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INTRODUCTION

In today’s big data world, we have witnessed rapidly increasing popularity of machine learning methods in
empirical studies, such as random forests, lasso, post-lasso, elastic nets, ridge, deep neural networks, and
boosted trees among others. The objective of this paper is motivated by recently increasing demand for Dou-
ble/debiased Machine Learning (DML) methods in empirical research.

Chapter One studies an inference method for the local average treatment effect (LATE) in the presence
of high-dimensional covariates, irrespective of the strength of identification. We propose a novel high-
dimensional conditional test statistic with uniformly correct asymptotic size. We provide an easy-to-implement
algorithm to infer the high-dimensional LATE by inverting our test statistic and employing the double/debi-
ased machine learning method. Simulations indicate that our test is robust against both weak identification
and high dimensionality concerning size control and power performance, outperforming other conventional
tests. Applying the proposed method to railroad and population data to study the effect of railroad access on
urban population growth, we observe that our methodology yields confidence intervals that are 49% to 92%
shorter than conventional results, depending on specifications.

Chapter Two, coauthored with Harold Chiang, Kengo Kato, and Yuya Sasaki, investigates double/debiased
machine learning (DML) under multiway clus- tered sampling environments. We propose a novel multiway
cross fitting algorithm and a multiway DML estimator based on this algorithm. We also develop a multiway
cluster robust standard error formula. Simulations indicate that the proposed procedure has fa- vorable finite
sample performance. Applying the proposed method to market share data for demand analysis, we obtain
larger two-way cluster robust standard errors for the price coefficient than non-robust ones in the demand
model.

Chapter Three, coauthored with Harold Chiang, Joel Rodrigue, and Yuya Sasaki, presents novel methods
and theories for estimation and inference about parameters in statistical models using machine learning for
nuisance parameters es- timation when data are dyadic. We propose a dyadic cross fitting method to re- move
over-fitting biases under arbitrary dyadic dependence. Together with the use of Neyman orthogonal scores,
this novel cross fitting method enables root-n consistent estimation and inference robustly against dyadic de-
pendence. We demonstrate its versatility by applying it to high-dimensional network formation models and

reexam- ine the determinants of free trade agreements (FTA).



Chapter 1

Identification-robust Inference for the LATE with High-dimensional Covariates

1.1 Introduction

We propose a high-dimensional conditional test statistic with uniformly correct asymptotic size. The pro-
posed method exhibits robustness against weak identification and high dimensionality in the LATE frame-
work. Furthermore, we provide a practical guideline, including a step-by-step algorithm, for drawing in-
ferences for the LATE with high-dimensional controls. This algorithm entails (1) inverting the proposed
statistics to derive confidence intervals and (2) applying machine-learning approaches to overcome the regu-
larization bias and overfitting within the high-dimensional model. The objective is motivated by the persistent
challenges of the weak-instrument problem in empirical research and the prevalence of rich data in the con-
temporary big data era.

In models where certain explanatory variables correlate with the error term, least squares estimators yield
inconsistent coefficient estimates. To address this, instrumental variables (IV) are often employed, as they are
uncorrelated with the error term but correlated with the endogenous explanatory variables. Nonetheless, if
the correlation between the instruments and endogenous variables is weak, IV estimation becomes imprecise,
resulting in unreliable tests and confidence intervals. This presents the weak-instrument problem, a notable
concern in empirical practice.

Empirical researchers often aim to make inferences about the coefficients of endogenous variables in IV
regression. An example is the influential study by Angrist and Krueger (1991), using quarter of birth as an
IV to estimate returns from schooling. However, Bound et al. (1995) argue that Angrist and Krueger’s results
may be unreliable due to the weak correlation between one’s quarter of birth and their education attainment.
Moreover, the common practice of pretesting, with a rule-of-thumb F-statistic threshold of 10 proposed by
Staiger and Stock (1997), is challenged by Lee et al. (2022). In their paper, they introduce a novel critical
value function and reveal that achieving a true 5 percent test with critical value of 1.96 instead requires an F
exceeding 104.7. Applying this criterion to their sample of 61 American Economic Review papers published
between 2013 and 2019, they find that a quarter of the specifications initially presumed to be statistically
significant are, in fact, insignificant.

Angrist and Imbens (1995a) introduce a framework for estimating the local average treatment effect

(LATE). This estimate captures the treatment effect for a group of compliers who decide to take the treatment



if and only if assigned to the treatment group, but not if assigned to the control group. Employing the IV
method to estimate LATE has garnered considerable attention in the literature. Within the LATE framework,
weak identification emerges either when instruments correlate weakly with endogenous regressors or when
the proportion of compliers is relatively small. We are particularly interested in exploring and addressing
this weak identification issue within the LATE framework for several reasons. On the one hand, while com-
pliers might be a minority, they often represent the population of critical interest to policymakers. Take the
Vietnam-era draft lottery in Angrist (1990) as an example. Even though compliers constituted a minority,
approximately 0.10 to 016, their experiences provide valuable insights into the draft’s direct consequences
for individuals at the decision-making margin, thereby shedding light on the immediate effects of veteran
status on civilian earnings. On the other hand, natural experiments often present challenges of weak iden-
tification, especially when researchers have no control over the size of the complier group, as highlighted
by the instrument strength concerns in Angrist and Krueger (1991). Our objective is to yield reliable out-
comes in situations where interventions first impact only a small group, both theoretically and practically.
Understanding this impact is crucial for expanding or scaling such interventions.

The issue of weak instruments has been rigorously explored in the literature, leading to the development
of diverse econometric techniques to estimate and infer about a structural parameter 8 based on moment
equailities. Specifically, many models suggest that certain functions of the data and model parameters pos-
sess a mean of zero when evalueted at the true parameter value 8y. Our research primarily concentrates
on testing the hypothesis that this mean function is indeed zero at 6y, which is the true LATE value. The
existing literature proposes numerous tests for this hypothesis, as demonstrated by works such as Stock and
Wright (2000), Kleibergen (2002), and Andrews and Mikusheva (2016). While these studies present methods
tailored for inference about target parameters in the presence of weak identification, they overlook models
equipped with high-dimensional covariates. However, these models are becoming increasingly prevalent in
today’s big-data environment. On the one hand, accounting for a large number of covariates can bolster the
validity of the IV within the LATE framework. On the other hand, established identification-robust methods
encounter challenges in the presence of many covariates, particularly experiencing severe size distortions in
high-dimensional covariates scenarios.

Our proposed method addresses these challenges by accommodating any arbitrary N/p ratio, where N
is the sample size and p is the dimensionality of covariates. This feature ensures that our method maintains
correct size control regardless of the covariate dimensionality. Our technical innovation diverges from the
typical approach of proposing a consistent LATE estimator. Instead, we introduce a stochastic process and
its uniformly consistent estimator over the probability law under the null hypothesis. Building on this, we

introduce a test statistic that exhibits uniformly correct asymptotic size. Our contribution generalizes prior



research by developing an identification-robust method that employs machine-learning techniques, enabling
us to explore a broader set of controls than previously explored.

Based on our simulation results, our proposed method outperforms the conventional identification-robust
method. For comparison, we selected the conditional quasi-likelihood ratio test introduced by Andrews and
Mikusheva (2016) as the representative conventional identification-robust test. Our findings demonstrate that
within the high-dimensional LATE framework, especially when the dimensionality of covariates is com-
parable to the sample size, our method consistently maintains correct size control and demonstrates good
power performance. Conversely, the traditional approach experiences severe size distortion, both in strongly
identified cases (where the share of compliers is 0.5) and in weakly identified scenarios (where the share
of compliers is 0.1). This discrepancy arises because the conventional identification-robust approach lacks
a feature selection stage. Instead, it incorporates all covariates, leading to potential overfitting issues. In
contrast, our proposed method employs machine-learning techniques for model selection.

Similarly, our proposed method also surpasses existing machine-learning approaches. Here, we select
two machine-learning methods: one proposed by Chernozhukov et al. (2018a) and the other by Belloni et al.
(2017a). While these conventional machine-learning techniques demonstrate robustness in high-dimensional
contexts, they underperform, showing significant size distortion and power reduction in weak identification
scenarios. This shortcoming arises because they construct confidence intervals based on the normal distribu-
tion rather than employing the test inversion of an identification-robust test statistic. Overall, our proposed
method consistently exhibits robustness to both weak identification and high dimensionality in terms of size
control and power performance. We highlight that our test maintains uniform size control across a broad
range of data-generating processes, accommodating both low and high-dimensional scenarios, as well as
weakly and strongly identified cases.

In our empirical studies, we employ our proposed method to re-examine two IV estimations. The first is
by Hornung (2015) that investigates the effect of railroad access on city population growth in the 19th-century
Prussia. The second is by Ambrus et al. (2020), which explores the long-term impact of cholera-related deaths
on rental prices in a neighborhood of 19th-century London. For the first application, depending on various
specifications, the dataset includes approximately 900 observations and 200 covariates. Our analysis re-
veals that our proposed method produces narrower confidence intervals, in comparison to the conventional
identification-robust test and existing machine-learning methods used in our simulation study. The shorter
confidence intervals indicate the efficiency of our proposed method, which stems from addressing both the
weak identification issue and the inclusion of high-dimensional covariates to mitigate unobserved confound-
edness. Moreover, coefficients that are initially significant with the conventional identification-robust method

often become insignificant when our method is applied. The second study yields similar results, further



underscoring the robustness and consistency of our approach.

This paper advances the well-established literature on weak identification by providing procedures for
inference and the construction of confidence intervals for the LATE parameters in high-dimensional models.
To the best of our knowledge, this is the first paper to draw inferences about the high- dimensional LATE
model, irrespective of identification strength. We develop a high-dimensional conditional test statistic with
uniformly correct asymptotic size. Furthermore, we provide a practical guideline, complete with a step-by-
step algorithm, for drawing inferences and determining confidence intervals for the high-dimensional LATE

using machine-learning methods, specifically based on the lasso technique.

1.1.1 Relations to the Literature

This paper contributes to the literature on weak identification and high-dimensional models by providing a

test tailored for making inferences regarding the LATE in the presence of high-dimensional covariates.
Since the 1990s, weak identification in the IV context has received considerable attention in the literature. !

Staiger and Stock (1997) conceptualized the coefficients on the instruments in the first-stage equation as

residing ina N~!/2

vicinity of zero, aptly naming this the “local-to-zero” weakly correlated case. To test if the
mean function equals to zero at the true parameter value 6y, Stock and Wright (2000) pioneered the concepts
of weakly identified Generalized Mothod of Moments (GMM). They introduced the S statistic as the quadratic
form of the objective function, which is a generalized form of the Anderson-Rubin test statistic (Anderson
and Rubin (1949)) and follows a x? asymptotic distribution under the null hypothesis. Later, Kleibergen
(2005) proposes the K statistic, capitalizing on the asymptotic independence between the Jacobian estimator
of the objective function and the sample average of the moment. Despite their innovative approaches, these
tests often yield limited power in weak identification scenarios, as they primarily focus on processes local to
the point 8y and ignore a significant amount of information.

To address this issue, Moreira (2003) introduces the conditional likelihood ratio test for weakly identified
linear IV models based on the conditional distribution of nonpivotal statistics. This test, centered on structural
coefficients, boasts enhanced power compared to its predecessors, especially under weak identification. More
recently, Andrews and Mikusheva (2016) have developed conditional test statistics to test the hypothesis that
0y satisfies the moment condition. Notably, their methodology does not hinge on assumptions regarding point

identification or identification strength. Their approach has desirable power properties since the test depends

on the full path of the observed process without losing information. However, none of these papers considers

ISee works by Staiger and Stock (1997), Bound et al. (1995), Stock and Wright (2000), Kleibergen (2002), Stock and Yogo (2002),
Moreira (2003), Kleibergen (2005), Andrews et al. (2006), Moreira (2009), Andrews and Mikusheva (2016), Andrews and Guggenberger
(2019), Moreira and Moreira (2019), Mikusheva and Sun (2022) for various identification-robust inference methods developed over the
past three decades. For detailed surveys on weak identification literature, see Stock et al. (2002), Dufour (2003), Andrews and Stock
(2005), and Andrews et al. (2019).



models with high-dimensional covariates, which are commonplace in today’s big-data environment.

Over the past decade, there has been a surge in the literature on machine-learning-based econometric
methods for high-dimensional models. In such models, the dimensionality of parameters is potentially much
larger than the sample size of available data (p > N). Belloni et al. (2015a) advanced a Neyman orthogonal
score for a Z-estimation framework in the presence of high-dimensional nuisance parameters. Subsequently,
Belloni et al. (2018a) construct a confidence interval rooted in the Neyman orthogonality condition in the
high-dimensional setting. In a series of contributions, Chernozhukov et al. (2013,2016,2017) establish the
Central Limit Theorem (CLT) for high-dimensional models using the Gaussian approximation approach.
Belloni et al. (2014a) present an overview of techniques for estimating and inferring in high-dimensional
datasets. Chernozhukov et al. (2018a) introduces the double/debiased machine learning (DML) methodology
in the i.i.d setting. They combine the Neyman orthogonality condition ? and cross-fitting methods. Most
recently, Chernozhukov et al. (2022) outline a general construction for the doubly robust moment function,
ensuring robustness against nonparametric or high-dimensional first steps. However, none of these papers on
high-dimensional models consider weak identification issues.

This paper also relates to the literature on I'V estimation of LATE. Angrist and Imbens (1995a) pioneered
the introduction of the simple IV estimand for the average treatment effect for compliers. Motivated by An-
grist and Krueger (1991), Angrist and Imbens (1995b) broaden the scope of LATE to encompass ordered
treatments, such as years of schooling. A subsequent wave of research delves into incorporating covariates
into LATE estimation, including Imbens and Rubin (1997), Angrist et al. (2000), Hirano et al. (2000), Yau
and Little (2001), and Abadie (2003), employing either parametric or semiparametric estimation approaches.
Tan (2006) proposes a LATE estimator with robustness against the misspecification of either the propensity
score model or the outcome regression model. Hong and Nekipelov (2010) derive the semiparametric ef-
ficiency bounds for conditional and unconditional LATE. Frolich (2007) and Ogburn et al. (2015) provide
the fully nonparametric v/N-consistent and efficient estimator for the LATE with confounding covariates.
More recently, Belloni et al. (2017a) present an efficient estimator alongside reliable confidence bands for
the LATE with nonparametric/high-dimensional components, using the orthogonal moment condition and
machine-learning method. Chernozhukov et al. (2018b) incorporate their proposed DML method into the
LATE framework, achieving an v/N-consistent estimator for the LATE in the presence of high-dimensional
covariates. Angrist (2022) underscores the importance of the LATE framework for causal inferences through
empirical demonstrations.

In this paper, our focus is on the LATE as our target parameter. To the best of our knowledge, this paper is

2We refer readers to Pfanzagl and Wefelmeyer (1985), Bickel et al. (1993), Newey (1994), and Tsiatis (2006) for the development of
the Neyman orthogonal score.



the first to propose a method specifically for the LATE in the context of high-dimensional covariates, without

imposing assumptions regarding identification strength.

1.1.2 OQutline

The rest of the paper is structured as follows. In Section 1.2, a practice guideline of the proposed method and
algorithm is given. In Section 1.3, we present the theoretical results. In Section 1.4, we showcase our Monte
Carlo simulation results. In Section 1.5, two empirical illustrations are given. We conclude in Section 1.6.

The appendix includes all proofs of the theorems and lemmas.

1.2 Overview

In this section, we provide a brief overview of our proposed method without theories. This overview serves
as a concise guideline in practice. In Section 1.3, we will formally introduce the theoretical rationale for our

method.

1.2.1 Notation

Consider the standard IV setup wherein the researcher has access to a dataset of N i.i.d. observations, rep-
resented as {W; = (Y;,D;,Z;,X!) f’: - The outcome of interest for unit i is denoted by ¥;. Let D; € {0,1} be
a binary indicator of the receipt of treatment for unit i. X; is a vector of p-dimensional controls. Notably,
the dimensionality p can be substantially greater than the available sample size, N. The instrument variable
Z; is also binary and can be interpreted, for example, as the offer of treatment. This instrument is randomly
assigned conditional on the covariates. To simplify our discussion in this section, we adopt a binary repre-
sentation for scalar D and scalar Z. However, it is crucial to highlight that our framework can be extended
to encompass broader contexts, including scenarios with ordered treatments like years of schooling, or when
dealing with vectors for both D and Z as encountered in general IV estimation.

Let { %y} denote a sequence of probability laws associated with {W;};. As the sample size N grows,
our analysis allows for an increasing dimensionality of W;. Here, P = Py € Py is defined with respect to a
specific sample size N, and Ep stands for the expected value under the law P. For any set B, its complement
setis given by B¢ = {1,--- ,N}\ B, and | B| represents the size or cardinality of B. We introduce the subsample

expectation operator defined as Ep[-] := ﬁ Yical]-



1.2.2 Anderson-Rubin-Type Neyman Orthogonal Score

We model the random vector W = (Y, D,Z,X") as:

D=my(Z,X)+v, Ep[v|Z,X]=0, (Firststage) (1.1)
Y =g0(Z,X)+u, EpulZ,X]=0, (Reduced form) (1.2)
Z=po(X)+e, Eple|X] =0, (Propensity score) (1.3)

where my is a function that maps the support of (Z,X) to (g,1 —€), go is a function that maps the support of
(Z,X) to R, py is a function that maps the support of X to (€,1—¢€) for some € € (0,1/2), and v, u, e are error
terms. We do not impose any parametric assumptions® on the form of the m, go, and po functions here.

The LATE proposed by Tan (2006)* is given by

Eplgo(1,X) — 0(0,X)] +Ep [Z(Yfgo(l»x))} —Ep {(1*2)(}’*80(0?())}

LATE — po(X) 1—po(X) 7 (1.4)
Eplmo(1,X) = mo(0,X)] + Ep [ A2l | — g [ U0 mg(00) ]

where the numerator is the intent-to-treat (ITT) effect, while the denominator denotes the compliance proba-
bility, capturing the share of compliers in the study. The standard normal distribution of the LATE estimator
can be derived using the delta method, which linearizes the LATE estimator with respect to the estimators
of the numerator and denominator in equation (1.4). In line with the weak IV literature, we model weak
identification by allowing the denominator to approach zero, indicative of a scenario with a small share of
the compliers. Notably, in Section 1.3, we also accommodate scenarios where the denominator is exactly
zero, corresponding to a completely unidentified case. In such instances, the standard normal approximation
fails in the weak identification setting because the LATE estimator is highly nonlinear with respect to the
denominator estimator as it approaches to zero. To establish valid hypothesis tests and confidence sets for

LATE without considering identification strength, we consider the function y defined by

yW:0.m) = g(1.X) — g(0.%) + 2 ;(%;X)) e _Zl)(tégo’x)) (1.5)
_6x <m<1,x> —m(0.X) + Z(Dpf’;()l’x” a Zf(?m;")(o’x))> |

where W = (Y,D,Z,X’)’, 6 € O is the our target parameter LATE, with ® being a compact set on %, and

3Blandhol et al. (2022) demonstrate that 2SLS specifications can only have a LATE interpretation when controlling for “rich” covari-
ates in a nonparametric manner.

“This LATE estimand, termed doubly robust LATE in Tan (2006), is robust against the misspecification of either propensity score or
the outcome regression model. The Neyman orthogonal score ¥ in (1.5) coincides with the double robust score in the context of LATE.
However, in this paper, we only focus on Neyman orthogonal property, excluding double robustness exploration.



n = (g,m,p) € .77 are the nuisance parameters. As we delve deeper in Section 1.3.1, we will demonstrate
that the function y adheres to the Neyman Orthogonality condition. It is pivotal to note that the score
y satisfies the moment condition Ep[y(W; 60,10)] = 0, where 6y and 7 are the true values of 6 and 7,
respectively. With these properties, we can describe the function ¥ as an Anderson-Rubin-type (AR-type)

Neyman orthogonal score function for the model (1.1)-(1.3).

1.2.3 Inference Procedure

We next introduce how to make inferences about the target parameter 6, in practice. Our interest lies in
testing that @y belongs to the identified set ¢ ®;, with ®; C @. This is equivalent to testing Hy : Sy(8) =0
for all @ € @; with Sy(-) = Ep[N~'/2YN | w(W;;-,m0)]. A notable advantage of the null hypothesis is that it
absolves us from making any assumption on identification of the parameter 6. A comprehensive discussion
regarding Sy (-) will be presented in Section 1.3.

Initially, we estimate the first-stage nuisance parameters 7], using some machine-learning methods. With
a fixed positive integer K > 1, we randomly partition {1,--- ,N} into K parts, denoted as {;}X_,. Foreachk €
{1,---,K}, the nuisance parameter estimate f); is computed using the subsample of those observations with
index i € I;. Subsequently, we employ the cross-fitting/ data-splitting method, as suggested by Chernozhukov

et al. (2018a), to compute the covariance estimator of the process v/ Ny(W;; -, 1Mg), which is expressed as

K 1 K
Y Y wWa b, i)y (Wb, ——5 Y, Y. Y, w(Ws b, i) y(Wis6,0),  (1.6)

A 1
9(91792) = N N2
k=1i€l k=1k'=licl,i'€ly

for 61,60, € ©. Observe that Q(Gl ,0,) is computed using the sample of observations with index i € I; and
this computation is repeated K times. Following this procedure, we take random draws from the normal
distribution, represented as &g, ~ N (0,$2(69,6p)) under the null hypothesis. Given & = hy(8), we then

compute a conditional test statistic R(&, h, Q) under the null, where

R(§907h7fz) = 5920(\2(90760)7] _igf{(‘é‘(97GO)Q(90790)7I§90 +h)2Q(67 9)71 }7 and 1.7

() = Gn(8) —Q(6,60)(60,60) ' dn(60), (1.8)

with gy (0) = ﬁ Y&, Yicr, W(Wi;6,1). After that, the conditional critical value ca(h,€, 6y) with the level

3.7 is assumed to be a convex set because we want to ensure that y(W; 89, Mo + (1 — o)) is well defined. Given that 7 is convex,
No+r(n—mo)=1—-r)no+m e J forallre(0,1)andn € J.

SIdentification hinges on whether the moment condition Ep[w(W;6y,m0)] = 0 are satisfied uniquely. 8 is considered strongly iden-
tified at 0 if @ = 6y is a unique solution to Ep[y(W;0,71)] = 0 for 6 € ©. Conversely, 6 is deemed completely unidentified at 6y when
Ep[y(W;6,m)] =0holds true all 6 € @. For the intermediate scenario, wherein 6 is weakly identified, it implies that Ep[y(W;60,1)] =0
when 6 belongs to the identified set ©;.



of significance «, is defined as
ca(h,Q,60) =min{c: P(R(Eg,,hn(0),Q) > clhy = h) < a}. (1.9)

Note that, for any given realization of Ay (-), the critical value c(-,Q, 6) can be readily computed.

We specifically examine a logit model class wherein a binary outcome D;, denoting an individual i’s
receipt of treatment, is determined by the treatment offer, Z;, and a set of p-dimensional covariates, X;.
Moreover, we employ the logit model to estimate the propensity score and conduct linear regression analysis

to estimate the outcome regression. The models can be expressed as:

Ep[DilZi, X;] = AZiB}) + X/ BD),
Ep(Zi|X)] = A(X[Y),

Ep(Yi|Zi, X)) = ZiB3) + X B35,

where A denotes the logistic CDF defined by A(¢) = exp(7)/(1 +exp(t)) for all + € R, and the true nui-
sance parameters vector 1o = (B, B, BY, B%.1°). The log-likelihood functions for the logit model are

Li(Bi1,B12) = En[Li (Wi; Bi1, Br2)] and Lo (y) = En[L2(W;; y)], where Ly (Wi; Bi1, Bi2) = Di(ZiB11 + X! Bi2) —
log(1+exp(Zifi1 +X/Bi2)) and Ly(W;;y) = Z:X!y —log(1 + exp(X/y)). The AR-type Neyman orthogonal

score is then specified as

w(Wi0,m) = Bor + Z;(Y; _Aﬁ(z;l(;)Xiﬁzz) _ (1 —IZQ(AK(;;;[;E) (1.10)

=65 | A(Bi1 +X;Br2) — AX[ o) + 20 7/[\\(5(1'/];)(”312)) - 7Zi1)(f)j\z)2§,))(ilﬁl2))

It is imperative to note that within the score function, the logit model can be easily replaced by other models,
such as the probit model or linear regression. For a comprehensive understanding, we outline a specific infer-
ence procedure in the subsequent algorithm. Although our algorithm primarily employs lasso for illustration,
other machine-learning methods can be used as a substitute for lasso. Let us assume that we have some
generic penalty tuning parameter A;, A, and A3. Formal and theoretical justified choices of these items are

elaborated in Lemmas 1.2 and 1.3 in Appendix 1.7.1.

Remark 1.1. Andrews and Mikusheva (2016) develop a conditional inference approach for moment condi-
tion models that does not rely on any assumptions about identification. Their proposed conditional quasi-
likelihood ratio (QLR) tests, aligned with the statistics in equation (1.7), maintain uniformly correct size

across a wide range of models. However, their test statistic might not be suitable for certain high-dimensional
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Algorithm: K-fold DML for high-dimensional LATE with Lasso
Step 1. Randomly split the sample with size N into K folds {}X_,.
Step 2. For each k € {1,--- K}, obtain the nuisance parameter estimates by lasso:

(a) obtain a lasso logistic estimates (Bluﬁ ﬁlz,k) of the nuisance parameters in the first-stage regression by
using only the subsample of observations with indices i € {1,--- ,N} \ I,

. _ 2
(Bi1.x- Bra) € arg min Ege[Ly (Wi Bir, Br2)] + | (Brr. Bra) -
Bi1:B12 |Ik|

(b) obtain a lasso logistic estimate §, of the nuisance parameters in the propensity score model by using only
the subsample of observations with indices i € {1,--- \N} \ I,

2

B € argminEy [Lo(Wi; v)] + ] 1711
k

(c) obtain a lasso OLS estimates ( 32171(, Bzz,k) of the nuisance parameters in the reduced form regression by

using only the subsample of observations with indices i € {1,--- ,N} \ I,
A A . ! 2 A3

(Ba1k, B22k) € arg min Ere[(Yi = ZiPa1 — X; B2)7] + Wll(lﬁ B22)l1-
21522 k

Step 3. Compute Q(6y, 8y) where Q is defined in equation (1.6) with f); = (Bn,k,ﬁAch,ﬁAzl,kﬁzz,k’771<) and
w(W;0,n) is defined in equation (1.10).

Step 4. We take independent draws &5 ~ N (0,$2(69,6p)) and calculate R(é;o,hN,Q) by the definition in
equation (1.7), which represents a random draw from the conditional distribution of R given Ay under the
null.

Step 5. Given the critical value defined in equation (1.9), we reject the null hypothesis Hp : Sy(6p) = O if
R(ﬁgo,hN(G),fl) exceeds the (1 — o) quantiles ¢ (fy, L, 6p). We then report the (1 — o) confidence interval

Clg as Clg = {6 : R(&; . (6),Q) < calhy,Q,60)}.

11



research designs, such as the LATE model with rich covariates. To fill the gap, we employ machine-learning
techniques to manage the high-dimensional covariates in potential models, and specify the score in Andrews
and Mikusheva (2016) as our AR-type Neyman orthogonal score. To the best of our knowledge, our approach
is the first to offer inference for the LATE model with high-dimensional covariates, without imposing any
assumptions about the strength of identification. Furthermore, our method can be seamlessly extended to

enable inferences for other high-dimensional models, without relying on any point identification assumption.

1.3 Theory

1.3.1 Definition of the High-dimensional QLR Test

In this section, we delineate our proposed high-dimensional QLR test. We start by formulating the AR-type

score Y(W; 0,1) that satisfies the moment restriction,

Ep[y(W;60,m0)] =0, (1.11)

where 6y and 1 denote the true values of the target parameter 6 and the nuisance parameter 1), respectively.
Notably, the nuisance parameter 1] may be finite-, high-, or infinite-dimensional.

Let us define the Gateaux derivative as D,[n — no] := d-{Ep[w(W; 60,10 + r(n — No))]} for r € [0,1).
The score Y meets the Neyman orthogonality condition if its pathwise derivative D,[n — 1] exists for all
r€[0,1) and n € Iy, where Jy is a nuisance realization set with Jy C 7, and the Gateaux derivative with

respect to 1 vanishes when evaluated at the true parameter values:

ImEpy(W;6p,10)[1n —1M0] =0, (1.12)

for all 1 € Jy. The Neyman orthogonality condition in (1.12) ensures that the moment condition Ep[y(W; 6y, 10)] =
0 remains insensitive to local perturbations of 1 in a neighborhood of 1. It is worth noting that the AR-type
LATE score, as given in equation (1.5), satisfies both the moment condition (1.11) and the Neyman orthogo-

nality condition (1.12). Neyman orthogonality condition has a long history in statistics and econometrics.’
Consider the term gy(8) defined as gy(6) = N~'/2YY | w(W;;0,1m9) and let Sy(-) denote its expected

value, given as Sy(-) = Ep[gn(-)]- Regardless of the identification status of the parameter 6, our initial

hypothesis 8 € ©; can be recast in terms of testing Sy (6) = 0 for any 6 € @;. In this context, Sy(-) serves

"Newey (1990,1994), Andrews (1994), Robins and Rotnitzky (1995), Linton (1996) study the applications of the Neyman-orthogonal
condition in semiparametric models.
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as a nuisance function®. Define .#y as the collection of potential functions Sy(-) emerging from our model,
and .7 as its subset comprising functions Sy (+) that fulfill Sy (6) = 0. Therefore, Sy(6) = 0 for any 6 € ©;

implies our new null hypothesis H) : Sy € .%p, which we refer to from now on as our null hypothesis.

Remark 1.2. We can view the mean function Sy(-) as an unknown parameter, potentially of infinite dimen-
sion. The true target parameter 0y is associated with a zero of this unknown function Sy. Consequently, any
hypothesis about 0y can be viewed as a composite hypothesis paired with an infinite-dimensional nuisance
Sfunction —specifically, the value of the mean function for all value 68 # 6y. We can sidestep imposing re-
strictive identification assumptions by considering the mean function as a parameter. In the context of this
infinite-dimensional parameter, we derive inference based on the observation of an infinite-dimensional ob-
Jject, namely the stochastic process Gy, which is defined in the following equation (1.13) and arises from the

sample moment function evaluated at different 0 values.

With these notations, we now define an empirical process Gy(+) as

N
Gn() =an(-) =Sn() = % ; {w(Wi:-,m0) —Ep[w(W;-,m0)]}- (1.13)

In Section 1.3.2, we demonstrate that under mild conditions, the process Gy(-) weakly converges to G(-)
as N — oo over the family % of distributions consistent with the null Sy € .. Here, G(-) is a mean-zero
Gaussian process with a covariance function defined by Q(6;,6,) = Ep[G(6,)G(6,)]. We now consider the

process

hy(6) = qn(6) — (8, 80)2(60, 60) g (o), (1.14)
where Q(-,-) is a consistent estimator of Q(-,-). By rearranging equation (1.14), we have

an(0) = hy(60) + (6, 60)2(60,60) ' qn (60). (1.15)

Observe that the process gy(-) can be decomposed into two random components: the process Ay(-) and
gn(6). Given that the distribution of gy(6p) adheres to N(0,Q(6p, 6y)) and is independent of the nuisance
function Sy, the conditional distribution of any function of gn(-), given Ay(-) under the null hypothesis,
remains independent of Sy. To test the null hypothesis Sy € .#), one can use any conditional statistic R =

R(gn(0),Q) given hy(0). Importantly, the conditional distribution of the statistic R(gn(-),Q) given hy(-)

8To clarify, in our paper, “nuisance parameter” and “nuisance function” are two distinct terms. The “nuisance parameter” refers
to n = (g,m, p) in our paper, while the “nuisance function” corresponds to the unknown function Sy(-) for 6 # 6y, which may be
infinite-dimensional .
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does not depend on Sy (-). As such, this approach is suitable for both strongly and weakly identified scenarios
since it does not require any assumption about identification strength. The test statistic R resembles the
conditional QLR test statistic introduced by Andrews and Mikusheva (2016). However, their work does not
encompass the nuisance parameter estimation process or models enriched with high-dimensional covariates.
Instead, their framework directly require a consistent nuisance parameter estimator f). In our paper, we
specify the score in Andrews and Mikusheva (2016) as the AR-type Neyman orthogonal score in equation
(1.10).

In light of the non-applicability of the conditional QLR test in the high-dimensional model, we now
propose a novel test, termed high-dimensional QLR test, employing the DML method. After estimating the
nuisance parameters f); using lasso with observations indexed by i € {1,--- N} \ I, we compute certain
transformations of the score using observations indexed by i € I;. In the rest of this section, we detail several

estimators and the confidence interval tailored for high-dimensional LATE.

Remark 1.3. The sample splitting step, while seemingly reducing precision by only involving portions of
the data in the estimation step, is essential to our approach. It ensures independence between the nuisance-
parameter-estimation step and the rest of the steps. As depicted in Figure 2 of Chernozhukov et al. (2018a),
the absence of sample splitting can result in the estimator suffering from significant bias. This bias primarily
originates from overfitting (with only a minor portion of the bias arising from regularization bias), where
models inadvertently capture noise instead of true patterns. The problem becomes more pronounced when
the sample data is used for both model selection and estimation. Cross-fitting serves as an effective coun-
termeasure to this overfitting issue. Chernozhukov et al. (2018a) term the blend of cross-fitting with Neyman

orthogonal scores as DML.

We propose an estimator for Gy (6) as

Gn(6) { Z Y w(Wi6,7) — [w(m;e,ﬁk>]}. (1.16)

=li€l}

Note that @N(G) is computed using the subsample of those observations indexed by i € I;. This computation
is repeated K times. An estimator of gy(8) is defined as gy(8) = N~ 1/2¥K | Yicr, W(Wi;6,1)). We propose
a uniformly consistent estimator of (0, 6,) for all P € & as

X 1

K K
Q(6,,6;) = Z Y w(Wis 01, 70) w(Wis 62, 1) — N2 Y Y Y wWi6,fe) w(Wis 6, 7). (1.17)

k=licl k=1k'=licl,i'€ly
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Subsequently, we propose a test statistic R(Eg,,n(0), Q)°, where
A A . A A _ 2 _
R(&gy,hn(0),2) = &5 ©(60, 60) '—lgf{(g(e,eo)g(eg,eo) 1&g, +hn(0))°Q(6,0) ‘}, (1.18)

with &g, ~ N(0,Q(60, 60)).

Remark 1.4. The conventional quasi-likelihood ratio statistic, represented as QLR = qn(6o)'$(6o,60) "

-gn(60) —infy {qN(G)’fZ(G, 60)~'qn(0)}, has a limitation: it relies on the unknown nuisance function Sy(-)
in complex ways, with exceptions in special situations like strong identification assumptions. However,
through conditional testing, it is evident that hy(0) is a sufficient statistic for the unknown function Sy(+)
under the null Sy € . This is because qy can be separated into two independent random components—
the process hy(-) and the random variable qn(6y) under the null, which is not influenced by the nuisance

parameter Sy(+).

Then we define the conditional critical value cq (%, €, 8p) with a significance level o as cq (7,9, 60) =
min{c : P(R(&p,,hn(8),Q) > c|hy = h) < o}. Subsequently, the (1 — o) confidence interval can be con-

structed as Cl = {0 : R(Eqy,hn(0),Q) < ca(h,Q,600)}.

1.3.2 General Asymptotic Behavior of the High-dimensional QLR Test

In this subsection, we provide the general theoretical foundation. While our main theory draws inspiration
from Chernozhukov et al. (2018a), we present a broader and more generalized theoretical result. They em-
ploy DML to achieve a /N-consistent estimator for 6. In contrast to the convergence in distribution result of
the target paraemter estimator 6 presented in Chernozhukov et al. (2018a), we demonstrate the weak conver-
gence result of our proposed empirical process under the null. We show that our test has uniformly correct
asymptotic size.

To streamline our discussion, we first standardize some notations. For any finite-dimensional vector §, we
define the [;-norm by ||8]|1, ,-norm by ||8|, lw-norm by ||8]|«, and lp-seminorm by ||8||o, which represents
the number of non-zero components of 6. We define the sample expectation operator as Ey|[-] = ﬁzﬁil [].
The prediction norm of § is given by ||x};8|2x = | /En[(x};6)2]. For any matrix A, [|A[| denotes the £>-norm
of the matrix. Let ¢g > 0,c; > 0,9 > 4 be some finite constants with co < ¢;. Let K > 2 be a fixed integer.

The sequence {8y }n>1 consists of positive constants approaching 0, with the condition that &y > N~ /2. The

9 As mentioned in Moreira (2003), this statistic simplifies to the pivotal Anderson-Rubin statistic when the dimensionality of the
instrument is 1, consistent with our current assumption. Nevertheless, we find it pertinent to introduce this conditional test statistic here.
This is in light of our aspiration to delve into general TSLS estimation in upcoming research, particularly overidentified case, which are
commonly observed in empirical studies.
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sequences {ay}n>1, {vN}n>1, and {Ky}ny>1 are defined as sets of positive constants, possibly growing to
infinity, with vy > 1 for all N > 1. We use a < b to denote a < ¢b for some ¢ > 0 that does not depend on N.

We focus on the cases with linear Neyman orthogonal score y of the form

w(w;0,1m) = v (w;n)0 + y(w;n), for all w € supp(W). (1.19)

Recall that 6 € O, a compact set in R, and 1 € .7 for a convex set 7. Recall that the probability law
P = Py € Py is associated with W; with a specific sample size N. The null hypothesis corresponds to the
probability family & of distribution. We formulate our assumptions based on bounded Lipschitz conver-
gence. For an understanding of the equivalence between bounded Lipschitz convergence and weak conver-
gence of stochastic processes, see Section 1.12 of van der Vaart and Wellner (1996). With these notations,

we now present the following two assumptions.
Assumption 1.1. For N > 3 and P € Py, the following conditions hold.

(i) The true parameter 6y satisfies equation (1.11).

(ii) The map N — Ep[y(W;0,n)] is twice continuously Gateaux-differentiable on the realization set Jy.
(iii) y satisfies the Neyman orthogonality condition represented in (1.12).

(iv) The score  is linear as characterized by (1.19).

(v) © is a compact set.

(vi) w(W;0,m) is continuous with respect to 6.
(vii) {W,}f\’: | is independent and identically distributed (i.i.d).
Assumption 1.2. For N > 3 and P € &, the following conditions hold.

(i) Given a random subset I of {1,--- N} with size n = N/K, the nuisance parameter estimator 1] =
7 (W)icie) belongs to the realization set Jy with probability at least Ay, where y contains Mg and

satisfies the following conditions.

(ii) The following conditions on the rates my,mly,ry hold over P € :

(a) my:= sup (Bp[ly(W;0,m)|])"/* <ci,
neIn

(b) mpy:= sup (Ep[ly*(W;n)|*)"4 <y,
nedy

() ry:= Sup (Ep[(w(W:0,m) — w(W:0,1m0))%])"/? < 8y.
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(iii) Ep[w(W;0,1m0)?] > co.

