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ẑ direction for an incremental area of the cross sectiondA, which are
result of strain in ˆz and bending about the ˆx andŷ axes (see eqn. 2.3). . . 29
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CHAPTER 1

Introduction

1.1 Introduction and Motivation for Flexible Tendon-Driven Robots

Continuum robots are slender and �exible robots that move their body by bending and

twisting along their length, which allows them to navigate through narrow, constrained

environments by leveraging their passive compliance, whereas rigid robots would require

additional actuated degrees of freedom to avoid obstacles [5]. This new class of robotic

manipulators addresses some of the challenges associated with conventional rigid-link ma-

nipulators in terms of dexterity, navigability, robustness, and safety, yet there are still sig-

ni�cant research challenges in terms of their design, control, sensing, and planning that

must be addressed for the successful real-world implementation of these �exible robotic

systems.

There is a spectrum of robotic manipulators with a range of stiffness properties that dic-

tate their suitability for various applications (see Fig. 1.1 for some commercial examples).

On one end of the spectrum, fully rigid, serial-link manipulators have been used commer-

cially for autonomous tasks for decades. For example, the Stanford arm developed by

[6] is a common robotic platform consisting of six motorized degrees of freedom (DOFs),

which is commonly used in industrial applications. Such robots have since revolutionized

manufacturing due to their speed and precision. Consisting of rigid segments connected

by motorized joints, the con�guration of these manipulators can be fully speci�ed by en-

coder measurements at discrete joint locations. Their kinematics are easily described by

geometric relations, and their dynamics can be modeled using established Newtonian or

Lagrangian methods for rigid bodies [7]. As a result, such robots are capable of realizing

very high accuracy and speeds, and they have been implemented for automation tasks in

controlled environments (i.e., manufacturing), where their motions can be preplanned to
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Figure 1.1: Commercially available manipulators used in various real-world applications
across a spectrum of stiffnesses, from fully soft to rigid-link manipulators. From right
to left: KUKA industrial serial-link manipulator, Baxter robot with serial-elastic actu-
ated joints, OC robotic snake arm, Karl Storz �exible endoscope, and Schmalz Group soft
robotics gripper.

ensure that collisions are avoided.

However, if these robots collide with their surroundings, the results can be catastrophic,

as these rigid manipulators tend to be very heavy and have signi�cant inertia. During a

collision, this energy is immediately transferred through the kinematic chain, potentially

damaging both the robot manipulator and its surroundings. Compliance can be introduced

at the joint level by using series elastic actuators [8, 9], which place an elastic element

between the motor and the output shaft at each joint. This enables the energy to be absorbed

by the joints during any interactions with the surroundings, promising increased safety, for

example, when interacting with humans. The Baxter robot (Fig. 1.1) is a classic example

that utilizes series elastic actuators in a humanoid robot, as it is intended for safe operation

while interacting with humans.

Link and joint robotic mechanisms can be designed with higher number of mechan-

ical degrees of freedom to enable more �exibility in constrained environments. Hyper-

redundant mechanisms typically have more than six DOFs, which gives them kinematic re-

dundancy for positioning their end effector at a designed pose while simultaneously achiev-
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ing a secondary objective (e.g., curving around an obstacle). Hyper-redundant mechanisms

can be fully actuated (one actuator controls each kinematic DOF) or underactuated (fewer

actuators than kinematic DOFs), thus allowing interaction forces from the environment to

affect their shape [10, 11, 12]. A common biological inspiration for the design of hyper-

redundant and underactuated robotic mechanisms is the snake, which has a series of rigid

vertebral `links' connected by passive soft tissue, which are actuated by muscle bundles

that run parallel to the spinal structure, and bend the snake's body over a length of suc-

cessive vertebra, rather than for example the human arm, which has dedicated muscles to

move a single joint in a single direction [12]. As these mechanisms still consist of a discrete

number of rigid elements, their full state can be described completely using a �nite-state

representation and they can be completely observed by a �nite number of sensors.

While series elastic actuated robot arms and underactuated hyper-redundant mecha-

nisms introduce compliance at discrete joint locations, continuum and soft robots exhibit

compliance in their structures as well as at the joint level. These robots typically have an

elastic backbone running down their centerline or have distributed elasticity that can be

modeled as such. Various approaches exist to actuate these structures wherein the power

source is located at the base of the robot, and transmitted through the structure to apply

point and distributed loads along the backbone. Various approaches exist, including me-

chanical push-pull mechanisms (see e.g. [13, 14] and tendon/string mechanisms [15, 16],

hydraulics/pneumatics [17], and magnetics[18]. The stiffness properties of the backbone

dictate how the shape of the robot responds to actuation or external loads. Such robots have

been used for surgical applications [19, 20, 21, 22] and industrial tasks [23, 24, 25, 26, 17]

and even designed for use in outer space [27, 28], among other applications. In many such

use cases, the inherent compliance of these robots ensures safety as they interact with their

environment.

In contrast with hyper-redundant robots, which have a �nite number of unactuated
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DOFs, continuum and soft robots, being inspired by analogous tentacle arms in biologi-

cal organisms [29], have an in�nite number of DOFs because they bend continuously. A

variety of actuation approaches have been proposed for continuum robots, including pneu-

matics (see, e.g., [30]), �exible push/pull rods [31], concentric-tube robots [32, 33], and

tendon actuation [34, 35].

