribution is used). Additionally, methods for estimatindpased on the-zalues have been established
when“ corresponds only to the point null effects. In our application of segendratio p-values to false

discovery rates, we encounter a variety of challenges which must be addressed.

Blume et al(2018) originally calculate the SGPV null design probability assuming the point null, despite
the interval null being a key assumption usedh\w@&coneheneration pralue framework. Further, they calculate the
full FDR curve, varying the point alternative effect size. However, in practice, a single FDR estimate is desired. In
the presenthapter, we have proposed a more general definition fétibfeand FCR, which requires a specification
of distribution or weighting functions to marginalize across the interval null space and/or alternative spaces,
respectively.

We find that for most sensible choices of the null weighting function (i.e., thasé dt not place all or
the majority of the weight on the boundaries of the null region), the null design probability for the SGPV will
converge to 0. However, for finite sample sizes, the design prob&dbdgihd resulting FDR or FCR may vary
quite a lit depending on the weights. In our examples, placing uniform weight across the null zone results in an
FDR considerably larger than the point null or the truncated Normal weighting distribution approach, with the latter
providing a balance between the monull and uniform approaches. The null design probability must still be
specified for the estimation approach utilizing empirical Bayes estimation, which replaces the mixture probability
in the denominator of the FDR quantities with a simple estimatedbas the observed SGPVs. Thus,

misspecification of this null design quantity can greatly impact the resulting FDR estimate far finite

One benefit of the empirical Bayes mixture estimate for SGPV, however, is that it does allow for a reduction
in assurptions made. For example, for the FDR, the alternative design probability does not need to be specified.
Further, when the mixture distribution is directly estimated, it is feasible to obtain an upper bound on the FDR
estimate without specifyin . The ypper bound estimate overestimates the true FDR estimate (i‘e.wi&s
known) by a factor ofj “ . Thus, if the true null proportion is large, such as 0.9 or more, the upper bound estimate
is an overestimate by a factor of approximately 1.tless, which is reasonable. However, if the null proportion is

much smaller, such as one half, the upper bound estimate is double the true FDR estimate.

For the false confirmation rate, we are still faced with specifying the alternative design probability
0N psO , however we then do not need to specify the null design probability when the empirical mixture
estimator is used for the denominator. Misspecification of this design probability can also have a large impact on
the FCR estimates. The shifted erpatial weighting function approach we examined resulted in much smaller

FCR than the conservative approach of setting the alternative at the boundary of the null zone (representing the
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smallest scientifically relevant effect size, and results in the mimivalue for the alternative design probability).
Further, this latter approach results in a FCR which does not converge to 0, rather to a lower|bpund dfi

wherei “ j“ . This is in contrast to the shifted exponential approach FCR convergihggdhe sample size

goes to infinity. As with the FDR, using the empirical mixture estimator, we can define the upper bound on the FCR
estimate, which overestimates the true FCR estimate by a facfir pf “ . This means that, in common

scenarios with laye* such as 0.9, the FCR upper bound greatly overestimates the true estimate, by a factor of 10.

Thus, an estimator fdr would greatly improve use of FDR estimates in practice, rather than relying on
the upper bounds which can be considerable overatsts. Existing methods developed for point null hypotheses
may not work well in our interval null hypothesis setting, however this is left an open question for future research.
Additionally, methods for estimating the design probabilities for segeme&ation pvalues would also be desired
to obtain robust estimates of false discovery rate quantities, rather than needing to specify the choice of weighting
function(s). Due to the sensitivity which we have demonstrated of the FDR and FCR estimatepéoifitation
of these quantities, we advise that further examination and development of robust estimation methods be studied
before applying these in practical use. However, we expect that the work describedchmhtées will aid in
directing such futuer research and ultimatdlyusage of the secorgkneration gvalue false discovery rate for large
scale inference.

3.6 Appendix A: Remarks and supplemental content
3.6.1 Remarks
3.6.1.1 Remark 3.A

The secondjeneration gralue Bayes false discovery rate can be writteseweral forms, including:

o g < “ 0@ T80
Y'OU'@O'Y - 08 WO *© 08 180
03 T80
0% mWO . 0& 0
" 00 ™o
P oe mwo °

When* p, we directly gefY"O0"@0O"Y p for every sample siz&Vhen* T, we directly getY" 00 "@0"Y

1t for every sample sizeFor m p, the "Y'OU'@O'? mwhen0 &) 1O © 1 and as long as

0 @&y 1O convergesto some naero constant. Forthe SGRY,;, 1 1! — g aswellast— —
and— — for all sample sizegherefore0 @&y TS0 Tt regardless of the approach used to calculate this
alternative design probabilityt was established prior in (Blume et al. 2018) that using the point null approach
resultsin0 & TS0 © mbecaus® n T © masé O Hh If, insteadthe frequentist maximum approach is
used for the null design probability, thén@ TSO © | j ¢, becauseas we discussed in Sectior23,

O N T 9| jcand this will be the maximuracrossy . Thereforejn this casethe SGPV FDR would not
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converge to OHowever, we considered utilizing marginalization approaches to account for the interval null
hypothess instead. ForN —h— |, i.e., the entirety of the null zone excluding the boundadiesy 1 © 7

as¢ O Hb(as discussed in Section 3.2 . Therefore, our marginalization approacivelsich take a weighted average
of0 | 1 acrossy ,willresultin0 &) TSO © mand thereforéY"O0"®0 'Y Tt We expect that foall
choices of weighting functions which agentinuousor which do not have any point mass at the null boundaries,
this will be the case. On the other hapdtentialchoiceswhich do place al(as with the frequentist maximum
approach)r some point mass at either or both-efor —, canresultid & 18O © ®with Tmsuch that

the SGPV FDR does not converge to 0.

3.6.1.2 Remark 3.B

As in Remark 3.Afor the FDR the secondjeneration pralue Bayes false confirmation rgt€CR) can be written

in several forms:

T e “ 0@ psO
Y'OUu'@o 'Y - 06, ps0 - 08 pso
0@ pgo
0% pO0 — 0@ psoO
0 0 Gi] psO
0@ pgO
When* T, i.e.,” p, we directly getY"00"@5 'Y p for every sample size. Whén p, i.e.,” M, we
directly get’'Y"O0"@06 'Y Ttfor every samplsize. Fomr  © p, the'Y'00'®6 ¥ mif 0 & psO © mand
0@y psSO converges to some naero constantAs described irSection 3.2.10 /| p © p for —
— -h— -,0 R pOjjgfor— —h— (the null boundary points), and  p © 7 for —
Hh— - ° — -fb. Therefore, for methods of specifying the alternative design probability which do not

place point mass on the null boundary po{stech as with the shifted Exponential distribution in Exampié} 4
0@ psO © msuch thatYd 306 ‘¥ 1. On the otheextreme for the approach which places all the point
mass right at the null boundary (i.e., Exampled),lthen0 @&y pSO © | j ¢ and with the approaches we used
for the null design probability (i.e., which do not place any poiass on the null boundarie®)d psSO © p,
such thatY'O0" @5 'Y | jcjljg 1 withi “j*“ .
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CHAPTER 4

False Discovery Rate Quantities for Secon@eneration p-Values: Behavior, FDR Control, and Impact of
Trivial Effects

Valerie F. Welty, Jeffrey D. Blume

4.1 Introduction

The field of multipletestinghas evolved over timariginatingwith a small multiplicity of testswhere control of

the probability that one or more false rejection is migde family wise errorate) is a sensible approach (Tukey

1953; Ryan 1959). However, an alternative approach emerged, particularly as the number of tests typically
considered slowly grew, originating from ideas discussdd$p j Bt v ol | 197 2; Berger and
i i.e, considering theaumber orrate of false rejectionsThis concepivas first formalized inBenjamini and
Hochberg 1995) and a simple method for an FDR controlling proposed as a modificaBonex (986).