Remark 1.5. Assumptions 1.1, 1.2 are related to Assumptions 3.1, 3.2 in Chernozhukov et al. (2018a). It is
crucial to highlight that Assumption 3.1 (e) in Chernozhukov et al. (2018a) serves as the identification condi-
tion in their paper, ensuring that the denominator in the LATE is bounded from below by a positive constant.
Contrarily, in our paper, we intentionally remove this assumption to accommodate the weak identification
issue, allowing for the possibility of a zero denominator. This corresponds to a completely unidentified sce-
nario. To derive the uniform convergence of the Gaussian process Gy, we impose restrictions over P € 2,

in Assumption 1.2 (ii)-(iii).

Assumption 1.1 stipulates that the score satisfies the moment condition, Neyman orthogonality condition,
and a mild smoothness condition. Assumption 1.1 (v)(vi) guarantees the compactness of the identified set
®;. Assumption 1.2 introduces some mild regularity conditions. Assumption 1.2(i) and (ii) assert that the
estimator of the nuisance parameter 7] belongs to a shrinking neighbourhood of the true nuisance parameter
Mo and contracts around 1 at a rate of r}v over P € #y. Assumption 1.2 (iii) ensures a non-degenerate limit
distribution. While these conditions are high-level, we will provide more specific low-level conditions in the

context of LATE in section 1.3.3.

Theorem 1.1. Suppose Assumptions 1.1 and 1.2 hold. We have
Gy (8) =Gy () +0p(N"'2), (1.20)

where recall that

N

Gu(60) = jﬁzl ((W::0,110) — Eply(W:0,m0)]}, and
K

Gr(6) = jﬁkzl):[ W(Wis 6, 7) — vNEp [w(Wi: 0,7)] .

The process (GN() weakly converges to a centered Gaussian process G(-) for all P € P with covariance

Junction Q(61,62) = Ep[(y(W;01,1m0) —Ep[y(W;01,m0)]) (W(W;62,m0) —Ep[w(W;62,m0)])] as N goes to

infinity. Moreover, there is a uniformly consistent variance estimator Q(-, -) for all P € &y in the form of

1
N

R R 1 & R R
Y v(Webu A)y(We b2, i) — 5 3 Y, ) w(Wa O, ) w(Wi: 62, A1),

1i€l k=1k=1icl,i'cly

Q(61,6,) =

M=

k

~
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and for any € > 0,

lim sup P{ sup |61, 6,) — Q(61,6)| > s} ~0.
N—reo Pef‘]"o 91 .92

Proof. See Appendix 1.7.3. O

Remark 1.6. Theorem 1.1 serves as an extension of Chernozhukov et al. (2018a). In their work, they in-
troduce the pointwise convergence of the target parameter estimator 8, and discuss the variance estimator
associated with the DML estimator 0. Our contribution broadens their results. Specifically, we demonstrate
that our proposed empirical process exhibits uniform convergence towards a Gaussian process across a broad
class of models. Notably, these models do not impose restriction on the identification strength, encompassing
a wide range of identification scenarios. Moreover, our variance estimator Q(91 ,02) stands for a uniformly
consistent estimator for (01, 6) under the null. Crucially, the weak convergence result enables us to handle

the weak identification challenges effectively.

1.3.3 Lower-level Sufficient Conditions in the LATE framework

In this subsection, we provide lower-level sufficient conditions that guarantee the validity of Theorem 1.1
when applied to the LATE framework. Let us define Jy ;) as the parameter space of the i-th parameter in
N = (N1,M2,M3) with i € {1,2,3}. The sequence {sy}y>1 be a set of positive integers greater than 1. Let
g,¢,C) be some finite and positive constants with ¢ > 4. Let ay = pV N. The sequence {My }y>1 be a set of
positive constants such that My > (Ep[(Z; V|| Xi]|«)?9])/?9. Let {Ay}n>1 be a sequence of positive constants
that converges to zero. Forany T C [p+1], 8 = (81,-+,8,41) € RP*! with 87 ; = §;if j € T and 67, =0

if j ¢ T. Define the minimum and maximum sparse eigenvalue by

o 1(Zi,X) 82 1(Zi,.X{)8 2.
= mt —=, (m) = sup RSty a1 0d
8llo<m 16711 e 8]0 <m |07 (|1

Ommin (1)
Assumption 1.3. (Regularity conditions for LATE) For P € Py, the following conditions hold.
(i) Equations (1.1)-(1.3) are satisfied with a binary D and Z'°.
(i) [[Y|lpg < ci.

(iii) For some € >0, € < P(Z=1|X) < | — € almost surely.

(iv) ||lullp2 > co.

10While we assume a binary D and Z in the current LATE framework, our theoretical results can be extended to allow for D to be an
ordered treatment, with both Z and X being vectors.
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(v) |Ep[u?|X]]|pe < c1.
(vi) ® is compact.
(vii) Ep[D|Z = 1,X] > Ep[D|Z = 0,X].

Remark 1.7. Chernozhukov et al. (2018a) also adapt their results for the LATE framework and provide
regularity conditions for LATE estimation. However, their Assumption 5.2 (d) imposes that the denominator
must be bounded from below by a positive number. This condition prevents their method from handling
weakly identified or unidentified situations. In contrast, our approach does not necessitate a strictly positive
denominator for LATE. Furthermore, our Assumption 1.3 (vii) relaxes the “local-to-zero” assumption. We
allow for Ep[D|Z = 1,X] —Ep[D|Z = 0,X] to converge to, or even equal zero, thereby encompassing weakly

identified or unidentified cases.

Assumption 1.3 establishes specific low-level conditions tailored for the LATE framework. Assumption
1.3 (i) asserts that both the treatment and the instrument are binary. Equations (1.1) and (1.2) play a pivotal
role in establishing the Instrument Independence condition. This ensures that, given the covariates X, the
joint distribution of the outcome Y and the endogenous variable D remains independent of Z. This implies
that the instrument Z is “as good as randomly assigned” once conditioned on X. Equation (1.3) enforces the
Exclusion Restriction condition, which stipulates that any variations in the instrument Z solely influence po-
tential outcomes through its impact on D. Assumption 1.3 (ii) requires the /,-norm of the outcome variable is
bounded. Assumption 1.3 (iii) is a standard overlap condition, indicating that for every value of the covariates
X, there is a non-zero probability that a unit will either be treated or remain untreated. Assumption 1.3 (iv)
and (v) impose constrains on the error term u of the reduce form as in equation (1.2). Specifically, Assump-
tion 1.3 (iv) sets a lower bound on the /;-norm of u, while (v) restricts the upper bound of the uniform norm
of u. Notably, (vii) ensures the adaptability of our proposed method even in weakly or unidentified scenarios.

Next, we impose the following conditions to guarantee the convergence rate of the nuisance parameter

estimators. Recall that the true nuisance parameter vector is denoted as 19 = (8%, 8%, B9, B, 1°).

Assumption 1.4. (Sparse eigenvalue conditions) The sparse eigenvalue conditions hold with probability

1 —o(1), namely, for some Iy — oo slow enough, we have

1 S/ ¢min(lNSN) < ¢max(lNSN) S, 1.

Assumption 1.5. (Sparsity) Hﬁ102||0 + ||5202||0 + ||70||0 < SN.

Assumption 1.6. (Parameters) |||+ ||BS] + [|¥°] < C.
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Assumption 1.7. (Covariates) For q > 4, the following conditions hold:
(i) infje =1 Ep[((Zi,X)E)?] > c.

(ii) supye =1 Ep[((Z:.X])€)*] < C1.

(iii) N~/ 4MZsylog? ay < Ay.

Assumption 1.4 is the sparse eigenvalue condition, analogous to Assumption RE in Bickel et al. (2009).
Assumption 3.5 stipulates the number of non-zero components in the high-dimensional nuisance parameter
vector by sy, which in introduced in Assumption 1.7 (iii). Assumption 3.6 requires the /;-norms of the true
nuisance parameter vector B122, ﬁ202, and 7” are bounded, which is a standard condition. Assumption 1.7 (i)
mandates a minimum bound for the second moment of the covariates. Assumption 1.7 (ii) imposes the second
moment of the covariates to be bounded in a uniform manner. Assumption 1.7 (iii) sets one constraint on the
rate that the sparsity index sy, the bound of 2g-th moment My of the covariates , and the dimensionality ay.

These conditions are sufficient for the high-level conditions invoked in Theorem 1.1, as formally stated

in the following lemma.

Lemma 1.1. Suppose Assumptions 1.3-1.7 hold. Then Assumptions 1.1 and 1.2 hold for the Neyman orthog-

onal score function w(W;0,1) in equation (1.5) in the LATE framework.
Proof. See Appendix 1.7.4. O

Given Lemma 1.1 and Theorem 1.1, we derive Theorem 1.2, which concerns the weak convergence of

the Gaussian process Gy (-) in the context of high dimensionality.

Theorem 1.2. Suppose Assumption 1.3-1.7 hold. With w(W;0,n) defined as equation (1.5), the process

GN() weakly converges to a centered Gaussian process G(-) uniformly for all P € Py with covariance

Sunction Q(0;,6,) = Ep[(y(W;601,1n0) —Ep[w(W;01,10)])(Ww(W;6,,10) —Ep[w(W;6,,1)]] as N goes to
infinity. The covariance function estimator Q(91762) defined in (1.6) concentrates around the covariance

Sunction (01, 60,) uniformly for all P € 2, in that for any € > 0,

lim sup P( sup [|Q(61,6,) —Q(61,6)[ >¢€) =0.
N%MPEQO 01,6,

Proof. See Appendix 1.7.4. [

Remark 1.8. In Theorem 1.2, we demonstrate that our variance estimator is a uniformly consistent estimator

of Q(01,0,) across all probability law P € &y . Next, we aim to show that our proposed high-dimensional
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QLR test exhibits uniformly correct asymptotic size in the context of LATE, as formally stated in the following

theorem.

Theorem 1.3. Suppose that Assumptions 1.3-1.7 hold. The test that rejects the null hypothesis Hy : Sy € .
when R(é@o,hN,fl) defined in equation (1.18) exceeds the (1 — o) quantile cq(hy,Q,60) of its conditional

distribution given hy(-) has uniformly correct asymprotic size. Under the null, we have

lim sup P(R(égo,hzv,fl) > ca(hy,Q,60)) = .
N_>°°P€‘@()

Proof. See Appendix 1.7.5. O

1.4 Simulation Studies

1.4.1 Simulation Setup

Consider the threshold crossing model representation as proposed by Vytlacil (2002). We generate data with

a sample size N = 500. The high-dimensional covariates X are constructed as follows:

U0 Ul .. pdm)-2  ydim(X)-1
Ul U0 .. pdim(X)-3  ydim(x)-2
X~ |0, ,
pdim(X)-2  pdim(x)-3 U0 Ul
pdim(X)-1  pdim(x)-2 Ul U0

with U = 0.5, and dim(X) = 5,200,400, and 600, respectively. Let 6; ~ .4#'(0,1) where §; represents the
latent tendency to receive treatment. We define Z; to be equal to 1 for a non-negative §; and 0 otherwise. The

potential treatment indicators D;(Z;) are then given by

D,(O) = ]l{d)(é,) < PAT}: D,(l) = ]1{@(6,) <1 —PNT},

where @(+) denotes the CDF of a standard normal distribution, 1{-} represents the indicator function, and Pyt
and Pyt represent the share of always-takers and never-takers in the population, respectively. The realized
treatment D; is then defined by D; = D;(0)(1 — Z;) + D;(1)Z;. The outcome variable is generated by ¥; =
D, + X; + €&, where ¢g; draws from a standard normal distribution. In this setup, the local average treatment

effect is equal to 1 for all individuals, yielding 6y = 1.
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We consider three different strengths of identification. Firstly, we set (Pyr,Pyvr) = (0.25,0.25) for the
strongly identified scenario, with the share of compliers being 0.5. Secondly, we set (Psr, Py7) = (0.45,0.45)
for the weakly identified scenario with the share of compliers being 0.1. Lastly, we set (Par, Pyr) = (0.49,0.49)
for the completely unidentified scenario with the share of compliers being 0.02. For cross-fitting, we set the

number of folds to K = 3.

1.4.2 Results

We provide results from four distinct approaches in our study. The first is the conditional QLR test (AM16)
proposed by Andrews and Mikusheva (2016), which is robust against weak identification but struggles with
high dimensionality. The second and third are two conventional machine-learning (ML) methods; specif-
ically, the second one, labelled as CCDDHNRI1S, is the DML algorithm proposed by Chernozhukov et al.
(2018a). This method employs the same Neyman orthogonal score y(W;0,7) and the cross-fitting tech-
nique as our proposed inference procedure, but with a distinct variance estimator and inference methodology.
Instead of using the inversion test based on conditional test statistics to construct confidence intervals, CCD-
DHNRI18 adopts the traditional t-test, making it not robust against weak identifications. The third method,
denoted as BCFH17, is derived from Belloni et al. (2017a). It removes the cross-fitting procedure from
CCDDHNRI18, while keeping the other steps the same. The fourth and final approach is our proposed high-
dimensional QLR method (HD-QLR), which ensures robustness against both weak identification and high
dimensionality. For the sake of simplicity in notation, we reference these four approaches as AM16, CCD-
DHNRI18, BCFH17, and HD-QLR.

Figures 1, 2 and 3 plot the power curves for the nominal 5% tests in the strongly identified, weakly iden-
tified, and unidentified simulation designs, respectively. We conduct 2500 Monte Carlo simulation iterations
for strongly identified, weakly identified and unidentified settings, comparing the power curves across the
four approaches. We study four scenarios, each with a different number of covariates, specifically dim(X)=
5, 200, 400, and 600.

Figure 1 depicts the strongly identified designs with the share of compliers being 0.5. The upper left figure
represents the power curves for the “low-dimensional” LATE framework with dim(X) = 5. It is evident that
all tests maintain satisfactory size control. In the remaining three figures, where dim(X ) =200, 400, and 600,
our proposed method performs quite competitively with CCDDHNR18 and BCFH17, as all three methods
are tailored for high-dimensional scenarios. While CCDDHNRI18 and BCFH17 exhibit good power close to
the null, their power slightly lags behind our proposed method in more distant alternatives. In contrast, AM16

suffers from significant size distortion and substantial power loss, revealing that the conditional QLR method
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Notes:Power curves for HD-QLR (solid blue), AM16 (dash-dot black), BCFH17 (vertical marker red), and CCDDHNR18 (dashed
green). Power of nominal 5% tests in strongly identified LATE design with the share of compliers being 0.5, and N = 500 observations.
Based on 2,500 replications, and for HD-QLR and AM16, 1,000 draws of conditional critical values were conducted. Upper left panel,
number of covariates dim(X) = 5 ; upper right panel, dim(X) = 200; lower left panel, dim(X) = 400; lower right panel, dim(X) = 600.

Figure 1.1: Power curves for four approaches with strong identification
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Notes: Power curves for HD-QLR (solid blue), AM16 (dash-dot black), BCFH17 (vertical marker red), and CCDDHNRI18 (dashed
green). Power of nominal 5% tests in weakly identified LATE design with the share of compliers being 0.1, and N = 500 observations.
Based on 2,500 replications, and for HD-QLR and AM16, 1,000 draws of conditional critical values were conducted. Upper left panel,
number of covariates dim(X) = 5 ; upper right panel, dim(X) = 200; lower left panel, dim(X) = 400; lower right panel, dim(X) = 600.

Figure 1.2: Power curves for four approaches with weak identification
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Notes: Power curves for HD-QLR (solid blue), AM16 (dash-dot black), BCFH17 (vertical marker red), and CCDDHNRI18 (dashed
green). Power of nominal 5% tests in unidentified LATE design with the share of compliers being 0.02, and N = 500 observations.

Based on 2,500 replications, and for HD-QLR and AM16, 1,000 draws of conditional critical values were conducted. Upper left panel,

number of covariates dim(X) = 5 ; upper right panel, dim(X) = 200; lower left panel, dim(X) = 400; lower right panel, dim(X) = 600.

Figure 1.3: Power curves for four approaches with unidentification identification
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is not robust against high dimensionality.

Figure 2 depicts the power curves within a weakly identified scenario where the share of compliers is 0.1.
In the “low-dimensional” LATE model, both our proposed method and AM16 adeptly control size. How-
ever, AM16 exhibits significantly superior power performance over our method, since AM16 is specifically
designed for models with low-dimensional nuisance parameters. Conversely, in the remaining designs, our
method outperforms AM16 in both size control and power performance, highlighting the vulnerability of
AM16 in high-dimensional contexts. Moreover, both CCDDHNR18 and BCFH17 face severe size distort
and significant power loss across all designs, signaling their lack of robustness to weak identification.

Figure 3 presents results for scenarios where identification is completely absent with the proportion of
compliers being 0.02. The patterns mirror those observed in weakly identified cases. Within the “low-
dimensional” LATE framework, my proposed method and AM16 maintain correct size control, while the
two machine-learning methods exhibit significant size distortion. For high-dimensional LATE designs, my
method surpasses the other three conventional approaches in size control. The primary distinction between
the unidentified and weakly identified scenarios is a notable reduction in power in the former. Furthermore,
by juxtaposing the upper-left plots of Figure 1, 2 and 3, it becomes clear that our method adeptly maintains
size control, not just in high-dimensional settings, but also in low-dimensional scenarios.

In summarizing our observations, we confirm that the proposed method consistently exhibits robustness
against both weak identification and high dimensionality. In contrast, while CCDDHNR18 and BCFH17
exhibit robustness to high-dimensional settings, they struggle when facing weak identification. Likewise,

AM16 shows robustness to weak identification but lacks robustness to high dimensionality.

1.5 Empirical Illustrations

1.5.1 The Impact of Railroad Access on City Growth

To demonstrate the methods outlined in the preceding sections, we revisit the IV estimations by Hornung
(2015) concerning the impact of railroad access on city growth in 19th-century Prussia. In this study, straight-
line corridors between major cities (nodes) are constructed, and whether a city is located on this line is
used as an instrument for analysis. We compare our proposed high-dimensional QLR test with three other
conventional methods: AM16, CCDDHNRI18, and BCFH17, to infer the effect of railroad access. Our goal
is to deepen our understanding of the conclusions presented in the literature. By conducting a new empirical
analysis, we keep two econometric considerations in mind: 1. the inclusion of high-dimensional covariates

to mitigate unobserved confoundedness, and 2. accounting for the weak identification issue in the data. For
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the first time, we report confidence intervals that are robust to weak identification and high dimensionality.

Consider the empirical model:

Y = D6 +Xl‘/ﬁ1 + &,

_ _exp(Zino+X;Br)
1+ eXp(Z,'T]O + Xi/ﬁz)

i + Vi,

where Y;; denotes the urban population growth rate in city i at time period ¢, D; is a dummy variable indicating
whether there is a railroad access by 1848 in city i, and Z; denotes whether the city i was located within a
straight-line corridor between junction stations (nodes) in 1848. The covariates X; include a lagged dependent
variable, distance to the closest node of railroad lines, age composition, primary education of the urban
population, county-level concentration of large landholdings, access to main roads, rivers, and ports, pre-
railroad city growth from 1831-1837, and the size of the civilian and military population in 1849.

Within this study, the exclusion restriction condition would be violated if the location of the cities in the
straight-line corridor is associated with urban population growth through a channel other than the railroad.
The author asserts that the exclusion restriction is satisfied in Hornung (2015, pg. 714),

When estimating the reduce-form relationship of urban growth on location in the straight-

line corridors, we find no correlation with the pre-railroad growth during 1831-1837.
In the context of this study, it is noteworthy that the adoption of railroad technology by cities located on a
straight line between two important cities was randomly assigned. This random assignment arises because
the positioning of these cities along such lines was not intentionally controlled by any specific entity. In 19th-
century Prussia, the government did not dictate railroad construction due to financial limitations. Instead, the
decision fell to individual city councils negotiating with private railroad enterprises. Hence, each city had the
autonomy to determine whether or not to proceed with railroad construction. Within this study, “compliers”
refer to (1) cities situated on the straight line between two major cities AND eventually established a railroad
station, and (2) cities NOT on such a line AND did NOT get a train station. The second part does not exist in
this study as mentioned in Hornung (2015, pg. 731),

One limitation of using 1V estimation approaches lies in the fact that we can only estimate

the local average treatment effect of railroad access for cities in the straight-line corridors.
We implement the proposed method on the city-level railroad data from Hornung (2015). As outlined in
Table 5 of Hornung (2015), the first-stage F-statistics vary between 26.46 and 38.29. This variation suggests
instrument weakness based on the ¢F critical value function proposed by Lee et al. (2022). We conducted a
re-analysis by incorporating the polynomial and interaction terms of the original covariates, and present the

results in Table 1. The sample spans from N = 898 cities with the dimensionality of covariates dim(X) = 204,

27
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Yi;: population Main periods Subperiods
growth rate 1831-37  49-71 49-52 52-55 55-58 58-61 61-64 64-67 67-71
Panel A: AM16

CI [0.000,  [0.024, [-0.015, [0.006, [0.030, [0.012, [0.021, [0.012, [0.018,
0.018] 0.135] 0.081] 0.039] 0.150] 0.111] 0.090] 0.420] 0.155]

length of CI 0.018 0.111 0.096 0.033 0.120 0.099 0.069 0.408 0.137

Panel B: CCDDHNRI18

CI [-0.026, [-0.004, [-0.019, [-0.014, [-0.009, [-0.016, [-0.019, [-0.014, [-0.016,
0.021] 0.033] 0.039] 0.035] 0.044] 0.030] 0.052] 0.039] 0.036]

length of CI 0.047 0.037 0.058 0.048 0.053 0.046 0.070 0.052 0.052

Panel C: BCFH17

CI [-0.017, [-0.003, [-0.009, [-0.006, [-0.007, [-0.008, [-0.009, [-0.018, [-0.008,
0.017] 0.026] 0.026] 0.023] 0.031] 0.020] 0.040] 0.041] 0.034]

length of CI 0.034 0.029 0.035 0.029 0.038 0.028 0.049 0.059 0.042

Panel D: HD-QLR with the number of folds K=4

CI [-0.012,  [0.005, [0.000, [0.002, [0.003, [-0.001, [0.003, [-0.004, [-0.002,
0.012] 0.020] 0.021] 0.018] 0.027] 0.016] 0.029] 0.032] 0.023]

length of CI 0.024 0.015 0.021 0.016 0.024 0.017 0.026 0.033 0.024

Size N 898 906 929 924 914 926 924 919 919

dim(X) 204 212 212 212 212 212 212 212 212

Notes: Displayed are confidence intervals (CI) and the length of confidence intervals for the coefficient of the railroad access. Panel
A displays the results of AM16. Panel B presents the results obtained from CCDDHNRI18. Panel C shows the results derived from
BCFHI17. Panel D showcases the results of the proposed HD-QLR test with the number K = 4 folds for cross fitting. Estimation and
inference results in panel B and D are based on 10 iterations of resampled cross fitting.

Table 1.1: Confidence intervals and the length of confidence intervals for the coefficient of the railroad access
across four approaches

to N = 926 cities with dim(X) = 212.

Table 3.2 summarizes the results. To emphasize the efficiency of the proposed method within the high-
dimensional framework, we report the confidence intervals for the LATE estimates and the lengths of the con-
fidence intervals. Panel A showcases results derived from AM16, which is not tailored for high-dimensional
setting. Panel B details findings from CCDDHNRI18, while Panel C displays results from BCFH17. Panel D
features results from the proposed method, with K = 4 folds for cross-fitting. Different columns report the
results for several dependent variables across diverse time periods. Specifically, Columns (1) and (2) capture
outcomes spanning two main periods: 1831-37 , and 1849-1871. Columns (3)-(9) depict findings across
seven subperiods. To mitigate the uncertainty induced by sample splitting, we compute confidence intervals
based on the average from ten randomized DML iterations following Chernozhukov et al. (2018a).

Upon comparing the results from Panel A and Panel D, it becomes apparent that our method produces
more concise confidence intervals, between 17% to 92% shorter than those generated by AM16 in the subpe-
riods specifications. Another notable finding is that several effects, considered statistically significant under
AM16 without accounting for high-dimensional covariates, lose their significance when employing DML

method to handle the high-dimensional covariates in the proposed method. In particular, the adoption of our
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Y;;: population Main periods Subperiods

growth rate 1831-37  49-71 49-52  52-55  55-58 58-61 61-64 64-67 67-71
Panel A: HD-QLR with the number of folds K=3
CI [-0.013, [0.005, [0.001, [0.002, [0.003, [-0.002, [0.003, [-0.005, [-0.003,
0.011]  0.021] 0.023] 0.030] 0.026] 0.016] 0.030] 0.032] 0.022]
length of CI 0.024 0.016 0.023 0.018 0.023 0.018 0.027 0.037 0.025
Panel B: HD-QLR with the number of folds K=4
CI [-0.012, [0.005, [0.000, [0.002, [0.003, [-0.001, [0.003, [-0.004, [-0.002,
0.012]  0.020] 0.021] 0.018] 0.027] 0.016] 0.029] 0.032] 0.023]
length of CI 0.024 0.015 0.021 0.016  0.024 0.017 0.026 0.033 0.024
Size N 898 906 929 924 914 926 924 919 919
dim(X) 204 212 212 212 212 212 212 212 212

: Notes: Displayed are CI and the length of CI for the coefficient of the railroad access. Panel A showcases the results of the proposed
HD-QLR test with the number K = 3 folds for cross fitting. Panel B demonstrates the results of the proposed test with the number K = 4
folds for cross fitting. Estimation and inference are based on 10 iterations of resampled cross fitting.

Table 1.2: Confidence intervals and the length of CI for the coefficient of the railroad access using HD-QLR
with different number of folds

proposed method leads to a loss of statistical significance for three out of the seven coefficients. As mentioned
in page 714 about the second-stage results in Hornung (2015),
We find a significant increase in urban population growth due to railroad access of 2.1
percentage points (with a standard deviation of 0.6 percentage points) during the period
1849-1871. Across all subperiods under consideration, the effect varies between 1.1 and
2.2 percentage points for a city that gained access by 1848.

When comparing the results across Panel B, Panel C, and Panel D, it is crucial to underscore that the con-
fidence intervals derived from our proposed method exhibits notable reductions in length (ranging from 49%
to 66% shorter) compared to those significantly larger intervals obtained from CCDDHNR18 and BCFH17,
which lack robustness against weak identification.

To evaluate the impact of the number of folds on the results, Table 1.2 showcases the findings obtained
from our proposed method, varying the number of folds. We observe that the confidence intervals remain
consistent across Panel A and B, even with changes in the number of folds.

To robustly account for the weak identification issue in the high-dimensional context, we recommend

researcher employ our proposed high-dimensional QLR method.

1.5.2 The Boundary Effects on Rental Prices

In this subsection, we reexamine the IV estimation by Ambrus et al. (2020) concerning the long-term con-
sequences of the 1854 cholera outbreak on housing prices. The authors investigate the impacts of a cholera
epidemic in a neighbor of 19th-century London on property values in 1864, a decade following the outbreak.

Page 479 of Ambrus et al. (2020) presents the background information,
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AM16 CCDDHNRI18 BCFH17 HD-QLR

CI [-2.160, [-1.132, [-1.291, [-1.080,
-0.670] 0.406] 0.576] 0.035
length of CI ~ 1.490 1.538 1.866 1.115

Notes: Displayed are CI and the length of CI for the coefficient of the cholera-related deaths using four different approaches: AM16,
CCDDHNR18, BCFH17, and the proposed HD-QLR. Estimation and inference results in CCDDHNR18 and HD-QLR are based on 10
iterations of resampled cross fitting with K = 4 folds for cross fitting.

Table 1.3: Confidence intervals and the length of CI for the coefficient of the cholera-related deaths using
four approaches

In August 1854, St. James experienced a sudden outbreak of cholera when one of the 13
shallow wells that serviced the parish, the Broad Street pump, became contaminated with
cholera bacteria... [So] residents were unaware they should stop using the local water
source in order to avoid infection.... [Within] the Broad Street pump (BSP) catchment
area, an estimated 16 percent of residents had contracted the disease and approximately 8
percent died.

In this context, ¥; represents the log rental price of house i in 1864. The variable D; is an indicator, set
to 1 if house i has at least one cholera death. Ambrus et al. (2020) use two instruments Z;; we focus on their
preferred instrument, which is an indicator for whether the property i falls inside the Broad Street pump (BSP)
catchment areas, which were the primary contaminated area during the outbreak. The controls X; comprise
all house characteristic variables listed in Table 1 of Ambrus et al. (2020), such as distance to the closest
pump, distance to the fire station, distance to the urinal, sewer access, among a total of 23 variables.

In this study, the “compliers” refer to (1) houses situated within the cholera-affected contaminated areas
AND witnessed at least one cholera-related death, and (2) houses outside these contaminated zone AND did
not experience any cholera fatalities. However, the latter category does not actually exist in the study since
the authors limit the sample to properties within a certain distance of the BSP boundary.

Table B2 in Ambrus et al. (2020) presents IV estimates and confidence intervals of the effect of cholera-
related deaths on rental prices in 1864. Notably, the first-stage F-statistics in the IV estimation are around
10, indicating weak identification according to the tF critical value function proposed by Lee et al. (2022).
In light of this observation, we proceed with a reanalysis by incorporating all house characteristic variables
listed in Table 1 in Ambrus et al. (2020). The dataset for our reanalysis consists of N = 467 observations,
with the dimensionality of the covariates dim(X) = 23. The original second-stage result is shown in page 493
in Ambrus et al. (2020),

The IV results show that houses having at least one death report a 50 percent drop in rental

value by 1854.
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Table 1.3 presents the confidence intervals, and their lengths for four methodologies: AM16, CCD-
DHNR18, BCFH17, and our proposed HD-QLR. Our approach consistently delivers the shortest confidence
interval. In contrast, the three other conventional methods yield relatively large confidence intervals. Note-
worthy is that results deemed significant under AM16 lose their significance when using machine-learning
methods to handle the high-dimensional covariates in the three alternative methods.

Given these insights, we advocate for our proposed HD-QLR method in high-dimensional models, espe-

cially when weak identification may be a concern.

1.6 Conclusion

In this paper, we address the challenge of weak identification within the LATE framework, especially in the
presence of high-dimensional covariates. Our primary contribution lies in the introduction of an identification-
robust inference method. This is paired with a user-friendly algorithm for inference and confidence interval
construction for the LATE estimate. We validate the uniformly correct asymptotic size of our proposed
method. Through simulation studies, our method exhibits superior size control and power performance in
the finite sample, compared to the conventional identification-robust test and the conventional ML methods,
particularly within a high-dimensional LATE framework with weak identification. Furthermore, we apply
the proposed method to revisit the study by Hornung (2015) concerning the effect of railroad access on urban
population growth. Our findings suggest our confidence intervals are substantially shorter than those from
other conventional approaches. Similarly, when revisiting the study by Ambrus et al. (2020) on boundary
effects on rental prices, we obtain exactly the same results as previously reported. Overall, our approach
provides robustness against both weak identification and high dimensionality, underscoring its potential ap-

plicability for a wide range of empirical studies.

1.7 Appendix

1.7.1 Useful Lemmas

For the convenience of readers, we provide the convergence rate for the nuisance parameter in the Lasso

logistic and Lasso OLS models in Lemma 1.2 and 1.3.

Lemma 1.2. (Convergence rate for Lasso with logistic model) Suppose that Assumption 1.4-1.7 hold. In

addition, suppose that the penalty choice Ay = K1\/Nlog(pN) and A, = Ky\/Nlog(pN) for K|,K, > 0.

31



Then with probability 1 —o(1),

1B, Bra) — (B BRI VI~ P 5 2182,

Lemma 1.3. (Convergence rate for Lasso with OLS) Suppose that Assumption 1.4-1.7 hold. Moreover,
suppose that the penalty choice A3 = Kz+/Nlog(pN) for K3 > 0. Then with probability 1 —o(1),

[(Bor, o) — (B, B) | < 2B

1.7.2 Proofs of the Main Results

1.7.3 Proof of Theorem 1.1

Proof. Without loss of generality, we define the size of each fold I, as n = N/K. For notation simplicity, we
introduce the notation [r] = {1,---,r} for any r € N. Let us break down the proof into three steps. In Step
1, we demonstrate equation (1.20) and establish the asymptotic normality of GN(Q) over P € &, that is, the
asymptotic normality of (Gy(6y),---,Gn(6y)) for any (6y,---,6.) € O x --- x O;. In step 2, we establish
the stochastic equicontinuity of Gy over P € 2. Considering Oy is a subset of the compact set ® and the
score Y is continuous with respect to 0, we infer @; is both bounded and closed, implying its compactness.
Given that @y is a compact set, the proof of the weak convergence result is done. In Step 3, we prove that

Q( 01, 6,) serves as a uniformly consistent estimator for the covariance function Q(0;,6,) over P € &.

Step 1. In this step, we first establish equation (1.20). Becasue K is a fixed integer and independent of N, it

suffices to show that over P € &, for any k € [K],

Eox[W(W;0,7)] — Ep[w(W;0,70)] — (B, [w(Wi, 6,1m0)] — Ep[w(W;60,1m0)]) = O,(N~V/?ry).  (1.21)

For notation simplicity, we define K, x[f(W)] = n~" ¥;c;, f(W;). In order to show this, let us fix k € [K] and

introduce an empirical process notation over P € #,

Gus0(W)] = —= Y (0(Wy) — Eplo (W),
7

i€l
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where ¢ is any Py-integrable function of W. Then by triangle inequality, we have

HEn,k[W<W; 0, ﬁk)] - EP[V/(W; 0, ﬁk)] - (En,k[ll/(vvia 0, 770)] - EP[‘//(W; 0, TIO)D H (1.22)

=12 Goilw(W;0,7)] — Cos [y (W 0,1m0)] | := 0 7. (1.23)
Notice that, conditional on (W;);c 6 the estimator ) is non-stochastic. Then we have,

Ep[ 74| (Wiicrg] = Ep | (w(W: 0.7 = y(W: 60,170))2| (Wi |

< sup Ep | ((W:0,1) = y(W:60,10)% (W) |
nedy

< sup Ep[(w(W:6,1)— yw(W:60,10))°] < (ry)*.
negy

This completes the proof of equation (1.20). Combining (1.20) with the Lindeberg-Feller central limit theo-

rem (CLT) and the Cramer-Wold device yields the asymptotic normality of @N(G) for any P € Z.

Step 2. In this step, we prove the stochastic equicontinuity of Gy over P € 2. The stochastic equicontinuity

of Gy can be stated as, for any &, > 0, and any 6;,6, € ©; such that |6; — 6,] <6,
lim limsupP |Gy (61) — Gn(6)] > &) =0. (1.24)
-0 N—soo

By Markov’s inequity, for any & > 0,

P({@N(Gl) *GN(92)| > 81) < gilEP HGN(GI) *GN(QZ)H .

Thus, it suffices to show that for each k € [K].

lim lim sup VNEp [|E, c[(81 — 62) y*(W; )] —Ep[(61 — 6:) y* (W3 )] |] = 0. (1.25)
—0N=e pc 5,
Note that

6 B3~ 020y (W] Erl(01 — 0y O¥i )| <0 1% [y Wi 7] <1876

which implies the equation (1.25). Thus, we complete the proof of the asymptotic equicontinuity of Gy over

Pe Z,.
Step 3. In this step, we first show Q(6;,6,) = Q(6;,6,) + Op(py), and then we show Q is a uniformly
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consistent estimator for Q over P € &2. To prove the first part, it suffices to show that over P € & and each

k€ [K],

I = |k [Ww(W; 01, 1) w(W; 62, i)] — Ep[y(W; 61,1m0) W(W; 62,10)]| = Op(pn), and

I = [Ens[w(W:0,9)] —Ep[w(W:0,1m0)]| = Op(pw)-

Note that by triangle inequality, we have % < Jj| + Fo, and I < Fu + S5, where

T = B [w(W; 61, ) w(W; 6, 1i)] — By [W(W3 61,1m0) W(W3 62,1m0)] |,

Fia = [Eni[W(W;601,1m0)w(W;62,m0)] — Ep[w(W;61,10) w(W:62,m0)]|

Ta = |Eni[W(W;0,00)] — Englw(W:0,10)|,  Fis = |Ens[w(W;6,m0)] — Ep[w(W:6,10)]] -

First, we bound .#;, and .#;5. Note that for ¢ > 4, we have

Ep[75] < sup n 'Ep[y(W:6,m0)*] <n”'cf,
PeP

EP[kaS} < sup nilEP[W(W;97n0)2] < nilc%v
Pe,

where the last inequality follows from Assumption 1.2 (ii) and Jensen’s inequality. Next, we try to bound

-

1 . R
Fh = | Y [w(Wis 61, i) w(Wis 62, i) — w(Wi; 61, m0) w(Wis 62,10)]

i€l

1 R R
< =Y |w(Wi 61, 1) w(Wis 62, 1) — w(Wi; 01,1m0) w(Wis 62,m0) |

iEIk

<2 % sup sup (1w(Wis0, ) — w(W: 0,m0)] x [w(Wis0,m)])

M ict, 0€01nedy

N 1/2 1/2
<=y ( sup (y(Wi; 6, 1) — V/(VVﬁ@ﬂ?o))z) ( sup sup — Z v(W;;0,n) )

N jcT, N 0<0y 00 neIy 1 icy,

and the conditional expectation of the first term given (W;);e;c on the event that fi € Jy is equal to

sup B [Ily(W:0,7) — w(W:0,m0) PW)icg | < sup  Ep [ w(W:0,m) — y(W:6,10) 2| Wi)icye | =,

PEWO T]GyN,PEyO

Because the event that ), € Jy holds with probability 1 — Ay = 1 —o0(1), it follows that .%; = Op(ry) =

Op(8y). Since Sy = Op(N~'/2) and 8y > N~'/2, we have .% = O, (py) with py < 8y. Then we try to
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bound 4.

1 R
= Y lw(Wi:0,7) — w(Wi:6,10)]

icly

1 N
F4 = ‘ ; Z [W(‘}Vi§97nk) - W(VVI';GJ]O)}

1/2
1 R
< sup <Z llf(Wi;Gmk)—W(Wi;G,no)2> :

00 \ " icy,

By using the similar argument that we use to bound .%;, we obtain %4 = Op(ry). Therefore, we have
! = Op(py) with py < Sy. This completes the proof of (6;,6) = Q(61,62) + Op(pn). To prove Q is a
uniformly consistent estimator of Q over P € &), we need to show that for any &, > 0, and any 6, 65, 61’ , Gé €

Oy such that |6; — 6]| < &; and |6, — 05| < &,, we have

lim i P(|8(61,6,) —Q(6],05)| > &) =0.
sl 25, (01,0 =460, 091 > )

By Markov’s inequality, for any & > 0,
N A 1 A A
P (|€2(61,6,) —Q(6],65)| > &) < 8—2EP [|€2(61,6,) — (61, 6)]] -
Thus, it suffices to show that pver P € Z, for each k € [K],

Ji6 :=Ep HEn,k[W(W; 617ﬁk)W(W§927 ﬁk)] _En,k[W(W;e{’ﬁk)W(W; 95, ﬁk)] H =0,
as n — 0, 0,8 — 0. Note that

e < up Ep [Ey [|w(W:61,) — w(W: 01, ) | - [w(W: 62, )| +En [|W(W: 62, 7) — w(W: 63, ) | - [w(W: 6], 1) |]]
E/’o

= sup Ep [En [|w" (Wi ) - (61— 6D - [w(W: 62,74 ]] +Ep [En [y (W) - (62— 83)]- [w(W: 6. )]
< s (p [y (0 0)]) 12 (B [y, 7))
PeP

+ sup (Ep [ (0¥:)? (62~ 67])'2- (e [y(Wi6f. 707

1/2

<81 s (o [0 )4 (s ]) -2 sup B v ] (o [voviof )

< (81 +8)cf,

where the second inequality follows from Cauchy-Schwarz inequality, the third inequality follows from
Jensen’s inequality, and the last one is from Assumption 1.2 (ii). It is obvious that limg s 0%k = 0.