Early continuum robots used simple actuators, such as straight tendons or pneumatic

bellows, and typically took on constant-curvature shapes when actuated [36, 37]. More

recently, the effects of nonlinearly routed tendons have been modeled [38], as such tendons

increase the design space for these robots (see, e.g., [39, 40]). The con�guration state of a

continuum robot is generally represented by a set of continuous variables that are de�ned

over a one-dimensional �eld. These variables represent the deformation state of the robot

(i.e. the internal stresses and strains), which can generally vary continuously along the

arclength of the manipulator. Central to the modeling of these robots is the representation

of the con�guration state (constant curvature or torsion, polynomial basis functions, or

numerical representations), which will be discussed in detail in Section 1.2.

While continuum robots can deform along their arclength via bending and torsion, they

are typically designed with rigid cross sections (i.e. the cross-section at each arclength

does not change shape), such that their statics can be effectively modeled by an ordinary

differential equation with a single variable (arclength). In contrast, soft robots undergo

complex deformations such that the cross-sectional deformations are non-negligible and

are often coupled with bending, shear, or elongation along the soft body. The lack of rigid

elements in the structure of such a robot offers potential bene�ts in terms of ensuring safety

when interacting with the surroundings, even if there are inaccuracies in the robot model or

uncertainty regarding the surroundings. This makes soft robots particularly promising for

interactions with humans. For example, soft rehabilitative devices have been proposed with

pneumatic muscles [41, 42, 43]. Soft robotic grippers also show promise for manipulating
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delicate objects, for example, in agricultural applications [44] or for biological sampling

of sensitive deep-sea marine life [45]. In surgical applications, soft robots that grow from

their tip show promise for navigating highly curved anatomical passageways, such as the

GI tract [46] or the bronchial tree[47] without applying high forces on the surrounding

structures.

1.2 Kinetostatic Modeling Approaches for Continuum Robots

In this chapter we discuss the evolution of methodologies to describe the forward model that

relates kinematic inputs to the continuum system at the joint level, to the pose (position and

orientation) of the robot along its length. When considering rigid-link manipulators, their

forward kinematics can be described geometrically by relating measured (by encoders)

quantities at the joint level to the pose of each successive link in the kinematic chain.

In general, because soft and continuum robots move by deforming continuously, simple

geometric relationships between displacements at the joint level and the robot pose cannot

always be established, rather it is necessary to solve for the static equilibrium between the

joint-level forces and the internal elasticity of the structure, to solve for the robot pose.

Various modeling approaches for �exible robots will use a combination of force inputs to

the system to solve the statics, or geometric inputs to the system and internally or implicitly

solve the statics based on an inferred relationship between the geometric inputs and the

actuation forces. Therefore, in the context of �exible robots, the forward modeling problem

is typically referred to as the kinetostatics.

Many of the early continuous backbone (“continuum”) robots were designed with con-

stant offsets between the actuators and the structural backbone, so that they bend in approx-

imately constant-curvature arcs. An example of one of the �rst such robots is the Clemson

OctArm [17]. Walker, Hannan, Gravagne, Chirikjian, and others who established and de-

veloped the �eld of continuum robots began using constant-curvature kinematics to inves-

tigate the potential of this new class of robots for navigation, obstacle avoidance, grasping,
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Figure 1.2: Summary of modeling approaches for continuum robots. (a) Piecewise
constant-curvature models make simplifying assumptions about the nature of deformations
so that the robot kinematics can be modeled geometrically. (b) Lumped parameter mod-
els are geometrically discretized along their length and model the dynamics as a system
of ordinary differential equations. (c) Cosserat-rod models solve the continuous ordinary
differential equation along the arclength numerically or use model basis functions. (d)
Data-driven methods approximate the forward kinematics from a set of inputs and robot
state measurements.

6



and other tasks [48, 49, 50]. The bene�ts of the constant kinematic framework as an early

model include that the forward and inverse kinematics can be described analytically. The

state of a constant-curvature continuum robot can be described by a set of three variables:

segment lengthL, curvaturek or bending angleq, and the relative angle between consecu-

tive bending planesf , as shown in Figure 1.2a. Based on these variables, the end point of

each segment (where an actuator starts or ends) can be described with a rigid transformation

and the whole shape can be found by interpolating between these frames. With a discrete

state representation, earlier approaches developed for rigid robots (e.g., obstacle avoidance

and path planning) could be directly applied to this type of robot [51, 52]. Constant cur-

vature models are a geometric (kinematic) approach to modeling continuum robots, that

relates joint-level displacements (the lengths of tendon paths or pneumatic chambersDl ) to

the shape (k , f , andl ) of the robot. This relationship is based on a simpli�ed static model

of the robot; i.e. if the elastic structure has constant bending stiffness over arclength, and

the actuators apply point moments at their termination, the internal moment in the beam

between the start and end of an actuated segment will be constant, and thus the magnitude

and direction of the curvature will be constant in that segment (i.e. the robot will deform

into a circular segment). These fairly strict assumptions about both the nature of the loads

acting on the system and the elastic properties of the backbone enable the establishment

of a very compact analytic model, but restrict constant curvature models to the types of

robot/actuation designs they can describe and the scenarios (i.e. external loads and contact

forces) in which the robot can be modeled using this approach.