Since this time, the possible number afigitaneous tests has exploded, with even seteradreds of
thousands omillions of tests being considered at a tifAlds such as genomics, neuroimaging, and microbiome
studies are commdpiological applicationavherelargescale inferencés relevant In such instances, we typically
have identical statistical tests being performed for a large numbienitedr units, such agenes o6NPs (genomics),
voxels from fMRI images (neuroimaging), microbialtaxa(microbiome)For examplethe weltknown (Golub et
al. 1999 microarray paper studied the association between gene expression and leukemi fmmgdZhe NIH
Human Microbiome Projedtasbeen used to study differestientific questionssuch asvariationby sexof 748
bacteial taxain the guttHumanMicrobiome Projec012 Zhouet al. 2018. In Chapter 2we examineé study of
the associatiobetween the number of variant allefies 224,866SNPs and the occurrence of prostate cancer
(original data from(Schaid and Chang0R5)). Therefore, the idea of controlling or minimizing the rate of false
discoveries is as important as evdowever, it is also important to consider other factors, such as the power to
reject true alternatives, so as to moiss potential discoveries inscientific studiesgiven thatsuch largescale

inference procedures often form the foundation upon whichdwork is built.

Much of standard inferential procedures, particularly for latge inference, are developed with focus
on the classical palue. The secondjeneration gralue (SGPV)was introduced by Blume et g2018) as an
alternative metric, imrporating an interval null hypothesether than a point null hypothesis. It is a measure of the
overlap between the null hypothesis and the interval range of estimated effects (e.g., from a confidencesnterval),
scaled to therdp range andncludesasmall sample correction factdfor further detail®n the SGPYsee (Blume
et al. 2018, 2019), as well &sction 3.2. The key aspect of the SGPV which we will focus on foctihjster is that
the secondjeneration pralue, denoted by , equals 0 whetheinterval of estimated effectg.g., arestimated

95% confidence interval) lies completely outside of the interval null hypothesis zone, i.e., there is no overlap
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between themThis serves as a natural choice for defining a procedunejieeting null hypothesdsased on the
SGPV.

Blume et al.(2018) establisks the generaloperational probabilitie$or the SGPV (denoted by ),
including this probability0 @) 15—, showing thatit converges to zerawhen— 11, and propose a simple
definition of the Bayespositive false discovery ra{&fron, Storey, et al. 2001; Efron, Tibshirani, et al. 2001; Storey
2001a, 2001b, 2002, 20p&pplied to the secongeneration pralug 0 GO 7T, under a strong set of
assumptionsBuilding onthis wolk, in Chapter 3, we defika general form for the SGPV positive fatliscovery
rate and find thafor most sensible approaches of calculating this quaittitgnverges to 0 with sample size asd

smaller than the analogous unadjustedhjue pFDR(see Section 3.3#r more on these theoretical reslts

In the presenthapter we provide a more comprehensive examination of using SGPVs inseate
inference. The advancements include examining a broader set of quantities such as overall FD&hdqraveer,
relaxing some assumptions made praor including comparison with common multiple comparisons corrective p

value procedures.

First, while the pFDRi.e.,Bayes FDR]s arguably the most important quantity for lasgale inference,
it is stil useful to examine the complete pictufehe operating characteristicsajfrocedureControl of the overall
false discovery rate, defined §sO0'Y0 O¥ 1 (Benjamini and Hochberg 1995)ia a reduced OY T,
may still be useful in some scenaridge begin with a derivation of the probability of making at least one rejection
for the secondjeneration pralue andexamine its behavior as a function of sample size and number ofltests
additionto reducing therate of false rejectionsve are interested in rejecting as many of the-mahtests as
possible, i.e.to increase or maximize the power of a testing proce@idoehbergand Tamhane 1987Thus, we
alsoinclude an examination of power to understand #gpect of the SGPV in comparison to otb@mmon

procedures in practice.

Secondly, thecurrently establishedesultsfor false discovery quantities for secegeneration gralues
rely on a strong setf assumptionssuch as fixed and known variance, adlws a common variance amongcall
testsWe use extensive simulations to examine a broad set of false discovery rate and power quantities for the SGPV
and other methodgarticularly under a wider range of settings for the variance such thatight study the
robustness of these estimatkds unlikely in practice that all tests will have the same varia@®ce simulations
includeboth settings where there is a common variance, and settingstivberere more than one variance value
among tsts (i.e., one small and one langg@riancg. We examined botthe setting where the variance distribution
is independent of effect size, andewhereit is dependent on effect siz&dditionally, the assumption of fixed,
known variance iseldomtrue inpractice, ratheran estimator is usedh our simulations, weeplacedthe true
variance of the sample mean by the sample variance estifflabs;,. we examine behavior of the secgetheration

p-value in scenarios which should more closely reprebeittuse in realworld practical settings.

Additionally, the unadjusted-palue is unlikely to be the-palue choice in practictor settings where a
measurement such as the false discovery rate would beRrs@dvork in (Blume et al. 2018) and in Chaptdre8
focused on comparison between the SGPV and unadjusteldigp (or some loose connections between SGPV and
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the Bonferroni correction). When we are interested in examining, or possibly controlling, the false discovery rate or
pFDRof an inferential proedure in largescale inference, itis much more likely that a procedure such as Benjamini
Hochberg (BH) designed to control the FDR would be t
1995). As such, it is important to understand how the segendration pralue compares to this approatithis

chapter, a comparison is made with the Bonferroni (Dunn 1961) and Benjdothberg procedures, as well as

with some hybrid methods which combine multiple comparisons adjustetlips and the effecize in some

manner (such as (Goodman et al. 2019)).

Overall,with these extensionsje aim to develop a further understanding of the use segemetation p
values in practice, particularly as they compare to other prevalent chdieesonclude with a discussion of
recommendation®r practical implementatigrand some futurareas of developmemthich may further improve

the usage of secorgkneration gpralues in largescale inference.