Therefore, Q is a uniformly consistent estimator of Q over P € 2. This completes the whole proof of
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Theorem 1.1.

1.7.4 Proof of Theorem 1.2

Proof. As long as we show Lemma 1.1 holds, the proof of Theorem 1.2 is done. Let us define 9y as the set

of all n = (g, m, p) consisting of P-square-integrable function g,m and p such that

In—"ollpg <c1, M —mnollp2 < .

We proceed in four steps.

Step 1. We first verify the Assumption 1.1 that the AR-type Neyman orthogonal LATE score in (1.5) satisfies

the moment condition (1.11) and the Neyman orthogonality condition (1.12). It can be easily verified that

moment condition is satisfied. The Gateaux derivative in the direction 1 — 19 = (g — go,m — mo, p — po) is

given by
InEp [y (W;60,1)] (n:nn(n —o)
—Ep {(1 - ﬁ) (5(1.X) —go(l,X))} —Ep Kl - %) (2(0,X) —go(O-,X))}

—ente (1) 10 = mo(1,20)] + e [ (1= - E ) (0.) - mof0.0)

i (BELZMUI) 2 “0(1.0) , &1 =D mOX) (L2000 ) 139 o)

po(X) —po(X))?

=0,

where the last equality follows from the law of iterated expectations and

EP[Z‘X] :p()(X)v EP[Z(Y_gO(l’X))‘sz]:Oa EP[Z(D_mO(lvx))|XaZ]:Oa

(1.26)

Bpll ~ZIX] = 1 - po(X). Ep[(1-Z)(¥ —g0(0.X))|X.Z] =0, Ep[(1—2)(D—mo(0.X))|X.Z] =0.

Referring to the definitions of the AR-type score for the LATE in (1.5) and linear orthogonal score in (1.19),

we have

) — Z(r —g(1,X)) _ (1=2)(¥ —¢(0,X))

v Win) = —m(1,X) +m(0,X) —

Z(D—m(1,X)) (1 —Z)(D—m(O,X)).

p(X) 1= p(X)

Then we have y(W;0,1n) = y*(W;n)+ 0 x y*(W;n). Therefore, all the conditions in Assumption 1.1 hold.
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Step 2. Next, let us verify Assumption 1.2 (iii). Note that

Ep [W(W:6,10)*] = Ep[(g0(1,X) —g0(0,X) — 8(mo(1,X) —mo(0,X)))*]
+EP[< (Y - go 1 X)) (1—21)(_1/p—()é2§o,X))_G(Z(D;:&()LX))_ (1—21(1);)27;)(0,)())))2}
ZEP[( Y go 1 X))(I—Zl)(_Yp—Oé?go,x)))z} GQEPKZ(D;:E;(()I,X)) (1—23(131)_0?;;)(0,)()))2}
1

Ep [Z(Y — go( lX +(1=2)(Y —g0(0,X))?]

<1fs>2

_ Ep [uz} > C(2)

(1—e7 = (1-ep

where the first equality holds since the interaction term equals to zero by the equations in (1.26), the third
inequality follows from the facts that € < pg(X) < 1 — ¢, and the last equality follows from Assumption 1.3

(iv). Thus the Assumption 1.2 (iii) is satisfied.

Step 3. Next, we verify Assumption 1.2 (i). By Lemmas 1.2 and 1.3 invoked by Assumption 1.3-1.7, with
probability 1 —o(1),

[Bur-Bro) — (B BRIV [(Bor.Bro) — (B BRIV 77 < 28PN

The proof of Lemmas 1.2 and 1.3 are given in Section 1.7.6 and 1.7.7. Thus Assumption 1.2 (i) is satisfied.

Step 4. Next, let us verify the condition in Assumption 1.2 (ii). Note that

lgo(D,X) g = (Epllgo(D,X)[*])"/?
> (Erllgo(1,X)|*P(D = 11X) + |g0(0,X)|*P(D = 0]X))) "/
> "/4(Ep[Ig0(1,X)|*] +Er|lg0(0,X)|7]) '/
> e'/4(Ep[Ig0(1,X)|“]V Epllgo(0,X)|]) /4

> /4(]l30(1.X) g V 180(0.X) ).

Since ||go(D,X)||pq < ||Y||pg < ¢1 by Assumption 1.3, we have

lgo(1,X) g < c1/€"/9,and]|go(0,X) |y < c1 /€.
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By using similar arguments, we obtain

I18(1,X) — go(1,X)|lpg < c1/€"9,  ]g(0,X) —£0(0,X)|pg < c1/€"/4, (1.27)
Imo(1,X)[pg < 1/€4,  [mo(0,X)||pg < 1/€"9,

Im(1,X) = mo(1,X)[pg < c1/€"9, [m(0,X) = mo(0,X)||pg < c1/€"/9,

since ||mo(D,X)|pq <1, [|g(D,X) — go(D,X)|pq < c1, and |m(Z,X) —mo(Z,X)||p4 < ci. By calculation,

we obtain

Iy Wim)llg < (1€ ) ([Im(1,X)|lpg + m(0,X)| pg) +2/¢
< (1) (lm(1,X) =mo(1,X) g + mo(1,X) || g+ [Im(0,X) — mo(0,X)||pg + Imo(0,X) | pq) +2/2

<(14+e N (2cre™ V14267 1) 267! = ¢y,

Iy (Wim)llpg < (1+€7)(llg(1,X)

< +e N 2ere™ 1426710 420167 1= e,

pqt118(0:X)[[pg) +2[Y[[rg/€

where c¢; and cgy are constants related with € instead of N. Note that this completes the verification of

Assumption 1.2 (b) Therefore, under the null, we have

Er[ly(W:0,m) )" = | w(W:0,1)||pg < |lw(W;6,1) — w(W;60,7)
<10 — 60| x [y (W:n)llpg + W (W:n)llpg + 160 x [ w*(W:n)lpg

S ‘6—60|C51+Cg2+|90|c£1 5 ]7

P T IlW(W;60,1)|pg

where the last inequality need the assumption that ® is a compact set by Assumption 1.3 (vi). This completes
the verification of Assumption 1.2 (ii) (a).

Next, let us verify the condition in Assumption 1.2 (ii) (c). For any 1 = (g,m, p), by the triangle inequal-

ity,

Ep[ly(W;0,m) —w(W:0,m0)[*)"? = [lw(W:0,n) — w(W;0,10)||p2 < F1 + F5 + I35 + I,
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where

J1:= [g(1,X) = go(1,X) |2 +[[&(0,X) — £0(0, X) |2,

H 1= 0] X ([Jm(1,X) —mo(1,X) || p2 + [[m(0,X) —mo(0,X)[|p2)

o [0 20 —mt)] 0= —g0)_(1-2)0 —l0x)

' p(X) po(X) P2 1—p(X) 1= po(X) P2

o (|2D=m(1x) ZO-m(X)| [[(1-2)D-m(0.X)  (1-Z)(D-m(0.X))
j“"“’“(H p(X) PolX) RJH = %) = po(X) m)'

By using the similar argument as the one in obtaining equation (1.27), we have

lg(1,X) = go(1,X)llp2 < 8w /€', [8(0,X) = g0(0,X)|[p2 < &y /€',

lm(1,X) =mo(1,X)]|p2 < v /€4, [|m(0,X) —mo(0,X)||p2 < 8y /€4,
so ¥ < 28N/£1/‘7 and % < 26[\1/81/‘]. To bound .3, we have

75 <& (1Zpo(X)(Y = 8(1,X)) = Zp(X)(¥ = g0(1.X) 12
1= 2)(1 = po(X))(Y = g(0,X)) — (1 = Z)(1 = p())(Y ~go(0,X)l|r2)
<elx (||p0<x)(u+go(1,X) —8(1,X)) = p(X)ullp2
/(1 = po(X)) -+ £0(0,X) — £(0,X)) = (1= p(X))ul2)
<& 2 (Ilpo(X)(80(1,X) = g(1.X)llp2 + I(p(X) = po(X))ul2
11 = po(X)) (g0(0,X) = £(0,X)) | + | (p(X) ~ po(X)ulle2)
<2 (Il(go(1,X) — g(1.X)lle2 + v/er | p(X) = po(X) |2
+11(80(0,X) — (0,3)) | + Vet p(X) — po(X) 2 )

< e 2% (2/€"142,/c1)8y < ce, O,

where cg, > €72 x (2/€!/14-2,/¢7), the first inequality follows from £ < p(X) <1—eand € < 1—p(X) <
1 — &, and the fourth one follows from Assumption 1.3 (vi). We use the similar argument to bound .#4
and obtain that #4 < Oy. Therefore, we have ||y(W;0,1) — w(W;0,10)|p2 < Oy, which completes the

verification of Assumption 1.2 (ii). O
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1.7.5 Proof of Theorem 1.3

Proof. The proof relies on Theorem 1 in Andrews and Mikusheva (2016). As long as we show Assump-
tion 1-4 in Andrews and Mikusheva (2016) hold, the proof of Theorem 1.3 is done. First, note that The-
orem 1.2 in our paper confirms that Assumption 1 and 3 in Andrews and Mikusheva (2016) are satis-
fied. Next, we verify Assumption 2 in Andrews and Mikusheva (2016) that the variance Q(-,-) is uni-
formly bounded and non-negative, satisifying 0 < suppc g, Supgee, 2(8,8) < C, for a finite C > 0. In
our current LATE framework, where the score yw(W;6,1) is a scalar, the variance function simplifies to
Q(6,0) =Ep[(w(W;0,10) —Ep[w(W;0,10)])?], inherently non-negative. Furthermore, Assumption 1.2(ii)
ensures the uniform boundedness of Q(6,0). Lastly, Assumption 4 is directly validated via Lemma 1 in

Andrews and Mikusheva (2016). Consequently, we complete the proof of Theorem 1.3.

1.7.6 Proof of Lemma 1.2

Proof. We apply Lemma 1 in Belloni et al. (2016b). First, note that Assumption 1.4 implies that the restricted
eigenvalue condition holds with probability 1 —o(1) by Lemma 2.7 in Lecué and Mendelson (2017): for
T = supp(BY). BY). T| > 1 and ¢ > 1, we have K, = infseq, [Z52RY > 0, where 7, = {8 |7 <

col|Or |1} withco = (c+1)/(c—1).

Step 1. For a subset A C R?*!, define the nonlinear impact coefficient by

B[z x)o]”

Ky

ga = inf T
€A En |:’(Zi7Xi/)5| }

To apply Lemma 1 in Belloni et al. (2016b), we verify the condition 9., > 3 (l + %) M+/SN/ (N KCO) with
probability 1 = o(1). Observe that

}3/2 }1/2

/ 2 / 2 1/2 / 2

- Ey |(Zi,X])6| Ey ([(Zi,X;)9| - B |z, X)) 8]
= inf > in >p inf

s e [l o e G XD1T81 <" 5L, NTamal,

42,
]2
_— Ex [|(ZiaXi)5| ] - Keo S 1 [sylogay
m )
o7, NVaMy(1+co) /sn 187 ]| = NVaMy(1+co)v/sw — A2N14 ™V AxN

where the fourth inequality follows from the definition of k., and the fifth comes from Ay > Mysy /N'/>~%/4

and the last one from leogaN/Nl/2 < Ay by Assumption 1.7(iii), Ay = o(1), and A; = \/Nlogay. There-
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fore, we obtain,

MSN
N

1Zi(Br1 — By) + X! (Bra — Bi) oy = O(M\/SW), 1(Bi1,Br2) — (B, Bl = O(

N )

Step 2. In this step, we show for some large K > 0, let { € (0,1) and A; = K\/Nlog(p/{), then with
probability 1 — § —o(1), for a fixed ¢ > 1, it holds that

P(A1/N > ¢ VL1 (By, Biy)|) = 1= —o(1).

The proof relies on Theorem 2.1 and 2.2 in Chernozhukov et al. (2013). It is straightforward that the condi-
tions in Chernozhukov et al. (2013) are directly implied by Assumption 1.7 (i)(ii). Now, by Theorem 2.1 and
2.2 in Chernozhukov et al. (2013), we have

§2£|P(||\/IVVL1(ﬁ{)1,B?2)||m <1) = PGl <1)] = o(1),

where G ~ N(0,X), £ is the asymptotic variance of v/NVL; (B, ;). Then the Gaussian concentration

inequality implies that with probability 1 — § — o(1),
P(21/N > ¢ VLi(By, Biy)|) = 1= —o(1).

Now, combining the result with the bound from Step 1 concludes the convergence rate for ( ﬁl 1 ,[§12). Replac-
ing A1, (Z;,X!), (Bi1,Bi12), L1 (Bi1, Bi2) by Az, X/, v, Lo (y) respectively, we could obtain the convergence rate
for 7. O

1.7.7 Proof of Lemma 1.3

Proof. The proof relies on Theorem 1 in Belloni and Chernozhukov (2013). We need to verify the conditions
in Theorem 1 in Belloni and Chernozhukov (2013) hold. Note that Assumption 1.4 directly implies the re-
stricted eigenvalue condition in Belloni and Chernozhukov (2013). Condition V in Belloni and Chernozhukov

(2013) follows from Assumption 1.3 (iv) and (v). Therefore, with the choice of A3 = K3+/Nlog(pN), we have
. . 5 B log(pN
with probability 1 —o(1), [|(Bar, B22) — (B3 BR)| < /24524, O
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Chapter 2

Multiway Cluster Robust Double/Debiased Machine Learning

This chapter is coauthored with Harold D. Chiang, Kengo Kato and Yuya Sasaki.

2.1 Introduction

We propose a novel multiway cross fitting algorithm and a double/debiased machine learning (DML) esti-
mator based on the proposed algorithm. This objective is motivated by recently growing interest in use of
dependent cross sectional data and recently increasing demand for DML methods in empirical research. On
one hand, researchers frequently use multiway cluster sampled data in empirical studies, such as network
data, matched employer-employee data, matched student-teacher data, scanner data where observations are
double-indexed by stores and products, and market share data where observations are double-indexed by
markets and products. On the other hand, we have witnessed rapidly increasing popularity of machine learn-
ing methods in empirical studies, such as random forests, lasso, post-lasso, elastic nets, ridge, deep neural
networks, and boosted trees among others. To date, available DML methods focus on i.i.d. sampled data.
In light of the aforementioned research environments today, a new method of DML that is applicable to
multiway cluster sampled data may well be of interest by empirical researchers.

The DML was proposed by the recent influential paper by Chernozhukov et al. (CCDDHNR, 2018a).
They provide a general DML toolbox for estimation and inference for structural parameters with high-
dimensional and/or infinite-dimensional nuisance parameters. In that paper, the estimation method and prop-
erties of the estimator are presented under the typical microeconometric assumption of i.i.d. sampling. We
advance this frontier literature of DML by proposing a modified DML estimation procedure with multiway
cross fitting, which accommodates multiway cluster sampled data. Even for multiway cluster sampled data,
we show that the proposed DML procedure works under nearly identical set of assumptions to that of CCD-
DHNR (2018a). To our best knowledge, the present paper is the first to consider generic DML methods under
multiway cluster sampling.

Another branch of the literature following the seminal work by Cameron et al. (2011b) proposes multiway
cluster robust inference methods. Menzel (2017) conducts formal analyses of bootstrap validity under multi-
way cluster sampling robustly accounting for non-degenerate and degenerate cases. Davezies et al. (2018a)
develop empirical process theory under multiway cluster sampling which applies to a large class of models.

We advance this practically important literature by developing a multiway cluster robust inference method
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based on DML. In deriving theoretical properties of the proposed estimator, we take advantage of the Aldous-
Hoover representation employed by the preceding papers. To our knowledge, the present paper is the first in

this literature on multiway clustering to develop generic DML methods.

2.1.1 Relations to the Literature

The past few years have seen a fast growing literature in machine learning based econometric methods. For
general overviews of the field, see, e.g., Athey and Imbens (2019) or Mullainathan and Spiess (2017). For
a review of estimation and inference methods for high-dimensional data, see Belloni et al. (2014b). For an
overview of data sketching methods tackling computationally impractically large number of observations, see
Lee and Ng (2019). The DML of CCDDHNR (2018a) is built upon Belloni et al. (2015b), which proposes
to use Neyman orthogonal moments for a general class of Z-estimation statistical problems in the presence
of high-dimensional nuisance parameters. This framework is further generalized in different directions by
Belloni et al. (2017b) and Belloni et al. (2018b). CCDDHNR (2018a) combine the use of Neyman orthog-
onality condition with cross fitting to provide a simple yet widely applicable framework that covers a large
class of models under i.i.d. settings. The DML is also compatible with various types of machine learning
based methods for nuisance parameter estimation.

Driven by the need from empiricists, the literature on cluster robust inference has a long history in econo-
metrics. For recent review of the literature, see, e.g., Cameron and Miller (2015a) and MacKinnon (2019).
On the other hand, coping with cross-sectional dependence using a multiway cluster robust variance esti-
mator is a relatively recent phenomenon. Cameron et al. (2011b) first provide a multiway cluster robust
variance estimator for linear regression models without imposing additional parametric assumptions on the
intra-cluster correlation structure. This variance estimator has significantly reshaped the landscape of econo-
metric practices in applied microeconomics in the past decade.! In contrast to the popularity among empirical
researchers, theoretical justification of the validity of this type of procedures was lagging behind. The first
rigorous treatment of asymptotic properties of multiway cluster robust estimators are established by Men-
zel (2017) using the Aldous-Hoover representation under the assumption of separable exchangeability. The
asymptotic theory of Menzel (2017) covers both non-degenerate and degenerate cases. Focusing on non-
degenerate situations, Davezies et al. (2018a) further extend this approach to a general empirical process
theory.? Using this asymptotic framework, MacKinnon et al. (2019) study linear regression models and ex-

amine the validity of several types of wild bootstrap procedures and the robustness of multiway cluster robust

!As of July 31, 2020, Cameron et al. (2011b) has received over 2,700 citations. The majority of these citations came from applied
economic papers.

2See also Davezies et al. (2019) for further generalization of the empirical process theory for dyadic data under joint exchangeability
assumption.
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variance estimators under different cluster sampling settings with Gaussian limiting distributions.

Despite of the popularity of both machine learning and cluster robust inference among empirical re-
searchers, relatively limited cluster robust inference results exist for machine learning based methods. Infer-
ence for machine learning based methods with one-way clustering is studied by Belloni et al. (2016a), Kock
(2016), Kock and Tang (2019), Semenova et al. (2018) and Hansen and Liao (2019) for different variations
of regularized regression estimators and Athey and Wager (2019) for random forests. Chiang and Sasaki
(2019) investigate the performance of lasso and post-lasso in the partially linear model setting of Belloni
et al. (2014c¢) under multiway cluster sampling. To our best knowledge, there is no general machine learning

based procedures with known validity under multiway cluster sampling environments.

2.2 Setup

We begin with an introduction of the data structure of multiway clustering (Section 2.2.1) and the econometric

structure of Neyman orthogonal score (Section 2.2.2).

2.2.1 Multiway Clustering

Suppose that the researcher observes a sample {Wi j| ie{l,..,N},je{l,..M }} of double-indexed obser-
vations of size NM. It is two-way clustered if units in the cluster { W, j}ﬁ./]:] are dependent for any given
i €{1,...,N} and units in the cluster {Wij}i.vzl are dependent for any given j € {1,...,M}.

To fix ideas, consider the case of market share data that consist of N markets and M products. For any
given market i, the M observations {W, i }[JW:l across different products are subject to a common demand shock
in the i-th market, and this common shock can induce dependence within the i-th market cluster {Wi j}lj‘i]-
Likewise, for any given product j, the N observations {Wi j}?/:] across different markets are subject to a
common supply shock from the producer of product j, and this common shock can induce dependence within
the j-th product cluster {W,» j}?/:]. In this way, the fundamentals of economics, namely supply and demand,
may well cause two ways of dependence or two-way clustering in market share data. In addition to the market
share data, similar two-way dependence structures are shared by network data, matched employer-employee
data, matched student-teacher data, and scanner data among others.

Under the assumption of two-way clustering (a formal statement of which is postponed until Assumption

3.1 in Section 2.4), the random vector W;; can be represented by the structure

Wij = t(Uio, Unj, Uij)
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for some function 7 (unknown to econometricians), where {U;; | (i, j) € N?\ {(0,0)}} are independent uni-
form random variables (and unobservable by econometricians). This representation is called the Aldous-
Hoover representation, and serves as a key mathematical device to develop asymptotic statistical theories
under two-way clustering. Intuitively, Uy can be considered as the i-th market fixed effect representing the
demand shock in this market, Up; can be considered as the j-th product fixed effect representing the supply
shock by the produce of this product, and U;; is the idiosyncratic shock. This representation also motivates

the two-way fixed effect model

W;j=1(Uio,Uo;,Uij)
—_—~
l/ij:lejﬁJrr( o , v ,Uij) ie{l,..,N},je{l,...M}.

Uio Uy,

Without assuming additivity among ¢;, ¥; and U;;, this panel structure can be analyzed by allowing for the
possibility of two-way cluster dependence in the sole error term W;; in ¥;; = Xi’j[i +W;;.
Suppose that the researcher is interested in the mean E[y(W;;)] for some scalar-valued function y. If there

were no dependence in the data {Wi j, ie{l,..,N},je{l,..M }}, then the standard econometric theory

implies that the standard error of the sample mean &5 YV | 21}/1:1 v(W;j) is SEy = /Vnu(w(W;j))/ (NM).
On the other hand, if the researcher suspects the two-way dependence as described above, then he/she would

instead like to employ the two-way-cluster-robust standard error

SE, =/ (I + ify)/C, 2.1

where C = min{N,M}, fii = C/N. i = C/M. T’y = Lo XN TY Y w(Wij)w(Wiy) and

[ = ﬁ N, Zf}’: Z’}”: | W(Wij)w(Wy ;). This idea of two-way cluster-robust standard errors dates back to
the seminal paper by Cameron et al. (2011b),? and has been widely used in empirical economic researches as

mentioned in the introduction.

2.2.2 Neyman Orthogonal Score
2.2.2.1 Motivation of Neyman Orthogonal Score

We next introduce the concept of Neyman orthogonal score as an important component of the DML. To fix

ideas to this end, consider as a concrete example the partially linear IV model (cf. Okui, Small, Tan and

3While the formula that we display here consists of two terms, i1;I"} and fi,I",, the formula suggested by Cameron et al. (2011b)
consists of one additional term to deduct double-counted terms by fi;I' and fi;I;. Since this additional term (or the effect of double
counting) is asymptotically negligible, we omit it here for the sake of succinctness.
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Robins, 2012 ; CCDDHNR, 2018a, Section 4.2) translated into double-indexed data:

Yij =D;;6 + g10(Xij) + &5 E[e;j|Xij,Zij] =0, (2.2)
Zij =mo(Xij) +vij, E[vij|Xi;] = 0. (2.3)
The researcher observes the random vector W;; = (Yij, D;j, X/ i Zij /), whose four components are interpreted
as the outcome, endogenous regressor, exogenous regressors, and instrumental variable, respectively. The
parameter vector 6y is an object of interest. The functions, g19 and myg, are unknown and need to be esti-
mated by a machine learner, such as a kernel smoother, series estimator, lasso, ridge, elastic nets, and neural
networks among others. However, the naive idea of plugging machine-learned g; and 7 in the standard IV
regression estimation framework would not work well, because ¢ and 7 typically converge to g19 and my,
respectively, at rates that are slower than the desired rate for an estimator of 6y, which is of order 1/4/C if
observations are two-way cluster dependent — see the expression in (2.1) in Section 2.2.1.
A Neyman orthogonal score is a useful device to mitigate these effects of slow convergence rates of

machine learners. To see this, consider the function y defined by

Y(w:0,1) = (y—(d - £2(x))0 — g1 (x)) (2= m(x)), 2.4

where w = (y,d,x,z) and 1 = (g1,82,m). If we set 1o = (g10,820,m0) where g10(X) = E[Y[X], g20(X) =
E[D|X] and mo(X) = E[Z|X], then it holds under the model (2.2)-(2.3) that

E[y(W;j;60,1m0)] =

Furthermore, if the projections take the linear forms, g10(x) = p(x)'Bo, g20(x) = p(x) 1 and moy(x) = p(x)'&y

with possibly high-dimensional basis p(x), for simplicity, then it also holds under the model (2.2)-(2.3) that

d

57 E[W(Wij; 60,m)] =0,
aﬁ ! n=no
J
a [ (sz,eom)] :Oa
n=mno
O Ely(Wyi6om)| =0
L] 07 = .
85 ’ n=mo

These three ‘orthogonality’ equations imply that the moment condition E[y/(W;;; 60, 10)] = 0 is insensitive to
local perturbations of 1 in a neighborhood of 7. Because of this insensitivity, even slowly converging errors

of the machine learner 7 = (1, 82,7), such as the lasso estimator of (B, 10, &o), will exercise only ignorable
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effects on E[y/(W;;;60,7)], thus allowing for estimation of 6y with the desired rate 1/,/C of convergence.
With these properties, this function v is said to be a Neyman orthogonal score function for the model (2.2)-

(2.3) — see Okui et al. (2012) and CCDDHNR (2018a).

2.2.2.2 The Definition of Neyman Orthogonal Score

While the above discussion is specific to the example of model (2.2)-(2.3) and is informal, we now present a
formal and general definition of Neyman orthogonal score according to CCDDHNR (2018a). The structural

model is assumed to entail the moment restriction

E[y(Wi1;60,Mm0)] =0 (2.5)

for some score y that depends on a low-dimensional parameter vector 8 € ® C R% and a nuisance parameter
n € T for a convex subset T of a normed linear space.

Let T = {n—mo:n € T}, and define the pathwise derivative map D, : T — R% by D,[n — 1] :=
8,{E[W(W11; 60,M0+r(n — no))]} for all r € [0,1). Also denote its limit by dyEy(Wi1;60,M0)[n — Mo :=
Do[n — o). We say that the Neyman orthogonality condition holds at (69, 79) with respect to a nuisance
realization set .7, C T if the score y satisfies (2.5), the pathwise derivative D,[1 — 1] exists for all r € [0, 1)

and 1 € 9}, and the orthogonality equation

InEy(Wi1:60,1M0)[n —10] =0 (2.6)

holds for all n € ..
As an extended definition, we also say that the A, Neyman near-orthogonality condition holds at (6p, 1)
with respect to a nuisance realization set .7, C T if the score  satisfies (2.5), the pathwise derivative D,[n —

Mo] exists for all » € [0,1) and N € .7, and the orthogonality equation

sup ||n By (W13 60,1m0) 1~ 0] | < 2 ex)
ney,

holds for all € .7, for some positive sequence {A,}, such that A, = o(min{N,M}~'/2). This definition

relaxes the requirement of Neyman orthogonality, and allows for the derivative to be nonzero.
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2.2.2.3 Construction of Neyman Orthogonal Score

Although orthogonal scores are readily available for certain models, not all scores are orthogonal. The recent
literature provides recipes to construct an orthogonal score from a possibly non-orthogonal score. We refer
interested readers to Chernozhukov et al. (2018c) as well as CCDDHNR (2018a). Here, for the convenience
of readers, we provide a recipe according to CCDDHNR (2018a, Section 2.2).

Let € ® C R% and B € # C R%, where 2 is convex, be the target and nuisance parameters. Although
B is finite-dimensional, its dimension can be high. Suppose that the true parameter solves the optimization
problem

sup  E[((W11;6,[3)]
CISCNISZA

for a known criterion function ¢. In this setting, with the nuisance parameter redefined by
= (B vec(Joplpg)) €T = B x R
the function y defined by
(3 0.1) = nt(w:0.5) ~Jop i T (w:0.5)
is a Neyman orthogonal score, where Jog and Jgg are given by

Joo  Jop 0 )

- a7 oy o)

Jge JIpp 6=60,8=Po

2.2.3 Example: Demand Analysis

Section 2.2.1 introduces multiway clustering and Section 2.2.2 introduces Neyman orthogonal score, with
emphases on market share data and the partially linear IV model. In this section, we present a framework of

demand analysis as a concrete example that highlights both of these two points together.

Example 2.1. Consider the model of Berry (1994) in which consumer c derives the utility
0ij + Xij Ot + Ecij

from choosing product i in market j, where €. independently follows the Type I Extreme Value distribution,
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O, is a random coefficient, and the mean utility J;; takes the linear-index form
6ij=D;j6+&j.
In this framework, Lu et al. (2019, Equation (9)) derive the partially linear equation
Y;j = Djj6+ go(Xij) + &;

for estimation of 6y, where Y;j =log(S;;) —log(So;) denotes the observed log share of product i relative to the
log of the outside share. Since D;; usually consists of the log of the endogenous price of product i in market
J, researchers often use instruments Z;; such that E[€;j|X;;,Z;;] = 0. This yields the reduced-form equation
(2.2), together with the innocuous nonparametric projection equation (2.3). The Neyman orthogonal score
(2.4) is readily available for estimation of 0y in this demand model.

Since the random vector W;; = (Y; i, Dij, Xij, Zi j) is double-indexed by product i and market j, the sample
naturally entails two-way clustering as discussed in Section 2.2.1. Specifically, for each product i, the cluster
{W; j}/j"[: | is likely dependent through a supply shock by the producer of product i. Similarly, for each market

J, the cluster {W; /}5\; | is likely dependent through a demand shock in market j. O

As discussed in Section 2.2.1, assuming two-way clustering for the error term ¢g;; effectively allows for
two-way fixed effects in the structure. In other words, the error term can be understood to be a possibly
nonlinear and non-additive function &;; = 7 (04, ¥;,U;;) of product fixed effect ;, market fixed effect y; and

idiosyncratic shock U;;. This structure generalizes the common additive two-way fixed effect panel models.*

2.3 Procedure

Now that the setup has been introduced in Section 2.2, we proceed with presenting the DML procedure. We
first review the DML based on the conventional cross fitting that works under i.i.d. sampling. After illustrating
limitations of the conventional cross fitting under multiway clustering, we then move on to presenting our

proposed multiway cross fitting algorithm and the multiway cluster robust DML based on this algorithm.

4The term “fixed effect” also usually entails the endogeneity, which concerns the identification problem. This additional feature is
also accommodated if the instrument Z;; is exogenous to ;.
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2.3.1 Conventional Cross Fitting
2.3.1.1 The Role of Cross Fitting under Random Sampling

For convenience of reviewing the conventional cross fitting, consider an i.i.d. sample {W;}}_, just within the
current section. With the Neyman orthogonal score (2.4) where x is assumed to be a scalar for simplicity of

writing, we can write the asymptotic linear representation for /(8 — 6y) as
V(8 —6p) =A*+B* +C* +0,(1), (2.8)

where A* is asymptotically normal, B* consists of terms like f):l 1(81(X) — g10(X)) (m(X) — mo(X3)),
and C* consists of terms like f):l 1(81(X;) — g10(X:))vi.> See CCDDHNR (2018a, pages C4-C5) for an
analogous discussion in the case of Robinson’s (1988) model.

The typical term f Y (81(X:) —g10(Xi)) ((X;) —mo(X;)) in B* consists of products of machine learn-
ing errors, and is asymptotically negligible if each of these machine learning errors g;(X;) — g10(X;) and
#(X;) — mo(X;) vanishes at a rate that is faster than the order of n~ '/ (yet possibly slower than the order of
n~/2). This property owes to the Neyman orthogonality of y. The typical term % Y (81 (X)) —gio(Xi)vi
in C*, on the other hand, is asymptotically negligible by the law of iterated expectations and Markov inequal-
ity, if the sample that is used to obtain ¢ is different from and independent of the sample that is used to
evaluate the sum. It is this argument about the C* term that leads us to the idea of cross fitting under an i.i.d.
sampling.

Randomly split {1, ...,n} into two folds, /; and I,. Let 11 (respectively, £12) denote a machine learner for
g10 using the subsample {W; };cf, (respectively, {W;}ic,). Since the sample is i.i.d., {W;}ic;, and {W;} ¢, are
independent subsamples. Therefore, g1 is independent of {W;}ic,, and thus n—\gzig] (811(X;) — g10(Xp))vs
can be made asymptotically negligible by the aforementioned argument. Similarly, H%Zieh (812(X;) —
g10(X;))v; can be made asymptotically negligible. Each of these two sums uses only a half of the whole
sample of size n. To improve the efficiency, we want to use the whole sample by averaging the estimates

associated with the two folds. The average

2|02 Z —g1o(X, Z —g10(X;))vi

i€l 1612

is the split-half counterpart of the typical term in C*. The asymptotic negligibility of each of the two subsam-
ple means imply that of this whole sample mean.

Extending this heuristic idea, the general cross fitting under an i.i.d. sampling proceeds as follows. With

3See Appendix F in the supplementary appendix for a full influence function representation with concrete expressions.
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a fixed positive integer K > 1, randomly partition {1,...,n} into K folds {Ij,...,Ix}. Note that, for each
k€ {1,...,K}, observations in J; are independent of its complement I{ = {1,...,N} \ I and vice versa by the

i.i.d. sampling assumption. For each k € {1,...,K}, obtain an estimate

3)

=1 (Wrer;)

of the nuisance parameter 1] by some machine learning method using only the subsample of those observa-

tions with i € I;. In turn, we define 0 as the solution to

K
ZTZ 6.7k) =0, 2.9)

el

where || denotes the cardinality of the set I;. Here, it is crucial that fj;, is independent of I; in each of the K
inner sums to vanish terms in C*.

With this cross-fitting operation, the solution 6 allows for the asymptotic linear representation (2.8) with
the B* and C* terms asymptotically negligible. Thus, this DML estimator § (CCDDHNR, 2018a) enjoys the

root-n asymptotic normality solely based on the A* term under the i.i.d. sampling.

2.3.1.2 Limitation of the Conventional Cross Fitting under Multiway Clustering

Let us now turn back to the case of using the two-way cluster dependent data as in Section 2.2. In this
case, the random splitting of the sample {W,j| i€{l,...,N},je{l,...,M}} of size NM into K folds will not
ensure the independence between observation in I from I for any k € {1,...,K}.

An alternative idea might be to randomly split the clusters in one of the cluster dimensions, say the

N market clusters {{W;;}¥ {WNJ-}ZJ‘.”:I}, into K folds {/;,...,Ix}. However, this will not ensure the

=1
independence between observation in [ from I either. To see this, note that [; contains observations from
the set of products j € {1,...,M} as well as I contains observations from the same set of products j €

{1,...,M}. A common supply shock induced by producers of these products may well cause dependence

between observation in I; and those in I},.

2.3.2 The Multiway Cross Fitting and the Multiway Cluster Robust DML

In light of the non-applicability of the conventional cross fitting under multiway clustering pointed out in
Section 2.3.1.2, we now propose a novel multiway cross fitting algorithm and the multiway cluster robust
DML based on it. For any r € N, we use the notation [r] = {1,...,7}. With a fixed positive integer K > 1,

randomly partition [N] into K parts {I;,...,Ix } and [M] into K parts {Ji,...,Jx }. For each (k, /) € [K]?, obtain
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Figure 2.1: An illustration of 22-fold cross fitting.

Nuisance 1 Score Nuisance

Nuisance Score Nuisance Score

an estimate

fike = 1 (W) e < (M)

of the nuisance parameter 1] by some machine learning method using only the subsample of those observa-
tions with multiway indices (i, /) in ([N]\ L) x ([M]\ J;). In turn, we define 6, the multiway double/debiased

machine learning (multiway DML) estimator for 6y, as the solution to

1 -
= Y Euxlw(W:0,M)] =0, 2.10)

(kO)€[K]?
where, with |I; | and |J;| denoting the cardinalities of I and Jy, respectively, E, x¢[f(W)] = m Yiijyen <t S Wij)
denotes the subsample empirical expectation using only those observations with multiway indices (i, j) in
Iy < Jy.

We call this procedure the K>-fold multiway cross fitting. Note that, for each (k, /) € [K]?, the nuisance
parameter estimate ), is computed using the subsample of those observations with multiway indices (i, j) €
([NJ\Ix) x ([M]\ J;), and in turn the score term E,, x/[w(W;-,fli)] is computed using the subsample of those
observations with multiway indices (i, j) € I x J;. This two-step computation is repeated K> times for every

partitioning pair (k,£) € [K]%.

Figure 2.1 illustrates this K>-fold cross fitting for the case of K = 2 and
N = M = 40 (with each side of a small square block representing 10 clusters), where the cross fitting repeats

for K*(= 22 = 4) times.

Remark 2.1. This estimator is a multiway-counterpart of DML2 in CCDDHNR (2018a). It is also possible to
consider the multiway-counterpart of their DMLI. With this said, we focus on this current estimator following
their simulation finding that DML2 outperforms their DMLI in most situation settings due to the stability of

the score function. O

Remark 2.2 (Higher Cluster Dimensions). When we have o-way clustering for an integer o > 2, the above
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algorithm can be easily generalized into a K®-fold multiway DML estimator. See Appendix C in the supple-

mentary appendix for a generalization. O

Recalling the notation C = N A M, we propose to estimate the asymptotic variance of \/C(é —6) by

6> =/, @.11)
where [ and J are given by
| [Z| A I 5 5 oA
F:ﬁ Z { (|1H]|)2 Z Z W(W/ij;evnkf)l//(w/ij’;evnkﬁ)/
(k,0)€[K]? i€l j,j'ely
IIA T s ~ .
di |2 Y w(Wij: 0, e) w(Wy 0, ike) and (2.12)
(70?2, /<3,
| d N
J=z X Bap|5gvW:0.0)| |, (2.13)
(k,0)€[K)? 6=0

accounting for multiway cluster dependence, similarly to the existing multiway cluster robust formula (2.1).
For a dg-dimensional vector r, the (1 —a) confidence interval for the linear functional 7’6y can be constructed

by

Cl,:=[/0+d (1 —a/2)\/r62r/C),

where @ denotes the standard normal CDF. Summarizing all the above procedures, we present the following

step-by-step guidance for implementation of the multiway cluster robust DML.

Algorithm 2.1: K?-fold Multiway Cluster Robust DML. Let K = 2.

1. Randomly partition [N] into K parts {I},...,Ix } and [M] into K parts {J1,...,Jx }.

2. For each (k,£) € [K]?: obtain an estimate iz = # ((VVU)@J)G([N]\,]()X([M]w)) of the nuisance parameter
1 by some machine learning method using only the subsample of those observations with multiway
indices (i, j) in ([N]\ Ix) x ([M]\ J¢).

3. Solve the equation é Y E,wly(W; 6, Aw)] = 0 for O to obtain the multiway DML estimate .
(k.L)€[K]?

4. Let the multiway DML asymptotic variance estimator be given by 62 = J~'I'(/~!)’ where I and J are
give in (2.12) and (2.13), respectively.

5. Report the estimate 6, its standard error y/62/C, and/or the (1 — a) confidence interval

Cl,:=[0+® (1 —a/2) 62/C} .
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For the partially linear IV model introduced in Section 2.2, Algorithm 2.1 with more details about the

procedure in each step is as follows.