More complex geometric modeling frameworks have been proposed that address some

of the limitations of the constant-curvature framework. Chirikjian and Burdick [53] de-

scribed a modal parameterization of backbone shape, in which the backbone is described

by a linear combination of constitutive curve shape functions. While the forward and in-

verse kinematics from the modal parameters to the shape are easy to solve, in general,
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�tting the actuator inputs to the backbone modes is non-trivial. Godage et al. [54] devel-

oped a modal approach for continuum robot kinematics based on the Taylor series that

avoids the singularity challenges in the constant-curvature framework and is also capable

of describing spatial bending and arm extension/contraction.

As the �eld of continuum robots developed, models based on beam mechanics began

to be adopted over purely kinematic models. Gravagne et al. [55] presented an energy-

based approach for modeling tendon-driven continuum robots (TDCRs) and developed a

controller scheme that guarantees the stability of the model. Zheng et al. [56] produced a

spring–mass kinematic model of an octopus-like tendon-driven manipulator, which could

deform cross sectionally using shape memory alloys. Furthermore, they described how the

dynamics, including gravity, buoyancy, and hydrodynamic drag, could be modeled using a

Lagrangian approach.

Davis and Hirschorn [57] developed a nonlinear mechanics model for �exible elastic

beams with loading at the tip based on elastic theory, with the intention of modeling forces

from embedded tendons, but did not perform any experimental validation. Cosserat-rod

based models are based on a Newtonian force/moment balance between the change in inter-

nal force/moments and the local forces/moments applied from actuators and external loads,

as illustrated in Figure 1.2c. Jones et al. [58] were the �rst to present the use of Cosserat

theory to model the full shape of an elastic beam continuum robot with the goal of mod-

eling a TDCR. However, they evaluated their model only with point-mass loading but not

tendons. Later, Rucker and Webster III [16] presented a model based on Cosserat-rod the-

ory that can model the effects of general tendon-routing and arbitrary point and distributed

forces. They considered the effects of bending, shear, twisting, and axial deformations. The

differential model has to be solved numerically as a boundary-value problem, although in

certain situations, it can be solved as an initial-value problem, which signi�cantly reduces

the computational time [59]. In later work, Oliver-Butler et al. [3] demonstrated how the
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model from [16] can be adapted to use tendon displacement by including the unknown

tendon tensions as internal variables that are numerically solved. This enables the static

model to be implemented on robots without the need for tension sensors in the tendon

mechanisms or low-level control of the tendon tension. In addition, the authors provided a

thorough analysis of the impact of �xed displacement versus �xed tension tendon controls

on the shape of the continuum robot.

Till et al. [4] investigated various methods for solving the dynamic model based on

a partial differential equation for Cosserat-rod continuum robots. They approached the

dynamics by explicitly discretizing the partial differential equation in time and solving each

boundary-value problem for the shape at each time step. They validated the dynamic model

on a single-tendon robot that lifted a point mass held at its tip [4]. An alternative method

of solving the dynamics of continuum robots is to explicitly discretize the model in space

and then solve it using a Lagrangian model, which is analogous to common approaches for

the dynamics of serial-link or hyper-redundant manipulators [60].

Renda et al. [61] solved the Cosserat-rod equations using a modal basis function rep-

resentation of the internal strain, as opposed to numerically solving the problem, as in

[16]. They established a kinematic map between tendon displacements and the con�gura-

tion of the robot arm for the general case of arbitrary, overlapping, and even discontinuous

actuator routing. The use of basis functions to parameterize the robot strain enables the

tendon displacements to be solved as a nonlinear set of algebraic equations, rather than

having to numerically solve the boundary-value problem, as described in [3]. Renda et al.

[61] validated their method and demonstrated Jacobian-based inverse kinematic control in

a simulation of soft manipulators with linear and helical actuator routing. Orekhov et al.

[62] developed a similar modal approach for solving the kinematics of TDCRs, although

instead of solving the Cosserat-rod equations, they adopted a purely geometric approach

that relates the shape of the string/tendon paths to the backbone curve. They used a set
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of Chebyshev polynomials to represent the internal strains (bending and torsion) while ne-

glecting shear and extension [62]. They applied this framework to sense the full shape of

TDCRs using both active straight-routed tendons and linear and nonlinear passive encoding

strings and explored the design sensitivity to various tendon and string routing con�gura-

tions. Rone and Ben-Tzvi [63] proposed a model based on the principle of virtual work

to solve for the shape of TDCRs based on tendon displacement, although instead of using

modal basis functions, they discretized the continuum structure into segments with constant

bending and torsional deformation.

Another consideration when modeling tendon-driven robots is the effects of friction on

the tendons as they run through their path constraints. The degree of friction is in�uenced

by factors such as the materials used, the clearance in the tendon constraints, and the cur-

vature of the tendon pathways. Friction can be reduced to an extent by a good design. For

highly nonlinearly routed tendons, in particular, capstan friction is more signi�cant, so that

mitigating frictional effects becomes more important. A key assumption in most of the

aforementioned models is that the tension is constant along the length of the tendon. How-

ever, friction can result in a loss of tension. When pulling on a tendon from the base of the

TDCR, the tension will be highest at the proximal end and is lower toward the distal end due

to frictional losses, resulting in less bending near the tip than would otherwise be expected.