4.2 The FDR and other relevant metrics for theSGPV

In a largescale inference scenario, we commonly use the random vaNaolelenote the total number of tests

which are rejected by a particularly define rejection procedure, such as the standamt amultiple comparisons

adjusted procedure.hE€ random variableb denotes the number of rejected tests corresponding to null effects.
Benjamini and Hochber(1995) originally defined the false discovery raté@©'Y 00 , wherel is a random

variable equal to eithér  ¢j 'Ywhen'Y mor0 mwhenY T However, when we think
rate of false discoveries of a multiple compmelyi sons i
the expected value of the first componendothe false discovery proportiaij Y specifically when'Y 1t This

guantity was formally defined i{Storey 2002, 2003) as the positive false discovery rate, 1j.6Q0'Y

%y 'YSY 7. The overall FDR and the pFDR can be confused in practice. Of course, there is a relationship
between themOO¥ %ay'YSY m OQOY m m O0OY 1 n"O0Y0DOY 1. Another way to

think of the FDR is that it is a weighted average of the rate of false discoveries in observed (1 or more) discoveries,
and of the 0 discoveries. Under a certain model of assumptions, it has been established that the pFDR rate quantity
al has the probabilistic interpretationfpfOO Y%y 'YSY 1 0 COSY QQQ8idrey2001a, 2001b, 2002,

2003. This quantity answers the question that is more natural to ask of a set of observed rejected hypotheses: how

likely is it that these are fagejections, or what proportion of them do we expect to be false rejections?

The pFDR for seconrdeneration gralue rejections (those with 1) has been studied in some detail in
(Blume et al. 2018, 2019), and in ChapterA3ymptotically, the SGPV @PR converges to zero as a result of
convergence of the null design probabiltyd SO . However, for finite n, the pFDR can be laygéthough
it is at least smaller than the pFDR for the classical, unadjustatiip. On the other hand, the overdllRE of the

SGPV procedure, or the quantityOY 11, has not been examined as of yet.

Throughout thechapter we will examine these quantities in various settings relating to a simple two or
three group underlying model ftre effect sizes and variance. Often in lasgale inference, a twgroup model is
described for thepalue or zvalue distributions. In the case of the secgederation pralue, we need to know

70



both the effect size estimateand its varianced (or an estimate). Further, we will later extend the-gmaup model
into a threegroup model to differentiate between zero, trivial, and-mivial effect sizes (Sectiod.4). However,
for the time bang we will remain in a scenario where there are only two true effect sizes observedain the

hypotheses—— 1 or —, where— is some meaningful effect size outsidegof The vector of true effect sizes

(effect size for each te§is defined as— —MB h— where—N —h— . There ared M— —
B "O0— — number of null tests (a proportiofi & ja of the tests) anda nm— —
B C— — number of alternative tests (a proportibon & j & of the tests). These are treatedfiaed

quantities at the datgenerating levelalthough we note that these are frequently modeled as random vatiables.

the presenthapter we will focus on—as an estimate of a sample mean from a Normal distribution, such that
Of B Moy with @y DO —, where— & DO —w andw , j¢ (or potentially an estimatab). This

assumes a common variancebetween all tests, however we will relax this in later sections.

4.2.1 Direct calculations for fixed variance

In this section, wealefinethe probabilityd 1Y 1t for seconegeneration pvalue rejections aff 1, review the

pFDR definition,and ultimatelycalculatethe overall FDR. Recall thaty is the number of rejeetl testsi.e, 'Y

mfp m B Oy m for the SGPV. ThusOOY m p 0O m p B p O0i n
1} , assuming independence between tests, which simplifies to
o0 m op p 01 1/ AI'® mip h (4.1)

for fixedd anda . The probabilityd i B 1) FER has been defined {Blume et al2018, 2019)The FDR
is thenOO'Y  "O0'YO O¢ 1, where
;) "00'Y0 0S| T

R 4.2)

for this twomean data model. Further details on the pFDR can be found in Chapter 3.

These three major false discovery rate quantities (the pEDR, 11, and FDR) are illustrated Figure
4.1(a)as a function of sample size for a séting where 90% of the tests are null. In the first figure, there are only
& p ttests, in the second, there @re p Tt fests, and in the last figure, there are pht 1t tests. These test
sizes are smaller than typically seen with most modern multiple aigops or largscale inferencesettings;
however, these were chosen to illustrate cases whet¢ Tt is nonzera This positive rejection probability is
affected by factors such 4s, the alternative effect size (hersetto — p&j ) and the variace (set af,

PpP® ¢ ), and, to a lesser degree, the mullith ¢ (in this exampld, 1@®). Under these settingand for
rejections based ap 1, weobserved) i'Y T p only for small values ofi . We can see that even by

plt mtests) i'Y 1 pforall sample sizes. Note that after a certain sample size, the probahilty Tt is
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nondecreasing, because the confidence interval width shrinks and thereforgis more likelyfor nonnull tests
However, notice that this quantity is not fully monotonic across.dbr extremely small, theestimatoris very
volatile, increasing the probability that an unusually largeill be observed, such that even the wide Cl does not
overlap withg at all (i.e.,i ). Around the inflection point, the—starts to become less variable, but the ClI
width does not decrease much. as such, aovenlapping Cl withg is much less probable. In general, however,
01'Y T O past © Hband agt © Hsfor the secondjeneration pralue, aside from special cases such lasrw

alternative effects are arbitrarily close to the boundary of the null region.

We can also observe in Figure 4.1(a) previously established behavior of the pFDR for the second
generation gvalue (the blue line), namely that’OO% masé © Hb. Note thaunder the current set of assumptions,
the pFDR for the SGPV is not affected by the number of tastsjowever, the FDR which scales the pFDR by
01'Y 1, can become much smaller for smiathnd smalti due tod i'Y 1t being much less than 1. That is,
the FDR is much lower than the pFDR for these smalhdd , although it is not necessarily strictly controlled at

the 0.05 level. The interrelationships between these quantities are illustrated further in Section 4.2.2.

Figure 4.1(b)shows a different pepective, varying the number of tedtson the xaxis for a selection of

sample sizes. The constant nature of the pFDR as a functéorisofmore easily seen as a horizontal line in each
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figure. Because the sample size is fixed for each figure, scstdd iy 1) , given that, is presently

assumed to be a known constant among all tests. As such, the proBabifity Tt is monotonically increasing as

a function ofd . As noted abovd) i'Y T © pand consequentfDO'? r} "O0&¢a © Hb Overal, we see that

the SGPV FDR is not generally controlled, and when it is controlled, we typically se®&@at r; "O0 Y18t v

for the more common sample sizes or number of tests. The pFDR converges relatively quickly, althauiih this
depend on factors such as the variance, whether the known variance or an estimate is used for SGPV calculations,

and the alternative effect size

4.2.2 Discussion: FDR control and pFDR minimization

The distinction betweethe FDR and pFDR is important. In this section, prvavide further illustrations of their
interrelationships, as well as discussion of the roles of each in large scale inferéngs. Rettall that the FDR is

the expected value of the random variabjavhich is defined as either the observed proportion of false rejections
(&Y Y) when rejections are observed ( 1), or as zero when no rejections are obsered (). Thisis in some
ways a sensible definitiof no rejectionswere made at glthen weknow with certainty that néalse rejections
were madeand as such it might beretural choice to set the quantity at zeédo. the other handhis also means
that a procedure that FDR controlling (i.e. OO0 Y 1@t ), will tell us nothing about how many incorrect rejections

to expect in a set of observed rejected tests. For illustration, consider the four sceriaide 4.1below:

Table4d.1 Example scenarios for controlled FDR

FDR | pFDR OOy m
(00 ) | (Ocy'YSY m)
Scenario1l | 0.05 0.05 1
Scenario 2 | 0.05 0.1 0.5
Scenario 3 | 0.05 0.5 0.1
Scenario 4 | 0.05 0.99 0.051

In each of these scenarios, the FDR is equal to 0.05. However, the manner in which it is controlled is very
different. In Scenario 1, the FDR is controlled naturally, via control of the pFDR. On the other hand, in Scenario 2,
10% of observed rejections aneorrect on average, yet rejections are only made half of the time, thus the expected
value of0 is brought back to 0.05. Scenario 3 is a more extreme example of this behavior, with 50% of observed
rejections expected to be false, but observing angtiejes only 10% of the timé&ontrol of the FDR regardless of
its component values may be intuitive when viewed from a frequentistHengever, viewing it from a more
practical lens, applying this procedure to #ifal data will give us only one singtiata point ofoand'Y. In the case
of Scenario 3, we would either 1) reject nothing (90% of the time), or 2) we obtain a set of rejected tests which are

expected to be 50% wrong.