Algorithm 2.2: K2-fold Multiway Cluster Robust DML for Partially Linear IV Model with Lasso. Let K = 2.
1. Randomly partition [N] into K parts {Ij,...,Ix } and [M] into K parts {J;,...,Jx }.
2. For each (k,¢) € [K]*:

(a) Run alasso of Y on X to obtain gy 4 (x) = x’Bkg using observations from I} X Jj.
(b) Run alasso of D on X to obtain g5 x¢(x) = x'fi¢ using observations from I x Jj.
(c) Run alasso of Z on X to obtain sy (x) = x' ékg using observations from Ij X Jj.
3. Solve the equation
1 A N A
7 X Bl (Vy = X3P — 0(Dij — Xjj i) ) (Zij — X{j600)] =
(k,0)€[K]?
for 6 to obtain the multiway DML estimate 6.
4. Let éij = Yij _Xi/jka - é(D,’j —Xi/j’}A/kg), ﬁij = Dij —X,'/j']A/ke, and ﬁij = Z,'j _Xi/jgkf for each (l,]) S Ik X Jg
for each (k,¢) € [K]?, and let the multiway DML asymptotic variance estimator be given by

K K
IIN|J I/\J
LAY ¥ e 0T a0,
k=1/=1 ||| | lEIkJJGJ llEIkJEJp
where
. K K
-]:_ ZZ n,kl uuvu}

5. Report the estimate 8, its standard error /62 /C, and/or the (1 —a) confidence interval

Cl, := éid>1(1—a/2)\/62/c}.

For the sake of concreteness, we present this algorithm specifically based on lasso (in the three sub-steps
under step 2), but another machine learning method (e.g., post-lasso, elastic nets, ridge, deep neural networks,

and boosted trees) may be substituted for lasso.

2.4 Theory of the Multiway DML

In this section, we present formal theories to guarantee that the multiway DML method proposed in Section
2.2 works. We first fix some notations for convenience. The two-way sample sizes (N,M) € N? will be
index by a single index n € N as (N,M) = (N(n),M(n)) where M(n) and N(n) are non-decreasing in n

and M(n)N(n) is increasing in n. With this said, we will suppress the index notation and write (N, M) for
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simplicity. Let { £, }, be a sequence of sets of probability laws of {W;;};; — note that we allow for increasing
dimensionality of W;; in the sample size n. Let P = P, € &7, denote the law with respect to sample size
(N,M). Throughout, we assume that this random vector W;; is Borel measurable. Recalling the notation
C =NAM, define uy = C/N and uy = C/M, and suppose that uy — fiy, Uy — Ay We write a < b to
mean a < ¢b for some ¢ > 0 that does not depend on n. We also write a Sp b to mean a = Op(b). For any
finite dimensional vector v, ||v|| denotes the ¢, or Euclidean norm of v. For any matrix A, ||A|| denotes the
induced ¢;-norm of the matrix. For any set B, |B| denotes the cardinality of the set.

We state the following assumption on multiway clustered sampling.
Assumption 2.1 (Sampling). Suppose C — oo. The following conditions hold for each n.

(i) (Wij)(i, j)en? is an infinite sequence of separately exchangeable p-dimensional random vectors. That is,

for any permutations 7, and ™ of N, we have

d
Wi ez = Way (hm()) (. jyene-

(i) (Wij) (i jjene is dissociated. That is, for any (c1,¢2) € N2, (Wij)ieley).jcley] S independent of (Wij)ic (e, e, jeles)e-

2
(iii) For each n, an econometrician observes (Wij)ie[N},je[M]-

The separate exchangeability in part (i) is similar to the identical distribution assumption. It means that
the N markets i € {1,...,N} and the M products j € {1,...,M} have no identities, and are supposed to have
ex ante identical distributions. Therefore, shuffling the labels of the markets and labels of the products
separately does not affect the joint distribution of data®. While we maintain this assumption that is similar
to the identical distribution assumption, we do relax independence assumption. The dissociation in part (ii)
implies that observations are independent if they do not share the same market or the same products. On the
other hand, if two observations share either the same market or the same product, then they are allowed to be
arbitrarily dependent, as discussed in Section 2.2.1.

Consider linear Neyman orthogonal scores Y of the form

v(w;0,1) = v (w;n)0 + y’(w;n), forallw € supp(W), 0 € ®, n e T. (2.14)

A generalization to nonlinear score follows from linearization with Gateaux differentiability as in Section 3.3

of CCDDHNR (2018a). We focus on linear scores as they cover a wide range of applications.

For example, this imposes (Wy;,Wi2) 4 (Wa1,Wa,). But it does not impose that (W, Wj2) and (Wy;,Wa2) to be identically dis-
tributed.
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Letco > 0, ¢; >0, s > 0, ¢ > 4 be some finite constants with ¢o < ¢;. Let {J,},>1 (estimation errors) and

{An}n>1 (probability bounds) be sequences of positive constants that converge to zero such that §, > c 2

Let K > 2 be a fixed integer. Let Wy denote a copy of Wy that is independent from the data and the random

set .7, of nuisance realization. With these notations, we consider the following assumptions.

Assumption 2.2 (Linear Neyman Orthogonal Score). For C > 3 and P € &2, the following conditions hold.
(i) The true parameter value 6y satisfies (2.5).
(ii) y is linear in the sense that it satisfies (3.18).

(iii) The map 1 — Ep[w(Woo;0,M)] is twice continuously pathwise differentiable on T.

(iv) v satisfies either the Neyman orthogonality condition (3.2) or more generally the Neyman A, near

orthogonality condition at (0y, o) with respect to a nuisance realization set 7, C T as

An = sup HanEpllf(Woo;Go,no)[n —no]H < §,C7 2
ez

(v) The identification condition holds as the singular values of the matrix Jo := Ep[y® (Woo; No)] are between

co and cj.

Assumption 2.3 (Score Regularity and Nuisance Parameter Estimators). For all C > 3 and P € &, the

following conditions hold.

(i) Let K > 1 be a fixed integer. Given random subsets I C [N] and J C [M] such that |I| x |J| = [NM /K?],
the nuisance parameter estimator fj = 1 (Wij) i jyere xje ), where the complements are taken with respect
to [N] and [M), respectively, belongs to the realization set J,, with probability at least 1 — A, where 7,

contains M.

(ii) The following moment conditions hold:

my == sup (Ep[||w(Woo: 80,m)|]) /4 < c1,
ney,

my, == sup (Ep[||y* (Woosn)||*])"/* < 1.
ne,
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(iii) The following conditions on the rates ry, r,, and A, hold:

rn = sup ||Ep[y*(Woo;n)] — Ep[w“ (Woosmo)]l| < 6,

ney

Iy = Sug(||EP[W(Woo:907n)] — Ep[y(Woo: 60,m0)][1*)/* < 6,
ne,

Av= sup  [0PEp[w(Woo:60,m0+r(n —mo))]ll < 8./y/C.
re(0,1),n€ I,

(iv) All eigenvalues of the matrix

I':=gyTn + iy

= ANEp[y(Wi1; 60, Mm0) w(Wi2: 60, M0)'] + B Ep (W (Wi1:60,M0) W (Wai; 60,M0)']-

are bounded from below by cy.

Remark 2.3 (Discussion of the Assumptions). Assumption 3.1 is similar to those of the preceding work
on multiway cluster robust inference (cf. Menzel, 2017; Davezies et al., 2018a; Chiang and Sasaki, 2019).
Menzel (2017) does not invoke the dissociation, and follows an alternative approach to inference. Our the-
ory could also proceed without this assumption and instead with conditional inference similarly to Menzel
(2017). The other papers assume both the separate exchangeability and dissociation, and conduct uncondi-
tional inference as in this paper. See Kallenberg (2006, Corollary 7.23 and Lemma 7.35) for representations
with and without the dissociation under the separate exchangeability. Assumption 3.9 is closely related to As-
sumptions 3.1 of CCDDHNR (2018a). It requires the score to be Neyman near orthogonal — see their Section
2.2.1 for the procedure of orthogonalizing a non-orthogonal score. It also imposes some mild smoothness
and identification conditions. Assumption 3.10 corresponds to Assumption 3.2 of CCDDHNR (2018a). It
imposes some high level conditions on the quality of the nuisance parameter estimator Part (iv) ensures a

non-degenerate limit distribution under the rate of /C. O

Remark 2.4 (Partial Distributions). Since the separate exchangeability in Assumption 3.1 (i) implies that
the marginal distributions of {W; j}(i7 jene are identical, the stated conditions in Assumptions 3.9 and 3.10
(i)-(iii) based on Woo apply to those based on W;; for all i and j as long as W;; is independent of F,, which
depends on a part of data through ((mj)(i7j>€](,‘><](‘ ). We state Assumptions 3.9 and 3.10 (i)-(iii) based on the
independent copy Wyo rather than arbitrary W;; to avoid additional explanation of the potential dependence
relationship between W;;j and 7. Similarly, Assumption 3.10 (iv) is stated based on Wi1, W12 and Way due
to the dependence structure implied by Assumption 3.1(ii). This differs from CCDDHNR (2018a). W11, W2

and Way can be replaced by W;j, Wi and Wy ;, respectively, for any i # i', j # j' because of the identical

7
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distribution implied by separate exchangeability. [

The following result presents the main theorem of this paper, establishing the linear representation and
asymptotic normality of the multiway DML estimator. It corresponds to Theorem 3.1 of CCDDHNR (2018a),

and is an extension of it to the case of multiway cluster sampling.

Theorem 2.1 (Main Result). Suppose that Assumptions 3.1, 3.9 and 3.10 are satisfied. If 6, > C -1/2 for all

C > 1, then

M
Z lj +0P pn)WN(O Idg)
1j=1

%\a
Mz

VCo' (66

i

holds uniformly over P € £2,, where the size of the remainder terms follows
Pn:=C 2 r i+ CV20, +CV20) < 6,
the influence function takes the form y(-) := —0'_110_ Y (-;60,M0), and the asymptotic variance is given by
ol :=Jy'T . (2.15)

A proof of this theorem is provided in Appendix A.1 in the supplementary appendix.
Asis commonly the case in practice, we need to estimate the unknown asymptotic variance. The following

theorem shows the validity of our proposed multiway DML variance estimator.

Theorem 2.2 (Variance Estimator). Under the assumptions required by Theorem 3.2, we have

6% =%+ 0p(pn).

Furthermore, the statement of Theorem 3.2 holds true with 62 in place of 2.

A proof of this theorem is provided in Appendix A.2 in the supplementary appendix.

Theorems 3.2 and 3.3 can be used for constructing confidence intervals.

Corollary 2.1. Suppose that all the Assumptions required by Theorem 3.2 are satisfied. Let r be a dg-

dimensional vector. The (1 — a) confidence interval of ¥’ 6 given by

Cl, =[O0+ (1 -a/2)\/r62r/C]
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satisfies

sup |Pp(r'69 € Cl,) — (1 —a)| — 0.
pPeZ,

As in Section 3.4 of CCDDHNR (2018a), we can also repeatedly compute multiway DML estimates and
variance estimates S-times for some fixed S € N and consider the average or median of the estimates as the
new estimate. This does not have an asymptotic impact, yet it can reduce the impact of a random sample

splitting on the estimate.

2.5 Simulation Studies

2.5.1 Simulation Setup

Consider the partially linear IV model introduced in Section 2.2. We specifically focus on the following

high-dimensional linear representations

Yij =D;ij60+X];Co+ €
D;j =Z;;mo +X,~/j7rzo + vij,

Zij =X;;80 +Vij,

where the parameter values are set to 6y = 70 = 1.0 and §y = m9 = & = (0.5,.0.5%,- -~ ,0.5dim<X>)’ for some

large dim(X). The primitive random vector (X/

1j+€ij, ij, Vij)' is constructed by

Xij=(1-0f —0))o + o o + o,
&j = (1—-of —o3)of + of of + o5 af,
vj=(1-0 -0))a)+ole’ +a)af, and

Vij=(1-0 —))o; + o o +o)a
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with two-way clustering weights (@f, ®)), (0f, 0f), (0P, ®}), and (0], ®} ), where

independently generated according to

sx
Sk
oo o ~N |0,
S(}i(irn(X)72
S;l(im(X)fl

dim(X)—2 dim(X)—1
s)l( lem( ) SX1m< )
dim(X)—3 dim(X)—2
sg)( lem( ) SXIm( )
dim(X)—3 0 1
SX . e SX SX
dim(X)—2 1 0
SX e SX SX

(af, o), (of &), and (@f, o} ) are independently generated according to

ij?

ij i

%
and oy},

OCiV ,and OCJV are independently generated according to

VoV oV
o, ,a; ~N(0,1).

ijo

X X
o, O

, and an are

The weights (of , @), (of, @5), (0, ®?), and (@}, Y ) specify the extent of dependence in two-way

clustering in X;;, &, V;j, and V;;, respectively. The parameter sy specifies the extent of collinearity among

the high-dimensional regressors X;;. The parameter s¢, specifies the extent of endogeneity. We set the values

of these parameters to (0,05 ) = (of, @) = (0, 0?) = (0] ,®) ) = (0.25,0.25) and sx = s¢y = 0.25.

2.5.2 Results

Monte Carlo simulations are conducted with 2,500 iterations for each set. Table 3.1 reports simulation results.

The first four columns in the table indicate the data generating process (N, M, C, and dim(X)). The next

column indicates the integer K for our K2-fold cross fitting method. We use K = 2 and 3 in the simulations

for the displayed results, since 2%(= 5) and 3%(= 10) are close to the common numbers of folds used in cross

fitting in practice. The next column indicates the machine learning method for estimation of fj,. We use

the ridge, elastic net, and lasso. The last four columns of the table report Monte Carlo simulation statistics,

including the bias (Bias), standard deviation (SD), root mean square error (RMSE), and coverage frequency

for the nominal probability of 95% (Cover).

For each covariate dimension dim(X) € {100,200}, for each choice K € {2,3} for the number K> of

multiway cross fitting, and for each of the three machine learning methods, we observe the following patterns
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as C = N AM increases: 1) the bias tends to zero; 2) the standard deviation decreases approximately at the 1/C
rate; and 3) the coverage frequency converges to the nominal probability. These results confirm the theoretical
properties of the proposed method. We ran several other sets of simulations besides those displayed in the
table, and this pattern remains the same across different sets.

Comparing the results across the three machine learning methods, we observe that the ridge entails larger
bias and smaller variance relative to the elastic net and lasso in finite sample. This makes the coverage
frequency of the ridge less accurate compared with the elastic net and lasso. This result is perhaps specific
to the data generating process used for our simulations. On one hand, the choice K = 3 (i.e., 9-fold) of the
multiway cross fitting contributes to mitigating the large bias of the ridge relative to the choice K = 2, and
hence K = 3 produces more preferred results for the ridge. On the other hand, the choice K = 2 tends to
yield preferred results in terms of coverage accuracy for the elastic net and lasso. In light of these results, we
recommend the elastic net or lasso along with the use of 22- fold (i.e., 4-fold) cross fitting. This number of
folds in cross fitting is in fact similar to that recommended by CCDDHNR (2018a) for i.i.d. sampling — see

their Remark 3.1 where they recommend 4- or 5-fold cross fitting.

2.6 Empirical Illustration: Demand Analysis with Market Share Data

Let us revisit the demand model of Example 2.1. Recall that, for the consumer demand model of Berry (1994)

introduced in Example 2.1, Lu et al. (2019, Equation (9)) derive the partial-linear equation
Yij = Djj00 + go(Xij) + &ij (2.16)

for estimation of 6y, where Y;; = log(S;;) —log(So;) denotes the observed log share of product i relative to
the log of the outside share in market j, D;; denotes the log price of product i in market j, and X;; denotes a
vector of observed attributes of product i in market j. To deal with the likely endogeneity of D;;, researchers
often use instruments Z;; such that Ep[€;;|X;;,Z;;] = 0. Such instruments often consist of observed attributes
of other products in the market.

The implied equation (2.16) together with this mean independence assumption yields the reduced-form
model (2.2). Furthermore, we write the innocuous nonparametric projection equation (2.3). Therefore, we
apply Algorithm 2.2 in Section 2.3.2 for the two-way cluster robust DML estimation of 6y with a robust
standard error.

We present an application of the proposed algorithm to the U.S. automobile data of Berry et al. (1995).

The sample consists of unbalanced two-way clustered observations with N = 557 models of automobiles
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and M = 20 markets. (At first glance, it may appear that C = N AM = 20 is too small for an application
of asymptotic theories. While the distribution indeed concentrates at the rate of 1/4/C, the effective sample
size from the view point of the CLT is in fact N + M, which is 20+ 557 in this application. This is because
we apply the CLT to the Héjek projection (cf. Lemma 1 in the supplementary appendix) which consists of
N + M independent summands.) The observed attributes X;; consist of horsepower per weight, miles per
dollar, miles per gallon, and size. The instrument Z;; is defined as the sum of the values of these attributes of
other products.

For the purpose of highlighting the effect of clustering assumptions, we report estimates and standard
errors under the zero-way cluster robust DML (based on the i.i.d. assumption) and the one-way cluster ro-
bust DML (based on clustering along each of the product and market dimensions), as well as the two-way
cluster robust DML (along both of the product and market dimensions). The number K = 4 of folds of cross
fitting is used for the zero- and one-way cluster robust DML, while the number K> = 4 of folds of two-way
cross fitting is used for the two-way cluster robust DML following the recommendations from Section 2.5
and those by CCDDHNR (2018a, Remark 3.1). To mitigate the uncertainty induced by sample splitting,
we compute estimates based on the average of ten rerandomized DML following CCDDHNR (2018a, Sec-
tion 3.4) with variance estimation according to CCDDHNR (2018a, Equation 3.13) adapted to our two-way
cluster-robustness.

Table 3.2 summarizes the results. For each of the zero-, one-, and two-way cluster robust DML, both the
point estimates and standard errors are similar across all the choices of instrument. Furthermore, the point
estimates are also similar across all of the zero-, one-, and two-way cluster robust DML. On the other hand,
the standard errors tend to increase as the assumed number of ways of clustering increases. In other words,
the zero-way cluster robust DML reports the smallest standard error while the two-way cluster robust DML
reports the largest standard error. To robustly account for possible cross-sectional dependence of observations
in such two-way cluster sampled data as this market share data, we recommend that researchers use the two-

way cluster robust DML although it may incur larger standard errors as is the case with this application.

2.7 Conclusion

In this paper, we propose a multiway DML procedure based on a new multiway cross fitting algorithm. This
multiway DML procedure is valid in the presence of multiway cluster sampled data, which is frequently used
in empirical research. We present an asymptotic theory showing that multiway DML is valid under nearly
identical regularity conditions to those of CCDDHNR (2018a). The proposed method covers a large class of

econometric models as is the case with CCDDHNR (2018a), and is compatible with various machine learning
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based estimation methods. Simulation studies indicate that the proposed procedure has attractive finite sample
performance under various multiway cluster sampling environments for various machine learning methods.
To accompany the theoretical findings, we provide easy-to-implement algorithms for multiway DML. Such
algorithms are readily implementable using existing statistical packages.

There are a couple of possible directions for future research. First, whereas we focused on linear orthog-
onal scores that cover a wide range of applications, it may be possible to develop a method and theories for
non-linear orthogonal scores as in CCDDHNR (2018a; Section 3.3). Second, whereas we focused on uncon-
ditional moment restrictions, it may be possible and will be important to develop a method and theories for
conditional moment restrictions (Ai and Chen, 2003, 2007; Chen et al., 2003; Chen and Pouzo, 2015). We

leave these and other extensions for future research.

2.8 Appendix

2.8.1 Proof of Theorem 3.2

Proof. In this proof we try to follow as closely as possible the five steps of the proof of Theorem 3.1 of
CCDDHNR (2018a) although all the asymptotic arguments are properly modified to account for multiway
cluster sampling.

Denote &, for the event A, € 7, for all k, £ € [K]?. Assumption 3.10 (i) implies P(&,) > 1 — K2A,,.
Step 1. This is the main step showing linear representation and asymptotic normality for the proposed

estimator. Denote

J = = Z Ep ke [y (W flie)], Ry, =J—,

(k,0)€[K)?
1 1 N M
Ripi= 13 Y Ewelw(W:60, )] — N Y Y w(Wijs60,m0).
(k,0)€[K]? i=1j=1
We will later show in Steps 2, 3, 4 and 5, respectively, that
Rt || = Op,(C™/2 + 1), (2.17)
Rzl = Op, (C™V21, 4+ A+ A1), (2.18)
N M
|vE@m)y Y Y w(wyz60,m0) | = 0, (1), (2.19)
i=1j=1
o™ = Op,(1). (2.20)
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Then, under Assumptions 3.9 and 3.10, Q’l/ 24 ry < p, = o(1) and all singular values of Jy are bounded
away from zero. Therefore, with P,-probability at least 1 — o(1), all singular values of ./ are bounded away

from zero. Thus with the same P, probability, the multiway DML solution is uniquely written as
< 1 R
0=-J 7 Z En ke[ (W: o)),
(k0K
and

VCO—6)=—CI'— Y (En,kdlllb(wﬁu)FrfGo)

(k,0)e[K]?
=- \@JLle Z Ep ke [W(W3 60, fie)]
)EK]?

M

, <J0+Rn71) x( ZZ‘V Wi 60,10) +fRn2) 2.21)
1 1j=1
Using the fact that
-1 —1 -1 —1
(Jo+Rua) =I5 ==+ Run) " Ruady ",

we have

1o +Ru1) ™" = Jg I =l1(o+Rat) ™ Ruady ' < 1[0+ Rot) ™ HIRat 115

=0p,(1)0p,(C™? +1,)Op, (1) = Op, (C"* + 7).

Furthermore, r}, + /C(A, + 1)) < p, = o(1), it holds that

M

W 11790;770 + fRn2
1j=1

M
‘ SHNM ~ ; Wij§90,770)H + H\/QRn,Z

i

=Op,(1) +op,(1) = Op,(1),

where the first equality is due to (2.19) and (2.20). Combining above two bounds gives

M

-1
(o) a5 || = Zwa,,,eo,nwfan

=1

‘—OP C 24 1,)0p,(1)

=0p,(C”'? +1y). (2.22)
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Therefore, from (2.20), (2.21) and (2.22), we have

£
NN
M=

I
~.
Il

VCo (6 —6p) =

V_/( lj) + OPn (pn)
1

The first term on the RHS above can be written as G, . Applying Lemma 3.5, we obtain the independent

linear representation

=
~§|
o
=5
Mx<
S

Ep, [W(W;))|Uio] + , Ep, [§(Wi;)|Uo]

-Sl
<

Il
R
<.
Il
=

and it holds P,-a.s. that

V(G ) =V(H,¥)+0(C") =J;'T(J; ") +0(C™")  and

GuW =H, ¥+ 0p(C™'/?)

under Assumption 3.10 (iv). Recall that g > 4, the third moments of both summands of H,, ¥ are bounded
over n under Assumptions 3.9(v) and 3.10 (ii) (iv). We have verified all the conditions for Lyapunov’s CLT.

An application of Lyapunov’s CLT and Cramer-Wold device gives
Hy\y ~~ N(O,Ide)

and an application of Theorem 2.7 of van der Vaart (1998) concludes the proof.

Step 2. Since K is fixed, it suffices to show for any (k, /) € [K]?,

e Y (W )] — Ep [y Warimo)] | = 0, (€72 +1,).

Fix (k,/) € [K]?,

|

Ep ke [W (W; fie)] — Ep, [W* (Wijsno)] H < I+ Ik

where

jl,kf = ‘ E

ke[ W (W3 )] = E, 9 (Wigs Ao 11 < J5] |

Ik = HEPn[lI/a(VWj;ﬁkz)Vf x Ji] _EPn[l//a(Wll;nO)]H'
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Notice that .%; y, < r,, with P,-probability 1 —o(1) follows directly from Assumptions 3.1 (ii) and 3.10 (iii).

Now denote W, ,, = Wy, (Wiji fike) — Ep, [, (Wijs i) [T < J§] and W = (' ) meay)- To bound #; 4, note

that conditional on / x J7, it holds that

- 2 A ” - 2 - g
Ep, [ Sl x J{] =Ep, H B e (W (W3 fike)] — Ep, [W* (Wi e | I JE]H I JE}
el £, o) e
=5 EP, ij,m X f:|
(|1H‘]|)2 m=1 " (i,j)elxJ; N
1
T, E&[Z‘l’?m ol <71
(6,))ElxJp J'€J0,]' #]
1
P EBI[Z""?'" W11
(i,))El xJp i €L i Fi
1 do . 2
Y En| X (9,0 x| +0
(|I||J|> (i,))El xJy m=1
1 4 o~
=T, z Y Ep (W8, 01 < J)
(i,))elxJy J'€Jg,J'#]
1
IR B B W
(i,))El xJyg ' €l i #i
1
[ P11 J¢]
R S e
1 A 1 o : P e ’
S v s ue) — v v e 1 < 5] | o <]
1
B, [V (Wi ) |21 < ]
STTAW] ! Lo

<ci/lHIA|

under an application of Cauchy-Schwarz’s inequality and Assumptions 3.1 and 3.10 (ii). Note that C <
[I| A|J| < C. Hence an application of Lemma 3.7 (i) implies .} ¢ = Op, (C~'/2). This completes a proof of
(2.17).

Step 3. It again suffices to show that for any (k,¢) € [K]?, one has

|

En e [w(W; 80, Tke)] —

Y wWisi00,m0)|| = O, (C720, + A1)

|I||J‘ (i,))ElxJy
Denote
C
Gl 0(W)] = m*f” W)= [o(war,),

(i, j)EIk ><J;
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where ¢ is P, an integrable function on supp(W). Then

. 1 I3kt + Iakt
Ep ke [W(W: 60, Tike)] — W Z ‘l/(Wij?GOWO)HS’T

(i,)) €l xJy

where

I3k =G e [W (W3 60, 1ke)] = G e [W (W3 60, 10)] ]

It ::\@HEPn (W (Wij: 60, Tike) |k < Je] — Ep, [W(W11560,M0)] H

Denote Wjm := Y (Wij; 60, Tlee) — Win(Wij; 60,M0) and W;; = (‘T/ij,m)me[dg]- To bound .#3 4, notice that using

a similar argument as for the bound of .#; y, one has

Ep, 5 el |1 % J§] = Ep, [ G e[ (Wijs 60, fike) — w(Wij: 60, m0)] 17|15 > J]

[mmzz{ Y (W Bn ) } [ <]

l])GIkXJ[
Cc do _ 3 y
RO »>Z, iy JZ# Er, | L (in B, Wi ) (Vi Wi ) |1 ]
i,j)€lxJe J'€J0,j'#] m=
C do _ ~ }
e Z¢ | X, (P =T (BB [ <
(i,))ElxJp V€l i' #i m=1
C 77 77 2 C C
W Z Ep, [ Z (v/i,-,m—Epnw,»j,m> ‘Ik sz] +0
lj GIkXJ/
:(‘ 17 D Z JZ# Py [<‘Vij*EPn‘I/ija‘Vij’*ERl‘I/ij’> X]z]
(1,7)ElxJr ' €Je,J'#]
c _ o 3
T [0 B By B 1 ]
(i,))ElxJp V€l i #i
C
R s s s ]

(i,j)ElxJ;

<EP[ Wiji00,M) — w(Wij: 60,M0) — Ep,[w(Wij: 60,1) — w(Wij: 60,M0) H ‘IkXJé}

<Ep, [|lw(W;j:60,11) — w(Wijs 80,10) | 21§ x J¢]

< sup Ep, [l w(Woo: 60, 1) — w(Woo: 60, 10) |2 1£ x J¢]
ne,

= Sup Ep, [[w(Woo: 80,1) — w(Woo: 80, m0) 2] = ()%,
nes,

where the first inequality follows from Cauchy-Schwarz’s inequality, the second-to-last equality is due to

Assumption 3.1, and the last equality is due to Assumption 3.10 (iii).
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Hence, %3y = Op, (r},). To bound .7 4, let

Jie(r) == Ep, [W(Wij; 00, M0 + r(Aee — Mo)) 1 < 7] —Ep, [W(Wi1560,m0)],  r€10,1].

An application of the mean value expansion coordinate-wise gives
Jue(1) = fir(0) + f,(0) + fiy(7) /2,
where 7 € (0, 1). Note that f;,(0) = 0 under Assumption 3.9 (i), and
1At = |3, w(W: B, 1m0) ke — ol | < 2

under Assumption 3.9 (iv). Moreover, under Assumption 3.10 (iii), on the event &;,, we have

Ife P < sup (I fz ()] < 2

re(0,1)

This completes a proof of (2.18).
Step 4. Note that

C N M 2
EP,,HNLZZW(Mj;GmnO)H }
i=1j=1
C dy N M 2
ZW Pn{ 1(2121/411(“’11’907710)) }
m= i=1j=1
=Qi [waen)w( ;60 10)|
(NM)2 A B = m\Yij>V0,10)¥Ym\Vij"> V0,10
b fE [waen)w( 60, 10)|
P m\Wij> 00, 10)¥Ym\ Wi j, Y0, 10
(NM)Z 1<i<i’<N j=1 ! !
C N M
+ e B LB zl V2 (Wijs 60, 10)] +0
i=1j= m=

<Ep, [[ly(Wij:60,m0)|1%] < i

under Assumptions 3.1 and 3.10 (ii). Therefore, an application of Markov’s inequality implies

H Zf‘VWu’eo,Tlo H—Opn 1).

1j=1

This completes a proof of (2.19).
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Step 5. Note that all singular values of Jy are bounded from above by c¢; under Assumption 3.9 (v) and all
eigenvalues of I are bounded from below by ¢y under Assumption 3.10 (iv). Therefore, we have |[o~!| <

c1/+/<o and thus ||6~!|| = Op, (1). This completes a proof of (2.20). O

2.8.2 Proof of Theorem 3.3

roof. Ste ot the proot o eorem 3.2 proves ||/ — ol = C /“+r,) an ssumption 3.9 (v) implies
P Step 2 of the proof of Th 32p J—J| =0,(Cc"/? d Assumption 3.9 (v) impl

/% < ¢y - Therefore, to prove the claim of the theorem, it suffices to show

| 1A . .
Hﬁ Z {(|I||J|ZZ Z v(Wij; 0, ko) w (Wi 6, fie)’
(k,0)€[ i€l j,j'edy
(A | 5o 5 oa
W(W79,nkﬂ)‘l/ Wy ';67nk€)
(I111)* i,i/Gij;g ! W }

— BNvEp[w(Wi13 60, M0) W (Wi2; 80,M0)'] — EmEr[w(Wi1; 60, 10) W(Wai; 60, 10)’] H = Op(pn)-

Moreover, since K and dy are constants and uy — fiy < 1 and uy — iy < 1, it suffices to show that for each

(k,¢) € [K])? and [,m € [dp], it holds that

Y ) wi(Wiji 0, 7ke) Win(Wiys 6, ike) — iEp[wi (Wit 60, 10) Win(Wi2: 60,10)] | = Op(pn)

’m/\\f\
i€l j,j'ely

(11)?

and

I|N|J
‘(||I||]||)| Y Y wi(Wiji 6, e) Win (Wr 13 0, fike) — aaEp [Wi (Wit 60, 10) Win(War s 60,10)] | = Op ().
ii'el JEJ;

We will show the second statement since the first one follows analogously. Denote the left-hand side of

the equation as % ;,,. First, note that (|| A|J|)/|J| = uum, and apply the triangle inequality to get

Ik im < Iktim,1 + Ikt,im,2

where

1 N
jk[,lm,l = ‘ |I|2|J| Z Z {Wl ‘/Vlj96 nki)vfm( t]’evnké) WI( 11’607710)1//”1( 1]’60»770)}‘

ii'el, j€Jy

Y Y wi(Wijs 60,10) Wi (Wr 3 80, 110) — Ep[Wi (Wit 80, 10) Wi (Wa1'; 60, M0)] ‘

1
Tt im2 = ‘7
o 1PV, 72, /2,
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We first find a bound for Zy 1, 2. Since g > 4, it holds that

1 2
EP[jkzé,lm,Z] |I|4|J|2 PH Z Z Vi m/’e()?no)wm( lj»eoan0> EP[‘//[(WII’GO TIO)‘I’m(WZI,eo,TIO)]‘ :|

il €l j€Jy

1
<|I|4|J|2 P|: Z Z IIJI(‘/Vij;907770)1//7"(“/[’]';907770)1//1(“/1'1'/;607”0)WM(‘/I/[”./";90an0)i|

i i"el, j,j'ely
1
‘1|4|J|2EP|: Z Z ‘l/l(Wij;GOanO)V’m(Wi’j;eO,nO)‘/’l(Wz"pGOaWO)V’m(W:”’/’eOJIO)}

il i " el, jeJy

+o((I[A )7 +0

+

1
ST ; H<dic= -1
N|I|/\|J|EP[|W(W,90,710)|| 1< /c=o(c™.

Now, to bound Z 1, 1, we make use of the following identity coming from the proof of Theorem 3.2 in
CCDDHNR (2018a): for any numbers a, b, 8a, 6b such that |a| V |b| < ¢ and |8a| V |6b| < r, it holds that

|(a+8a)(b+ 8b) —ab| < 2r(c+r). Denote W;; 5 := Wi (W;j; 80, Mo) and ¥ 5 := Wy (Wij; 0, fiie) for h € {1,m}

and apply the above identity with a = 1, b = Wy . a+ 8a = Wj, b+ 8b = Wy, r = |y
|IA[/l-/j"m — Wi’j,m' and ¢ = Il[/,jl| \Y ‘ll/i’j,m" Then

-Vl vV

1 L
Ikt im,1 :’W Y ) {Wij,lllfi/j,m - Wij,ll//i/j,m}‘

ii'el, j€Jy

Z Z |11Ul]lllfljm lrl"l]llllljm|

|I|2|J| i€l j€Jy

Z Z qul V’l/l|\/wf11m l/’z]mD

2
|I| |J| ii'el, j€Jy
o (1wt V 1980 4 100 = iV 0= ]

1/2
<(‘]|2| | Z ZWIUI lel| v|lllt]m Iljljm|)

ii'el, j€Jy

) N 2\1/2
(g T L {1 Wil 1= vV = sl )

ii'el, JEJy
1/2
<(‘]|2|J| Z ij’/l ll/ljl| \/W/t/m ll,ljm|)
llEIkJGJ[
Aoy T X v v i )"
|I|2|J| ii'ely JEJy 4

1/2

+(|]|2|J‘ Z ZWII}I ll/l]l| \/W/l]m Vlzjm|) }
ii'el, JEJy

where the second to the last inequality follows from Cauchy-Schwarz’s inequality and Minkowski’s inequal-
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ity. Notice that

Z Z |Wl/l|2v|'1utjm|2 < |I|ZZ ||W VVIJ’GO’T'@HZ

i€l j€Jy i=1j=

YN = v PV — Wil < Z Z 1w (Wij: 6, fiee) — wi(Wij: 60, 10) ||

ii'el, jeJy i=1j=1

Thus, the above bound for %y ;,, | implies that

1
I im1 §Rn><(1 7 Y HV’(Wij;Go,Tlo)||2—|—R,,>,
| H | (i,j)ElxxJy
where
1 A A
Ryi= o Y [W(Wijs 0, Mke) — w(Wijs 60, m0) ||
T e
(i)l J
Notice that
1
e Z Iy (Wij3 60, m0)[I* = Op(1),

(i,))€lxJy

which is implied by Markov’s inequality and the calculations

1
Z 1w (Wij: 80, 10)I1* | =Er [y (Wi1:60,m0) ] < cf
|I||J‘ (i,))€lxJy

under Assumptions 3.1 and 3.10 (ii). Finally, to bound R,,, using Assumption 3.9 (ii),

RnleH T I @ el +

(i,))€lxJy

Z [y (Wi 60, fike) — w(Wij3 60,10) |-

‘IHJ‘ (i,))ElxJy

The first term on RHS is bounded by

(715 Ll Wijsfi)|I?) x 16 = 60|12 = 0p(1) x Op(C™") = Op(C™")

|IHJ| (i,))ElrxJy

due to Assumption 3.10 (ii), Markov’s inequality, and Theorem 3.2. Furthermore, given that (W;;); j)e IExJE

satisfies flx; € T},

P | 1w (Wij: 60, fiee) — w(Wij: 60, 1m0) ||

xJ,}
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ijg]

< sup Ep[nw(w,»j;emm — y(Wij: 60, m0)1*

nen

S(r/)Z

n

due to Assumptions 3.1 and 3.10 (iii). Also, the event fly; € .7, happens with probability 1 —o(1), we have

R, = Op(C~' +(r})?). Thus we conclude that
Iitimy = 0p(C™2 +1).
This completes the proof. O

2.8.3 Useful Lemmas

We collect some of the useful auxiliary results in this section.

First, for any f : supp(W) — RY for a fixed d € N, we use

Mz

M
Y rw; (Wll)]}

1j=1

Guf = f{NiM

i

to denote its multiway empirical process. The following is a multivariate version of Chiang and Sasaki (2019),

Lemma 1; see also Lemma D.2 in Davezies et al. (2018a).

Lemma 2.1 (Independentization via Hdjek Projections). If Assumption 3.1 holds and f : supp(W) — RY for
some fixed d € N and suppose Ep||f(Wy1)||> < K for a finite constant K that is independent of n, then there

exist i.i.d. uniform random variables Uiy and Uy; such that the Hdjek projection H, f of G, f on

N M
I = {Zg’n(u’“) + Y 20j(Uo;)) - gios 80j € Lz(Pn)}

i=1 j=1

is equal to

\S

i [ —Epf(Wi1)|U } ﬁf [le —Epf(Wi1) ‘Uo,}

for each n. Furthermore,

V(Guf) =V (Haf) +0(C") = nCov(f(Wir), f(W12)) + fiuCov(f (Wi1), f(War)) +O(C™")

holds a.s.
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Proof. The proof is essentially the same as the proof for Lemma 1 of Chiang and Sasaki (2019) and is

therefore omitted. O
The following re-states Lemma 6.1. of CCDDHNR (2018a):

Lemma 2.2 (Conditional Convergence Implies Unconditional). Let (X,,) and (Y,) be sequences of random

vectors.

(i) If for &, — 0, P(||X,|| > €:|Yx) = 0p(1) in probability, then P(||X,|| > €:) = o(1). In particular, this

occurs if Ep||| X, |9/ &1|Yn] = op(1) for some g > 1.

(ii) Let (A,) be a sequence of positive constants. If || X,|| = Op(Ay) conditional on Y, then ||X,|| = Op(A,)

unconditional, namely, for any l, — o, P(|| X,|| > I,An) = o(1).