When the tendon is released, while the proximal end of the tendon may have zero tension,

the distal end may still have some tension that cannot be released due to friction. If the ten-

sion or displacement is measured only at the base of the TDCR, this phenomenon results in

a history dependency (hysteresis) of the TDCR shape over time. Friction can be modeled

using a mechanics-based approach. Several such approaches are proposed in [64, 65] for

straight-routed tendons. Machine learning is another promising technique for modeling the

hysteretic behavior induced by tendon friction. Cho et al. found that including the tendon

displacement history as an input to a feedforward neural network kinematic model of a
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nonlinearly routed TDCR could greatly improve the accuracy compared to physics-based

models [66].

1.3 Passive and Active Stiffness Properties of Continuum Robots

Early instances of continuum robots typically used materials with symmetric and constant

stiffness properties along their arclength (see, e.g., [17]). More complex backbone con�g-

urations have been proposed, in which the geometric arrangement of stiffening elements

can be adjusted to change the overall stiffness properties of the continuum structure. One

strategy is to use mechanically actuated secondary backbones that are radially offset within

the cross section of the robot and can be translated longitudinally down channels to change

the directional bending stiffness along the arclength. Such mechanical designs have been

proposed for �ne motion control [67] or to shift the workspace [68]. Rather than radially

offsetting homogeneous secondary backbones, Kim et al. proposed using two concentric

tubes with laser-cut patterns to introduce asymmetric stiffness properties. By altering the

relative rotation and translation to adjust the alignment of the cutouts, the directional stiff-

ness properties of the backbone can be modulated [69]. Adopting asymmetric stiffness

properties in the elastic structures of a continuum robot can also enable new actuation

paradigms. For example, concentric push/pull robots [14] consist of nested tubes with

asymmetric stiffness properties. By offsetting the stiffness centers of the two tubes using

selective material removal, the two elastic members can be geometrically consistent but

still apply bending moments on each other due to the relative offset of the stiffness center.

This class of robots can be modeled using Cosserat-rod theory in planar con�gurations [70]

and with a stiffness pro�le that varies along the arclength and general external loading [71].

Various stiffness modulation techniques have been explored in the literature to change

the way that the structure of soft and continuum robots responds both to their actuation

inputs and to external forces in the environment. Stiffness modulation can be an important

capability of continuum robotic systems, as it enables them to achieve con�icting task
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requirements, including kinematic accuracy, force application capabilities, and compliance

during interactions with the surroundings. Control of the stiffness properties can be realized

through changes to the structural morphology or changes to the constitutive materials of the

robot structure.

1.3.1 Antagonistic Stiffening

Antagonistic actuation uses opposing actuators that “push” or “pull” against each other

to increase the effective stiffness of the continuum structure. Using both tendon and �u-

idic actuation is a natural combination of actuation paradigms that enables antagonistic

stiffening of soft and continuum manipulators, as tendons apply contractile loads at their

termination points (“pull”) whereas �uidic actuators apply positive pressure (“push”) at the

termination of their �uidic chamber. One of the �rst examples of antagonistic actuation

in a continuum structure was the Air-Octor proposed by McMahan et al. [72] and Jones

et al. [37]. Instead of a continuous central backbone, those authors used a pneumatically

pressurized central channel and external tendon actuators that are operated antagonistically

to provide stiffness and to enable extension, contraction, and bending of the manipulator.

This design concept was miniaturized and proposed as a surgical manipulator and explored

for simultaneous position and stiffness control [73]. Building on this concept, the stiff–

�op design [2] has antagonistically arranged pneumatic actuators and tendons (Fig. 1.3a).

Increasing the pneumatic pressure in a chamber while holding the corresponding tendon

at a �xed displacement stiffens the manipulator in that direction, whereas changing the

tendon length leads to bending. Antagonistic tendon actuation has also been proposed for

�uidically actuated everting robots [74] as a means of steering them.
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Figure 1.3: Antagonistic stiffening leverages opposing forces. (a) Two types of actuator,
e.g., tendons and pneumatics, push and pull against each other (see, e.g., [2]). (b) Antago-
nistic forces between the elastic structure and the actuators (see, e.g., [3]).

Antagonistic actuation can also be achieved through the kinematic redundancy of mul-

tiple instances of the same actuators geometrically arranged so that when they are actuated,

they change the effective stiffness without bending the structure (Fig. 1.3b). For example,

Kim et al. [75] used antagonistically pretensioned cables in a rolling-contact joint hyper-

redundant manipulator to adjust the stiffness of a surgical manipulator, and Ding et al.

[13] developed a surgical robot using an antagonistic push/pull mechanism in which a sin-

gle motor drives two geometrically opposed secondary backbones that run parallel to each

other down the length of the continuum arm.

The antagonistic actuation of pneumatic muscles has also been proposed for stiffness

modulation. McKibben muscles consist of a pneumatic bladder encased in a braided outer

mesh that converts the radial expansion of the bladder to linear contraction, based on the

weave angle of the outer mesh. Antagonistically stiffening McKibben muscles can be

formed by combining two muscles with different braiding angles, such that one contracts

and the other expands when pressurized. Suzumori et al. [76] proposed a soft robot arm

with a central contracting McKibben muscle surrounded by elongating McKibben muscles
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to enable bending and demonstrated control of the bending stiffness based on antagonistic

stiffening, while Al Abeach et al. [77] used the same effect to vary the stiffness of soft

gripper �ngers.