Itis important to reemphasize that if we observe a set of rejecteditastsd on a multiple testing procedure

which has been shown to control the FDR, we have no idea whether weSaemamio 1, 2, 3, or 4 (or anything in
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between). For this reason, we will generally prefer a procedure for Whiok® "Y 8t v Strict pFDR catrol is not
possible in general (Benjamini and Hochberg 1995; Store2, ZWD3, however we might aim to at least minimize

the pFDR, if not control it. Note that it has been previously argued in the literature that in practicecddege
inference expements typically hav® Ov 1  p, such that this distinction is not crucial (Storey 2003; Efron
201(). However, this may not always be the case, particularly if the variability of the measurements is very large,
or the sample size is very small. We seesexramples of this iBections 4.3 and 4.4%hered OY 11 is examined

for some common multiple testing procedures.

Procedures which control t h @ OYF B Rnay ke rlessi desirable ml | y 0
common contexts where multiple testing prwes are used. For example, lasgale inference settings are
frequently viewed as exploratof@torey 2002; Goeman and Solari 2Rl such cases, extremely low power, and
in particular the likelihood of observing T, is of particular concern. This due to rejections being more so seen
as fAsignals of interest o, to inspire further inferer
associations. If no rejections are observed, the next scientific step is left unclear. In sudis,coatexght prefer
a procedure which minimizes the pFDR, with higher power, rather than a procedure which strictly controls the FDR
but is also |ikely to provide no rejected tsetsaged Ess

inference procedure, then refine results with further study in the future.

FDR control may still behe top priorityif the inference is in a context where consequermddalse
rejectionsare higher.Certainly, a study which results in no rejections could be viewed as a waste of money.
However, if outcomes of a largeale inference study will have larger, direct impacts, such as directly affecting
patient safety or immediately changing clinical praetithenin such a case, we might prefer to still employ a
procedure that artificially controls the FDR, with a reduced probability of calling any signals as significant.
However, itis still of greatimportarce to get an estimate of the pFDR, to knatfvsignificant associations are
observedhow many of theeresulting signals weanexpect to be erroneouand guide decisions about future

implementation.

4.3  Simulations for sample variance

In Section 4.2.1, we examined the probability Pr(R>0) and the overall FDR control (or lack thereof) related to the
secondgeneration pralue for a singleknown value of variance. Next, we will examine simulation estimates for

false discovery quantities & wider array of settings, and with the sample variance estimator in place of the true
variance Note that by comparing these relaxed scenarios to the prior ones, we may study the robustness of the FDR

quantities to violations in these original assumpion

Further, we will compare the performance of the SGPV against severdngglh multiple testing control
methods, namely Bonferroni (albeit for the purpose of controlling the FWER, not FDR) (Dunn 1961) and the
BenjaminiHochberg method (Benjamini andEhberg 1995). The Benjamikiochberg procedure is an adaptive
procedure, meaning that the rejection rule is a function of observed data, unlike Bonferroni where the procedure

rejects any fvalue below a preletermined cutoff gf j & .
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Direct calculation of the pFDR, Pr(R>0) and FDR for the SGPV is possible when the variance is fixed. It
is more complex to derive these quantities in scenarios when the variancecmmoon,and an estimator is used
in place of the known variance. Here, u&e simulation methods to obtain estimates of the quantities of interest.

The simulated data are generated under the same type -gfethetating framework as described in Section 4.2, but
with a noncommon variance such thét @B Ry with O D6 —h, where— & B  Qpj&¢ D
0 —wy andwy , j&. To calculate the-palues and confidence intervals for the seegederation pralue,

we will use the estimated sample variance for the sample mean estir(atd as a result, use-athatistic in place

of a zstatistic, and acritical value in place of & critical value).
For the simulations, we examined settings with:

i) common variance of among all tests

i) two variance values, and, , with equal probability of being observed for both null ¢
alternativetests ie00 Q , s— — 0Q , s— — Tmfor'>™ 1ip), and

iii) asin (ii), but with all null effects having the small variance and all alternative effects havir

the large variance (ie,0Q , s— — pand0Q , s— — p).

We also examined various values of number of testgroportion of null tests , and size of alternative effeet.

The pFDR, probiaility of observing positive effects Pr(R>0), the resulting FDR, and the estimate of observed power
(i.e., the rejection rate of alternative tests with megrO M O A E ASABDSHE— j & ) are given irFigures 4.2

i 4.4for a selection of settings. Thesettings were selected to illustrate several different behaviors of the SGPV in

comparison to the Benjamiklochberg procedure.

Figure 4.2(aXd) is a setting where the pFDR of the SGPV and BH procedures is similar for finite sample
sizes Figure 4.3(a)d) is a setting where the SGPV pFDR is quite a bit larger than the pFDR for the BH procedure
for small sample sizes. Lastlgigure 4.4(aXd) is a setting where the pFDR of the SGPV is quite smaller than the
BH procedure pFDR, particularig small sample sizes. In each of these figures, there arep fit Tt tests, where
“ 1o of these are null, and the alternative effect magnitude is 1.5 times the minimum effect size of scientific
relevance (i,e— p& ). The only difference among dasetting is the variance magnitudes and/or distributions
among testsSomeotherbehaviors for each of the quantities are more consistent across various settings. The key
false discovery rate and power quantities for a wider variety of settings (inclfthagvariance settings, number

of tests, and alternative effect size$ are also given iSupplemental Figure 4.2¢&)).