2.8.4 Extension to General Multiway Clustering

In this section, we extend the main results to general multiway cluster sampling framework. Notations in the
current section are independent of those in the remaining parts of the paper — we introduce different notations
in order to enhance the readability of the main results of the paper while economizing complicated notations
in the current extension section. Consider the ¢-way clustered data for a fixed dimension ¢ € N. With G; € N
denoting the number of clusters in the i-th cluster dimension for each i € {1,...,£}, each cell of the ¢-way
clustered sample is indexed by the ¢-dimensional multiway cluster indices j = (jy, ..., j¢) € xle [Ci]. The
(-dimensional size (Cy,...,C;) € N of the /-way clustered sample will be index by n € N as (Cy,...,C;) =
(Cy(n),...,Ce(n)), where C;(n) is non-decreasing in n for each i € {1,...,£} and Ié]l C;(n) is increasing in
n. With this said, we will suppress the index notation and write (Cy, ...,Cy) Witho:t n for simplicity. Also
define the notations C = (Cy,...,Cy), [Ic = ﬁ Ci, C = minj<;<;C;, C = max;<;<;C;, and y; = C/C; for each
i €{1,...,4}. Suppose that y; — I; for soml:constant ; for each i € {1,...,£}. The number of observations
in the j-th cell is denoted by Nj, which is treated as an {0, 1,...,N}-valued random variable for some N € N
not depending on n. When [-] takes the random variable N; as an argument, we extend the definition of [-] to
[Nj] :=={1,...,N;} if N; > 1 and := 0 if N; = 0. The observed vector for unit : € [Nj] in the j-th cell is denoted
by W,;. Let { &, }, be a sequence of sets of probability laws of (Nj, (W,;);<,<x)j>1, Where 1:= (1,...,1) for

a short-hand notation and we write j >j' for j; > j/ foralli € {1,...,£}.

Example 2.2. The sampling setting in Section 2.3.2 fits in the current general framework with { =2, C} =N,

Cy =M, and (Nj,W;5) = (1,W;,},) for all j € [N] x [M] with probability one. O
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The econometric model has the true parameters (6y,1)9) € O x T satisfying the score moment restriction
Ny
Ep| Y y(W,1:60,m0)| =0, (2.23)
=1
where we focus on the linear Neyman orthogonal score of the form
v(w;0,m) = v (w;n)0 + b (w;n), forallw € supp(W), 0 € ®,n T (2.24)

for supp(W):= vazlsupp(W,,l), ® C R and a convex set 7.

For a fixed integer K > 1, we randomly split the data into K folds in each of the ¢ cluster dimensions, re-
sulting in K folds in total. Specifically, randomly partition [C;] into K parts {I},...,IK} foreach i € {1,...,£}.
We use the (-dimensional indices k := (ki,...,k;) to index the (-way fold Iy := I}, x --- x I, and its comple-

mentary product [ := I x--- x I for each k€ [K]'. Let
e = N((Wej) ey i)

be a machine learning estimate of 7 using the subsample ((Wyj)ie ;) )jere for each k € [K]’. Let

N
Ji= K/ Z Enk[Zl/la(W,j;ﬁk)] where

ke[K]! i=1
1 N
nk[Zf IJ:|::T Zf(W,J)foreacth[ ]
A jeli=1
l
for any Borel measurable function f, the sum Y’ | is treated as zero when N; = 0, and |l | := LL’ = . With

these setup and notations, the multiway DML estimator is defined by

N
Z o [Z v, ,,,-;ﬁk)] (2.25)

ke[K i=1
Let |lx| = min{|/, |,...,|I,|} for a short-hand notation. Also let /(j) denote the multiway fold containing

the j-th multiway cluster, i.e., I(j) C x‘_,[C;] satisfies Iy = I(j) for some k € [K]* and j € I(j). With these

additional notations, we propose to estimate the asymptotic variance of \@(é —6p) by

o a1 ] & N s . o
=g L oaak LY ¥ wnsbagvwaan|oy. @)
kel[k)¢ RV i=1 jjlen i=1/€N,/]
L()=5(")

Example 2.2, Continued. The two-way DML in Section 3.2.2 is a special case of the current general method-
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ological framework with {1}, ....IK} = {1y, ... Ix }, {I}, ... I} = {J, ..., Jk }, Tk, k) = N (( ]|]2)(j1,j2)€([N]\1kl)X([M]\Jk2 )
J= éZ (ky do) 1K By o) LV (Wi o3 1ty o) )] where B ay o) [F Wy )] = \1|sz| L(jrn)ety <y S Wirin)

é K2 Z kl k2 [KJZE kl k2) [Wb(lejz;ﬁ(klykz))}’ and 62 = f*lf‘(ffl)/ where
1 i | A s | 5 4 5 5
=% X {(\1,1 IR R R AN TSI AUVALL [BPS)
(ki kp)€[K]? IRV 1€y o, /3 €0,

iy | A ks | . N
NUATATIR MR ML LR T/ OV
Jtd} €ly, )28k,

We now state assumptions under which (2.26) is an asymptotically valid variance estimator for /C(6 —
0p) with the multiway DML estimator (2.25). We write a < b to mean a < ¢b for some ¢ > 0 that does not
depend on n. We also write a <p b to mean a = Op(b). For any finite dimensional vector v, ||v|| denotes the
5 or Euclidean norm of v. For any matrix A, ||A|| denotes the induced ¢>-norm of the matrix. The following

assumption concerns the multiway clustered sampling.
Assumption 2.4 (Sampling). The following conditions hold for each n.

(i) The array (Nj,(W,j)i<,<x)j>1 is an infinite sequence of separately exchangeable random vector. That

is, for any {-tuple of permutations (7, ...,7;) of N, we have
(N5, Wi 1<isw)izt = (Nay 1),y Vo G, 1 20<)iz1-

(ii) (Nj,(Wij)i<,<w)jz1 is dissociated. That is, for any ¢ > 1, (Nj,(W,j) <, <§)1<j<c is independent of

(Ivj/v (W/I/J’)1gz’§ﬁ)j’zc+1
(iii) E(N1) >0 and Nj <N for each 1 < j < C, where N € N does not depend on n.
(iv) The econometrician observes (Nj, (W, j)1<i<n;)1<j<cC-

Remark 2.5. The dependence among (W ) in each cell j is left unrestricted in this assumption. Assump-

>1
tion 2.4 is similar to Assumption 1 of Davezies et al. (2018a), except for N. We introduce N to simplify some

concentration arguments.

Let cg > 0, ¢c; >0, s > 0, ¢ > 4 be some finite constants with ¢o < ¢;. Let {J,},>1 (estimation errors) and
{An}n>1 (probability bounds) be sequences of positive constants that converge to zero such that §, > C -1/2,

Let K > 2 be a fixed integer. Let (No, (W, 0)o<,<) denote an independent copy of (N1, (W, 1),<,<) and
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therefore is independent from the data and the random set .7, of nuisance realization. With these notations,

we state the following assumptions for the model.

Assumption 2.5 (Linear Neyman Orthogonal Score). For all C > 3 and P € &2, the following conditions
hold.

(i) The true parameter value 6y satisfies (2.23).
(ii) y is linear in the sense that it satisfies (2.24).
(iii) The map N — Ep[ Y w(W,;0 n)} is twice continuously Gateaux differentiable on T.

IS Ng]

(iv)  satisfies the Neyman near orthogonality condition at (6y,10) as

o= g [|onEr || 32 vt moln —m | < 6.7

(v) The identification condition holds as the singular values of the matrix Jo := Ep[ Y w*(W.e;mo)| are
1€[Np]
between cqy and c.

Assumption 2.6 (Score Regularity and Nuisance Parameter Estimators). For all C > 3 and P € &, the

following conditions hold.

(i) The realization set J, contains Mo, and the nuisance parameter estimator fix = 1)(Wy )., jerc be-

longs to the realization set ), for each k € [K]* with probability at least 1 — A,

(ii) The following moment conditions hold:

my 1= SUP EP|:H Z lV 10’907 H:| l/q<cl

1€[Ny]
o= s e] X v ] e

(iii) The following conditions on the rates ry, r,, and A, hold:

= sup ‘Ep{ Z v (Wooin } _EP[ Z ‘I/a(Wl,o;ﬂo)]H < 6y,

NETn 1€[Ny)
1/2
T :—nsg%(HEPLE%]W(W@;GO,T?)] EP[ %]w ,o,eo,now )/ <&,
da= s [97Ee[ ¥ yWigsbo.mo+r(n—mo)]| < 8/
re(0,1),ne, 1€[Np)]
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(iv) All eigenvalues of the matrix

Ny My

¢ ¢
Z Z Z Z ¥(W,,15 60, 10) W (Wy 2,360, M0)'

i=1 1=17/=

are bounded from below by co, where 2; denotes the £-tuple vector with 2 in each entry but for 1 in the

i-th entry.

The following theorems generalize Theorems 3.2 and 3.3 to cover general /-way cluster sampling. Their

proofs are contained in Section 2.8.5.

Theorem 2.3 (Main Result). Suppose that Assumptions 2.4, 2.5 and 2.6 are satisfied. If 6, > c'/? for all
C > 1, then

VCo (6 -6y) =

=\a
'L["JZ

W.j) + Op(pn) ~> N(0,14,)

{
holds uniformly for all P € 2, where []c = [1 C;, the influence function takes the form W (-) := —0"1]0_1 v (+;60,M0),
i=1

the size of the remainder terms follows
pui=C ™2 bry -y + CV2 0, +CV2A) < 6,
and the asymptotic variance is given by
o2 :=Jy'T Y. (2.27)
Theorem 2.4 (Variance Estimator). Under the assumptions required by Theorem 2.3, we have

6% =%+ 0p(pn).

Furthermore, the statement of Theorem 2.3 holds true with 62 in place of 2.

2.8.5 Proofs of the Extended Results
2.8.5.1 Proof of Theorem 2.3

Proof. Let &, denote the event f, . x,) € F forall (ky,...k¢) € [K]* and define k := (ki ...,k;). Assumption
2.6 (i) implies P,(&,) > 1 — K’A,. Let e € {0,1}/, and define o7 := {(j,j') : 1 <jj' < C:Vi=1,...,0,e; =

1< ji=j},and &, :={e€ {0,1}' : X\_, ey =m}.
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Step 1. This is the main step showing linear representation and asymptotic normality for the proposed

estimator. Denote

N
':ﬁ Z Enk[zw u’nk} Ry :=J—Jo,
ke[K]¢ i=1
N 1 Cy C, N
Xl Z Enk[zw W,J,Gmnk} — Z Z Y w(W,j:60,1m0).
kelK i=1 H 1=1 =1i=1
We will later show in Steps 2, 3, 4 and 5, respectively, that
|Ru1 || = Op, (C™2 +1y), (2.28)
IRu2ll = Op, (C™' /2, + A+ Ay), (2.29)
Ci
H\fn Z Z Zw W,j:60.10)|| = O, (1 (2.30)
Ci=1  ji=li=
o~ = 0p,(1). 2.31)

Then, under Assumptions 2.5 and 2.6, C P4y < pn = o(1) and all singular values of Jy are bounded away
from zero. Therefore, with P,-probability at least 1 —o(1), all singular values of J are bounded away from

zero. Thus with the same P, probability, the multiway DML solution is uniquely written as

N
6=—J"- Y ]En,k[Z‘I/b(Wl,j;ﬁk)},

kelK]¢ i=1

and

—— (J0+Rn71>71 x (E Zl i iw(mj;eo,no)h@&,z). (2.32)

Using the fact that

~1
(Jo+Rut)  =dg" ==Co+Run) " Rundg",
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we have

(o +Rut) ™" = Jg I =11 (o + Rat) ™ Rut g I < 1| o+ Rut) ™ I [ Rut [ 195

=0¢,(1)0p,(C™'+1,)0p,(1) = Op, (C™'/* + 1),
Furthermore, r}, + /C(A, + A,)) < p, = o(1), it holds that

H\F y ii‘/’(""zﬁ"oaTIO)ﬂL\@Rn,z’

HCu I /'Flt'*

._

TR - % Evonsmml+ Ve

][ li=

=O0p, (1) +op,(1) = Op,(1),

where the first equality is due to (3.26) and (3.27). Combining above two bounds gives

H(JOJFRM)?]—JJIHX’ e le Z ZW W5 60,10) + v/CRy.2
Jj1=

Jje=1li=

—0p,(C™" 4 1,)0p, (1)

=0p,(C2 4 1,). (2.33)

Therefore, from (3.27), (2.32) and (3.29), we have

NIy chz zlzw )+ 0 (py).
J1 Je=11

The first term on the RHS above can be written as G, . Applying Lemma 2.3, we obtain the independent

linear representation

_ jlcz;'l \CTCEP”[ﬁ Wi ‘Ulo 0} +ot Z \CFEPH[ﬁ, tj)’UO...O.jg}

=1 Jje=1 i=

and it holds P,-a.s. that

V(G W) =V (H, W) + O(C™ ) J()ilr‘(]()il)/"'o(gil) and

Gn‘ll Hnw+ OP( 1/2)
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where V,,(-) = Ep,[(- — Ep,[])?]. Under Assumption 2.6 (iv). Recall that ¢ > 4, the third moments of both
summands of H,y are bounded over n under Assumptions 2.5(v) and 2.6 (ii) (iv). We have verified all the

conditions for Lyapunov’s CLT. An application of Lyapunov’s CLT and Cramer-Wold device gives
H,y ~~ N(O,Idg)

and an application of Theorem 2.7 of van der Vaart (1998) concludes the proof.

Step 2. Since K is fixed, it suffices to show for any k € [K][ ,

B3 w00 0] < B[ v Wigino)] | = Onc ).

=1 1€[Np]
Fix k € [K]’,
‘ [i‘/’a W.j: Tk } EPn|: )y ‘I/G(Wz,o;no)} H <A+ Ik,
=l 1€[No)
where

—[Ea [ X e s0] [ X w00

i=1 i=1

N
I —HEPn[ZWa( A0l %I | <Ba | X v Weimo)] |-

i=1 1€[Ny]

I X X I,f[} :

Notice that % ; < r, with P,-probability 1 —o(1) follows directly from Assumptions 2.4 (ii) and 2.6 (iii).

Now denote 7, = X2 Vs (Wsjs )~ En, [ S35, Wi (W )15, <5 | and 5 = (92, g and 1 =
min{|/, |, ..., |Ik/,|}. Let us denote Iy := (I, x ... X I, ) and I{ := (I, % - xIt,). Letj = I(j) € .7, and define

Be:={(Gj'): Vi lei=1LG)=L(") :jj' € 7}, where & = {1}, ..., IK} x .. x{1},...,1K}, and
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em = {e € {0, 1}/ l/ ey = m}. To bound .} x, note that conditional on I, it holds that

LZC
ralimbrs

N

N
EPn[jl%klllg]:EPnH nk[Z‘I/a l,l’rlk} EPn[ZiWa Wi i)
d

=1

e X (L)

m=1 "jel

J
dg
SRR
m=

ecel (j’J)e@e

I,g}

dg

|I ‘2 Z )Z EP" |: Z lpﬁmlflﬁ,m 1]?
Jj)e

r=2€Ser (j j) e B, m=1

dg

|Ik‘2 Z Z EPH [ Z %ffm‘l?]g,m K

ece (j/:]')egge m=1

1
:WZ Y Enl( VW] +R+0

ece (J J)Eﬂ
N

‘Z'V“ 5 Tlie) EP,,[ZW l,i?ﬁk)’llg}H

i=1

2
1;}

~|1| {

—Ep, [
|1 |

’Z"’a ’J”"H ] < |1|

In the third equility, the last term corresponds to the covariance between cells sharing no common cluster.
By independence, the last term is zero. Let us denote the second term in the third equality by R. Under

Cauchy-Schwarz inequality and Assumption 2.4 (ii),

dg
R|< ‘, E L 12den | Y 2|k (2.34)
eEUfZ € m=1
Forr>1ande € ¢,, we have
|Be| = | x T (11| = 1). (2.35)

ire;j=0

Therefore, R = O(@_z). Note that C < || < C. Hence an application of Lemma 3.7 (i) implies . x =
Op, (Q‘l/ 2). This completes a proof of (3.24).

Step 3. It again suffices to show that for any k € [K], one has

Bk [ L w5000 — 1 T T w0t = O (€ 2,2

=1 JEI i

81



Denote

G k[iwwn] = Vj}z{i (o0w)~ [ 9(war,)
Then
N . 1 N H i+ ak
HE k[zi v(W,, 90,77k)] *ijIk;W(WJ 6o no)H ST
where

1 N
Iak 1=\@HEP,,{Z V(W 60, Tik) ‘Ik} Ep, [ Y v(W0: 60, 710)”"

i=1 €M)

Denote W, 1= Zﬁ\;l Yin(W,j: 60, i) —Zf-vzl Yin(W, j:60,M0) and §; = (%7m)me[d9]. To bound .#; , notice that

using a similar argument as for the bound of .#] 4, one has

Ep, -7 &% |1]

=1 "jel
C do, N _ .
:Wees . Z Er, [ Z’ (Wj’m —En ij) (wjl’m —En Wj,?m) ’Ik}
1(jd")eBe m=1
C 14 dg
+ @ Z Z 7 EPn [ Z (lifj,m 7EPn IT/JJ") (‘T/j/,m 7ER;"I~Ij/,In) ’Ilg}
r=2ecg, (j,j/)e%’e m=1
C do. _ _ _ .
VSL L alE (e e e Eas
€& (jj/)e@e m=1
C

:| B ) EPn[<‘l~’j*EPn‘I7jﬂll~/j/*EPnll7j/>‘I,§}+R’+0
e Be

M
i
=
<
—
m
N

A
[es]
%

1=

N N 2
O¥:00.7) = 1 WOV 60, o) — B, | 1 w30 7) — X w70 | |

M= 1M1=

Il
-

N 2
(W, ';Goyﬁ)—zll/ (W33 60, M0 H ’If}

A
es]
L

<nsélg Ep, H‘ 6%0]1// W,0:60,M) le%o]ll/ W..0; 60, M0 H ’Ik}

:ns;lg Ep, {H E[ZN,O]V/ W.0:60,M) le%o]ll/ W..0; 60, Mo H } (r)%,
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where the first inequality follows from Cauchy-Schwarz’s inequality, the second-to-last equality is due to
Assumption 2.4, and the last equality is due to Assumption 2.6 (iii). Using the similar argument for R, we
have R' = O(C™1).

Hence, %3 = Op,(r},). To bound .7 &, let

:Epn{i'l’ (W2 60,0 + r(fi — Mo) ’Ik} EP,,[ [Z]ll/ Woﬁoﬂ’lo)} re(0,1].
= 1€[No

An application of the mean value expansion coordinate-wise gives

Jie(1) = £i(0) + £ (0) + /i (7) /2,

where 7 € (0,1). Note that f;(0) = 0 under Assumption 2.5 (i), and

N
1)l = |9nEn, |2 w3 Ot 7~ ol | <2

under Assumption 2.5 (iv). Moreover, under Assumption 2.6 (iii), on the event &;,, we have

1A P < sup (I ()]l < 4.

re(0,1)

This completes a proof of (3.25).

C
e /Z Z Z‘I/ W,j360,M0) H }

Step 4. Note that
Je=li=

En |3
dg C

— EPn[Z ( Yy - Z lefm Wu,eomo) }

m=1 "ji=1  j=li=

C u ¥

S L Y B[ LY L (W 00,00y Wy 0.10)

HC ece (‘”/)GVQ{ m:li:11’E[N~/]

CYY T E[ET T wlhsthmvyithm)]

Cr ZeESr(JJ.,)E'?/ m=1i= llE[N/]

FET E E[E T X Wt W00

Hceeeo( ")6@7 m=1i= lleNJ/]

SEe, [

‘ g‘/’(Wtj;Gomo)Hz} <cf.

Step 5. Note that all singular values of Jy are bounded from above by c¢; under Assumption 2.5 (v) and all
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eigenvalues of I" are bounded from below by ¢y under Assumption 2.6 (iv). Therefore, we have ||[c~!|| <

c1/+/<o and thus |6~!|| = Op, (1). This completes a proof of (3.27). O

Proof. Step 2 of the proof of Theorem 2.3 proves ||/ —Jo|| = 0, (C~'/?+ r,,) and Assumption 2.5 (v) implies

[V ']l < ¢y ' Therefore, to prove the claim of the theorem, it suffices to show

4 N
¥ Ll L X X vWibay(W6.a)

M NZi

—ZﬂzEP{ZZIV We1:60,Mm0) w(Wy 2,:60,M0) ] H—OP Pn)-

i= 1=1/=1

Moreover, since K and dg are constants and y; — i; < 1, it suffices to show that for each k € [K]é and

I,m € [dg], it holds that

M Ny

I N
’|‘1k|2 Z Z (W.j 0, 1) Yin (W, 13 6, ﬁk)_IJiEP[Z Y V/I(Wz.,1;907770)1I/m(Wl/,2,-;90,710)]‘
k‘ JJ GIk i=11€[Ny] 1=1/=1

9
= Op(Pn)-

Denote the left-hand side of the equation as % ;. First, note that |I|/|Ii.| = 1;. We denote i’ for Iy, such

that [T, | = |I|, and apply the triangle inequality to get
I im < I im + Ik im 2,

where

1 N
R e T Wi(Wej: 0, ) Win (W, 73 0, 1)
[Tz [ |k, | j,lélk { ,; l'E[Zle] J
L()=1G")
N
-y Y llfz(W,j;907770)1Vm(V",/J/,907710)}’
i=11/€[Nj/]
1 N
I im2 = m Z Z Wi (W55 60, Mo ) Win ( z,;/’GOaTIO)

ji'el i=11rENy]
L()=1G")
N] NZi

_EP[Z Z Wl(Wl,l;907710)‘Ifm(W/,2i290»770)} .

1=1/=1
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We first find a bound for % ;,,, ». Since g > 4, it holds that

1 N
EP['jkz,lm,Z]:WEPH Z Z Z V/l(vvtj;607770)Wm(vvz’,1”607no)
il kil My ji'el, i=17€N;/]

LG)=1G")
Ny NZi

—Ep [; ;1 Wi (W,.1500,M0) Win(Wy 2, 907770)} ‘2]

1 N

<———F

_Hi#i’ ‘Ik"4|lk-/|2 P|: - /Z/// Z 11 Z /Z //Z ///Z

i i Ji'j"J" €l L(j)=L({") =11 6[1\/1/]1 E[N//] G[N///]
=LG").LG)=6G")  s#
Wi (W. 80, 10) Win(Wy 13 80, M0) Wi (Wi 5 80, M0) Wi (Wyen ,90»710)]
1 r oory
+ ﬁEP[
Hi;ﬁi/ |Ik,‘| |Iki/| ji J//J/IIGI i 1ZIE[]Vj/]l//E[M//]l///E[I\G///]

LG)=5G")=5:G")=L7")
Vi (W5 00,10) Yin(Wy 73 00, 10) Wi (W 500, 110) Win (W '”,90,770)}

+o(|le| ") +0

sl X vovesn o] setc=oc

Now, to bound % ;,, 1, we make use of the following identity coming from the proof of Theorem 3.2 in
CCDDHNR (2018a): for any numbers a, b, da, 6b such that |a| V |b| < ¢ and |8a| V |6b| < r, it holds that
|(a+8a)(b+ 8b) — ab| < 2r(c+r). Denote ¥, := Wi (W,j; 80, M) and W, := y;(W,;; 0, 7) for h € {I,m}
and apply the above identity with a = Zl 1YL b= Y Wi, a+8a= Zl Wi, b+0b= Y I[/J -

/€Ny €[N/
=2 -l S - T w andc:\zﬁilw\v L V- Then
lE[N tEN/] lE[N
Sl £ AL T 0L T il
kbmt Hi#i/ |Iki|2|Ik~/| Ji'en, i:]z’e[Nj/] O iill/G[Nj/] T
i()=5G")
1 N o N
> 17 2 AV m— Vi1V
Tis 11|, | j:léIk ‘;lE[ZN:J] e "Z;"E%’j’} "
i()=1;(")
2 Y. & R
S Wi — 2 Y|V Yirm — Yi' m
Hi#i’ |Iki|2|1k,~/| j;lélk (’;ZI 7 1=ZI JI‘ ‘1’6[211\&/] T l’E[ZNj/] 7 D
L()=5G")
(\Z% v T %AHZW—Z% = ¥ wal)
’eN ] zeN/]
) N N 1/2
< _ 1, \Y
_(Hi;éi’ |]ki|2|lk,¢| J‘Jélk ’z;w ; ‘ ze%/ WJ " tEZN/ Wj m‘ )
L()=1G")



2
(T I xr {\Z%IVIIEZN/]M
LG)=1G")

N N
+ ’ Y Wii— ) i
i=1 i=1

(o L [Lw-Lwl

2
[Tiei 1| |I’<ﬂ| ji'el, =1 =1 /€[Ny/] /€[Ny
L()=5G")
2 N 2 20 1/2
X{(w Y X v X owal)
i e L g yren Cisl Ve ]
)=1:(")
2 . 2 2\ 1/2
Hmrmy L I5o- Ll L - ¥ owal)}
i VT L gyreg st s Ve, ] Ve ]
L(H=1G")

where the second to the last inequality follows from Cauchy-Schwarz’s inequality and Minkowski’s inequal-

ity. Notice that

4l 2 2 Ci 5
X ‘Z%l‘ iy wj,’m‘ < 1> no)‘ ;
j,]'/EIk i=1 I/E[Nj/] 1<i<t =
LG)=L(")
N N
Z ’Z Z ‘ \/’ Z W] mo Z lIl],ml
ji'el, i=l1 i=1 = e
LG)=1(")
N 2
TI<i<t 1j> ;y/ le,eomo H .

1*1 le 1

Thus, the above bound for .% ;,, | implies that

I im1 SR X (|I | Y HZW (W3 60,M0) H +Rn),

JEI

where

R, = |Ik‘ZHZsz,,,0nk iWWzW@oJ]o Hz

Jjel i=1 1

Notice that

ZHZ‘I/ (W3 60,M0) H = 0Op(1),

|Ik‘161k
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which is implied by Markov’s inequality and the calculations
[\Ikl Y HZW W.j360,M0) H } —EP[HZW W..0:60,M0) H } <t
JEk
under Assumptions 2.4 and 2.6 (ii). Finally, to bound R,,, using Assumption 2.5 (ii),

"~|]|ZH;"’0 W5 k) (6 — 90)”

JE€
N

A LIS LR D

Jjel i=1 i=1

The first term on RHS is bounded by

(|,k|ZHZw“ 0| ) % 18— @ull> = 0p(1) x 0p(C ) = 0p(C )

JEI

due to Assumption 2.6 (ii), Markov’s inequality, and Theorem 2.3. Furthermore, given that (W, J)J'GIE satisfies

Nk € T,
N N 2
EP|:H;W 1,]’907nk ;V[ sz,eoan())H Ilft‘:|
< sup Ep [H Z v(W,;60,m) — Z v (W,,: 6o, 170)H2 Iz?} < (r)?
neIy i=1 i=1

due to Assumptions 2.4 and 2.6 (iii). Also, the event fjy € .7, happens with probability 1 — o(1), we have

R, = Op(C~ ' +(r})?). Thus we conclude that
jklml—OP( ]/2-1-}”,/1).
This completes the proof. O

2.8.6 Additional Lemma

In this section, we establish a multiway generalization of Lemma 3.5, which is a minor modification of
Lemma D.2 in Davezies et al. (2018a). We include its proof for completeness purpose. For any r =1,..., {,we
let .#,(C) = {c =joe:ecé,1<j< C} and €, = {e € {0;1}' : ¥/_, e; = m} , with ® the Hadamard
product on R,

For each n € N, let (N}, (W})<,<x)j>1 be a set of random variables. For any f : supp(W") — RY for a
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fixed d € N, let us define the multiway empirical process

C;

I IILARAD VRN

Jji=1 N 1€[NY]

Mx

Guf = @{r}

Ci

1j

-

Lemma 2.3 (Independentization via Hdjek Projections). For each n € N, suppose that (N}',(W/5) 1 <,<x)j>1

satisfies Assumption 2.4. Let F,, |F,| = d, be a family of functions f : supp(W") — R rthat satisfies

[( Y f (Wl”l)) } < K < oo for some K independent of n. In addition, assume that C — o and for
1€[NY]

every e € €1, H;c — U; > 0, where i is the nonzero coordinate of e. Then there exists a family of mutually
independent standard uniform rv.’s (Ue)eso such that the H,f, the Hdjek projection of Gnf on the set of

statistics of the form Y.ec 7. (c) 8¢ (Uc) (with gc(U,) square integrable, satisfies

f c\/l
= B LS (W) [Ue] =B | X, (W) |- (2.36)
ce s (C I_L cﬁg()c ¢ 1€[NY] '
In addition, it holds uniformly over %, that
N Ny,
V(Gaf) =V(Haf)+0(C") = Y BiCov( Zf ), FWho,)) +0(C7).
ece] =1

Proof. Throughout the proof, we drop the superscript n for simplicity. Under Assumption 2.4(i) and (ii), for

each n, one can apply Lemma 7.35 of Kallenberg (2006) and obtain a measurable function 7, such that

Ny (W1 <o)zt = (Ta(Ujoe) 1<e=1) 54 (2.37)

where (Ue)c>0 denote a family of mutually independent uniform random variables on [0, 1].
The rest of our proof closely follows that of Lemma D.2 in Davezies et al. (2018a) with r = r = 1. The

Hajek projection H,, f is characterized by

E| (G,f —Hnf) x Z 8c (Uc)} =0 for any (gc)ceﬂ|(C) c (LZQO;ID)\%(C)\

ceS (C)

As a result,we have

E[G,f|Uc] = E[H,f|U.] for any ¢ € .#,(C).

Because the range H, is closed subspace of square integrable random variables,
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H,f

Y EH.f|Ue).

ce,(C)

Next

an: Z E(an|UC)

ceES (C)

Note that for any ¢ € .#;(C), ¢ A1 is the unique element €; such that ¢ =j © e for some j (note that j is
not unique). Moreover, for any ¢ € .#(C) independence between the U’ s ensures that Zﬁvzl f (W, j) 1L

U, if j ® e # c. This implies

N
<nf|Uc)HfCIZ [Z [Z]f(w,,l) Ue
S]S =1 lENl
N
ey w@e:cm[wm 2| X o
€ 1gj<c i=1 €[]

The representation of (Nj, (W,;),<,<¥)j>1 in terms of the U’s implies that

Nevi

Z f lc\/l

C

El Y (W)

lE[Nl

Y f (N, W)

1€[M]

E ng;f(wui) ~E

for any j such that j © e = ¢. Moreover,

\ﬁ ) Nevi
E(GuflUe)= 5= ), 1{joe=c}E| Y f(Wienr) =E| Y f(Wr)| |Ue
He 1 FZc =1 1€V
Cllicm0Ci [Nep
= \Cri—lic’oE Z f tc\/l Z f W 1 U,
c =1 1€[Ny]

ElY f(Wa)

lE[Nl

\/6 cv1
ch#oc < [Zf zc\/l

)

It follows that

Nevi

Z f zc\/l

/T
Hf = T
c€§ IT: c,;«éOC (

E[z f(Wu)D.

1€[M]

This shows the first claim of the lemma.
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Since %, is a finite family, we are left to prove that for each f € .%,,

M

Ny
mCov(Y fWo1), Y f(Wi2))+0(CY),
1 =1 =1

-

V(Guf) =V(H,f)+0(C™") =

1

where 2; denotes the /—tuple vector with 2 in each entry but for 1 in the i—th entry. Note that

) (2.38)
To conclude, it suffices to show that for each e € €,

( ) COV( Y, r(Wa) A:i‘;f(mz_e)).

IG[NI

Y, r(Wa)|U

lE[Nl

V)= L e (

ece]

Y r(w

l€ Nl]

As (Nj, (Wij) 1< <w)j=1= (‘L’ ((Uj@e)eeu‘i 18r)>j>1 withi.i.d. U’s, we have E [Z ]f (W,1) Uel =K [Z?’Zl (W) Ue}
= = IS Nl
for anyj such thatj©e =10e =e. Because 2—e®e = e, we have V (E Y f (W) |Ue ) =Cov (]E Y f(W1)|Ue|.E
1€[Ny] 1€[M]
For any e € €1, we have 2 — e # 1. The independence of the U’s ensures
(Ul®e’)e’euleer\e 1 (U(zfe)Qe’)e/euf:ls,\e |Ue
and thus Xf(W 1) L Z f( _e) |Ue. Hence, for e € €
=1 1=1
Ny e
COV(Zfl Wl Zf2 zZe e) =0.
1€ Nl]
By the law of total covariance, we obtain
Ny e
( Y s \ ) :Cov< Y rWa), Y f(m,Ze)> :
16 Nl ZE[NI] 1=1
This establishes the second claim of the lemma. O

2.8.7 Additional Details on Discussions in Section 2.3.1.1

In this section, we provide additional details on (2.8) in the discussion in Section 2.3.1.1. Letting E, =

n! Y ;, we have the following concrete expression for the influence function representation (2.8) in the

90



main text.

V(6 — 69)
=E[(D— g20(X))(Z—mo(X))] "' v/n(En— E)[(Y — (D — g20(X)) 80 — g10(X))(Z — mo(X))]
pe
+E[(D—g20(X))(Z = mo(X))] ' VnEu[(m(X) —mo(X)) (21 (X) — g10(X))]

By

—E[(D— 820(X))(Z = mo(X))]~ " V/nEa[(7(X) —mo(X))(82(X) — g20(X))] 60

B

—E[(D — g20(X))(Z = mo(X))] "' VnEu[((X) —mo(X)) (Y — (D — 20(X)) 60 — g10(X)]
G
—E[(D — g20(X))(Z — mo(X))]~"v/nE,[(81 (X) = 810(X))(Z —mo(X))]
G

+E[(D — 20(X))(Z = mo(X))] ™' VnEa[(82(X) — g20(X))(Z —mo (X)) 60] +0,(1).

G

Term A* above is the part that is asymptotically normal as mentioned in the main text. Terms B} and —B;

above consist B* in the main text. Terms —C7, —C; and C3 consist C* in the main text.
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Chapter 3

Double/Debiased Machine Learning for Dyadic Data

This chapter is coauthored with Harold D. Chiang, Joel B. Rodrigue, and Yuya Sasaki.

3.1 Introduction

Empirical research investigating network formation and outcomes spans the literature covering labor eco-
nomics, industrial organization, macroeconomics, development, and international trade, among others. In a
large fraction of these studies, the process through which entities are determined — e.g., free/preferential trade
agreements, friendships, and financial relationships — concern dyadic/network link formation models. While
recent methodological advances have increased the popularity of empirical network formation models (see
Graham (2019) and Graham and de Paula (2019) for surveys), the large majority of existing studies focus
on parsimonious (low-dimensional) model specifications. The increasing availability of ‘big data’ should,
in principle, allow researchers to consider increasingly rich specifications and uncover new insights into the
nature of network formation. Rather, researchers are hamstrung by two competing limitations. On one hand,
there is no existing statistical methodology that allows for both dyadic robust inference and high-dimensional
link formation specifications. In the presence of significant data heterogeneity in the policy variable of inter-
est, one needs to control a large number of covariates. However, simply estimating a rich specification across
a wide set of covariates is not yet possible. Moreover, we document that common off-the-shelf approaches,
such as the conventional double/debiased machine learning for i.i.d. sampling, are likely to result in both
biased estimates and misleading standard errors under dyadic dependence. On the other hand, the most com-
mon empirical approach, reducing the dimensionality of the network formation model by assumption, risks
model mis-specification, is a likely source of estimation bias and/or misleading inference, and reduces the set
of questions researchers can investigate. In light of the increasing availability of big data today, we advance
state-of-the-art approaches to estimating network models by developing novel methods for root-n consistent
estimation and inference for high-dimensional dyadic regressions and high-dimensional dyadic/network link
formation models.

Our work builds on the literature which suggests using (near) Neyman orthogonal scores to accommodate
possibly slow convergence rates of general machine learners (e.g., Belloni et al., 2015b, 2018b; Chernozhukov
et al., 2018a,c) in high-dimensional regression estimation (and more generally semiparametric Z-estimation).

In particular, our approach extends the branch of research which employs cross-fitting, in conjunction with
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orthogonal scores, to mitigate over-fitting biases. This combined method is referred to as the double/debiased
machine learning (DML, Chernozhukov et al., 2018a).

Standard DML requires independent sampling. In a recent work, Chiang et al. (2021a) develop a multiway
cross fitting algorithm to extend the DML to multiway cluster dependent data with linear scores. Although
conceptually related, the methodology in this paper differs fundamentally from Chiang et al. (2021a) in two
directions. First, Chiang et al. (2021a) does not permit the estimation of network models in the presence of
dyadic dependence. Dyadic dependence is fundamentally different from (multiway) cluster dependence,' and
hence the existing cross fitting algorithms are not guaranteed to work for dyadic regressions and dyadic/net-
work link formation models. In this light, we propose a novel cross fitting algorithm that is effective under
dyadic dependence. Second, Chiang et al. (2021a) do not cover estimators defined by nonlinear scores, such
as Logit. Coping with such nonlinear structures presents extra theoretical challenges as it demands tight
control of the stochastic magnitude of various empirical processes under dyadic dependence. Our dyadic
machine learning approach and asymptotic theories cover a large class of general nonlinear estimation prob-
lems and guarantee that estimation and inference based on this method are robust against arbitrary dyadic

dependence.

3.1.1 Relations to the Literature

The history of statistics on dyadic data dates back at least to 1970s, when Holland and Leinhardt (1976)
derive moments of dyadic sums and Silverman (1976) derives asymptotic normality for the sum of jointly
exchangeable dissociated arrays. Eagleson and Weber (1978) further demonstrated the asymptotic normal
mixture for the sum of a weakly exchangeable array.

Explicit accounts for dyadic dependence in econometrics and statistics arose in the context of gravity
models, and the use of fixed effects was recommended to control for such dependence (see Matyas, 1997,
1998). Cameron and Golotvina (2005) point out the importance of controlling for dyadic clustering, and
develop a FGLS estimation method accounting for the dyadic cluster dependence. Fafchamps and Gubert
(2007) propose dyadic cluster robust variance estimators for the OLS and logit. Cameron and Miller (2014)
generalize the dyadic cluster robust variance estimator for GMM and M-estimation frameworks as well as
others cases. Aronow et al. (2015) also discuss consistent estimation of the dyadic cluster robust variance
estimators. Along with most, if not all, other papers that develop inference theories for dyadic data, we take

advantage of the forms of the dyadic cluster robust variance formulas developed in these pioneering papers.

I'Specifically, while multiway clustered data are represented by separately exchangeable arrays, dyadic data are represented by jointly
exchangeable arrays — see Section 7 in Kallenberg (2006). The mathematical characterizations of these two types of exchangeable arrays
are different, and the separate exchangeability does not imply the joint exchangeability.
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The more recent statistics literature includes Tabord-Meehan (2019) who studies the asymptotic behav-
ior of the t-statistic based on the dyadic cluster robust variance estimator of Fafchamps and Gubert (2007);
Daverzies et al. (2021) who study the asymptotic behavior of empirical processes and their bootstrap counter-
parts for dyadic data; Graham et al. (2019) who propose nonparametric density estimation for dyadic data,
show that the convergence rate of the stochastic part of the estimator is the square root of the number of
nodes, and derive the asymptotic distribution of the estimator (see also Graham et al., 2021 for extension to
local regression estimation); and Chiang et al. (2021b); Cattaneo et al. (2022) develop methods of inference
for high-dimensional and infinite-dimensional parameters, respectively. Graham (2019, 2020a,b) provide
reviews on the asymptotic distribution and variance estimation in dyadic data in the context of parametric
models, along with other closely related topics.