Control strategies have also been proposed to enable antagonistically actuated manip-

ulators to jointly control the force and position of the end-effector. For example, Ansari

et al. [78] proposed a multiobjective reinforcement-learning technique for an antagonistic

tendon-pneumatic robot that acts as an assistive robot manipulator.

The effective stiffness of a continuum manipulator can also vary throughout its con-

�guration space, and kinematic models can be leveraged to control the position and com-

pliance of the end effector. For example, Peyron and Burgner-Kahrs [79] discussed the

stability criterion of a tendon-driven manipulator. The routing constraint disks are spaced

far apart from each other, which enables the tendons to buckle the backbone between them.

On approaching the buckling point instability, the compliance of the structure increases.

By modeling this instability and controlling the robot close to the instability point, active

softening of the TDCR can be realized through a purely mechanical approach. If the back-

bone is compressible, then antagonistic stiffening can also be achieved using only tendons

to compress it, which, therefore, increases the bending stiffness of the structure (Fig. 1.3b).

Oliver-Butler et al. [3] brie�y discussed the implications of backbone compressibility on

the stiffness properties of tendon-driven manipulators.

1.3.2 Control-Based Stiffening

Impedance and admittance control techniques are established methods for setting the out-

put force of rigid-link robots (see, e.g., Chapter 7 in [7] and [80]). Such strategies have

been proposed for manipulators in situations where excessive force may be dangerous, for

example during human–robot interactions [81]. Impedance control strategies for robotic

manipulators solve for the actuation commands (motor currents at the joint level) such that

the tip of the robot behaves like a spring with speci�ed stiffness values. Whereas the prior
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section discussed actuated methods to change the effective stiffness of the elastic struc-

ture, when applying impedance and admittance control techniques, the effective stiffness

is purely virtual. It is based on feedback control from measurements of the applied tip

force or on a kinematic model relating joint loads to the output force at the tip of the robot,

as demonstrated conceptually in Fig. 1.4. Similar control-based strategies have been sug-

Figure 1.4: Impedance-based controllers seek to map actuation loadsfi to the applied tip
wrenchwi , such that the applied force between the robot and the environment has the
desired impedance (stiffness and/or damping) properties.

gested for continuum manipulators. For example, Mahvash and Dupont [82] proposed a

stiffness-based controller to regulate the positional stiffness of a three-DOF concentric-

tube robot using a Jacobian-based approach to map actuator loads to tip forces through a

Cosserat-rod kinematic model. Goldman et al. [83] similarly implemented a compliant mo-

tion control strategy that maps the measured actuation loads to a set of generalized forces in

the con�guration space of the manipulator, which can then be mapped to a set of externally

applied loads along the length of a push/pull manipulator. This robot can smoothly navigate

through a tortuous anatomy while minimizing the forces applied to the surroundings.
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1.3.3 Thermally Responsive Stiffening

Various materials whose stiffness properties can be modulated via thermal inputs have be

employed in soft robots to change the constitutive stiffness of the materials used in the

structure (Fig. 1.5). Two main types of thermal transitions are commonly used for stiffness

modulation: the glass transition, in which a polymer changes from a stiff glass lattice to a

soft viscoelastic state [84], and phase-changing materials such as low-melting-point alloys

(LMPAs), which transition between solid and liquid phases [85].

At the glass transition, a structure changes from a fairly rigid state to a compliant, plas-

tically deformable structure that is still solid. As a result, suitable polymers have been

proposed for shape-morphing applications. For example, Chenal et al. [86] used a variable-

stiffness fabric that leverages the glass transition of polylactic acid to change its stiffness

and lock the shape of the fabric. Taghavi et al. [87] adopted a 3D-printed structure with

conductive traces of polylactic acid to realize the glass transition of a stiff structure, with

potential applications in customizable orthotic braces. Li et al. [88] developed a new shape

memory polymer that can be programmed for speci�c deformation properties as it is ther-

mally cycled. They demonstrated its application in various soft robot actuation paradigms.

Compared to the glass transition in polymers, LMPAs typically have a higher stiffness

in their rigid state, while also undergoing a greater change in stiffness between the hard

and soft states. Since LMPAs transition to a liquid state, they need to be fully encapsu-

lated in the soft robot body to prevent leakage. LMPAs are frequently embedded in an

elastomeric substrate, such as polydimethylsiloxane [89, 85] or silicone [90], to create a

variable-stiffness structure. Phase-changing LMPAs have been proposed with various ac-

tuation techniques for soft robotic applications, including dielectric actuation [90], tendon

actuation [91], and �uidic actuation [92].