Examining Figures 4.2 4.4 and Supplemental Figure 4.2(d), we see the following overall trendshe
BenjaminiHochberg procgure does successfully contritle FDR around 0.05 across all considered settings.
However, for small sample sizes, the pFDR can be much larger than 5% (with FDR control due@o@¥malit
even as small as 0.1). In many cases, th¢)BBOhEs redued to 5% by a sample size®f ¢ tand in nearly all
of the examined settings By p 1.1or smalk, the pFDR for the SGPV can be quite large, ranging between 20%
and 80% in our examined settings fo¥ ulp f{ 7L Fora  p It 1t fihe case in Figures 4i24.4) and
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Figure4.4 Simulation estimates of false discovery rate quantities for a setting with only null artdwedn
alternative effects, and with null tests having smaller variance and alternative tests having larger. variance
Specifically, the setting ist p fmmtt &  mph— p& , with] mand, ~ p ¢

4 , with all null tests having variance pf ¢ and all nortrivial alternative tests having variance of
VY

&  ph it gseen in Supplemental Figure2fa)(d)), the SGPVO OY 1t p for all sample sizes, effect sizes,
and variance magnitudes. For a very small number of @@sts ¢ m)rthe quantityd OY 11 for SGPV rejections
is commonly less than 1 for these small sample sizes, however, it is not smgh ¢m@ontrol the FDR, only to
reduce it somewhat (i.0,O¥ 1 T8 )1} "OQ.Y

When extremely small sample sizes are observed{e.gy), the pFDR for the SGPV procedure is mostly
comparable to that of BH procedure. For other small sample size€ (e.@.,7or&¢ ¢ ¥ the difference between
the SGPV pFDR and BH pFDR varies, dependent on the distribution and magnitude of the variances, and the
magnitude of the alternative effect size. In cases where all or some of the tests have very large variaree (such a
” prt ¢ ,with either common variance or randomly distributed variance), the BH pFDR is much smaller
than that of the SGPV pFDR for smallIn other settings, where the variance of the alternative effects is larger and
the variance for null effects small, the SGPV pFDR is significantly lower than that of BH, including for u.
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Of course, for mediuro-large sample sizes, the SGPV pFDR converges to 0, and the BH pFDR converges to
“ T3t v

Interestingly, the SGPV procedure has slightly larger power than BH for snpadthough both have very
poor power ( T®& in many cases). This is primarily due to the increased rate of obsewing for SGPV
compared to BH, and in many cases a tradeitff "kDR control. The SGPV procedure loses power in the medium
range of sample sizes, but eventually the power converges to 1 (somewhere in the¥angemfandé  pht 1t 7t
for most settings, depending on variance and effect size), along with the powerRifltprocedure. In settings
where the effect size is very large, e-¢., ¢ , the SGPV nearly always has comparable or better power than the

BH procedure, converging to 1 at a faster rate.

4.4  Rejections of trivial effectsfor an interval null hypothesis

A key benefit of the secongeneration pralue is that it accounts for trivial effects, defined by thegprecified
interval nul I hypothesis or fAindifference zoneo, whi
uninteresting or not ipactful. Therefore, with the SGPV, we hope to focus on effectsuiaid be scientifically

meaningful. This is in contrast to the classicahtue, which only examines effects in relation to their corresponding

standard errolVith small enough variancer a large enough sample size, trivial effects can frequently be rejected

by standard or even adjusted/i@lue procedures such as Bonferroni. If these trivial effects truly represent effects

which are uninteresting, then a procedure which controls taefaliscovering effects with mean exactly equal to

zero (the point null) but has a large rate of trivial effect discoveries, will not be useful.

Here, we extend the prior data model to include effects which arearorbut fall within the prelefined
interval null hypothesig . Mathematically, one approach to incorporating such effects is to keep with the two
group model as describ@dSection 4.2andexpand the null component of the overall mixture into another mixture
of zero and notzero trivial efects. The alternative component of the mixture will include only themaal effects
outside ofg . A second approach is to define a thgeeup model, which consists of 1) zero null effects, 2)}-non
zero trivial null effects, and 3) nemivial alternae effects. This approach is useful to distinguish between the zero
and nonzero trivial effects, particularly to illustrate drivers of overall behaWmte that these two approaches are
not necessarily distinct from a deganerating perspective, rathteée important differences are from a notational
and mathematical framework perspectiVée will implement the latter approach with a threean model where

some of the tests are null with true mean 1, some of the tests are naaro but trivial with tue mean— n

g —ht © mh— , and the rest are alternative with a +iovial true mean of—N g Hf © —hb.
The vector of true meansds —B h— with—N —h— h— . The quantitie& andd are defined as before,
anda n— — B "'O— — isthe number of trivial tests (a proportion & | & of the tests).

With an expanded model, we need to consider additional sets of the false discovery rate quantities. For the
pre-specified interval null hypothesis region, the positive false discovery ratéd® 0Grgg T,
and the corresponding FDR'G0Y n "0v 0 OY 1. This combined, or intervalull, pFDR can
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be decomposed into the two components related to zero armkermirivial effects. That is,

n 0w n "09 n"o® h (4.3

wherer "O® 0G-m mis the classical ’"OBpoDONgngy!l Imdis pFDR
the pFDR corresponding to rejections of effects with trivial butzemo mean (in our examples; — ). The
corresponding FDRs ai@0f n "o 0 OY 1, andO¥ n "ow 0 OY 1, respectively.

4.4.1 Results

The full set of false discovery rate quantities and power to rejectrivial alternate effects are provided for one
example setting in Figure 4.5. As in the prior examples, thexe are it Tt testsan alternative effect size of 1.5
times that of the minimum scientifically relevant value (ke., p&y ), and 10% of the tests having this alternative,
nontrivial mean. However, rather than all other tests having mean exactly equal to zero, 20%eststhave a
trivial non-zero effect size 0.5 times that of the minimum scientifically relevant value. That isy of the tests
have— Ttand” 18 of the tests have- 1@ , for a combined interval null proportion of 90%. All tests
have acommon variance ab p& ¢  in this chosen setting. Here, we can see that the trivial and combined
pFDR and FDR quantities for all classicat@lue methods do not decrease to a lower bound, as with the SGPV,
where both] 'O® © mandn "O® 0 mras¢ © Hbo These simulation results support the theoretical results
of Chapter 3 (i.e., fronsection 3.3.4), that the interval null pFDR/Bayes FDR will converge to Sefusible null
effect distributionsProcedures such as BH may hawéy 31 vand/or'O0%Y 31 uin small samples

due simply to the low probability of observing rejections. HowelvdrY 1 © past © Hy and thus ultimately

the BH has undesirable behavior in both the pFDR and FDR. These results hold true in gensrall @xasined
settings, as seen in Supplemental Figure 4.6.

4.4.2 lllustration: which type of tests rejected by SGPV vs. pvalue approaches

To illustrate some examples of SGPV behavior as compared to classigalepapproaches, the estimated 95%
confidence intervals from a single simulated data set, havingp Tt tests withe ¢ Tobservations for each test,

are plotted in Figure 4.6(a)hes intervals are in no particular order, other than being grouped by their true mean
i intervals 1:70 have true mean T, intervals 71:90 haveue mean— 1@ , and intervals 91:100 have true
mean— p& . Each interval has either a smaller truelerlying variance (equal to the squared null width) or a
larger true variance value (5 times the squared null width), with equal probability. The grey shaded horizontal

rectangle represents the interval null/indifference zone.