Also related to, but different from, the literature on dyadic data is the set of studies which investigate
multiway clustered data (e.g., Cameron et al., 2011a; Thompson, 2011; Cameron and Miller, 2015b; Menzel,
2021; Davezies et al., 2018b; MacKinnon et al., 2021; Chiang et al., 2021a). The robust variance formulas
exposited in this literature are related to those relevant for dyadic cases, but are sufficiently different that they
cannot be applied in settings with dyadic dependence. In particular, the structure of cluster dependent data
(also known as separately exchangeable arrays) is related to, but mathematically different from, the structure
of dyadic data (also known as jointly exchangeable arrays) — see Kallenberg (2006). Consequently, methods
and theories developed in this literature do not apply to the dyadic setting.

Turning to the machine learning literature, as we have already emphasized, we use (near) Neyman orthog-
onal scores to accommodate possibly slow convergence rates of various machine learners following Belloni
et al. (2015b); Farrell (2015); Belloni et al. (2018b); Chernozhukov et al. (2018a,c); Farrell et al. (2021). In
developing the dyadic link formation models, we also extend the framework of Belloni et al. (2016c) and
Belloni et al. (2018b) to deal with dyadic dependent data and obtain convergence rates for high-dimensional
lasso logit under dyadic dependence, which we in turn use as sufficient conditions to apply our general dyadic
machine learning theory in order to establish asymptotic theories for high-dimensional dyadic link formation
models.

This paper also contributes to the boarder literature of asymptotics of statistical network models, pio-
neered by Bickel et al. (2011); for an extensive review of this line of literature, see Graham (2020a). The
proposed dyadic cross-fitting algorithm sheds light on handling dyadic networks in cross-validation litera-
ture. There are several network-oriented cross-fitting and cross-validation procedures in econometrics and
statistics. In the study of stochastic block models, Chen and Lei (2018) propose network cross-validation
algorithms for detecting the number of communities. Li et al. (2020) propose cross-validation algorithms for

general tool for model selection and parameter tuning that rely on using a subset of node pairs and apply
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a low-rank matrix completion algorithm to obtain a predicted adjacency matrix. It is thus fundamentally
different from ours. Viviano (2021) proposes a network cross-fitting algorithm for estimating treatment allo-
cation rules under network interference. It is different from our algorithm as its unit of observations is a node
while ours is a dyad. In addition, our algorithm allows for fully connected networks that are important for

international trade applications.

3.2 The Dyadic Double/Debiased Machine Learning

In this section, we introduce the model and present our proposed method of dyadic machine learning. A
theoretical guarantee that this method works will be presented in Section 3.3. We start by fixing notations
to be used to describe dyadic data. Let N*2 = {(i,j) € N* x N* : i # j} denote the set of two-tuples of
N* without repetition, where A" := AN (0, +oc) for any A C R. A dyadic observation is written as W;; for
(i,j) € N+2, and we assume that this random vector W; ; is Borel measurable throughout. Assume that a dyadic
sample contains N nodes with no self link. Let { &}y be a sequence of sets of probability laws of {W;;}i;,
let P = Py € &y denote the law with the sample size N, and let Ep denote the expectation with respect to P.
1

We write the dyadic sample expectation operator by Ey[-] = e [-], where [r] ={1,...,r} for any

(i./)ENP?
r € N. For any finite set / with I C [N], we let |I| denote the cardinality of 7, and let /° denote the complement

of 1, namely, I° = [N]\ 1. We write the dyadic subsample expectation operator by E;[-] := m X, P czll-
3.2.1 The Model
The economic model is assumed to satisfy the moment restriction

Ep[y(Wij;60,m0)] =0 G.1)

for some score function y that depends on a low-dimensional parameter vector 8 € ® C R% and a nuisance
parameter 1] € T for a convex set 7. The nuisance parameter 1] may be finite-, high-, or infinite-dimensional.
The true values of 6 and 7 are denoted by 6y € ® and 1o € T, respectively.

Let T = {n —mno:n €T}, and define the Gateaux derivative map D, : T — R% by D,[n — 1] :=
8,{Ep[u/(W,-j; 6o, m0+r(n — no))]} for all r € [0,1). Let its limit denoted by dnEpy(W;;;60,10)[N — No) :=
Dy[n — 1np]. We say that the Neyman orthogonality condition holds at (6y,1o) with respect to a nuisance

realization set Jy C T if the score y satisfies (3.1), the pathwise derivative D,[1] — 1] exists for all r € [0, 1)
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and n € 9y, and the orthogonality equation

InEpy(W;j;60,m0)[N — Mo =0 (3.2)

holds for all n € Jy. Furthermore, we also say that the Ay Neyman near-orthogonality condition holds at
(60, Mo) with respect to a nuisance realization set Jy C T if the score y satisfies (3.1), the pathwise derivative

D,[n — no| exists for all r € [0,1) and n € J, and the orthogonality equation

sup
nedy

I Epy(Wij;60,M0) [N — o] H <Ay (3.3)

holds for all n € iy for some positive sequence { Ay} such that Ay = o(N~'/2). We refer readers to Cher-
nozhukov et al. (2018a) for detailed discussions of the Neyman (near) orthogonality, including its intuitions
and a general procedure to construct scores Y satisfying it.

Throughout, we will consider structural models satisfying the moment restriction (3.1) and either form of
the Neyman orthogonality conditions, (3.2) or (3.3). As a concrete motivating example of the above abstract
formulation, Example 3.1 below presents the logit dyadic link formation models, which we consider for our
main application in this paper. In addition, we also present a couple of simpler examples with the linear

regression models and the linear IV regression models in Appendix 3.8.1.1.

Example 3.1 (Logit Dyadic Link Formation Models). Let W;; = (Yij, D; j,Xi’j)’ where Y;j is binary indica-
tor for a link formed between nodes i and j, D;; is an explanatory variable of interest, and X;; is a high-

dimensional random vector of controls. Consider the logistic dyadic link formation model

EplY;;|Dij, Xij] = A(Dij60 + X o) for (i, j) € [N]?,

where 0 is a parameter of interest, B is a nuisance parameter, and A(t) = exp(t) /(1 +exp(t)) for allt € R.

A nonlinear Neyman orthogonal score ¥ in this model is given by
w(Wij:0,n) = {¥i; — A(Di;6 +X;;B) HDij — X;7),

where 1 = (B’,y') with 'y denoting the coefficients of a weighted projection of D;j on X;;. See Section 3.4 for

more details about this example as well as our general theory applied to this example. O
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3.2.2 The Dyadic Cross Fitting

For the class of models introduced in Section 3.2.1, we now propose a novel dyadic cross fitting procedure
for estimation of 6. With a fixed positive integer K, randomly partition the set [N] = {1,...,N} of indices of

N nodes into K parts {I},...,Ix }. For each k € [K] = {1,...,K}, obtain an estimate

Me=1 ((Wij)(i,j)EW)

of the nuisance parameter 1) by a machine learning method (e.g., lasso, post-lasso, elastic nets, ridge, deep
neural networks, and boosted trees) using only the subsample of those observations with dyadic indices (i, j)

in ([N]\ x)2. In turn, we define the dyadic machine learning estimator 8 for 6y as the solution to

1 5
X Z Eqx[w(W;0,7)] =0, (3.4)
ke[K]
where we recall that E, [f(W)] = mz(z’,/)eg f(W;;) denotes the subsample empirical expectation

using only the those observations with dyadic indices (i, j) in g If an achievement of the exact O is not

possible as in (3.4), then one may define the estimator  as an approximate gy-solution:

A . 1 R
Y Euxlw(W:6,1)] < inf || - Y Enx[w(W:0,M0)]| +én, (3.5)
kelK)! € kelK)!

L

K
where gy = o(8yN~'/?) and restrictions on the sequence {8y }y will be formally discussed in Section 3.3.
Under the assumptions to be introduced in Section 3.3, this dyadic machine learning estimator 6 enjoys the
root-N asymptotic normality vNo (8 — 6y) ~ N(0,1,), where a concrete expression for the asymptotic
variance 62 will be presented in Theorem 3.1 ahead.

Note that, for each k € [K], the nuisance parameter estimator 7y, is computed using the subsample of those
observations with dyadic indices (i, j) € ([N]\ )2, and in turn the average score E, ;[w(W;-, ;)] is com-
puted using the subsample of those observations with dyadic indices (i, j) € E This two-step computation
is repeated K times. We call this cross fitting procedure the K-fold dyadic cross fitting. It differs from and
complements the cross fitting procedure of Chernozhukov et al. (2018a) for i.i.d. data and the cross fitting
procedure of Chiang et al. (2021a) for multiway clustered data — neither of these existing cross fitting meth-
ods will work under dyadic dependence. If the dyadic sample {W;;};; would reduce to the monadic sample
{W;}i, then the K-fold dyadic cross fitting would accordingly boil down to the K-fold cross fitting procedure

of Chernozhukov et al. (2018a).
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Figure 3.1: An illustration of the 2-fold dyadic cross fitting.
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Figure 3.1 illustrates the dyadic cross fitting for the case of K = 2. We let N = 8 for simplicity of
illustration, although actual sample sizes should be much larger. Suppose that a random partition of [8] =
{1,...,8} entails two folds with one consisting of I; = {1,...,4} and the other consisting of I, = {5,...,8}. In
the left panel, we compute 77; with a machine learner applied to the subsample W marked by “Nuisance” in
the gray shades at the bottom right quarter of the grid, and then evaluate the subsample mean E;, [y(W; 8,7, )]
of the score using the subsample E marked by “Score” in the gray shades at the top left quarter of the grid.
In the right panel, in turn, we compute 7, with a machine learner applied to the subsample W marked
by “Nuisance” in the gray shades at the top left quarter of the grid, and then evaluate the subsample mean
Ep, [w(W; 6,1,)] of the score using the subsample g marked by “Score” in the gray shades at the bottom right
quarter of the grid. Although the figure may apparently suggest as if we were discarding the information in
the off-diagonal half of the dyad, our dyadic machine learning method uses the full information of N nodes
for estimation of 6. Specifically, this means that Equation (3.4) evaluates the score with all of the N nodes —
see Equation (3.8) ahead for a precise mathematical expression in support of this argument. The white off-
diagonal blocks reflect that the (K — 1) /K fraction of data are used to estimate the nuisance parameter 1, for
each k € [K], but this will not affect the asymptotic behavior of the estimator 6 of interest due to the Neyman
orthogonality, as is the case with the conventional DML of Chernozhukov et al. (2018a). As a matter of fact,

the next section shows that our estimator 6 achieves the root-N asymptotic normality with the asymptotic

variance being the same as the one in the case where an oracle would let us know the true nuisance parameter

7.
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3.3 Theory

In this section, we present a formal theory that guarantees that the dyadic machine learning estimator in-
troduced in Section 3.2.2 works. For convenience, we fix additional notations. Let {ay}n>1, {vN}n>1,
{Dn}n>1, {Bin}n>1, {Baon }n>1 be some sequences of positive constants, possibly growing to infinity, where
ay >NVDyandvy > 1,Biy > 1,Byy > 1forall N > 1. Let {0y }n>1, {An}n>1, and {7y }y>1 be sequences

of positive constants that converge to zero such that 8y > N~1/2

. We use a < b to mean a < cb for some ¢ > 0
that does not depend on 1, use a = b to mean a > c¢b for some ¢ > 0 that does not depend on 7, and use the
notations a Vb = max{a,b} and a Ab = min{a,b}. For any vector 8, we define the /;-norm by ||6||;, l,-norm
by ||8]], le-norm by ||8]«, and lp-seminorm (the number of non-zero components of &) by ||8||o. For any
function f € LI(P), we define || f||py = ([ |f(w)|9dP(w))'/9. We use [[};8 1|2~ to denote the prediction norm
of &, namely, ||x§j5||2,N = ]EN[(xng)z].

The following assumption formally states the dyadic sampling under our consideration.
Assumption 3.1 (Sampling). Suppose that N — o and the following conditions hold.

(i) (W) (i.j)eNT2 is an infinite sequence of jointly exchangeable p-dimensional random vectors. That is, for

. d
any permutation T of N, we have (W"j)(i,j)eﬁ = (Wﬂ<i>n(j))(i’j)€@.

(ii) (W/ij)(i,j)eﬁ is dissociated. That is, for any disjoint subsets A, B of N*, with min(|A|, |B|) > 2, (W; ‘)(i,j) oz
is independent of (W;;) (i.j)<BE"

(iii) For each N, a statistician observes (VVI-J-)(”.)EW.

Part (i) requires the identical distribution of W;; while we do allow for dyadic dependence. Part (ii) requires
that two groups of links in the dyad are independent whenever they do not share a common node. On the
other hand, we do allow for arbitrary statistical dependence between any pair of links whenever they share a
common node. Assumption 3.1 replaces the i.i.d. sampling assumption of Chernozhukov et al. (2018a), and
is a dyadic counterpart of Assumption 1 in Chiang et al. (2021a) for multiway clustered data. Assumption 3.1
(i) and (ii) together imply the Aldous-Hoover-Kallenberg representation (e.g. Kallenberg, 2006, Corollary

7.35), which states that there exists an unknown (to the researcher) Borel measurable function 7, such that
d
Wij = t@(U, U, Ui jy), (3.6)

where {U;,Uy; j, @ i,j € [N],i # j} are some i.i.d. latent shocks that can be taken to be Unif[0, 1] without
loss of generality — see Aldous (1981). This is a mathematically different structural representation (Aldous-

Hoover-Kallenberg representation; see e.g. Kallenberg, 2006, Theorem 7.22 and Corollary 7.35) from that in
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either of these preceding papers and thus none of the existing DML methods apply here — see Chiang et al.
(2021b, Appendix I) for a detailed comparison and discussion of the differences. Finally, we remark that
monadic variables (i.e., coordinates of W;; that do not vary with i or j) are not ruled out from our sampling
framework of Assumption 3.1.

We further state the following two conditions.

Assumption 3.2 (Nonlinear Moment Condition Problem with Approximate Neyman Orthogonality). The

following conditions hold for all P € Py for all N > 4.
(i) @ is independent of N and contains a ball of radius c;N~'/2 logN = o(1) centred at 6.
(ii) The map (0,1M) — Ep[y(Wi3;0,1)] is twice continuously Gateaux differentiable on ® x Jy.

(iii) For all 6 € O, the identification relation
2[[Ep[y(W12:6,10)][| = [[J0(68 — 60)[| A co

is satisfied with the Jacobian matrix

Jo := g/ {Ep[w(W:6,10)]} o6,

having singular values between co and c.

(iv) The score y satisfies the Neyman orthogonality or, more generally, the Neyman near-orthogonality with

Av = SvN~V2 for the set Iy C T.

Assumption 3.3 (Score Regularity and Requirement on the Quality of Estimation of Nuisance Parameters).

Let K be a fixed integer. The following conditions hold for all P € Py for all N > 4.

(i) The function class F1 = {y(-;0,1m):0 € ©,n € Iy} is pointwise measurable’ and its uniform entropy

numbers> satisfy
sgplogN(ﬁl, I llo2,€llFillo2) < vylog(an/€), forall 0 < e <1, 3.7

where Fy is a measurable envelope for F; that satisfies ||Fi||py < Dy.

(ii) Forall f € F, we have co < || f||p2 < Co.

2See van der Vaart and Wellner (1996, pp. 110) for its definition.
3See van der Vaart and Wellner (1996, Ch 2.6) for its definition.
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(iii) Given random subsets I C [N] such that |I| = |N/K |, the nuisance parameter estimator fj = ) ((Vi/ij)(l. j)eW)

belongs to the realization set Iy with probability at least 1 — Ay, where Iy contains M.
(iv) The following conditions hold for all r € [0,1), 8 € ®, and N € Dy,
(@) Ep[[ly(Wi2;0,1) — y(Wi2;60,m0)[1*] < (116 — 6]l V |n —mol])?,

(b) ||0:Ep [w(Wi2: 0,10+ r(n —n0))]|| < Bivlln —noll,

(0) |97Ep [y (Wiz: 6+ (8 — 80),m +(n —10))] || < Bav (116~ 60]1> v I = o).

(v) Forallm € Yy,

n—mnol < .

(vi) All eigenvalues of the matrix

I :=Ep[y(Wi2; 60,1m0) W (Wi3;60,M0)'] + Ep[w(Wi2; 60, M0) (W15 60,10)’]

+Ep[w(Wai: 60, M0) W(Wi3;60,M0)'] +Ep[w(Wai; 60, 10) W(Wai; 60,M0)’]

are bounded from below by cy.
(vii) ay and vy satisfy

(a) N~/ (vylogay)'/? < Cot,
(b) N~'/21ayyDylogay < Cody,

(¢) N'/2B2, Bonth < Cody.

The last two assumptions are counterparts of Assumptions 2.1 and 2.2 in Belloni et al. (2018b), except that
the data in this paper are allowed to exhibit dyadic dependence. One observation is that although there are
multiple N-dependent sequences of constants appearing in these assumptions that might be, at first glimpse,
interacting in complicated ways, their rates are pinned down by dy in Assumption 3.3 (vii), analogously to the
high level conditions in Belloni et al. (2018b) and Chernozhukov et al. (2018a). Although these conditions
are high-level statements, we provide explicit lower-level primitive conditions that imply these assumptions
in the context of the logit dyadic link formation model (Example 3.1) in Section 3.4.2.

The following theorem establishes the root-N asymptotic normality of the dyadic DML estimator 6 along

with its consistent asymptotic variance estimation.
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Theorem 3.1. (Dyadic DML for Nonlinear Scores) Suppose that Assumptions 3.1, 3.2 and 3.3 hold. Then,

VoG- 0) =Y Y Ew W)+ Ony (oy)

K ke[K]f

fZ{EP Wio) | Uil +Ep[§(Woi) | Uil} + Op, (pn) ~ N(0,1a)  (3.8)

holds uniformly over P € Py, where the order of remainder follows py < 8y, the influence function takes

the form W(-) := —c~'Jy ' y(+;60,M0), and the variance is given by
o?:=J,'T(J Y.

A

Moreover, 6* can be replaced by 6* = J~'T(J=1Y, where

Z k[ QoW(W:0,M)]|o_5

e[K]¢
and
Pty LSy b a0 why 6.0 (3.9)
Kke[K]f (|Ik|(|Ik| - 1)) i€l j.j'el,
B #i
+Y ) v 0,0 w(Wr s 0,0k) + ) Z W (Wi 0,0 w(Wyis 0, 1)
J€lii'el, i€l j,j' €l
ii'#j Jid'#
+ Y ¥ wWis6.0vWie: 6,0
JElkii'el,
ii'#j

The asymptotic distribution is different from both that of the prototypical DML(Chernozhukov et al.,
2018a) for i.i.d. data and that of the multi-way cluster-robust DML (Chiang et al., 2021a). In addition to the
differences in dependence structures, a yet major departure from Theorem 1 in Chiang et al. (2021a) is that
this result allows a large class of nonlinear score, whereas only linear scores are permitted in Chiang et al.
To handle the complications resulted from the nonlinearity, it is necessary to handle empirical processes that
consist of dyadic random elements. Coping with these technical issues requires delicate works and hence

Theorem 3.1 is not a straightforward extension of results in Chiang et al. (2021a).
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3.4 Application to Dyadic Link Formation Models

3.4.1 The High-Dimensional Logit Dyadic Link Formation Models

In this section, we demonstrate an application of the general theory of dyadic machine learning from Sec-
tion 3.3 to high-dimensional dyadic/network link formation models. Consider a class of logit dyadic link
formation models where the binary outcome Y;;, which indicates a link formed between nodes i and j, is
chosen based on an explanatory variable D;; and p-dimensional control variables X;;. Specifically, we write

the model

Ep[Y;j|Dij, Xij] = A(Dij60 + X}; Bo) for (i, j) € [N?,

where A(t) = exp(t)/(1+exp(z)) for all r € R. Suppose that we are interested in the parameter 6, while
x +— x' By is treated as a nuisance function 7.

Under i.i.d. sampling environments, Belloni et al. (2016¢) propose a method of inference for 6y in high-
dimensional logit models. We demonstrate that a modification of their suggested procedure with a flavor
of our proposed dyadic cross fitting enables root-N consistent estimation and asymptotically valid inference
for 6y under dyadic sampling environments by virtue of Theorem 3.1. In Section 3.4.2, we will supplement
this procedure with a formal discussion of lower-level primitive conditions for the high-level statements in
Assumptions 3.2 and 3.3 that are invoked in Theorem 3.1.

As in Belloni et al. (2016c), our goal is to construct a generated random variable Z;; = Z(D; 5 Xij /) such

that the following three conditions are satisfied:

Ep [{YU (D1190+ jﬁo)}zll] =0, (3.10)

d

397 [{Y:j— A (Dij6 +X;Bo) } Zij] #0,  and (3.11)
0=6,

J

ﬁEP [{Yij_A(Dij60+Xi/jﬁ)}Zij] =0. (3.12)

Equations (3.10) and (3.11) are used for consistent estimation of 6y, while Equation (3.12) obeys the Neyman
orthogonality condition — see Section 3.2.1.

To this end, following Belloni et al. (2016¢), consider the weighted regression of D;; on X;;:
fiiDij = fiXijw+Vij, with  Ep[fi;VijXi;] =0, (3.13)
where fi; 1= w;j/0ij, Gizj =V (Y|Dij, Xij), wij = AWM (Dij90+ ﬁ0> and AV (1) = %A(I). Under the
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logit link A, these objects are specifically given by fs = w;; and G,-zj =w;j =A(D;;6 +X[/jﬁ0){ 1—-A(D;j6p+
Xl/jﬁo)} We let Z;; = D;; —Xi/j}/().
From the log-likelihood function of the logit model L(6,) = Ey [L(W;;;0,B)], where L(W;;;0,8) =

log{1+exp(D;;0 +X/;B)} —Y;;(Di;0 + X];B), one can derive the following Neyman orthogonal score
w(Wij:0,m) = {Y;; — A(Di;0 + X;;B) }(Dij — Xi;7), (3.14)

where 1 = (B’,7')’ denotes the nuisance parameters.

With this procedure, applying Theorem 3.1 yields the asymptotic normality result
VN '(6—6y) ~ N(0,1), (3.15)
where the components of the variance 62 := J; ! C(Jy 1Y/ take the forms of

Jo = Ep[—DijA(Dij60 + X;;o){1 — A(D;j60+X];Bo) }(Dij — X{;p)]  and (3.16)
I'=Ep[{Y12 — A(D1260 +X{2B0)} (D12 — X{210) {¥13 — A(D1360 + X{3P0) } (D13 — X{3%)]

+Ep[{Y12 = A(D1260 + X12B0) } (D12 — X{2%0){¥31 — A(D3160 + X3, Bo) H(D31 — X5, 70)]

+Ep[{Ya1 — A(D2160 + X3, Bo) } (D21 — X3, 10){Y13 — A(D1360 + Xi350) HD13 — X{370)]

+Ep[{Y21 — A(D2160 + X3, o) } (D21 — X3, 10){Y31 — A(D3160+ X3, Bo) H(D31 — X3, 1)) (3.17)

Section 3.4.2 will present formal theories to guarantee that this application of Theorem 3.1 is valid, based on
lower-level sufficient conditions tailored to the current specific model.

Summarizing the above procedure, we provide a step-by-step algorithm below for dyadic machine learn-
ing estimation and inference about 6y. For any set I, we let I denote its complement, and let |I| denote

the cardinality of /. We remind readers of the notation for the dyadic subsample expectation operator

Eil] == grn L e

3.4.2 Lower-Level Sufficient Conditions

In this section, we provide lower-level sufficient conditions that guarantee the root-N asymptotic normality
(3.15) in the application to the high-dimensional logit dyadic link formation models. For convenience of
stating such conditions, we first introduce additional notations. We continue to use Z;; = D;; — Xif 0 from
the previous subsection. Let ay = pV N. Let ¢, c1, C| be strictly positive and finite constants with g > 4,

My be a positive sequence of constants such that My > {Ep[(D12 V ||X12]|-)24]}/24. For any T C [p+ 1],
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Algorithm 3.1: K-fold Dyadic DML for High-Dimensional Logit Dyadic Link Formation Models
1. Randomly partition [N] into K parts {1, ...,Ix}.

2. For each k € [K]: obtain an post-lasso logistic estimate (6, Bk) of the nuisance parameter by using only
the subsample of those observations with dyadic indices (i, j) in ([N] \ %)?,

(6, Be) Gargrgil?Er[ (Wij;0,B)] + |1L|H(9 Bl

(61, Br) € argminEye [L(Wy:6, 8)] : support(6, ) € support(6, ).
3. For each k € [K]: calculate the weight f\l%k = A(D,-jgk +Xi’j§k){ (D,JGk—i—X’ Bk)} where (i,j) €

(INT\2k)>.

4. For each k € [K]: obtain an post-lasso OLS estimate f; of the nuisance parameter by using only the
subsample of those observations with dyadic indices (i, j) in ([N]\ k)2,

N . A 2
% € argm;nIEllg {f,ik (Dij —X,-'j}/) } |I‘| ||Y||l,

~ . A 2 ~
% € argm)}nIEllg {fék (Dij X]y) ] . support(y) C support(%).

5. Solve the equation K Y Ei[w(W;0,7)] =0 for 0 to obtain the dyadic machine learning estimate 0,
ke[K]
where y(W; 0, 7;) takes the form in Equation(3.14) with #j; = (B;,%,)’ and (i, j) € 12

6. Let the dyadic Lasso DML asymtotic variance estimator be given by 6> = J~'T'(/~!)’ where

N o D )
J=-% Y By [A(Di;6 +X;B) {1 — A(Dij6 + X :B) }(Dij — X[ %) Dijl,

ke[K]
£ ¥ s [T L v mwsd )
K K |Ik| ‘Ik|_ )) lEij,j,EIk
'
+ Y Y w(Wi 0,7 w(Wy:0,7) + Y Z V(W3 0, i) w(Wps 0, 7ik)'
JElii' el i€l j,j el
i #j D' #i
+Y Y V’(Wij;éaﬁk)‘l’(wji/;éaﬁk)/}-
JElii'cl,
iLi'#j

7. Report the estimate 6, its standard error \/62/N, and/or the (1 — a) confidence interval CI, := [0 &

& 1(1-a/2)\/82/N].

105



8=(81,...,8,+1) € RP*! denote 87 = (87,1, ..., 87 p11) with 87; = 8;if j € T and &7 = 0if j ¢ T. Define
the minimum and maximum sparse eigenvalues by
ly/Wij(Dij, Xi;) 8125 (m)= sup Il /wij(Dij; X;)' 8 |l 2.n

16711 Lo 167 ] '

[[6llo=<m

¢min (m)

= i
[[6[lo<m

The following assumptions constitute the lower level sufficient conditions. Let sy > 1 be a sequence of

integers.

Assumption 3.4. (Sparse eigenvalue conditions). The sparse eigenvalue conditions hold with probability
1 —o(1), namely, for some £y — o slow enough, we have 1 < @uin(Unsy) < Pmax (Uysy) S 1.

Assumption 3.5. (Sparsity). ||Bollo + | %llo < sn-

Assumption 3.6. (Parameters). (i) ||Bol| + || 10| < Ci. (ii) supgeg |6] < Ci.

Assumption 3.7. (Covariates). The following inequalities hold for some q > 4:

(i) max;_1inf|¢ | Ep[(Epfi2 (D12,X]5) | UJE)?] = 1.

(ii) maxj—; miney (Ep[(Ep[fHhZ12X12, | Uj])z] AEp[(Ep[f5D12X12 | Uj])z]) >
(iii) sup|g =y Ep[{(D12,X],)E }] < C1.

(iv) N_1/2+2/4M1%/SN log?ay < Sy.

Assumption 3.8. All eigenvalues of the matrix I defined in (3.17) are bounded from below by cy.

Assumption 3.4 is a sparse eigenvalue condition similar to the one in Bickel et al. (2009) under i.i.d. setting.
Sufficient conditions for the sparse eigenvalue conditions under the related multiway clustering is provided
by Proposition 3 in Chiang et al. (2021b). Assumption 3.5 imposes a restriction on the number of non-zero
components in the nuisance parameter vectors by sy, where a constraint on the growth rate of sy in turn
will be introduced in Assumption 3.7 (iv). Assumption 3.6 is standard and requires the parameter space
O to be bounded as well as the true nuisance parameter vectors By and ¥ to have bounded />-norms. It
permits ||Bol|1 and ||y||: to be growing as N increases. Assumption 3.7 (i) and (ii) impose lower bounds
on eigenvalues and variances of some population conditional moments. Note that the U;’s here come from
the Aldous-Hoover-Kallenberg representation introduced in Equation (3.6). Assumption 3.7 (iii) requires the
fourth moments of the covariates to be bounded in a uniform manner. Finally, Assumption 3.7 (iv) constraints
the rates at which the sparsity index sy, the dimensionality p, as well as the bound for the 2¢g-th moments
of the variable of interest and the maximal components of the covariates vector can grow. It also implicitly
requires these 2g-th moments to exist (albeit the bounds can be diverging with N). As an illustration, suppose

that [|(D;j,X];)|l~ = 1. Then g can be taken arbitrarily large and My = 1. In this case, it essentially requires
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N ’lslzv log?ay = o(1). These rate requirements are comparable to those assumed in state-of-the-art results in
the literature under i.i.d. sampling (e.g. Belloni et al. (2018b)).
These assumptions are sufficient for the high-level conditions invoked in Theorem 3.1, as formally stated

in the following lemma.
Lemma 3.1. Assumptions 3.4, 3.5, 3.6, 3.7 and 3.8 imply Assumptions 3.2 and 3.3.

As a consequence of this lemma and the general result in Theorem 3.1, we obtain the following result
of the root-N asymptotic normality of the dyadic machine learning estimator  in the high-dimesnional logit

dyadic link formation models.

Theorem 3.2. (Inference about Regression Coefficients in the High-Dimensional Logit Dyadic Model) Sup-
pose that Assumptions 3.1, 3.4, 3.5, 3.6, 3.7, and 3.8 hold. Then, the dyadic machine learning estimator 6

constructed using score (3.14) follows

VNG ~!(6 — 6p) ~ N(0,1),

where 62 = =Jy 1l"(] )’, Jo and T are defined in Equation(3.16) and (3.17) separately. Moreover, this result

continues to hold when 6% is replaced by &* defined in Algorithm 3.1.

3.5 Monte Carlo Simulation Studies

Focusing on the application to the high-dimensional dyadic link formation model introduced in Section 3.4,
we study and present finite sample performance of the proposed method of dyadic machine learning in this
section through Monte Carlo simulations.

We design the data generating process for our Monte Carlo simulation studies as follows. For each

(i,7) € [N]?, generate the random vector (D;;, X/, ;)" according to

Dyj= D+ D+ By, Xy= Xt i+ 2K,
3773773 Xij=3Xit 3%t 3
&ij = FLoglsuc(O 1) FNOrmal 0,1) ( S&+ \/gé f81/>
where {(D; ) }16 A{D lJ7Xz j) } Tk {Ez}ze and {§& ,} J)elvE are independently drawn with the
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laws
(D;,X!) ~ Normal(0,X), (Dij, X};)" ~ Normal(0, %),

& ~ Normal(0, 1), & ~ Normal(0,1),

and X is the variance-covariance matrix whose (r,¢)-th entry given by X, = 5-I=<l. while D; ;j is designed

as a scalar random variable, we will vary the dimension of the random vector X;; across sets of simulations.
From these primitive variables, construct the dyadic binary decision Y¥;; in turn by the logistic threshold-

crossing model Y;; = 1{D;;60p + X/ Bo > ¢}. Note that this data generating model implies the logistic regres-

sion E[Y;;|D;j, X;j] = A(D;j6 + X/ [30) We thus obtain a dyadic sample {(Y;;,D;;, X/ —, which we

> ’/) }( Je]
assume is observed by a researcher. For the true parameter values, set 8y = 1, and let the c-th coordinate of
Bo be 2(—2)~¢ for ¢ < |v/N| and 0 otherwise. We will experiment with various sample sizes N as well as
various dimensions of X;; across sets of simulations. The number of Monte Carlo iterations is set to 2,500 for
each set of simulations.

Table 3.1 summarizes Monte Carlo simulation results. The top panel of the table shows results for the
conventional double/debiased machine learning without the dyadic cross fitting or the dyadic robust standard
errors. The bottom panel of the table shows results for our proposed dyadic double/debiased machine learning
with the dyadic cross fitting and the dyadic robust standard errors. Displayed are simulation results that vary
with the sample size N, the dimension dim(X) of X;;, and the number K of folds for the dyadic cross fitting.
Displayed statistics include the simulation mean of é, the simulation bias of é, the simulation standard
deviation of é, the simulation root mean squared error of é, the simulation inter-quartile range of é, and
the simulation coverage frequencies for nominal sizes of 90% and 95%.  First, compare the top panel and
bottom panel of the table in terms of simulation statistics of the estimates. Notice that the conventional DML
(without accounting for dyadic data) produces biased estimates of 6, while the dyadic DML produces less
biased estimates. Recall that the conventional cross fitting works under independent sampling, while dyadic
data are not independent. As such, for dyadic data, conventional cross fitting may not be able to remove over-
fitting biases. On the other hand, the simulation results support the claim that dyadic cross fitting accounts
for dyadic dependence and is successful in removing over-fitting biases.

Second, compare the top panel and bottom panel of the table now in terms of simulation coverage fre-
quencies. Notice that the conventional DML (without accounting for dyadic data) suffers from severe under-
coverage especially for larger sample sizes, while the dyadic DML maintains correct coverage. This differ-
ence may be imputed to two sources. One source of this difference is that estimates by the conventional

DML are biased while those by the dyadic DML is less biased as discussed in the previous paragraph. As
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Method N dim(X) K True Mean Bias SD RMSE Q25 Q50 Q75 90% 95%
Conventional DML~ 50 25 5 1.000 1.144 0.144 0316 0.347 0928 1.139 1.354 0.363 0.422
Conventional DML 100 50 5 1.000 1.148 0.148 0220 0.265 0.999 1.141 1.293 0.233 0.277
Conventional DML~ 50 25 10 1.000 1.145 0.145 0316 0348 0.929 1.139 1356 0.360 0.421
Conventional DML 100 50 10 1.000 1.149 0.149 0220 0.265 0998 1.143 1.294 0.234 0.274
Conventional DML 50 50 5 1.000 1253 0253 0316 0405 1.044 1.253 1.464 0.332 0.392
Conventional DML 100 100 5 1.000 1.252 0.252 0.222 0.336 1.100 1.248 1.404 0.170 0.209
Conventional DML 50 50 10 1.000 1256 0.256 0.316 0407 1.044 1257 1.465 0.324 0.388
Conventional DML 100 100 10 1.000 1.254 0.254 0.222 0338 1.102 1.249 1.406 0.171 0.206

Method N dim(X) K True Mean Bias SD RMSE Q25 Q50 Q75 90% 95%

Dyadic DML 50 25 5 1.000 1.059 0.059 0470 0474 0.746 1.052 1.369 0.908 0.950
Dyadic DML 100 50 5 1.000 1.045 0.045 0288 0.292 0.848 1.040 1.236 0.901 0.946
Dyadic DML 50 25 10 1.000 1.047 0.047 0.518 0.520 0.688 1.034 1.394 0.922 0.965
Dyadic DML 100 50 10 1.000 1.039 0.039 0.303 0.305 0.825 1.042 1.239 0916 0.957
Dyadic DML 50 50 5 1.000 1.113 0.113 0.522 0.534 0.736 1.111 1.460 0.897 0.953
Dyadic DML 100 100 5 1.000 1.105 0.105 0.304 0.322 0.903 1.105 1.314 0.883 0.940
Dyadic DML 50 50 10 1.000 1.114 0.114 0.582 0.593 0.715 1.101 1.497 0.908 0.964
Dyadic DML 100 100 10 1.000 1.095 0.095 0.320 0.334 0.880 1.093 1.316 0.908 0.958

Notes: Simulation results based on 2,500 Monte Carlo iterations. Displayed are the sample size N, dimension dim(X)
of X;;, number K of folds for the dyadic cross fitting, simulation mean of 6, simulation bias of 6, simulation standard
deviation of 6, simulation root mean square error of 6, simulation inter quartile range of 6, and coverage frequency for
the nominal sizes of 90% and 95%. The top panel of the table displays results for the conventional DML without dyadic
cross fitting or dyadic robust standard errors, and the bottom panel of the table displays results for our proposed method

of dyadic DML with dyadic cross fitting and dyadic robust standard errors.

Table 3.1: Comparison of simulation results between conventional DML and dyadic DML
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the sample size increases, it becomes less likely that shorter confidence intervals centered around the biased
estimates 6 contain the true parameter value 6y. Another source of the difference is that the conventional
standard error without accounting for dyadic sampling is simply too small compared to the dyadic robust
standard error.

In summary, the dyadic DML produces less biased estimates and asymptotically accurate coverage. Fail-
ure to account for dyadic dependence in cross fitting results in biased estimates, while failure to account for

dyadic dependence in cross fitting and/or standard errors results in severe under-coverage.

3.6 Empirical Illustration: the Determinants of FTAs

In this section, we consider the classic network setting: the formation of free trade agreements across coun-
tries. We compare our proposed method of dyadic DML to traditional methods for analyzing determinants
of free trade agreements (FTA) using both parsimonious and rich empirical models. Baier and Bergstrand
(2004) pioneered empirical studies in this field, and a large number of subsequent studies have followed
since that time based on their foundational specification. We aim to strengthen our understanding of the con-
clusions produced in this literature by conducting a new empirical analysis with the following econometric
details in mind: 1. we control for high-dimensional covariates in order to mitigate unobserved endogeneity
or unobserved confoundedness; and 2. we account for the dyadic dependence inherent in trade data and, for
the first time, report standard errors robust to this source of misleading inference.

Consider the empirical model Ep[Y;;|D;j, Xij] = A (D,-jG —|—Xl-’j[3> for (i, j) € [N]2, where Y;; is the dummy
variable if there is a bilateral FTA between i and j as of year 2000. The parsimonious specification includes
four classic explanatory variables (D;;,X] j)’: (A) the logarithm of the population-weighted bilateral distance
between i and j in kilometers, (B) the sum of the logarithms of the per-capita GDPs of i and j in the baseline
year, (C) the absolute difference of the logarithms of the per-capita GDPs between i and j in the baseline year,
and (D) the absolute difference of the logarithms of the capital-labor ratios between i and j in the baseline
year. Following Baier and Bergstrand (2004) we complete our most parsimonious specification by including
in the square of the difference of the logarithms of the capital-labor ratio.