A signi�cant challenge with thermally responsive stiffness modulation is that the time

constant of the transition for these materials is governed by the speed at which heat transfer
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Figure 1.5: Common thermally responsive stiffness modulation techniques. (a) At the
glass transition in polymers, the material changes from a rigid and elastic structure to a
soft, plastically deformable state. Insets: When the temperature of polylactic acid is raised
above its glass transition temperature (Tg � 55XC–65XC), its stiffness increases. (b) Phase-
changing materials. LMPAs easily change from a solid to a liquid. Insets: Field's metal
melts when its temperature is raised aboveTm � 62XC.

can occur, which is typically much slower than physical actuation. Joule heating is an ef-

fective approach for transitioning phase-changing materials from the rigid to the compliant

state. It can be implemented using conductive solid metal wires [91], using liquid Galinstan

to heat the phase-changing material [85], or by direct Joule heating of the phase-changing

alloy [90]. Relying on ambient cooling to transition from the soft state back to the rigid

state typically takes at least 1–2 minutes, although this is highly dependent on the geome-

try and morphology of the phase-changing material and the encapsulating material, which

limits the rate of heat dissipation to the surrounding environment. Active cooling by pump-

ing cold water through �uidic channels can speed up the process, and it has been shown

that this method can solidify a phase-changing alloy overtube in 17 seconds [93]. Sivape-

ruman Kalairaj et al. [94] developed a hydrogel-encapsulating layer for nitinol shape mem-

ory actuation wires that enables self-cooling. Actuation occurs via Joule heating, while the

outer diameter remains at a safe temperature for biomedical applications.
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The use of thermally responsive materials is a convenient approach for drastically

changing the stiffness of soft robots, as the stiffness switching capability can be directly

integrated within the elastic structure, without the need for additional actuators to stiffen

the device. Despite these bene�ts, signi�cant challenges remain in terms of the encapsu-

lation of the phase-changing material and thermal considerations, which affect both the

safety of the device and the speed at which it can transition between stiffness states.

1.3.4 Vacuum-Jamming Stiffening

Variable-stiffness vacuum-jamming mechanisms are based on encasing a material in a

pneumatically sealed elastomeric pouch and applying vacuum pressure to force the pieces

together so that static friction interlocks them and prevents them from sliding, thus in-

creasing the overall stiffness (Fig. 1.6). Depending on the desired stiffness properties of

the jammed and unjammed states, vacuum-jamming can use granules such as sand or cof-

fee grounds [95, 96, 97], �bers [98], or layers [99]. Granular-jamming is particularly of

interest in the context of soft robotic gripping. Brown et al. [100] introduced one of the

�rst designs for a universal gripper; the granular material passively adapts to the shape of

the object, and it is then locked around it using granular-jamming, which enables stable

grasping with minimal force applied to the object. Jamming layers can be integrated into

active pneumatically actuated grippers to change their stiffness and morphology [101]. In

medical applications, granular-jamming is a promising technique for body-mounted robots

and other medical devices. For example, Wellborn et al. [95] proposed a granular-jamming

cap to temporarily af�x �ducial markers to a patient's head for robotic surgery. Similarly,

Narayanan et al. [97] developed a soft robotic face mask that uses granular-jamming to

adapt the shape of the mask to give a better seal around the patient's face and account for

anatomic variability.

Jamming approaches are also promising in the context of continuum robotic manipula-

tors. Cheng et al. [102] proposed an early design of a tendon-driven manipulator. The elas-
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Figure 1.6: Granular-jamming increases the effective stiffness of the structure by using
vacuum pressure to force the granular media together so that static friction then locks the
particulates in place. With the vacuum off, the granules can slide relative to each other and
the material deforms. Likewise, in the jammed state, if the external force exceeds the static
friction between granules, they will begin to slip.

tic backbone was constructed from variable-stiffness granular-jamming segments. More

recently, Wockenfuß et al. [103] produced a planar TDCR with three variable-stiffness seg-

ments that can be switched from a rigid to a compliant state via granular-jamming. The

robot was modeled as a multi-body kinematic chain connected by torsional springs. Sun

et al. [104] developed a magnetically actuated robotic catheter for cardiac ablation that uses

�ber-jamming to stiffen the body of the catheter. They showed that the effective stiffness

can be varied continuously by changing the vacuum pressure [98].

Jamming-based approaches to vary the mechanical stiffness of soft robots are promis-

ing due to their fast switching time compared to thermal phase transitions, and the lack

of temperature change means that such approaches are generally safe for human contact.

However, there is suf�cient mechanical complexity involved in the design of sealed pneu-

matic passageways to enable vacuum jamming, which places limitations on the ability to

scale down such components, and incorporate more stiffening degrees of freedom to locally

control the manipulator compliance, which would require more independent pneumatic
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pathways.

1.4 Contributions

This dissertation advances the �eld by contributing theoretical modeling, design, and sens-

ing tools to improve the capabilities of �exible robotic systems. The research addresses

three critical gaps in soft and continuum robotics:

1. the lack of systematic modeling approaches for multimaterial robots with varying

stiffness pro�les that accounts for the continuous variation in the stiffness center and

directional stiffness properties along arclength

2. the limited capability to selectively control directional stiffness parameters in variable-

stiffness designs, and

3. the elastodynamic properties of tendon robots that limit their actuation bandwidth

and robustness to unknown payloads.

Through theoretical frameworks, novel material integration, and innovative actuation

strategies, this work enhances the �exibility, recon�gurability, and robustness of soft robot

designs. The theoretical contributions have practical value in the design of �exible medical

robotic systems and the development of continuum robots for generic manipulation tasks.