Intervals which are colordd red are those wherfg T, i.e., intervals which are rejected based on SGPV
criteria. Intervals in blue are those with 1 (where light blue corresponds ' n  p, and dark blue
corresponds tq p). Above each interval, where observed, arelmylsmwhich signify a rejection by a classical
p-value approach: the circular dots correspond to unadjusteddup rejections, the triangles correspond to

Bonferroni procedure rejections, and the diamonds correspond to BH procedure rejections. Itasirtgpodte
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Figure4.6 lllustration of rejected intervals for eatdsting method in two example settiniee colored vertical
interval line segments denote each of the m = 100 confidence intéBla)sThe Cls are groupedby their true
effect size—(the intervals are in no particular order otherwise; recall teméetare only 3 unique effect sizeShe
vertical black lines denote the boundary between each effectsizgat is, the firsti X Tintervals have true
— 1t (zero null effects), the next ¢ Tmintervals have true— 1@ (trivial nonzero effecty and the final

a p Tmintervals have true— p&] (alternative, nostrivial effects). Each test has either a small or large
underlyingvariance, with random distributicamongall effect sizes. The shadétlefrey rectangle represents the
intervalnull hypothesigg ¥ T®M® . The color of the Cls represents the SGPV result.cBleredin light blue
represenfy N T1ip , coloredin dark bluépurplerepresenty  p, andcoloredin red represeny  1i(i.e., SGPV
rejections). Intervals rejected by theadjusted fvalue threshold have a black circle above them, intervals rejected
by the Bonferroni procedure have a black triangle above them, and intervals rejected by the Belgehfiarg
procedure have a black diamond above thayt ¢ 1(b)¢ p .70
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that this setting and the simulated data were not selected randomly. Rather, they were intentionally chosen to

illustratebehavior that isometime®bserved where the secegéneration pralue excels above the other methods.

We see that, as expected, unadjustechlpes reject many more tests than other methods, which
corresponds in this case to improved power to reject true alternatives (powey bubalso a decent number of
rejections of null and trivial intervals (point FDP = 0.057, combined FDP = 0.078). Here, the rejections by
Bonferroni and BH are identical, although this is not generally the case. However, some key differences are seen
between the BH and SGPV methods. While both methods have an observed (point) false discovery proportion of
"O00 T, the BH (and Bonferroni) method reject a single trivial interval (combined FDP = 0.011). We can see that
this interval hadan estimated effecize —outside of the indifference zone and a small variance, leading to an
adjusted pvalue small enough to meet both rejection thresholds. Further, in this instance, the SGPV has improved
power: it rejects an additional second, wider interval, that wwapinked up by the other adjusted methods due to
having a larger observed variance (SGPV power = 0.2 vs BH power = 0.1).

Figure 4.6(b) shows a single set of simulated intervals with all the same settings as in Figure 4.6(a), except
with an increased sangkize oft p 11.7in this case, we can see that the BH procedure has a higher rate of
rejections overali true effect rejections are increased (better power), however the zero and trivial effects are also
rejected at an increased rate (0.071 and 0.3pectisely). The SGPV correctly excludes all zero and trivial effects
from rejections, although it does have lower power: only 5 of the 10 true alternative tests are rejected, as opposed
to 8 of the 10 with BH. From results in prior sections, we know thamtally the power of the SGPV procedure
does also converge to 1 (usually anywhere from n = 100 to n = 500 in our examined settings of variance and effect
size). However, Figure 4.6(b) also serves to illustrate how the increase occurs at a slowen ridte tilher
considered procedures.

4.4.3 Hybrid procedures

In this section, we briefly examine two procedures that utilize both traditievalugs and the effect size directly

in some manner. First, we examine a procedure which only courgfeeted tests those that are rejected both by

the BenjaminiHochberg procedure and by the SGRV ( m). That is, we take the intersection of BH and SGPV
rejections (thus, wild/l r SGeéNVo)o fihies hope ocedukpisthide f $ hon
we might take advantage of the best behavior from each method (e.g., FDR control of BH, improved pFDR of the

SGPV for certain settings, and of BH for others, and the low rates of inclusion of trivial effect sizes in rejections).

Additionally, we examine a variation of a hybrid procedure describe@@oodman et al. 2019), the
Amini mum ef fveacltu esd z(eMBpSRI)s appproach. The original proce
p-value rejectsr{ | ) and the point effect estimatefalls outside ofy . We will instead focus on a modification
which uses the BH adjustedvplue instead of the standard unadjustelpe threshold. Wdenotethis procedure
byA BWMESPO. Note that this pr eSGRWpnocedurej bait withearlegss strimgemt | a r
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requirement related to effect size: only the point estimate needs to be outsidg¢onBH-MESP), rather than &h

entire confidence interval (as WiBH-SGPV).

Figure 4.7 shows the same results as in Figure 4.5 (where the true underlying variance is common among
all tests), but with these two hybrid approaches added. We can see that both proceduje©O®ave® 1 and
n 09 0 mras¢ © Hy dthough there is an interesting case of one sample size£(i.ey Jfor which the
BH-MESP has an increased trivial and combined pFDR than for other sample sizes. Notably, both hybrid approaches
do also achieve control of the point pFDR for small sanipéssThe trivial and combined pFDR are also controlled,
or nearly controlled, across sample sizes (other than the case of rfor BH-MESP referenced above). In this
setting, the power of BHIESP is nearly equivalent to the power of the BH proceduresaldate that the power
is calculated only for the natnivial alternative effects (not including trivial effect sizes). The-B&PV procedure
however does lose power as compared to SGPV alone for small sample sizes (although it is comparable to BH and

BH-MESP, with all having power equal to zerofor vande p it

Figure 4.8 provides the results for the example setting where the variance valugs Mare
p ¢ M ¢ ,whereallnull tests have the smaller variance, all alternative tests have the dsiayarey
and trivial effects have one of the variance values each with probability 0.5. This is the setting described in Figure
4.3, where the SGPV excels (in terms of the point pFDR being lower). However, we can see that this improved
N "O® for smdl sample sizes does not hold for the two hybrid procedures, and instead have point pFDR
comparable to the BH procedure alone. For the trivial and combined pFDRs, the behavieGFBHand BH
MESP are similar to BH for small sample sizes, intermediatedsn SGPV and BH approaches for moderate
sample sizes, and similar to SGPV for larger sample sizes. The behavior of the power of the two hybrid procedures

follows the same patterns as described for the prior example setting.

Overall, we see that the hybrapproaches are an improvement only in particular cases of sample size or
variance magnitudes and distributions. For very small sample sizes (e.g.fo¢ ¢ It they can maintaiRDR
control over both exactly zero and trivial effect sizes. Howevewiths BH, this FDR control comes from the
Pr(R>0) being less than 1, not from a reduction in the pFDR. In some circumstances, the SGPV approach has a
significantly lower pFDR than that of the hybrid methods for small and moderate sample sizes; in many other
circumstances, the hybrid methods have comparable pFDRs, and in some cases the pFDR of the SGPV is

significantly worse (Supplemental Figure 4.9).

4.5 Discussion

The positive false discovery rate for rejections based on the sgemedation pralue has beemxamined
previously in a limited scope of settings, such as in (Blume et al. 2018) and in Chapter 3. In this chapter, we have
performed a more holistic examination of the seegaderation gralue behavior in largscale inference, including
comparisons vth other prevalent methods and the study of additional quantities such as the overall false discovery

rate (pFDR scaled by i 'Y 1) and the power to reject scientifically meaningful effects. Additionally, our use of
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Figure4.7  Simulation estimates of false discovery rate quantities, including results from the hybrid procedures,
for a setting with null, trivial, and nemivial alternative effects, and with tests having a common variance
Speifically, the setting ish  p fm it T&H i  1®h— 1@ h— p& , withy 1@ and

there is a common variance,of p&® ¢ for all tests.
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Figure4.8  Simulationestimates of false discovery rate quantities, including results from the hybrid procedures,
for a setting with null, trivial, and netrivial alternative effects, and withull tests having smaller variance and
alternative tests having larger varianc8pecifically, the setting isa p fit it m&H & H

Th— Tt@ h— p& ,withy mand, ™ p ¢ b ¢ , with all null tests having variance of

p ¢ ,all nontrivial alternative tests having variancewf ¢ , and random distribution of the variance
values among the trivial tests
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the estimated sample variance in place of the known varianceexamiationa wider range of scerias for the

variance of testdurtherelucidategractical use of the SGPV.