Baier and Bergstrand (2004) state several hypothesis: 1. “[t]he net gain from an FTA between two
countries increases as the distance between them decreases”, motivating (A), 2. “[t]he net welfare gain from
an FTA between a pair of countries increases the larger are their economic sizes (i.e. average real GDPs)”,
motivating (B), 3. “[t]he net welfare gain from an FTA between a pair of countries increases the more similar
are their economic sizes (i.e. real GDPs)”, motivating (C), 4.“[t]he net welfare gain from an FTA between

a pair of countries increases with wider relative factor endowments, but might eventually decline due to
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Dependent variable: Logit  Full Logit Conventional DML Dyadic DML
free trade agreement @ an (I11) av) ) VD
(A) Distance -1.690 -1.358 -1.662  -1.660 -1.515 -1.762
(0.046) (0.075) (0.081) (0.079) (0.111) (0.115)
(B) Size (Sum of log GDP) 0.236 0.343 0.359 0.360 0.263 0.244
(0.013) (0.020) (0.008)  (0.007) (0.043) (0.035)
(C) Similarity (A log GDP) -0.003 -0.004 -0.004  -0.004 -0.001  0.001
(0.015) (0.018) (0.014) (0.014) (0.002) (0.002)

(D) Rel. Factor Endowments 0.231 0.187 -0.460  -0.460 -0.432  -0.396
(Alog K/L) (0.060) (0.072) (0.143)  (0.143) (0.326) (0.362)
Effective sample size 13,027 13,027 13,027 13,027 229 229
Dimension dim(D’, X")’ 5 141 141 141 141 141
Number K of folds N/A N/A 5 10 5 10

Notes: Estimation and inference results based on 50 iterations of resampled cross fitting. Displayed are estimates and
standard errors for the coefficients of (A) the logarithm of population-weighted distance, (B) the sum of the logarithms of
GDPs in the baseline year, (C) the absolute difference of the logarithms GDPs in the baseline year and (D) the difference
of the logarithms of capital-labor ratios. The first column (I) reports results based on the simple, parsimonious logistic
regression without the high-dimensional controls, the second column (II) reports results based on the simple logistic
regression with all the covariates. The next two columns (III) and (IV) report results based on conventional DML with
K =5 and 10 of folds, respectively. The last two columns (V) and (VI) report results based on our proposed dyadic DML
with K =5 and 10 of folds, respectively.

Table 3.2: Estimation and inference results based on 50 iterations of resampled cross fitting.

increased specialization”, motivating (D).

To investigate the impact of restricting attention to a parsimonious specification, we add a wide set of
additional controls to our benchmark empirical model — see Appendix 3.8.9 for details of how we construct
each co-variate. In total, there are more than 140 explanatory variables in the rich specifications that we
consider, and these dimensions are high relative to the effective sample size N of the dyad which consists
of N =229 economies. Following Baier and Bergstrand (2004), we set year 1960 as the baseline year for
variable measurement, which is roughly the year when FTAs started to be signed across across global trading
partners.

Table 3.2 summarizes estimation and inference results based on 50 iterations of resampled cross fitting.
We observe the following sharp results.

First, our simple logit model confirms Baier and Bergstrand (2004) finding, with all covariates significant
at conventional level. However, our model suggests that the economic similarity coefficient, which is a
significant determinant of FTAs in their analysis, is small and not significantly different from zero. Data
differences, including a focus on FTAs signed by 2000 and expanding the analysis from 54 to 167 countries,

may explain this discrepancy.
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Second, rows (A), (B) and (D) each highlight a separate, but equally important, feature of dyadic ma-
chine learning in this classic setting. Row (A) shows all coefficients are negative and significantly different
from zero, with larger standard errors in columns (V) and (VI). Our findings support the hypothesis that de-
creasing distance and trade costs between countries increases FTA net gain. The dyadic ML estimates again
confirm that this common empirical conclusion is robust to the inclusion of high-dimensional covariates and
controlling for dyadic dependence among FTA formation data.

In row (B), dyadic ML shows that the coefficient of economic size (sum of log GDP) is positive and
significant, aligning with the basic logit, full logit, and conventional ML results. This supports the idea
that larger economic size between countries increases FTA net welfare gain. The estimated coefficient on
the sum of log GDPs changes notably across columns, suggesting conventional methods could yield biased
estimates in rich specifications. Columns (V) and (VI), which control dyadic dependence, have 27-32%
smaller coefficients on the size variable than columns (III) and (IV). These results align with our Monte
Carlo simulations, indicating that conventional ML may produce biased estimates in rich specifications.

Row (D) highlights a different bias source. The simple logit shows the coefficient on relative factor
endowments (difference of log capital-labor ratio) is positive and significant in columns (I) and (I), consis-
tent with existing results. However, when using machine learning variable selection with high-dimensional
controls (columns (III)-(IV)), the opposite pattern emerges: greater similarity in capital-labor ratios encour-
ages FTA formation with conventional ML. This suggests benchmark analyses not accounting for high-
dimensional covariate confounding may yield misleading results.

Allowing for high-dimensional covariates and dyadic dependence in columns (V) and (VI) significantly
impacts recovered standard errors, changing previous conclusions. While the positive estimated coefficient
on relative factor endowments remains after controlling for dyadic dependence, the standard error more than
doubles. This overturns the classic result, suggesting relative factor endowments are not crucial determinants
of FTA formation. Generally, accounting for dyadic dependence increases standard errors for all explanatory

variables by at least 37% compared to conventional ML.

3.7 Summary and Discussions

This paper presents new methods and theories for the use of machine learning when data are dyadic. A novel
dyadic cross fitting algorithm is proposed to remove over-fitting biases under arbitrary dyadic dependence.
Together with the use of Neyman orthogonal scores, this dyadic cross fitting method enables double/debi-
ased machine learning for dyadic data. Applying the general results (Theorem 3.1), we demonstrate how to

estimate and conduct inference for high-dimensional logit dyadic link formation models.
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Motivated by the application to the dyadic link formation model for the analysis of FTA determinants, we
focus our statistical methodology on unconditional moment restrictions in this paper. In other applications,
such as the instrumental variable regression in dyadic data, conditional moment restrictions are more relevant
(cf. Ai and Chen, 2003, 2007; Chen et al., 2003; Chen and Pouzo, 2015). We conjecture that our proposed
method with dyadic cross fitting will extend to estimation and inference for models based on conditional
moment restrictions. Formal theoretical investigation in this important direction is left for future research,

given the length of the current paper.

3.8 Appendix

3.8.1 The Case of Linear Scores

The main text presents the method of dyadic DML with a general class of nonlinear and nonseparable form of
the score function y. On the other hand, some of the most commonly used econometric models entail linear
and additively separable score functions. In this appendix section, we focus on the cases with linear Neyman

orthogonal scores ¥ of the form
v(w;0,m) = v (w;n)0 + yP(w;n), forallw € supp(W), 0 € ©®,n €T, (3.18)

and develop asymptotic theoretical results under an alternative set of assumptions.

3.8.1.1 Two Examples

Two of the most frequently used instances of linear Neyman orthogonal scores y satisfying (3.1), (3.2), and

(3.18) are presented as examples below.

Example 3.2 (High-Dimensional Linear Models). Let W;; = (¥; j,D,'j,Xi’j)' , where Y;; and D;j are two random

variables, and X;; is a high-dimensional random vector. Consider the linear model

Ep|Y;|Dij, Xij] = Dij60 +X];Bo for (i, j) € [N]?,

where 0 is a parameter of interest and B is a nuisance parameter. A linear Neyman orthogonal score Y in
this model is given by

V(Wi 0.m) = {¥ij — Dij6 — Xi;y}(Dy = X[;3).

where 11 = (B’,7,08'). See Chernozhukov et al. (2018a, Section 4.1) for more details. O
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Example 3.3 (High-Dimensional Linear IV Models). Let W;; = (Y;;,D; j,Xl-’j,Zi i)\, where Y, Djj and Z;; are

three random variables, and X;; is a high-dimensional random vector. Consider the linear IV model

Ep|Y;|Dij, Xij] = Dij60 +X;;Bo for (i, j) € [N]* and

Ep|Z;j|Xi;] = X};6 for (i, j) € IN]?,

where 0 is a parameter of interest and (f',6') is a nuisance parameter. A linear Neyman orthogonal score
v in this model is given by

w(Wij:0,1) = {Y;; — Di;0 — X;;v}(Zi; — X;;0),
where 1 = (B',7,8"). See Chernozhukov et al. (2018a, Section 4.2) for more details. O

3.8.1.2 Asymptotic Normality and Variance Estimation

Let co >0, ¢; >0, s >0, and g > 4 be some finite constants with ¢y < ¢;. Let {v}n>1, {An}n>1, and
{7n }n>1 be sequences of positive constants that converge to zero such that oy > N ~1/2 Let K > 2 be a fixed

integer. With these notations, consider the following two assumptions.

Assumption 3.9 (Linear Neyman Orthogonal Score). The following conditions hold for all P € Py for all

N > 4.
(i) The true parameter value 0y satisfies (3.1).
(ii) y is linear in the sense that it satisfies (3.18).
(iii) The map N — Ep[yw(Wi2;0,M)] is twice continuously Gateaux differentiable on T.

(iv) v satisfies either the Neyman orthogonality condition (3.2) or more generally the Neyman Ay near

orthogonality condition at (8y,Mo) with respect to a nuisance realization set Iy C T, i.e.,

Aovi= sup | OnEpy(Wia: 60, m0)[n —mol| < SuN~1/2

nedy

(v) The identification condition holds in the sense that the singular values of the matrix Jo :=Ep[y*(Wi2;M0)]

are between cy and c.

Assumption 3.10 (Score Regularity and Nuisance Parameter Estimators). Let K be a fixed integer. The

following conditions hold for all P € Py for all N > 4.
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(i) Given random subsets I C [N] such that |I| = |N/K |, the nuisance parameter estimator 1| = 1) ((Vi/ij)(l. j)eW)

belongs to the realization set Iy with probability at least 1 — Ay, where Iy contains M.

(ii) The following moment conditions hold :

sup (Ep[[|lw(Wi2; 60,m)]|1])"/7V sup (Ep[|ly*(Wizsn)[[]) /4 < cy.
nedy neIn

(iii) The following conditions on the rates ry, ry and Ay hold:

N ::nseug |Ep[w(Wi2;m)] — Ep[w®(Wi2:m0)] || < 8,

ry == sup (Ep[||w(Wi2:60,1m) — W(W12;907n0)||2])1/2 < dv,
nedy

Ay=sup  ||0FEp[w(Wi2;60,m0+r(n —10))]|| < v/VN.
re(0,1),neIy

(iv) All eigenvalues of the matrix

[ := Ep[y(Wi2;600,M0) w(Wi3;60,M0)'] + Ep[w(Wi2; 80, 10) W(Wa1; 60, 10)'] (3.19)

+Ep[W(Wa1; 60, M0)w(Wi3;60,M0)'] + Ep[W(Wai; 60, M0) w(Wa1; 60, M0)']

are bounded from below by cy.

The last two assumptions are counterparts of Assumptions 3.1 and 3.2 in Chernozhukov et al. (2018a), as
well as Assumptions 2 and 3 in Chiang et al. (2021a), except that the data in this paper are allowed to exhibit
dyadic dependence rather than i.i.d. or multiway cluster dependence.

Under these conditions, we guarantee that the dyadic machine learning estimator is asymptotically root-N
Gaussian and that its asymptotic variance can be consistently estimated, as formally stated in the following
two lemmas. Denote Wiy = 7,(U;, U, Uy 0y) and Wo; = 7, (Uo, Ui, Uy 0y) where U; and Uy gy are Unif{0, 1]

random variables independent from each other and from the data.

Lemma 3.2 (Dyadic DML for Linear Scores). Suppose that Assumptions 3.1, 3.9 and 3.10 are satisfied. If
Oy > N’l/zfor all N > 4, then

UNo ' (0-6) = YN ¥ B, p )+ 0 (ow)

K ke[K]¢

N
= L ABAW(Wio) | UL+ Eplp(W0) | U} + O (pw) — N(O.dyy)  (320)
i=1
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holds uniformly over P € Py, where the order of remainder follows py < 8y, the influence function takes

the form W(-) := —c~'Jy ' w(-;00,M0), and the variance is given by
o2 :=Jy T Y. (3.21)

In view of the second line in (3.20), observe that the asymptotic linear representation is independent of
the choice of K and also independent of realizations of the folds in the dyadic cross fitting. In addition,
although the estimator itself is formed by the scores consisting only of a part of all the i- j-pairs, this linear
representation implies that we in fact utilize all the underlying independent latent random variables (U,-)ﬁ.V: I
To make use of this lemma for statistical inference in practice, it remains to consistently estimate 6. The

sample-counterpart variance estimator can be given by

62 =JT(JYY, (3.22)
where
Lo .
J::E Y, Enilw (W] (3.23)
ke[K)!

and [ is defined in (3.9). This estimator 62 is consistent for 62 under the same set of assumptions as that

invoked in Lemma 3.2, as formally stated in the following lemma.

Lemma 3.3 (Variance Estimator). Under the assumptions required by Lemma 3.2, we have
6> = o2+ 0p(pw).

Furthermore, the statement of Lemma 3.2 holds true with 62 in place of 6.
Lemmas 3.2 and 3.3 can be used together for constructing confidence intervals as formally stated below.

Corollary 3.1. Suppose that all the assumptions required by Lemma 3.2 are satisfied. Let r be a dg-

dimensional vector of constants. The (1 — a) confidence interval of r' 6y given by

Cl,:=[/0+® (1 -a/2),/r'62r/N]
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satisfies

sup |Pp(r'6p € Cl,) — (1 —a)| — 0.
PePy

3.8.2 Lemmas for Dyadic Asymptotic Theory

In this section, we present some generic results for sample means of dyadic random arrays. We use these
generic results as auxiliary lemmas to prove our main theoretical results.

We first present a useful maximal inequality for empirical processes under dyadic sampling. It is built
upon the Hoeffding type decomposition and the maximal inequalities in Chernozhukov et al. (2014), Chen

and Kato (2019), and Cattaneo et al. (2022). Define

n
Guf = ¥ {00 - Bl )l
nn—1) &
(i.)€n)?
Lemma 3.4 (A local maximal inequality for dyadic empirical processes). Ler (X;;) (.)€l be a sample from

-valued jointly exchangeable random variables (X; J')(i.j)e@‘ Assume the function class F > f : . - R

with envelope F € L(P), q > 4, satisfies supoN(F || - |

02,€||Fllo2) < (A/€)", V0 < & < 1, for some
constants A > e and v > 1, where the supremum is taken over the set of all finite discrete distributions on ..

In addition, suppose that the function classes

= {Ep[f(X12)|Uk :u] k= 1,27f€ y}, H = {Ep[f(X12)|U1 =u,Up :uz] ZfE y}

have envelopes G(u) := Ep[F (X12)|U1 = u] V Ep[F (X12)|U2 = u] and H(u;,u2) := Ep[F (X12)|U1 = u1,Ur =

up], respectively. Assume that there exist finite constants b, > G, > 0 such that

[Gllpg VIIHlpg <bn,  supligllp2V sup ||Al[p2 < G-
g€Y9 hest

In addition, suppose that Ep[f(X12)] =0 for all f € F. Then, we have

byvlog(AVn)

<=
EP[Gnﬂ ~On vlog(A\/n)+ nl/2-1/q

A proof can be found in Appendix 3.8.6.1.
We now derive the asymptotic linear representation for a sum of jointly exchangeable arrays. The result

is well-known but we include the derivation for completeness. Recall that Assumption 3.1(i)(ii) implies the
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Aldous-Hoover-Kallenberg representation (e.g. Kallenberg, 2006, Theorem 7.22 and Corollary 7.35), which

yields that there exists a Borel measurable function 7, such that

Zij = t(Ui,Uj, U jy)-

n(n—1)
(i.))€ln)?
Ep[f(Z;)|Ui] + Xiz1 Bp[f(Zi)|Ui]}, its Hdjek projection on functions of each single U;. We will show H,, f

For any real-valued function f, define G, f := v Y. f(Zi). Consider H, f := n(T\/_ﬁl) Yy {¥ 1
2 1€[n]

is asymptotically normal with mean zero and variance

V(H,f) = Cov(f(Z12), f(Z13)) + Cov(f(Z12), f(Z31)) + Cov(f(Za1), f(Z13)) + Cov(f(Z21), f (Z31))

+o(1).
In addition, a direct calculation shows

V(Gnf) = Cov(f(Z12),f(Z13)) + Cov(f(Z12), f(Z31)) + Cov(f(Za1), f(Z13)) + Cov(f (Za1), [ (Z31))

+o(1),

and therefore ngn{‘)) = 14 o0(1) follows from the assumption that V(G,f) is uniformly bounded away from

Z€10 OVEr n.

Lemma 3.5 (Asymptotic Linear Representation for a Dyadic Sum). Suppose (Z;;) [ are zero mean

(i.j)e

random vectors and such that

Zij = 7, (U, U;, U{l}j})

holds for some Borel measurable T, and {U;, Uijp:1<i#j< n} are some i.i.d. random variables. In addi-

tion, suppose that Cov(f(Z12), f(Z13)) +Cov(f(Z12), f(Z31)) + Cov(f(Z21), f(Z13)) + Cov(f(Z21), f(Z31))

is bounded away from zero uniformly in n. Then

V(an) = COV(f(Z]Q),f(Z]:;)) +C()V(f(ZIZ)af(Z31)) +Cov(f(221)7f(zl3)) +C()V(f(ZZI)7f(Z31))

+o(1)

and thus H,f = G, f +op(1).
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A proof can be found in Appendix 3.8.6.2

3.8.3 Proofs of the Main Results

This section presents proofs of the main results. We prove the results for the linear case first, followed by
the results for the general nonlinear case presented in the main text, because the latter result uses the former

result along with a linearization of the nonlinear score.

3.8.3.1 Proof of Lemma 3.2

Proof. Fix a sequence {Py}y>1 such that Py € &y for all N. We use the short-hand notation 1;72 to denote
([N]\1x)2. [N] is partitioned equally into K parts, which implies |I| = || for all k € [K]. Assume without
loss of generality that N is divisible by K. Let &y denote the event 7, € Jy for all k € [K]. Assumption
3.10 (i) implies P(&y) > 1 — KAy. Although the proof strategies for asymptotic theory in the existing DML
literature do not apply here due to the dyadic clustering, we shall follow the proof structure of Theorem 3.1

in Chernozhukov et al. (2018a) and Theorem 1 in Chiang et al. (2021a) for the sake of comparability.

Step 1. This step is the main step, showing the linear representation and asymptotic normality for the pro-

posed estimator. Denote

N 1 R ~
J = T Z Ep i [v* (W flk)], Ry :=J—,
ke[k]!
1 . 1
RN72 = ? Z En,k[W(W;GOvnk)] - ? Z En,k[W(W; 60,110)]'
kelK] ke[K]¢

We will later show in Steps 2, 3, 4 and 5, respectively, that

IRl = Op,(N"* 4 1), (3.24)
IRy 2]l = Op, (N7 28y + Ay + A%), (3.25)
N
Y By Wil =05 (). and (326)
ke[K]
o™l = Op,(1). (3.27)

Under Assumptions 3.9 and 3.10, N —1/2 4 rv < py = o(1) and all singular values of Jy are bounded away

from zero, and so all singular values of ./ are bounded away from zero with Py-probability at least 1 —o(1).
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Therefore, with the same Py probability, the dyadic machine learning solution is uniquely written as

and

VN~ 60) =~ VNS T (Basly V)] + 760 )

kelK]!
| A

=—VNJ IE Y Enx[w(W:60, )]
ke[K]¢

__(JO+RN,1> ><< Z E, [y W;eoano)}+\/NRN,2)- (3.28)

kelK]!
Using the fact that
-
(Jo +RN,1) —Jy'=—(o+Ry1) "Ry1Jy ",

we have

-1 —1 —1 —1 —1 —1
[(Jo+Rn1)" —Jo I =[(Jo+Rn1) " RyJy | < [[(Jo+Rn1) [[IRN gl

=0p,(1)0p, (N2 4 ry)Op, (1) = Op, (N~ + ry).

Furthermore, rjy +N'/2(Ay 4+ 4}) < px = 0(1), and it holds that

H\F Y, Eul (m,,eo,no)]+fRN2H<H— Y Enxly(Wyi60,m0)]|| + || VRN
eyl KEKY

=0p, (1) +op, (1) = Op, (1),

where the first equality is due to (3.25) and (3.26). Combining above the two bounds gives

\f
1'%

-1
H(Jo+RN,1> *JO_IH Z]Enk (Wweomo)H\fRNzH—OPn N2 4 1) 0p, (1)

kelK)!

=0p,(N"V2 +ry). (3.29)
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From (3.27), (3.28) and (3.29), it therefore follows that

VNo~'(6—6)) = N Y. EwxW(W)+0p, (o).

K ke[K]

=GNk V

Applying Lemma 3.5 to each I, we obtain the following independent linear representation for Gy x ¥

)ke[K]”le

Zke K l ‘Ik|(|Ik| - 1 Jelk ]7&[ l€]k l#l

fZ{EP W) | Uil +Ep[w(Wai) | Uil },

which is independent of K, and it holds Py-a.s. that

V(GyxW) =V(H ) +ON"") =/ 'T(J, ') +O0(N~")  and

Gy x W =Hy W+ Op, (N~1/?)

under Assumption 3.10 (iv). Recall that g > 4. The third moments of both summands of Hy ¥ are bounded
under Assumptions 3.9 (v) and 3.10 (ii) (iv). We have verified all the conditions for Lyapunov’s CLT, and an

application of Lyapunov’s CLT and Cramer-Wold device thus gives

An application of Theorem 2.7 of van der Vaart (1998) concludes the proof.

Step 2. For the fixed K, it suffices to show that, for any k € [K] and (i, j) € [N]2,

nk [V (Wi Aik)] —Ep, [W* (Wi2:10)] H = 0p, (N2 41y).

For any fixed k € [K],

il W W3 0)) = Ep, [ (Wi )] | € 14+ S
where

fl,k = ‘ En,k[ll’a(W;ﬁk)] _EPn[Wa(Mj§ﬁk)|¢7] ’
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T = En v Wi A IIE?] ~ B, [y Wizimo)] |

Then % ; < ry with Py-probability 1 — o(1) follows directly from Assumptions 3.1 (ii) and 3.10 (iii). Denote

Vi = Wi (Wijs i) — Ep, [Wi (Wajs ) |1 2 J and W = (W} ) medy)- To bound .7} 4, note that conditional on
£, it holds that

Wk W (W 0] — B, W (Wi ) 1167
[2( T W) [

Ep,[7 12,k\11f’2] =Ep, [

(‘Ik|(|lk|_1 lj EIkXJ[
1 & ~ ~ c,2
= 2 Z Z EPn |: Z lI,iaj,mll,l{lj’,m ﬂ
(‘Ik|(|1k| - 1)) (i,))€lxxJy (1'7‘1'/)61137]'/7&] m=1

1 o .
Z Z Ep, [ Z lI/iaj,ml,’ia’j,m

2
(|Ik|(‘1k| - 1)) (i,7)ElxJ; (igj)eﬁ i m=1

: y Epn[zwi,n)

+—
(12l (11— 1)) .,

: Y OY Enl

= 2
(I8 =) 0005

1 - c
——— Y Y Bl
(|Ik|(‘1k| - 1)) (i, )€l < Jy (i’,j)eg,i’#i

1 e
+———— Y EnlIWEIPIL7
(1Tl (2] = 1)) G jyetexa,

+0

1 N A\ 1702
S | e O ) — B Ly W A1)

1 70,2
<Al (Vs 1)

o
Sl -1

by an application of Cauchy-Schwarz’s inequality and Assumptions 3.1 and 3.10 (ii). Note that N < || — 1 <

N. Hence an application of Lemma 3.7 (i) implies .} = Op, (N -1/ 2). This completes a proof of (3.24).

Step 3. It again suffices to show that, for any k € [K], we have

VW3 60, 70)] — Bk [y (W3 60,10)] | = O, (N2 4 Ay + 25,
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Denote

GuleW = s T (o0 [ ewiany).

(i,J)€lxJy

where ¢ is Py-integrable function on supp(W). Then,

nk[(W(W; 60, 7)] —

| I g+ Ia
— v(Wij:60,m0)|| < ——=",
Ll ([ = 1) (i’j)g;x]/ j H VN

where

I3k =Gy [w(W; 60, 11)] — Gy, [w(W: 60,m0)]],

eﬂ4’k Z:\/N

‘EPn [w(W;;: 60, ﬁk)@] —Ep, [w(W12:60,M0)] H

Denote Wijm := Win(Wij; 00, Tik) — Win(Wij; 60,M0) and Wij = (Wijm)meay)- To bound 75, notice that using

a similar argument to that for the bound of .} ;, one has

B, 17547/

Gy, [w(W;60,1) — v W;Go’no)”|2|ﬂ

22{ Y (%,m—EPan/ij.m)}z

[(|Ik|(|lk| — 1 m=1 " (i,j)€l,xJ;

:% L L E&[%(%m—E&WiLmX‘T’U'm Ep, Wiy m)ﬂ

(Bl (el = 10)" GpyeTioxse e g et

++2 ) Y Ep [ f‘, (‘T’ij.m—EPn lT/ij,m) (‘T’i’jm EP,lll/l,m) ﬂ

(|Ik‘(|lk| - 1)) (CNERXT (i j)el2 i#i m=1

_—

c,2
Ik

N d N2
o ) EPn[Z (V’l‘j;m_EPnV/ijﬁm) ‘ﬂ +0
(1)1l = 1)) (ijyetexa me1
:% )y Y Ep [(%-EPanij,%f—EPn%'>
(|Ik|(|lk| - 1)) (i,)) €l xJy (i,j’)EE,j’;éj
N

3
[ ]
2
i)

- Ep, | (Wi; —Ep, Wij, Wy ; —Ep, Wy ;)
(Kl(11] — 1)) m%m E,z#, ws Y '

N C
ST T 1]

lI[l] EP n II[U

SEe, [

W(Wij 00,11) — y(Wij: 60,M0) — Er, [W(Wijs 60,) — y(Wij: 60, o) H

ﬂ

<Ep,[] 'I/(Wij; 60,1) — ‘I/(Wij; 60,10) HZUI?Z]
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< sup Ep, [|[|y(Wij: 60,1) — w(Wij; 60, m0) | *11]

neIn

= sup Ep,[||y(Wi2:60,1) — w(Wi2;60,m0)[|I*] = (ry)?,
nedy

where the first inequality follows from Cauchy-Schwarz’s inequality, the second-to-last equality is due to
Assumption 3.1, and the last equality is due to Assumption 3.10 (iii). Hence, .#3 = Op, (ry). To bound .4 4,

let

filr) = Ep, [y(Wijs 00,10+ r(fi— o) | 17| —Ep [ly(Wias6o.m0)),  re (0,1,

An application of the mean value expansion coordinate-wise gives

Je(1) = £i(0) + f(0) + fi/ (7) /2,

where 7 € (0,1). Note that f;(0) = 0 under Assumption 3.9 (i), and

1A = || onBr, w(Wia: 60, m0) s — o] | < 2

under Assumption 3.9 (iv). Moreover, under Assumption 3.10 (iii), on the event &y, we have

1A P < sup [IF (") < Ay

re(0,1)

This completes a proof of (3.25).

Step 4. Note that

AFPRNTERS]Y

kelK)!

N

2 Pn[Z( Z Z Wm(ulij;eovno))z}

(Zkergye [Tl (] = 1)) m=1 "ke[K]' (; j)eT?

N
1N 2 Z Z Z EPn[Z‘l/m Wij360,M0) Win( 11790,770)}
(Zke[l(]f |I/<| ke[K) (i) EIkXJ/(z])elzj;A] m=1
: Y Y X E[dZe’,w(W'en)w(W'en)}
P, m ij»>Y0,70)¥Ym i’ j» Y0, 110
(Zkermy |’k‘2—N)2ke[KV(melka/:(f/,j)eé,i/;éi m=1 ' !
dg
Ep, | Y v (Wiji60,m0) | +0

(Lrexy |1k\ ) Z (i.j)ezlkxjg {m;l ! }
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<Ep,[lw(Wi2;60,m0)|*] < ¢3,

where the first equality is due to |Ix| = |I| for all k € [K]. Therefore, an application of Markov’s inequality

implies

Y En,k[‘l/(Wij;eo,no)]H = Op,(1).
kelK]

This completes a proof of (3.26).

Step 5. Note that all the singular values of Jy are bounded from above by ¢; under Assumption 3.9 (v) and
all the eigenvalues of I' are bounded from below by ¢y under Assumption 3.10 (iv). Therefore, we have

o=l <c1/y/co and thus |[6~!|| = Op,(1). This completes a proof of (3.27). O

3.8.3.2 Proof of Lemma 3.3

Proof. Step 2 of the proof of Lemma 3.2 proves ||/ —Jo|| = O,(N~'/2 + ry), and Assumption 3.9 (v) implies

/% < c !, Therefore, to prove the claim of the lemma, it suffices to show

1 |Ik|71 R O o5\
- A T ARV v(Wi: 0, ) w(W; ,971 "+ v (W, M)W (We j3 0, k)
HKke%é{(lkl(lkl—D)Z [ZZ AR ZZ mo
B # i«,i’#j
+Y ¥ Wb v W00’ + ¥ Y wiWy: 0.0 w000 }
i€l j j'el, JEl i, el
Ji'#i ii'#j

—{Ep[w(W12:60,M0) w(W13;60,M0)] +Ep[y(Wa1; 60, M0) W (Ws1; 60, M0)]

+ Ep[W(Wia: 60,70 ¥ (Wats 60,10)] + Ep [y (Wars 60, 10) ¥ (Wis: 60, m0)]} | = On(pow).

Moreover, since K and dg are constants, it suffices to show that, each of the following four objects is Op(py)

foreach k € [K] and I,m € [dp]:

I —1
Tl |||k1|_l Y Y wiWiis 0, 0) i (Wi: 0, 1) — EP[WI(WIZ;607’70)‘/’/11(“’13;607770)]‘7
k k lEIk]Je[k
JiJ'#
I —1
(|I||(|kl|—1)2 Y Y wiWii 0,0 Wi (We 16, ) — Ep[wi(War: 60, 10) Win(Wa1 s 60, 10)] |,
kN JElkii'el,
ii'#]
I —1 ~
(|I||(|k[|_1))22 Y wiWijs 6, 7) Wi (Wjeis 6, 71k) — Ep[wi(Wi2; 60, 10) Wi (W31 60, M0)]
k1T i€l j,j'el
I
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I|—1 ~ 5 .
(|Ik||(|klk|1))2 ; ; Wi (Wij5 0, T0k) Wi (Wjirs 0, i) — Ep[Wi(War; 60, 10) Win(Wh33 60, M0)] |-
JEl il

il €l ii'#j

We will show the first statement, and the three others will follow analogously. Let the left-hand side of

the first equation be denoted by .% ;,,,. Apply the triangle inequality to get

Fim < Fim1 + Ikim2,

where
1 ~ A ~ A
Fdm,1 = ’ﬁi )y {llfz(%;e,nk)wm(%f;e,nk)fwl(Wij;907710)‘1%(“’1'1";90’”0)}‘
‘ k| (| k| - )ielkj,j’elk
JiJ'#i
1
TIiima = ‘W Y X va(Wi80.10) Yin Wiy 60,10) — Ep[yi (Wi 60, 10) Vi (Wis: 60. 10)] |-

i€l jj el
JJ'#

Now, to bound % ;,, 1, we make use of the following identity borrowed from the proof of Theorem 3.2
in Chernozhukov et al. (2018a): for any numbers a, b, 8a, 6b such that |a| V |b| < ¢ and |8a|V |8b] < r, it
holds that |(a+ 8a)(b+ 8b) — ab| < 2r(c +r). Denote Yi; 4 := Wy(Wij; 60,M0) and W, := Wi (Wij; 0,7k
for h € {I,m}, and apply the above identity with a = v;;;, b = W;jr y, a+0a = Wijj, b+ 6b = Wiy . 1 =
\Wija = Wija |V [Wijr n — Wiy m| and ¢ = W1 |V (Wi pn|. Then,

T im,1 2’; Y ¥ {lffz’j,l‘f/ij',m - ‘I/ij,ll//ij’,m}‘
> (|1l = 1)

1€l j,j'€ly
JiJ'#i

l ~ A
Sﬁz Z W10t m — Vij 1 Wit m]
P (5 =1) & 72
JiJ'#i
<o ¥ Y (Wit Vil V00— W)
_‘Ik|2(|lk‘*1) ) Js 7' 7,

i€l j.j el
ji#i
X <|llfij,1| VAWl + W0 = Wi |V (W — "’ii’~’”|)
N A L N 1/2
S(W Y X W= ViV Wi — Wiyl )
k k i€l j j'el,
B #i
T T
[ (| k] — 1) iel j j'el,
ji#i

)"

+ 1Wij0 = WiV Wiy — Wijrm

2 X . 1/2
< (ﬁ Y X W=V Wi — ‘I’ij',m|2)
|k| (| k|_ )ielkj,j’EIk

JiJ #i
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><{(|1k|2 (I — Z Y WiV Wil )

lelkjjelk
S #i
2 1/2
+(mz Z Wi — lIful Vi m|) }
k k zelk“gk
JnJ'#i

where the second to the last inequality follows the Cauchy-Schwarz’s inequality and Minkowski’s inequality.

Notice that

Z Z |‘I’ij,z|2

<nl Y (Wi 60,m0)l7,

i€l j.j'el, (i)l xJyg
S #i
R . 5o 2
Z Z Wi — wijal* v |Wijrm — ‘I/ij/,m\2 < |l Z W (Wij; 0,) — w(Wijs 60,m0) "
i€l j.j'el, (i) Elex Ty
Jd'#i

Thus, the above bound for .# ;,, | implies that

1
oo SRox (=, L w00 o)+ Ry)
” |Ik|(‘1k|71)(i,j)€1kle;
where
] ~
Ry = ——— Z ||1//(W,-j;9,f]k)—1//(‘/1/,-,-;907770)\\2-
(1T =1) e,
Note that

1
IAAED) Y lw(Wiys60,m0) |17 = 0p(1),

(i,J)ElxJy

which is implied by Markov’s inequality and the calculations

1 2 2 2
Pl Y [[W(Wij;60,10)I1°| =Ep[llw(Wi2;60,10)|I°] < ci
‘Ik|(|Ik| - 1) (i,j)€lyxJ;

under Assumptions 3.1 and 3.10 (ii). Finally, to bound Ry, use Assumption 3.9 (ii) to get

1 ~ 1
N ST W (Wijs i) (6 = 00) 1P+ = Y, [lw(Wijs 60, ) — w(Wijs 80,1m0) 1.
Il ([ — 1) (i,,>§ " g (] = 1) &7,
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The first term on the right-hand side is bounded by

1

(,km,k“)( ) Hw“(%;ﬁk)l\z) % ||6 — 60||> = Op(1) x Op(N~1) = Op(N™")

i,j)ElxJ;

due to Assumption 3.10 (ii), Markov’s inequality, and Lemma 3.2. Furthermore, given that (W;;)

(171)612’7
satisfies fx € Dy,

Ep|||w(Wij; 80, k) — w(Wij; 80, m0)|*

2
1] < 0

due to Assumptions 3.1 and 3.10 (iii). Also, the event fj; € Jy happens with probability 1 —o(1), and we

1] < sup Ep [l w(Wi:60,m) — w(Wij:60,m0)]
nedy

have Ry = Op(N~! + (ry)?). Thus, we conclude that
jl@lm,l = OP(]V_l/2 + r}v)

This completes the proof of Lemma 3.3. O

3.8.3.3 Proof of Theorem 3.1

Proof. With the aid of Lemma 3.6 stated and proved below, which shows the approximate linearity of the
subsample dyadic machine learning estimators 0, the proof will be same as that in the linear case presented

in the proof of Lemma 3.2. O

Lemma 3.6 (Linearization for Subsample DML for Nonlinear Scores). Suppose that the conditions of The-

orem 3.1 hold. For any k =1, ...,K, the estimator 0 follows
VNG~ (6 —6y) = VNE, s (W) + Op(8y) (3.30)

uniformly over P € Py, where the influence function takes the form () := —c7_1J0_1 (-3 60,M0).

Proof. Fix any k = 1,...,K, and any sequence {Py}y>1 such that Py € Py for all N > 1. We shall follow
roughly the proof structure of Theorem 6.3 in Chernozhukov et al. (2018a). Note that, however, the mod-
ification of asymptotic theory to accommodate the current dyadic setting is far from trivial due to the new
cross-fitting strategy and the need of controlling empirical processes with dyadic clustered data.

To prove the asserted claim, it suffices to show that 8 satisfies (3.30) with P replaced by Py.
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Step 1. (Preliminary result) We claim that, with Py-probability 1 —o(1),
16 — 60| < By (3.31)

To show this claim, note that the definition of 8 implies that

Z En [w(W:0,7)]|| < inf Z Ep i [w(W;0,70)]|| + e
K 6c0|( K ,

which in turn implies via the triangle inequality that, with Py-probability 1 —o(1),
[ Ee, [w (Wi2:0,m0)llg—5 | < &x +251 +2.7, (3.32)
where

S = SugHEmk[w(W;e,m] —Enx [y (W:6,m0)][| < Bivew,
S

S = max En y(W;6,1n)] —Ep,[w(Wi2;0, < 1,
2T i) oco K, Z i d )] —Ep,[y(Wi2;0,m)]|| < v

and the bounds of .#| and . will be derived in step 2. Recall that gy = o(§yN~'/2). Since yN~1/2 < 1,
we have gy = o(Ty).

Hence, it follows from (3.32) and Assumption 3.2 that, with Py-probability 1 —o(1),
[0 (6—60) [ Ao < H Ep, (W (W12:0,10)]l6_ || < BinTv- (3.33)

Combining this bound with the fact that the singular values of Jy are bounded away from zero, which holds

by Assumption 3.2, proves the claim of this step.

Step 2. In this step, we shall establish that .#; < BjyTy and .%, < Ty with probability 1 — o(1). Notice that

with probability 1 —o(1), we have .#; <2.9; | + .7, and S < Z| |, Where

Sa= swp |Enily(W:0,m)]Ep,ly(Wi:6.m)] .
0e®,neIy

Ap= sup |[Eny(Wins0,m)] — B, [y(Wio: 0.m0)]
CIS ORISR
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By Taylor expansion,

H12 < sup | 0-Ep, [w(Wi2:0,m0 + r(n —10))]|| < Bin sup ||n — 10|l < Biny,
0c®,neIy,rel0,1) neIn

where the second and last inequalities follow from Assumption 3.3 (iv) and (v). To bound .#; 1, we apply
Lemma 3.4 to the class .%] defined in Assumption 3.3 (i) withn =N, v=vy, A = ay, b, = Dy and &,, = Cy,
and the function classes defined in Lemma 3.4 are given by 4 = {Ep[f (Wi2)|Uy =] : k= 1,2, f € # } and
H ={Ep[f(Wi2)|U1 =-,Uy="]: f € %1} with envelopes G(u) =Ep[F1(W12)|U; = u] VEp[F1 (W12)|Uz = u]
and H(uj,uy) = Ep[F1(W12)|U1 = u1,Uy = up), respectively. Observe that ay > NV Dy, vy > 1. Further-

more, by Jensen’s inequality,

GllpgVIIH

|pg < ||F1llpq < Dy under Assumption 3.3 (i), and sup,cy [[g]/p2 V
sup,e - ||h]|p2 < Co following Assumption 3.3 (ii). Then, an application of Lemma 3.4 yields that with

probability 1 —o(1),
S0 SNV2(vylogay +N~V/2HVayyDylogay). (3.34)

By Assumption 3.3 (vii), we have (vylogay)'/? < N2ty and N='/2N~-1/2H/4yyDylogay S N~/28y <

N—1/2 < 1y. Hence, .# | < Ty, which completes the proof of this step.