Chapter 2 introduces a theoretical framework for modeling soft robots with inhomoge-

neous stiffness pro�les by conceptualizing the stiffness center as the backbone of a virtual

homogeneous beam. While established Cosserat-rod models have been effectively applied

to homogeneous soft robots, they lack direct applicability to multimaterial designs whose

stiffness varies across their structure. This work addresses this gap by extending these

modeling techniques to robots with programmed material variations, enabling designers to

achieve desired deformation behaviors through material composition rather than complex
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actuation. Experimental validation with additively manufactured, multimaterial tendon-

actuated prototypes demonstrates how stiffness variations can encode speci�c bending pro-

�les with minimal actuation inputs. A neurosurgical case study illustrates the practical

bene�ts, showing how customized stiffness pro�les enable a single-tendon endoscope to

navigate more effectively within the choroid plexus compared to conventional designs.

This contribution is particularly valuable for medical applications where miniaturization

is critical, as manipulating stiffness through material arrangement rather than additional

actuators provides a scalable approach to creating task-speci�c tools.

Chapter 3 presents a novel approach to the design of recon�gurable soft robots using

geometrically patterned LMPA spines embedded within elastomeric structures. Existing

variable-stiffness methods, like vacuum-jamming and layer-jamming, typically modify all

stiffness parameters simultaneously, but they cannot selectively control bending in speci�c

directions or modify torsional properties independently. This chapter addresses this lim-

itation through geometrically patterned phase changing elements arranged such that spe-

ci�c stiffness parameters can be selectively modi�ed. Three prototype designs demonstrate

selective control over different bending directions as well as torsional stiffness. By using

phase-changing materials, the capability of the soft robot has been expanded beyond the bi-

nary rigid/�exible states of previous designs. When combined with various tendon-routing

strategies, these robots achieve a diverse set of deformation modes with minimal actuation

complexity. We also demonstrate how sequential thermal and mechanical inputs to these

systems can recon�gure the reference shape of the soft robot, and how this shape memory

effect can be used to change the kinematic workspace of the soft robot. By connecting

segments with independent stiffness-switching abilities, we demonstrate how a small set of

actuators can enable a more expressive range of backbone con�gurations, via local stiffness

control to change how actuation inputs map to local deformations applied by continuous

actuators that run the length of the continuum structure. This contribution signi�cantly
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enhances the versatility of soft robots while maintaining their inherent mechanical simplic-

ity. In the future, such directional stiffness-switching metamaterials have the potential to

resolve the fundamental tension between �exibility for dexterous navigation and stiffness

for manipulation.

Chapter 4 describes a fast and robust actuation platform for TDCRs using antagonistic

tendon pairs. We developed a compact (10 cm� 10 cm� 7 cm) four-DOF actuation unit that

weighs less than 200 g and costs less than US$400. With this hardware, we seek to address

two signi�cant challenges that TDCRs face: limited dynamic performance due to under-

damped oscillations and the dif�culty in sensing external loads without additional sensors,

both of which are critical barriers to autonomous operation at speeds comparable to those of

rigid robots. Previous approaches have focused on either developing more complex models

and controllers or adding extensive sensing capabilities, which increase system complexity.

This chapter takes a different approach by addressing these limitations through the design

of the actuation components. First, we demonstrate in simulation how using antagonistic

tendon pairs changes the effective bending stiffness of the TDCR and its dynamic proper-

ties. Experimental results with our hardware demonstrate signi�cantly improved settling

times and more consistent performance across the workspace compared to a conventional

single-tendon actuation approach. Further, we present a simple mechanics-based model to

estimate external loads using only motor position and current measurements, which elim-

inates the need for additional sensors. We believe that this work will enable the design

and modeling of TDCRs that are capable of payload-aware manipulation while maintain-

ing mechanical simplicity. The modular, low-cost design provides a valuable platform for

applications requiring both the compliance of soft robots and the dynamic performance and

load capacity traditionally associated with rigid systems.
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CHAPTER 2

Encoding Desired Deformation Pro�les in Endoscope-Like Soft Robots

2.1 Introduction

Tendon-driven continuum robots typically consist of a central elastic backbone, with rigid

disks that are used to route tendons along paths offset from the elastic structure [16]. Typi-

cally, the stiffness properties of the elastic backbone are symmetric and constant along the

length of the continuum structure, and most modeling approaches for continuum robots

make these assumptions about the stiffness properties of these robots [105, 16, 106]. In

this chapter, we seek a general model for tendon-actuated �exible mechanisms that can

accommodate elastic backbone with material stiffness variation. We explore how the use

of geometric stiffness patterning, both within the cross section and along the arclength, can

endow �exible robots with more expressive motions.

In contrast with continuum robots, which typically have a central backbone along which

they bend, soft robots are usually made entirely out of soft elastomers with no distinct back-

bone (see e.g. [107]). Soft robotic systems use variable material stiffness and geometry to

mechanically encode desired deformations. Pneumatically-actuated soft robots are typi-

cally designed to have higher stiffness in certain directions to induce preferential modes of

deformation, (see e.g. [108, 109, 110, 111, 112]), or to change how soft robots grip objects

[113].