First, we have derived the probabilifyi'y T for the secondjeneration pralue. For the number of
testsd which are now more common, i.e., in the hundreds of thousands mmnehliens, this probabilityfor the
SGPVis 1, and therefore the FDR is not controlled unless the pFDR itself is controlled. We fiddithat Tt
p for SGPV only when the number of tests is sniatklative to modern largscale inference standaridsin
combination with a small sample size. However, regardless of the number of tests, we find that this probability does
converge to 1 with increasingragle sizelIn general, vaat thisindicatesis that for most commonly encountered
settings of largescale inference, the SGPV does not generally control the FDR across all sample sizes. Rather, it is
naturally controlled when the pFDR itself is below theegihold, such as 0.05, for large enough sample size.

Next, westudieda range of simulation scenaritsexaminethe pFDR,the probabilityd i'Y T, the
resulting overall FDR, and the power of the SGPV procedure in comparison with standard approacaeshsuch
unadjusted fvalue, Bonferroni, and Benjamitlochberg procedures, with the assumption of known variance
relaxed(i.e.,the sample variance estimator usda build concepts, we began by ignorthgissue otrivial effects.

Our results fromhese settings demonstrated sevetdhgs. One finding that may be of interest to frequent users of
the BH procedure is thatalthough the FDRor point null effectss indeed controlled &t 1y across all sample sizes

i for small&, the control comes from lower probability of rejections. That is, the pFDR may be quite laee

“n 6’ "00'Y" , where we observed some pFDRuesclose to the' upperboundary, in settings with

very small sample size. For example, With T8y we mayseemany more thati 1 T®P of thetests rejected

by BHto be in fact null findings; even as many as 90% of them in some cases suchéas wittr¢  p 1Thus,

in practice, particularly with small sample size, rejections from the BH procediselra interpreted with extra

care.If the set of rejections is erroneously interpreted as having an expected rate of false rejections of 5%, when in
reality it could be ten times that or more, this may be very misleading and contribute to future wiastéit sc
endeavor.

In this scenario of no trivial effects, for smaller sample sizes, the pFDR of the BORWiablein
comparison to that gfopular multiple testing procedures such as Bonferroni and Benjétoatiberg. In particular,
compared to BH th8GPV pFDR issometimes lower, sometimes higher, and sometimes compafébliend that
this varies based on factors such as the true alternative effect size, the magnitudes and distributions of the underlying
variance for each test, and the magnitudeaofige sizeln the limit, however, we obserdehe sameehavior
established under the more rigid assumptions of known and common vananalythat bothSGPV and BH
result in a controlled pFDR, with the BH converging to the lower bourfd gpf(asfi"@ YO "O0 )Yand with the
SGPV pFDR converging to zefaligning with results established {Blume et al. 2018)

Understanding the behavior of the secgetheration pralue and other common procedures under the
consideration of the point null hypothesis is helpful for establishing cont¢éptgever, the main advantage of the
SGPVemergesvhen we are concernedth trivial effects, as the traditionahyalue methods do not account for the

magnitudeof effects; an effect size such as 0.001 is considered an alternative effect under the standard point null
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paradigm, even though it may be practically indistinguishalom f0. Therefore,our next stepwas to examine
settingswith trivial effects, and to extend the definition of the false discovery rate quantities to account for the

interval null hypothesigsimilarly to Chapter 3)

In these circumstances, classicalgdue methods, regardless of whether they are adjusted for multiple
comparisons, increasingly reject these practically null effects when the sample size is large\WWemlugerved in
our simulations, as expected, that procedures based on the classit& lack FDR control for combined zero and
trivial effects for virtually all sample sizes, underlying variance, or true alternative effect size. Even in the limit,
classical pvalue methods, regardless of whether they are adjusted for multiple compansoeasingly reject

these practically null effects.

Instead, methods which account for absolute effect size (rather than standardized effect size, as-with the p
value) are needed for appropriate behavior of the false discovery rates. The SGPV is onecadtirgdFhe
interval null pFDR for the secorgkneration gvalue, which measures the rate of rejections of both exactlamall
practically null (trivial) effectshowever,does converge to 0. These results support the theoretical result derived in
Chaper 3 (i.e., in Section 3.3.4).

Additionally, we considered two otherseferred to abybrid procedures which incorporate both the BH
procedure and an effect size criterion such as the SGPV or the estimatedTafeBt+ SGPV hybrid approach
takesthe intersection of those two tests, while thee-BHSP hybrid approach is a modification of (Goodman et al.
2019) which requires that the BH test reject and that the estimated effect lies outside of the intef/aésmill.
approaches can provide some immgmentsalthoughthey are not necessarilyumiversal solutionThe hybrid
methods were found to not fully control the interval null FDR for finite sample sizes, however they do result in a
considerable reductiofror many settings with very small samplee, the interval null FDR for the hybrid methods
ranged from approximately-0.12, compared t0-0.85 for the SGPV alonélowever, as with the BH procedure,
much of this FDR control or attenuation was observed to result from a reduction in the probfhbilaking any
rejections, rather than a reduction in the pFDR it§difs means that the same tradeoff as discussed with the BH
procedure, between FDR control and minimization of the rate of false rejections in observed rejeEdr)s
must be conslered.In many settings, the interval nylbsitive false discovery ratexf the hybrid methods are
comparable to that of the SGRW BH procedures by themselyaés others, the pFDRs are found to be worse than
the SGPV method (for some finite sample sizaxsd for some settings of variance distribution among tests).
Although, the SGPV and the hybrid methodee all seen tohave an interval null pFDR (and thus FDR) which

converge to zerm our simulation results

So far, we have focused odiscussion on false discovery quantitieeally, a procedure would control
the FDR anfbr minimize the pFDR, while also maximizing power. It has been previously established in (Blume et
al. 2018) that the SGPV has reduced power compared to the classitaé¢pwhich is intuitively clear, as the SGPV
requires that the confidence interval exdds the entire null region, not only zero. Further, in their Supplement 1,
Blume et al.(2018) provide one example for fixed sample size where the SGPV power is observed to be greater
than that of the Bonferroni procedure for large number of tests. préisenthapter, we examine the power of the
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SGPV, Bonferroni, BH, and hybrid procedures across a wider range of settings. We find that for moderate sample
sizes, the BH has greater power than the SGPV procedure and converges to 1 at a fasterugheaslthecomes

larger (e.g., between n =500 and n = 1,000), the SGPV and BH procedures both converge to 1 (although often the
BH procedure converges much earlier, e.g., between n = 100 and n = 500). The comparison with Bonferroni is
similar, althoughhe discrepancy between the SGPV and Bonferroni power was often smaller. For most sample
sizes, the BH adjusted MESP hybrid procedure was found to have similar power to the BH procedure alone, and the
BH-SGPV hybrid procedure was found to have similar pdoéine SGPV procedure alone. At times, the power of

the hybrid procedures was lower, but not by much. Interestingly, for small sample sizes, the SGPV procedure power
was found to be the greatest of all considérgds is likely because, unlike with BH the hybrid procedures where
frequently the number of rejections was 0 (0eQ¥ T p) to achieve FDR control, the SGPV procedure nearly
always rejected at least one test. This further exhibits the tradeoff between quantities, e.g., between strict FDR

control and power.