Step 3. (Linearization) Here in this step, we prove the claim of the lemma. First, by the definition of 8, we

have
VN[, [y (W6, 2] < inf VN [E,i[y(W:0,70)] | +exv/N. (3.35)
Then, for any 6 € © and 1 € Jy, we have

VNE, ([W(W:0,1)] =VNE, 1 [w (W:60,m0)] + Gy, [w(W:0,1) — w(W:60,10)]

+VNEp, [y(Wi2;0,1)], (3.36)

where G, [y(W;60,1n)] := W%):(mgkxh (w(W;;) — [ w(w)dPy(w)) and we are using the fact that
Ep, [y (Wi2;60,m0)] = 0.
Hence, by a Taylor expansion of the function r +— Ep, [y/(Wi2; 600 +r (6 — 69),mo+r(n —10) )], It holds

that

Ep, [w(Wi12;0,1)] =Jo (6 — 60) + Do [11 — Mo}
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+2_18r2Epn [W(Wi2;600+r(6 —6p),mo+r(n—mn0))] |r=;7 (3.37)

where 7 € (0,1). Applying (3.36) with 8 = § and ) = fi, we have, with Py-probability 1 —o(1),

\/NH]Enk [w (W;60,10)] +Jo (6 — 60) || < ANVN 4 ey VN + 93+ F4 + s, (3.38)
where
Sy = inf VN [[Eq [y (W36, 7)]||, (3.39)
S =VN  sup |07Ep, [w(Wi2; 60 +7(6 — 60) , o+ r(n —m0))]||, (3.40)
ref0,1),0€0,n€ Iy
s 1= 5up Gy, [y(W: 6, ) — y(W: 60, m0)] || (3.41)
S

Step 5 shows that %3 = Op, (6y), and Step 4 shows that .74 = Op,(0y) and 5 = Op, (8y). Because all

singular values of Jy are bounded below from zero by Assumption 3.2 (iii), we have
Vo VNE i [w (W3 60,1m0)] + V(8 — 60) | = Oy (8.

The asserted claim now follows by multiplying both parts of the display by ¢! (inside the norm on the

left-hand side) and noting that singular values of 62 are bounded below from zero by Assumption 3.10.

Step 4. Here in this step, we derive bounds on %4 and .%. First, observe that with probability 1 —o(1),

S <VNBaw sup (10— 60l I —nol?) S VNBIBan TR S b,
CISCR IS/,

where the first inequality follows from Assumption 3.3 (iv) and the second from Assumption 3.3 (v) and
Equation (3.31), and the last from Assumption 3.3 (vii) c. Next, we turn to bounding .#s. Without loss of
generality, let us fix k such that 1,2 ¢ [; following identical distribution implied by Assumption 3.1 (i). We

have

I5 S sup G ()], Fa={wi(50,M) —w;(60,M0) : j € [do], |6 — 60| SCBivTn -

fe

. 3 so that f); can be treated as

To bound sup feF, ’le (f) (i)l

, we apply Lemma 3.4 conditional on (W)
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fixed. Observe that, with Py-probability 1 —o(1),

511/2
sup || fllpy2 < sup EP{HV’(WIZQGJ” — w(Wi2: 60,m0) | }
feF |6—60||<CBinTN.NETN

< sup Co([16 — 6ol v [In —moll) < Bintn,

|6—60l|<CBinTN . nETN

where the second inequality follows from Assumption 3.3 (iv). Thus, we apply Lemma 3.4 to the empir-
ical process {Gy,(f),f € %2} withn =N, G, = CBiyTy (where n = N), v =vy, b, = Dy, A = Dy, an
envelope I, = 2F; for sufficiently large constant C, and the function classes defined in Lemma 3.4 given
by 4 = {Ep[f(Wi2)|Ux =] 1 k=1,2,f € %} and 5 = {Ep[f(Wi2)|U1 = -,Up = | : f € S} with en-
velopes G(u) = Ep[F>(Wi2)|Uy = u] V Ep[F>(W12)|Us = u] and H(uy,up) = Ep[F>(Wi2)|Uy = u1,Us = up],

respectively. Applying Lemma 3.4 conditional on (W;;) i yields that, with Py-probability 1 —o(1),
k

(i.4)

sup |Gw(f)| S Binvtvy/vwlogay + N~/ %Dy logay, (3.42)
fes

because of ||G|p, ,V [|H||p, , < 2Dy following from Jensen’s inequality and Assumption 3.3 (i) and ay >
NV Dy, vy > 1, and sup,eq ||8lpy.2 V SUpye 7 |1l Py 2 < CBin Ty by Jensen’s inequality and Assumption 3.3

(iv) a and Equation (3.31), SUpP e 2, | f1lpy.2 < CBinTy, and an application of Lemma 3.8 leads to
logsupN (92, Il 1lo2,€ ||F2||Q’2) <2vylog(2ay/e), forall0<e<1,
0 ;

where %, C F| 3, — P14, With F1 n = {y(-;0,1) : 6 € O} for fix n.

Step 5. Here in this step, we derive a bound on .3 in (3.39). Let ) = 6y — JO*IIE,,’k[l//(W; 60,M0)]. Then,
160 — 60l| = Op, (1/VN) as Ep, |

bounded below from zero by Assumption 3.2 (iii). Therefore, 8y € ® with Py-probability 1 —o(1) by As-

|\/NEn,k[‘I/(W;907n0)HH is bounded and the singular values of Jy are

sumption 3.2 (i). Hence, with the same probability,

32f®WHEn,k[w(W;9,ﬁk)]H < VN|[Eux [ (W:60.7)]|,
and so it suffices to show that, with Py-probability 1 —o(1),
VN||Eni v (W:60.7) ] || = O (8w).

To prove this, substitute 60 = 6 and n = 1), into (3.36), and use the Taylor expansion in (3.37). Then, with
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Py-probability 1 —o(1), it holds that

VN || Bk [w (W3 80,7 ] || < 4+ 5+ VN|E, k[w(Wij: 80, m0)] +Jo (B0 — 80) + Dol — o]

)

where .7, and .%s follow the definitions of .7, and .# in (3.40) and (3.41) with 8 = 8y. As B,z [w(Wi;; 60,m0)] +
Jo(8y — 6y) = 0 by the definition of ), combining this with the bounds on .#; and .5 derived above gives

the claim of this step and completes the proof for the lemma. O

3.8.3.4 Proof of Lemma 3.1

Proof. Recall that 0 is a scalar. Observe that the score y is nonlinear in 6:
y(W:6,n) = {Y;; — A(Di;0 +X;;B) }(Dij — Xi;7), (3.43)

where the nuisance parameter is 1 = (/7).

We will make use of the short-hand notations of A;j o for A(D;;6y+ X/, o), A

Bo). A1), for AU (D60 + X!, o).

ij,0
and E;;(0, B, r) for D;;6 + X, (Bo+r(B—PBo)), where r € (0,1). We split the proof into eleven steps.

Step 1. We first verify the Assumption 3.2 (iv). We have that Ep[y(W; 60y, 10)] = 0 by Equation (3.10). Also,
Equation (3.12) indicates that the moment conditions are locally insensitive to the nuisance parameter f3.
Hence, it suffices to show that the moment conditions are locally insensitive to y. For any n = (8,Y)’ € Iy,

the Gateaux derivative in the direction 1 — 19 = (B’ — fB),7 — %)’ is given by

|OnEpw (Wij; 60,M0)[1 — 0]

S'EP [Xi/j(Yij —Aij,o)] (v— Yo)‘ + ’EP [Xi/jZijAE}’)o} (B- [30)‘ =0,

where the first inequality follows from the triangle inequality, and the equality follows from Equation (3.12)
and the law of iterated expectations, as Ep[X};Z; ]Al(]l)o] = Ep[f;;Xi;V;;] = 0 by Equation (3.13). This yields

Assumption 3.2 (iv) with Ay = 0.

Step 2. Let us verify Assumption 3.2 (iii). Note that for any 6 € ®

12
Ep[90y(Wy:0,m0)] = Ep[ ~ AV (D0 + X[;8)Dyi75) < (Ep[D}]Ep[7})) (3.44)

< (ee[o8)) " (B0l28)) " <
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where the first inequality follows from Cauchy-Schwarz inequality and [A(V)(¢)| < 1 for all # € R, the sec-
ond inequality follows from Jensen’s inequality, and the last inequality follows from Assumption 3.7(iii), as

7]l < C; by Assumption 3.6. Note that
ol = |96 (B [w(Wij: 0,100} lo-a| = [Er[A}0D12,]| = [B[£3D125)| = [Er[£523]] | 2 1.

where the second equality follows by applying Corollary 5.9 in Bartle (1966), as the derivative {dg w(w; 6,10) :
0 € ®} exists and is bounded by an integrable function w — d(d — x'}p) by Equation (3.44), the last equality
follows from Ep[f;;X;;V;;] = 0, and the last inequality follows form Assumption 3.7 (i) and Jensen’s inequal-
ity, as [|%]| < C1 by Assumption 3.6. Also |Jo| = |Ep [fl%lej] | <Ep [lej] < (Ep [Z;‘j] ) 12 < 1 where the second
inequality follows from Jensen’s inequality and the last follows from Assumption 3.7 (iii), as ||w]|| < C; by

Assumption 3.6. In addition,

1
Ep[y(Wij:6,10)] = Jo(6 — 60) + §8§{Ep[w(W,~j; 6,10)]}9-5(6 — 60)°,
where 6 is between 6 and 6. Notice that for any 6 € ®

Ep[0gW(Wis0,1m0)] = Ep[— A (D6 +X[,10)D}Zij] < Ep||D}Zij]] (3.45)
1/2
4 2 47\1/2 41\ 1/4

< (EP [D}j]Er [Z,-,-D < (Er[Dj]) " (Bp[Z5]) T <€, (3.46)

where the first inequality follows from the fact that [A(?) (r)| < 1 for all 7 € R, the second follows from Cauchy-
Schwarz inequality, the third inequality follows from Jensen’s inequality, the last follows from Assumption
3.7 (iii), as || w|| < C1 by Assumption 3.6. The existence of Ep [B(Ely(Wij; 6,10)] implies that {3y(w;0,m0):
6 € ®} is bounded by an integrable function w +— d*(d —x'y) by Equation (3.45). Notice that y(w;6,7) is

twice continuously differentiable with respect to 6 on ® and both the first and second derivative are bounded

by integrable functions. By applying Corollary 5.9 in Bartle (1966) we have

96 {Ep[w(Wij;0,10)]}o—g = Er[d5 w(Wij;0,10)][g—g S 1.

This yields Assumption 3.2 (iii). Given that Assumption 3.2 (i)(ii) holds trivially, Step 1 and Step 2 show that

all conditions of Assumption 3.2 hold.

Step 3. Next, we verify Assumption 3.3 (i) with vy = Csy and Dy = My for a sufficient large C. Recall that
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w = (y,d,x')’. Define Ty = C(sylogay/N)"/? and

4 :{w»—>d—x’]/0}7

G ={w (d.X)E: & R |E]lo < Csy, & < C},

G ={w— Ed+x'Py:|§| < C},

Ty ={n=(nM,n®):q0 cRP, @ e RPY,

Iy ={mo}u{n=0m"n?) ety [nVovn®]o < Csw,

I = Boll VIIn® =l < 2.0 —mll < Cvsvaw}

for sufficiently large C. Moreover, define

91,1 :{W'_> W(W;Gan) ) €®an € 71\/\{770}}’

Fio={w y(w;0,m0):0 €O}
Then, %) = 5‘51’] Uﬁ\]’z, and

F11C (y=A(%)) %,

ﬁlz C (y—A(%)) 4.

Pointwise measurability of these classes follows from their continuity. Observe that ¢; consists of a single
function, which implies that ¢ is trivially a VC-subgraph class, and %3 is a sum of a single function and
subset of one dimensional vector space spanned by a single function, which means %3 is also a VC-subgraph
class implied by Example 19.17 in van der Vaart and Wellner (1996). By Theorem 2.6.7 in van der Vaart and

Wellner (1996), the uniform entropy numbers obey

suplogN <f¢ [ lloz2:€ Hé,- (Qz) < Clog(C/e), forall0<e<landi=1,3, (3.47)
0] >

where G| = |d —x'y| and G3 = sup¢|<c |&d +x'Po| are their envelopes, and both G and Gj are integrable
by Assumption 3.7 (iii). %, is a union over (’g;;) VC-subgraph classes with indices O(sy), since for a large

p such that p > sy, (£ ) = O(p*N). Therefore, A(%) is too. By Lemma 3.8 (i),
SN

suplogN (3“1,1, Il llo2.€ HfMHQZ) < Csylog(an/€), forall0<e<]1,
0 ,
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where the envelope of .%] ; is given by

E,I(W) = sup 2\D,~j—Xi’jy\.
YER:|ly—l[1 <C\/snTv

Observe that |D;j — X};¥] < [Dij — X}l +1X[;(y — 0)| < [Dij — X[ 0] + 1Xijlle |y — W01 < 1Dt — X;00[ +

[|Xij|l«C+/snTn. Using this and Jensen’s inequality, we have
I1Fi1llpg < My +MyCr/syTy S My
Also, we have
sgplogN (321,2, II-1lo2,€ HﬁLZHQ,z) < Csylog(ay/€), forall0<e<]1,

where Fi 2(W) =2|Z; |- Then we have |F 2llpg S My. Therefore, by applying Lemma 3.8, Assumption 3.3

(i) holds with envelope F1 = F],] \/F] 2and Dy = My.

(2)

Step 4. Next, we verify Assumption 3.3 (ii). Let us define .7, as p+ 1 to 2p dimensions of Jjy. Notice that

we have

Ep[w(Wy:0.1)] = Ep | {¥;;— AD;0+X/B)} (D — X;1)?

< (Ep[(Djj —Xi/ﬂ’)ﬂ)l/z S

where the first inequality follows from Jensen’s inequality and the fact that |A(z)| < 1 for all # € R, and the
last follows from Assumption 3.7 (iii), as ||7]| < ||10]| +sup, ||y |l < C+ v < 1 by Assumption 3.5.

Then, we have

Ep[w(Wij:6,1)] = Ep [Ep[{Y; — A(D;6 + X/B) 1D, X)(Dy; — X};7)?
>Ep [fz%’(Dij —X,ZY)Z} > ¢y,
where the first equality follows from the law of iterated expectations and the first inequality from the fact that

= Var(Y;|D;j, X;;) is obtained when A(D;;6 +X;;8) = E[Y;;], and the last from Assumption 3.7 (i) and

Jensen’s inequality.

Step 5. Next, we verify Assumption 3.3 (iii). Notice that Assumptions 3.4, 3.5, 3.6, and 3.7 imply Assump-
tions 3.11, 3.12, and 3.13. Then by Theorems 3.3 and 3.2 invoked implied by Assumptions 3.4 3.5, 3.6, and
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3.7, with probability 1 —o(1),

1B —Boll V1B — Boll < V/swlogan/N, ||B—PBolli VB —PBolli < svy/logan/N,
17—l V7=l < svv/logay/N.

Mo € Iy holds by construction of Jy. Therefore, Assumption 3.3(iii) holds.

Step 6. Now, we verify Assumption 3.3 (iv) a. Define
Ly =2X{;(y=n) and  ©L2=[D;;(6 —6)+X];(B—Po)l|Zl-

Then |y(W;60,1) — w(W;60,m0)| < L1 + 112, as [AD(1)| < 1 for all t € R. Also, Ep|[|y(W;j;0,n) —
w(Wij;60,m0)[1*] SEp[IF,] +Ep[I},]. In addition, it holds that

Ep[121] = Er| (X(v—))"] = Er|(r— )X}, (v— )| (3.48)

<lly=wl- XXl - [y —wl < up, Ep[(X})°] - lly— ol

12
§<H?Hlp1EP[(X’!f§)4D ly=wl><ly=wl*  and

Ep [[12,2] <Ep [lej] X Ep |:(DU(6 — 6()) +Xl/j(ﬁ —ﬁO))z]

< (Ep[ZE))" x (Er[D2]16 — 60” + | E» (XX 1B — Boll) < 16— 60l> + 118 — Boll,

where the first inequality follows from Cauchy-Schwarz inequality, the third inequality follows from the
Jensen’s inequality, the fourth inequality follows from Assumption 3.7 (iii), the fourth line follows from
Cauchy-Schwarz inequality, the first inequality in the last line follows from Jensen’s inequality and Cauchy-
Schwarz inequality, the last inequality follows from Assumption 3.7 (iii) as ||%|| < 1, and the same argument

as in (3.48) to obtain the bound for HEP [X; le-’j] H Therefore, Assumption 3.3 (iv) a holds.

Step 7. We verify Assumption 3.3 (iv) b in this step. Let us treat Bjy as a constant. By applying Corollary

5.9 in Bartle (1966), we have
9Ep W (W12:0,10+r(n —10))] =Ep[d,w(Wi2: 8,10+ r(n —10))]-
For any r € [0,1), let us define

b= —X];(Y;j— A(E;;(8,8,1))(y—n)  and
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D= —AY(Ei(6,8.r)) (Zij — rX[;(v— 1)) X} (B — Bo).

Then, d,y(W;0,10+r(n—"1n0)) =k, + by and Ep[d,y(W; 0,10+ r(n —No))] = Ep[l.1] + Ep[L2]. Ob-

serve that,

Ep[lL1]] <Ep[|X/;(y—n)[] < (EP [(Xi;(y— Yo))2]> " = (EP [(r—1)'XiX;(y— )] ) v

1/2 1/2
< (lly=20ll- ERGXEIN - lr=20l1) <11y =20l (HzﬁglEpﬁxfjé)Q])

1/4
< lr=mnl-( sop BP[(X8)) < lr=ml.

where the first inequality follows from |Y;; — A(E;;(0,,r))| < 1, the second follows from Jensen’s inequality,
the third inequality follows from Cauchy-schwarz inequality, the last line follows from Jensen’s inequality,
and the last inequality follows from Assumption 3.7 (iii).

Since ||10]| < Ci by Assumption 3.6, we have Ep [Z};] = Ep[(D;; — X];%)*] < 1 by Assumption 3.7(iii).

Based on this, we obtain

Erlllaal] < En[|Z4X/;(B — Bo) ] + B [[X; (v~ 20)X/;(8 — o)

] s )" et s )
< (erlzi]) " (ke ;8- p))"])

+ (B [or-m)?]) - (e[ 8-)])

S B = Boll + 1y =18 = Boll S 118 = Boll;

IN

where the first inequality follows from linearity of the expectation operator and |A()(¢)| < 1 for all f € R, the
second follows from Cauchy-schwarz inequality, the third follows from Jensen’s inequality, the fourth follows
1/4
because (Ep [Zf']]) = O(1) by the above statement, and the last inequality follows because sup, _ 5@ lly—
“N

|| < Ci(sylogan/N)'/? = 0(1) by Assumptions 3.5 and 3.7 (iv). Therefore, Assumption 3.3 (iv) b holds.

Step 8. We verify Assumption 3.3 (iv) c in this step. Let us treat Boy as a constant. Forany n = (8',y) € Iy

and r € [0, 1), let us first consider the terms in Ep[d?w(W; 80 + (6 — 65),m0 + (N —1o))]. Define

Iy =X];(y—1)AY (Z45(0, B,r)X;(B — Po),
o=~ AP (E(6,B,1)(Zij = rX[;(y = 1) (X[;(B — Bo))* + A" (Ei;(6, B.r))X]; (v —10)X[; (B — Bo).
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Then, 8,21//(W, 0,10+ r(T] — T[o)) =N+, and B,ZEp[u/(W, 0,10+ r(n — no))] =Ep []3’1] —|—EP[I372]. Ob-

serve that

1/2

Epllisll < (Ep[(X(r—1))°] < B[ (X)(B — B0))])
< [Ep{X 4y~ 00l 18 — Boll < llm ol
Erllls.2l] < Ep |74 (X/;(B — o))’ | +En [ X};(v—10) (X/;(B — Bo))’
+ (B[O 1)) < B (8 — )))
< (EriZ2]-Er[(x(B— 0))])
+ (B[ r—))7] B [(X8— B)*]) "+ 1n — ol

< I —=moll?,

where the first and second inequalities follow from Cauchy-Schwarz inequality and |A()(r)| < 1 for all
t € R, the last inequality in the second line follows from the same argument as in (3.48) to obtain the bound

for ||Ep[Xi;X};]||, the third line follows from Cauchy-Schwarz inequality and |A®)(1)| < 1 for all 1 € R, and

the bound of the first two terms for Ep[|/3|] follows by using the same technique as the one used for the
bound for Ep[|l>»]] in step 7, and the bound of the last term for Ep[|I5 2] is same as the bound for Ep[|13 ]].
Also, the terms in Ep[d2y/(W ;80 +7(6 — 69), Mo + (1 —Mo))] can be bounded similarly. Note that Boy is set

to some appropriately large constant. This verifies Assumption 3.3 (iv).
Step 9. Assumption 3.3 (v) follows directly from Step 5.
Step 10. Assumption 3.3 (vi) is assumed in Assumption 3.8.

Step 11. Finally, we verify Assumption 3.3 (vii). Condition (a) follows from construction of Ty and vy.
Condition (b) holds since N~'/2t1/4yyDylogay < N~'/2tV/4syMylogay < 8y by Assumption 3.7 (iv).
Condition (c) holds since N'/2B3Boy T3 S N~/ 2sylogay < 8y by Assumption 3.7 (iv). This concludes the

proof.

3.8.3.5 Proof of Theorem 3.2

Proof. Observe that the statement of Theorem 3.2 follows from Theorem 3.1 as soon as we can verify As-

sumption 3.2 and 3.3 hold for the logistic case. This follows directly from Lemma 3.1.
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3.8.4 Auxiliary Results for the Application to Logistic Regressions
3.8.4.1 Theory for Lasso Logistic Regression
In this section, we establish rates of convergence of the Post-Lasso Logistic estimator in Section 3.4.1. Let

Wi = (Y, Dij, X];)" € [0,1] x R x R?, X = (Dij,X;;)" and without loss of generality that X kll2n =1 for

all k € [p—f— 1], ENH = m {'\]:121}4:1 H, and EP[Y,'j|D,'j7X,'j] = A(X/J&)) for all (l,]) S W, where éo =

(60,B))’. Define the nuisance parameter ¥, by
fijDij = fiiX;iYo+Vij,  Eplfi;X[;Vij] =0,
where fl% = A(Xi’jéo) (1 fA(Xi’jéo)). The Lasso-Logistic estimator (8, 3) is defined by
A R/ . ;Ll !
(8,B) € argrglﬁn]EN[L(Wij;G,ﬁ)] + 5 18 Bl (3.49)
The weighted-Lasso estimator 7 is defined by
o . 1 ) 7 N\2 a12
7 € argmin ( 5Ex |73 (05—~ X)° | + 327l ) (3.50)

where fé = A(Xl’Jé) (1- A()?l’Jé)) Denote Z;; = D;j — Xi;Y)-
For any T C [p], 8 = (81,...,8p41) € RP*!, denote &7 = (87.1,...,6r p+1) with 87 = &; if j € T and

orj =0if j ¢ T. for the vector that Define the minimum and maximum sparse eigenvalues by

boin(m) = in 13 X782 (m) = 1/ Xi;6 2.
e I8lo<m — 1&rfi 7~ T I5lo<m 16711

We state the following assumptions on Lasso Logit model.

Assumption 3.11. (Sparse eigenvalue conditions). The sparse eigenvalue conditions hold with probability

1 —o(1), namely, for some £y — o slow enough, we have
1 ,S, ¢min(€NsN) < (pmax(gNsN) ,S I.

Assumption 3.12. (Sparsity). There exists sy, such that ||6o||o + || Bollo + maxieip ||7(])(H0 < sw.

Let My be a sequence of positive constants such that My > (Ep [(D12 V HX12||00)2‘1} ) /20, Also, denote

Ay for a sequence of positive constants that converges to zero.

Assumption 3.13. (Covariates). For q > 4, the following inequalities hold:
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(i) man:innf”gH=1EP[(EP[fH (D127X1/2) ‘ Uj]‘g)z] ZCl.

(ii) max;—1 2 minep,) (Ep[(Ep[fHZ12X12, | U./‘DZ] AEp[(EplffD12X12, Uj])z]) >cy.

(iii) supyej— Ep[((D12.X12)€) Y] < 1.
(iv) N=12+2/apZsylog?ay < Ay.

Theorem 3.3. (Rates of Convergence) Suppose that Assumptions 3.11, 3.12, and 3.13 hold. In addition,
suppose that the penalty choice A1 = K1+/Nlog(pN) for a K; > 0. Then there exist a constant C such that

with probability 1 — o(1),

1B — Bo) oV LB — Bl v 1B — Boll V1B — ol < YO8 M),

52
18~ Boll v 18 — ol 5 1 8L,

3.8.5 Useful Lemmas

This section contains some useful lemmas used in the proofs of other results in the paper. The following

result is the same as Lemma 6.1 in Chernozhukov et al. (2018a).

Lemma 3.7 (Conditional Convergence Implies Unconditional). Let (X,,) and (Y,) be sequences of random

vectors.

(i) If for g, — 0, P(||Xy|| > €:|Yn) = op(1) in probability, then P(||X,|| > €,) = o(1). In particular, this

occurs if Ep||| X, ||9/&1|Y,] = op(1) for some g > 1.

(ii) Let (A,) be a sequence of positive constants. If || X,|| = Op(A,) conditional on'Y,, then ||X,|| = Op(A,)

unconditional, namely, for any I, — oo, P(||X|| > [,An) = o(1).
The following result restates Proposition 5 and Corollary 7 in Kato (2019).
Lemma 3.8. (Algebra for Covering Entropies)

(i) For any measurable classes of function .F and F' mapping W to R,

logN(F + 7', llo2,€|[F + F'|

& &
02) <10gN(Z, |- llo2, 3 I Fllo2) +logN(.7", || - ||Q,27§HF/HQ.,2)7
€ €
logN(Z - 7', || - llg2,€IF - F'l|2) <logN(Z,||- ||Q,27§||F|\Q,2)+10gN(9/»H : ||Q,2a§||F/||Q,2)7

N(FUF" | llo2:€lFVFllg2) SN(Z, |- lg2:€llFllo2) + N(F', || - [o2: €llFllg2)-
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(ii) Given measurable classes F; and envelopes Fj, j = 1,....k,mapping W to R, a function ¢ : R - R
O(frseees fi) = 9(815-:80)| < Koy Li(0)If;(x) —g;(x)],
functions fj € Fj, the class of functions £ ={¢(fi,.... f) —O(fi,.... fx) : f; € Fj. j = 1,...,k} satisfies

such that for fj,g;j € 7},

Lj(x) >0, and fixed

k k
€
suplogN(Z, |- lloa, €]l Y. LiFjllo2) < ). logsupN(F), |- llo2. 7 IFilloa), forall 0 <& <1.
0 j=1 0

j=1

3.8.6 Proofs of the Results in Appendix 3.8.2
3.8.6.1 Proof of Lemma 3.4

Proof. Consider the decomposition

Y () ZWk )y

_ 1 ‘“
nn=1) e (i)l

where Wi (f) =Ep [ﬁ (Xjn f (Xij) + Lo f (Xix)) ‘Uk} and R;;(f) = f(Xij) —Ep[f (Xi;)|Ui] —Ep[f (Xij)|U;].
The first term on the right hand side consists of the Hajek projections and the second is a remainder term from
first order projection.

First, the Hajek projection terms

k=1 k=1 JFk i#k

:ZWk(f):lniEP[( <Zka/ +) f( lk)‘Uk

consist of i.i.d. terms (W)}_,. Thus we can apply Theorem 5.2 in Chernozhukov et al. (2014) and obtain

b,vlog(AVn
ZWk H vlog(AVn)+ #

sup
feF

Now, for Hajek projection errors, a further decomposition yields

<f— y, L)

Xij)|Ui,Uj] — Ep[f (Xi))|Ui] — Ep[f(Xi) |U;]}
=Ri;(f)

{f(Xij) —Eplf (Xij)|Ui, Ujl} -

(i,j)€ln)? =R;;(f)

3

|

L
7 M

Conditional on (U;)7_,, the second term on the right hand side is a sum of independent but not necessarily
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identically distributed random variables. In addition, by Lemma A.2. in Ghosal et al. (2000), 57 is a VC type
with characteristics 41/A and v for envelope H. Thus, Lemma B.2 in Cattaneo et al. (2022) and an application

of Jensen’s inequality yield

Z o,/ v1og(AVn) bnvlog (AVn)

Ep | sup 3
/2-2/q
( )eln? v

fez ”(”

On the other hand, the first term consists of a completely degenerate U-process of order two and thus an upper

bound can be obtained by applying Corollary 5.5 of Chen and Kato (2019),

ouvlog(AVn) N by(vlog(AVn))?

Ep | sup \/ﬁl) Y Ry(|| S

P 1-2/q
17| jyelnp Ve "
The desired bound follows from combining the bounds. O

3.8.6.2 Proof of Lemma 3.5

Proof. We will write Y;; for ¥ic(,\ (13- Note that the Hijek projection on functions of each single (U;)_ is

vn Vn
fziplu | = W{i=1or j=1}E[f(Z;)|U]
lezw n(n—1) t,j)ZE[n]z i IGZM nin= <,/>Ze[nJ ]l
f
= E[f(Zi)|Ul+ ) E[f(Z:)|Ui]
n(n l)lez[lz]{; lj ‘ l ;; il | l}

The right-hand side equals the definition of H, f and the summands are independent over [. To calculate the

variance, for a fixed [,

(ZE f(Zi)u)+ Y Elf(Zy |U1> =V (ZE[f(le)|Ul]> +V <ZE Zy |Ul]>

= i#l J#l i#l
+2Cov (ZE f(Zij)\u, Y Elf (ZiZ)U,]>
J#l i#l

=(1)+(2)+2x (3).

For (1), one has

\4 <ZE[f(le)|U1> =YY Cov (E[f(2)|U)],E[f(Z)|U])

j# A

=Y Y {Cov(f(2)). f(Z)) —E[Cov (f(Z;), f(Z)|U1)]}
J#L#l
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=) (ZCOV( f(Zij), (7)) —E[V(f(zzj)wl)])

P
=(n—1)(n—2)Cov(f(Z12), f(Z13)) + O(n),

where the second equality follows from the law of total covariance and the third and the fourth follow from

the AHK representation. Similarly, for (2), one has

(ZE Zy)|Ul] ) = (n—1)(n=2)Cov(f(Z21), f(Z31)) + O(n).
i#l

In addition, for (3), we have

COV(ZE f(Zij)ui, Y Elf(Za |U1> Y'Y Cov (E[f(z)) Ui Elf(Zu)|U1])

J#l i#l JALIF#L

=YY {Cov (f(2;)), f(Zu)) —E[Cov(f(Z), f(Za)|UN)]}
JALIF#L

=(n—=1)(n=2)Cov(f(Z12), f(Z31)) + O(n),

where the second equality follows from the law of total covariance and the third and the fourth follow from

the AHK representation. Also, by symmetry of covariance, we have

Cov (ZE f@i)Iui, Y Elf(Zy) |Uz> =Cov (ZE[f(ZﬂNUzLZE[f(ZUNUz])

f= izl o i
=(n—1)(n—2)Cov(f(Z21), f(Z13)) + O(n),

Combining all these, one has

V(H,f) = Cov(f(Z12), f(Z13)) + Cov(f(Z12), f(Z31)) + Cov(f (Za1), £ (Z13)) + Cov(f(Za1), f(Z31))

+o(1).

3.8.7 Additional Details on the Empirical Application

3.8.8 Relations to the Trade Literature

Understanding the formation of free trade networks across countries dates back to at least Viner (1950) and its

history is fraught with debate. A rich theoretical literature emerged over time elucidating complex economics
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and political trade-offs associated with free trade agreement formation. Levy (1997) and Krishna (1998)
pioneered a set of research aimed at understanding the nature of preferential trade in a multilateral trade
network.* Subsequent research investigates network formation and stability (Furusawa and Konishi, 2005;
Goyal and Joshi, 2006; Furusawa and Konishi, 2007) and characterizes the differential impact that FTAs have
on countries excluded and included from FTAs (Kennan and Riezman, 1990; Bagwell and Staiger, 1999;
Bond et al., 2004; Aghion et al., 2007).

Country asymmetries, either economic (Furusawa and Konishi, 2007; Saggi and Yildiz, 2010; Saggi et al.,
2013; Lake, 2017) or political (Ornelas, 2005; Stoyanov and Yildiz, 2015), are understood as central to the
willingness of any pair of countries to form a stable free trade agreement and their optimal responses policy
change within and outside of their region. Likewise, dynamic considerations, such as the likelihood of future
FTAs, are expected to encourage or deter firms from joining FTAs in the present (McLaren, 2002; Missios
etal., 2016; Lake, 2017; Lake and Roy, 2017; Lake et al., 2018; Lake, 2019). In other words, the determinants
of FTAs systematically vary across the trading network with country characteristics and the evolution of the
trading system.

By comparison there is a dearth of empirical results. Baier and Bergstrand’s (2004) seminal article takes
up Krugman’s (1993) call to empirically investigate the determinants of free trade regions.> They identify a
parsimonious set of key economic determinants for the formation of free trade agreements: trade costs, the
market size of the free trade zone, and the similarity of trading partners in terms of economic development
and/or factor-endowments.

Subsequent empirical research, such as that by Chen and Joshi (2010) and Baier et al. (2014), Saggi
et al. (2018) among others, build upon the original Baier and Bergstrand (2004) specification to capture novel
features of FTA formation eminating from the theoretical literature: endogenous responses in trade policy,
excluded country characteristics, common external trade partners and/or changes in the nature of FTAs over
time. Econometrically, in each case, researchers enrich the benchmark specification with additional co-
variates intended to capture mechanisms which were beyond the scope of the benchmark Baier and Bergstrand
(2004) specification. Our application reexamines the Baier and Bergstrand (2004) empirical structure as it
is the most highly cited FTA network specification and the basis for all subsequent empirical work in this
literature.

Our work addresses this literature in two important dimensions. First, we demonstrate that ignoring

dyadic dependence can lead to biased estimates of model parameters and standard errors. Second, we show

4Grossman and Helpman (1995) analyze the political-economy determinants of FTAs but do not consider the implications of FTAs
for the multilateral trade system.

3 As Krugman (1993) writes: “To make any headway, one must either get into detailed empirical work, or make strategic simplifica-
tions and stylizations that one hopes do not lead one too far astray. Obviously detailed empirical work is the right direction...”
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that incorporating a wider set of co-variates understates true standard errors among classic determinants and
can potentially lead to misleading conclusions. Specifically, our estimates also suggest that the importance
market size in FTA formation may be biased and overstated when employing conventional methods, including
conventional DML, and a rich specification. Further, we document that standard estimation approaches, such
as logit or conventional DML, may lead researchers to conclude that larger differences in relative factor
endowment may encourage or discourage FTA formation depending on their preferred estimation approach.
Accounting for dyadic dependence, in contrast, increases standard errors sufficiently that we can no longer
conclude that relative factor endowments are an important determinant of FTA formation. In this sense, we
further confirm that the use of econometric methods which do not allow for high-dimensional controls and/or
dyadic dependence can lead to misleading conclusions, either in terms of point estimates or standard errors
in the context of FTA formation models.

These empirical features are common to a wide set of network formation models across fields (see Graham
(2019) and Graham and de Paula (2019) for surveys), but are particularly striking in our context. Although
trade agreements are increasingly common, they continue to be relatively rare events. Despite the rise of trade
agreements and the availability of rich network data, incorporating a wide host of determinants, allowing
for country asymmetry, and flexibly controlling for dyadic dependence creates a particularly demanding
empirical setting beyond the reach of standard tools. As we document below, our dyadic DML approach
leverages benefits to dyadic robust inference and high-dimensional link formation to identify and robustly
quantify the key determinants of FTA formation. In this sense, our work yields insights which bridges a long
series of theoretical research in international trade and allows for a rich of set of new empirical investigations

into the nature of international trade agreement networks.

3.8.9 Data Appendix

The data set that we use was originally generated by Head et al. (2010). Additional sources are mentioned

for each variable below. The details of the variables that we use in our analysis are as follows.
(i) iso3_o: Standard ISO code for exporting country (three letters).
(i1) iso3_d: Standard ISO code for importing country (three letters).

(iii) year: Numeric, from 1948 to 2015.

(iv) fta_bb: Variable coded as 1 for Free Trade Area; 2 for Customs Union; 3 for Common Market; 4 for

Economic Union. Source: Baier and Bergstrand (2009).

(v) fta_hmr: Dummy for Free Trade Agreement. Source: Head et al. (2010).
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(vi) distw: Weighted bilateral distance between origin and destination in kilometer (population weighted).

Source: CEPII Distance Data set

(vii) tdiff: Time difference between origin and destination, in number of hours. For countries which stretch
over more than one time zone, the respective time zone is generated via the mean of all its time zones

(for instance: Russia, Canada, USA)

(viii) gdpcap-o: Gross Domestic Product per capita of origin (current US$) From 1960 to 2015, the data
comes from the World Development Indicators, World Bank. For Taiwan, the data comes from the

Directorate-General of Budget, Accounting and Statistics (DGBAS).

(ix) gdpcap_d: Gross Domestic Product per capita of destination (current US$) Source: computed from

gdp_d and pop_d
(x) colony: Dummy for origin and destination ever in colonial relationship. Source: Head et al. (2010).
(xi) col45: Dummy for origin and destination in colonial relationship post 1945. Source: Head et al. (2010).
(xii) col_to: Dummy for origin and destination in colonial relationship post 1945. Source: Head et al. (2010).
(xiii) col_fr: Dummy for origin and destination in colonial relationship post 1945. Source: Head et al. (2010).
(xiv) comcol: Dummy for common colonizer of origin and destination post 1945. Source: Head et al. (2010).
(xv) comlang_off: Dummy for common official or primary language. Source: Head et al. (2010).

(xvi) comlang_ethno: Dummy for language spoken by at least 9% of the population in both countries. Source:

Head et al. (2010).
(xvii) heg_o: Dummy if origin is current or former hegemon of destination. Source: Head et al. (2010).
(xviii) heg_d: Dummy if destination is current or former hegemon of origin. Source: Head et al. (2010).

(xix) sibling: Dummy for origin and destination ever in sibling relationship, i.e. two colonies of the same

empire. Source: Head et al. (2010).

(xx) comleg_pretrans: Dummy if origin and destination share common legal origins before transition. Source:

La Porta et al. (2008).

(xxi) comleg_posttrans: Dummy if origin and destination share common legal origins after transition. Source:

La Porta et al. (2008).
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(xxii) comrelig: Religious proximity (Disdier and Mayer, 2007) is an index calculated by adding the products
of the shares of Catholics, Protestants and Muslims in the exporting and importing countries. It is
bounded between 0 and 1, and is maximum if the country pair has a religion which (1) comprises a vast
majority of the population, and (2) is the same in both countries. Source of religion shares: La Porta

et al. (1999), completed with the CIA world factbook.

We use the variables (i) and (ii) to construct i and j indices, respectively. The current year is set to be
the year 2000 in terms of the variable (iii), and the baseline year is set to be the year 1960. The variable (v)
is the main dependent variable throughout the analysis. The first main explanatory variable is the logarithm
of the variable (vi). For the second main explanatory variable, we construct the sum of the logarithms of
the per-capita GDPs using the pair of the variables (viii) and (ix). We construct up to the fifth power of the
continuous variable (xxii). Then, we construct interactions of all the pairs of the variables from (x) to (xxii)
as well as the powers of (xxii).

In addition, we also construct the capital-labor ratios across countries. The capital data is sourced from
the IMF. Documentation for the data can be found at https://www.imf.org/external/np/fad/ publicinvestmen-

t/pdf/csupdate_aug19.pdf. We use population from the above data source as a measure for potential labor

supply.
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