Overall which procedure is best depends on 1) the main priorities of the study (control of the FDR,
minimized pFDR, statistical power, etc.), 2) the importance of excluding trivial effects, and 3) factors such as sample
size, number of &s, and the true magnitudes and distributions of effect sizes and varlastést FDR control
of discovery of effects which are exactly zero is the main priority, then an approach such as BH may still be
preferredOn the other hand, if FDR contrglthe key goal but trivial effects are of concern (to reduce their inclusion
in the set of rejections), our methods demonstrate that a hybrid method suchS€&PRHor BHMESP would
achieve these goals the best in most scenarios, although with a posdildgon in power. If, however, pFDR
minimization for combined zero and trivial effects is the most important priority, then the bestichoireeither
the SGPV alone or a hybrid methbdlepends on the sample size and expected distributions and rdagmnitu
variancesOf course, in practice, these last quantities are not known, and therefore there is not always a clear choice.

In this chaptey we have examined only a subset of many potential multiple testing approaches; however,
it is not likely thatany another particular method will be universally best in all scenarios, either. As with many
statistical approaches, tradeoffs are likely necessiaiy.clear, however, that when trivial effects are taken into
consideration, traditional methods are atisfactory, and some form of method which accounts for effect size is
neededRegardless, after an approach is chosen based on the priorities and circumstances of theetilulg,

method to estimate the pFDR remains the important next step.

One promising area for future work lies in a more localized or ranking based assessment using second
generation concepts. The general idea is that, following a-tmae testing procedure, the next step in the scientific
process might bo follow-up on the significant findings in more depth, such as with laboratory studies. However,
if a large number of tests initially met the significance criteria, it is not feasible to follow up on all of them, and thus
we need a method to prioritizestim in some way. Essentially, we wish to define a ranking for associations, by which
to sort and determine the top set of Ainterestingo
variants may often initially be ranked by their rawabue; further specialized prioritization methods have also been

developed to incorporate information from other sources or modalities (Cantor et al. 2010, Doncheva et al. 2012,
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Tam et al. 2019). In more general settings, focusing only on the statistarah@tion at hand, we would benefit

from 1) prioritizing tests which have lower false discovery rates, and 2) prioritizing tests which are likely to have
truly meaningful effects. Utilizing the secom@neration pralue framework in place of classicavplues may be

helpful in this way. One potential approach would be to use the SGPV and the respectigagelthich is an
accompanying measure to the SGPV, defined in (Blume et al. 2018), which measures the scaled distance between
the null and interval ésnate boundaries. This metric provides a unigue measure fomeachrt, and if used as a
ranking of tests, would focus attention on the those supporting larger effect sizes. One possible modification to the
deltagap, i.e., additionally standardizing tye estimated standard error, could also be considered. Alternately, a
more local FDR quantity or estimate for the seegaderation gralue might be defined, as discussed in (Blume et

al. 2019), with the smallest estimated local FDRs guiding which ®é$teus followup efforts on. There is some
similarity in these approaches compared to those proposed for genetic applications which incorporatalbesh p

and effect size, such as in (Tusher et al. 2001, Xiao et al. 2014). Overall, combining thef effect size and
localized FDRs, possibly via secegdneration pralues, with the incorporation of an interval null hypothesis, could

result in a clear path forward for future studies, and one which accounts for scientific relevance.
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4.6  Appendix A: Remarks and supplemental content
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Supplemental Figurd.1  Simulation estimates of false discovery rate quantities for a setting with only null and
nontrivial alternative effects, andith tests having darge commonvariance Specifically, the setting i&

p mmnht 1  ™h— pd) , with] 1@ andthere is a common variance pf v ¢  for all
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Supplemental Figuré.2 Simulation estimates of false discovery rate quanti@zess all examined combiiais
of alternative effect size, numbers of tests and variance settitgsonly null and nortrivial alternative effects
Here, we are examining the setting“of m®@and]  T@. All considered settings of number of testgfirst-
level grouping along the horizontal axis), alternative effect size (sdewatisubgrouping along the horizontal
axis), and variance (along the vertical axis) are provided. The variance labels showiears iof scale of the

variance compared to the baseling of ¢ . Thatis, the values shown arewhere, 1 d .lInthese
variance | abels, A(R)O0O denotes the scenarios where
variancev al ue s, and A(NsAIl )0 denot es theasmaler sataecwvalue iarmall wh e r e

alternative tests hawbelarger variance&alue (a) pFDR, (b) Pr(R>0), (c) FDR, (d) Power
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(a) point pFDR (b) trivial pFDR (c) combined pFDR
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Supplemental Figuré.3 Simulation estimates of false discovery rate quantities for a setting with null, trivial,
and nontrivial alternative effects, and withtwo possible variance values distributed randomly among. tests
Specifically, the setting ish  p fm it T&H ™  T®h— 1@ h— p& , withy 1@ and

., Np g b ¢ , with random distribution among testests hae 0.5 probability of having each
variance value)
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(a) point pFDR (b) trivial pFDR (c) combined pFDR
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Supplemental Figuré.4 Simulation estimates of false discovery rate quantities for a setting with null, trivial,
and nontrivial alternative effectsandwith null tests having smaller variance and alternative tests having larger
variance Specifically the setting isx  p fit it (A i  th— 1@ h— p& , with]

mpand, N p ¢ f ¢ , with all null tests having variance pf ¢ , all nontrivial alternative
tests having variance of ¢ , and random distribution of the variance values amongithal tests
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Supplemental Figuré.5 Simulation estimates of false discovery rate quantities for a setting with null, trivial,
and nontrivial alternative effects, and with tests havinfaaye common varianceSpecifically the setting i
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(e) trivial FDR (f) combined FDR
= trivial pFDR Pr(R>0) = combinedpFDR Pr(R>0)

m=100 m=1000 m=1000 m=100 m = 1000 m=1000

@8, 158 28 38 1.58 25 35 1.56 28 38 @8, 158 28 38 1.58 25 35 1.56 28 38

10000 10000 10000

100 100 100 1000 1000 1000
D0_0.!}5.1.5_ 0052 0053 00515 0052 | 0053 00515 0052 | 0053

[]

trivial FOR (trivial non-zero)

[EED

[CENED

(NW)EL

A SIS LS

10 10010000 100 10000 16010000 10010000 1001DDUO 16010000 10010000 16010000 1001000
n (log scale)

—— Unadjusted Bonferroni —— BH —— SGPV

99

