Prior work considering more general stiffness pro�les in continuum robots has included

an asymmetric stiffness pneumatic robot design proposed by Yoo et al. [114], where the

stiffness properties of the stiffer and softer segments were modeled as two offset springs,

and their relative stiffness was used to tune the ratio of bending to elongation. Additional

secondary backbones have been proposed to change the stiffness pro�le of a tendon-driven

manipulator, to enable high-precision micro-motions [67]. Barrientos-Diez et al. [68] used
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asymmetric joints to create segments of a TDCR manipulator that bend with constant cur-

vature in preferential bending directions. Recently, concentric push-pull robots have been

made from collections of laser patterned tubes whose stiffness centers are offset from each

other [70, 115].

This chapter builds on the interest in asymmetric stiffness pro�les, presenting a rod-

based modeling approach for continuum robots with asymmetric and inhomogeneous stiff-

ness pro�les. By conceptualizing the stiffness center as a (potentially) precurved symmetric

beam, the robot's deformation can be directed in different ways by shifting the position of

the stiffness center relative to the tendon, as illustrated in Fig. 2.4b.

Cosserat rod theory has also been used to model the dynamics of continuum robots (see

e.g. [116, 117, 16, 118]), as well as provide a framework control [119].

Lagrangian methods for the modeling of continuum robots are another popular ap-

proach as they are well-suited to capture the dynamics and constraints of these systems.

Typically when using a Lagrangian approach, the continuum structure is discretized, either

as a constant-curvature segment [120] or as a series of discrete masses connected by elastic

joints [60]; alternatively model basis functions to represent the strain �eld [121] have been

suggested.

More general �nite-element-based computational techniques (FEM) have been pro-

posed to model the deformations of beams with spatially-varying mechanical properties

[122]; this approach could, in theory, be integrated into a soft robot modeling framework

such as SOFA[123]. While FEM can account for effects like cross sectional deformations,

for many continuum robots (e.g. TDCRs) these effects are negligible. In this work, we

demonstrate that such tendon driven robots can be effectively modeled using a simpler sys-

tem of ordinary differential equations rather than requiring a full volumetric model with

partial differential equations. This has advantages in terms of computational ef�ciency,

making it useful for design optimization and real-time control. The Cosserat rod equations

24



can be numerically solved at multiple kilohertz with a standard computer, i.e. fast enough

for real-time control, and to enable design optimization and planning [124, 125, 40].

Figure 2.1: An example of a continuum robot with an inhomogeneous stiffness pro�le
and one straight tendon. Shifting the stiffness center along arclength enables the actuated
curvature to dramatically change directions along arclength when actuated with a single
straight-routed tendon.

In recent years, rapid prototyping techniques have advanced, enabling the fabrication of

continuum robots with more general stiffness pro�les, e.g. beyond traditional symmetric,

homogeneous, and constant arclength cross sections. Examples include concentric tube

robots [126, 127], and pneumatic robots [128, 129, 112], among others. Various tech-

niques enable straightforward creation of more complex general stiffness pro�les along the

arclength and across the cross section of the device, either using multimaterial printing

[130, 128], or via selective material removal [131, 132, 14].

In this chapter we show how projecting loads to the center of stiffness and treating it

as the robot's backbone enables geometrically exact models for robots with (potentially)

nonlinear tendons to apply exactly to multimaterial soft robots. This analogy enables a

large body of prior work in Cosserat Rod modeling of such robots to be applied directly
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to those with stiffness variations. We also contribute experimental validation of this model

using an additively manufactured, multimaterial tendon-actuated soft robot. We explore

how the use of material variation to shift the stiffness center along the robot can be used to

encode desired deformation pro�les into a soft robot.

These deformation pro�les provide new tools for continuum robot designers to cus-

tomize the behavior of their robots for a particular application. To illustrate the usefulness

of this in an example application, we consider a neurosurgical procedure in which the sur-

geon must sweep the tool tip across a curved surface deep inside the brain. The goal is

to touch as many points as possible on the surface with an electrosurgical probe, to treat

the structure that creates cerebrospinal �uid. This can cure patients who suffer from hy-

drocephalus, i.e. over-production of this �uid, and hence have excessive pressure within

their heads. We show how stiffness variation can improve performance of this task without

increasing the complexity of the actuation system, by enabling the robot to deform into

shapes that are more conducive to the constrained workspace.

2.2 Modeling Approach

2.2.1 Cosserat Rod Model

We base our rod modeling on standard assumptions: materials are linearly elastic, isotropic,

and rods are slender, meaning cross sectional deformations are negligible. These assump-

tions are generally reasonable for rod-like soft robots [133, 16, 14], but may not apply to

�uidically driven soft robots, whose actuators can sometimes locally deform the material

by 100% or more, or hydrostat-type actuators which leverage cross sectional changes to

elongate, bend, or contract. If materials with anisotropies are used (for example, fabric or

string strain limiters are commonly used in soft robots), the constitutive stiffness law in

the model would need to be reconsidered. We assume a common Poisson's ratio across

a multimaterial robot's different Young's moduli. This assumption is reasonable for soft

robots comprised of similar types of materials, but may not be the case if different classes
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of materials are combined (i.e. metals and elastomers). Finally, we make the assumption

that friction between the tendon and its routing path is negligible, and that the tension along

the tendon is constant and equal to the applied tension at the base of the tendon. In future,

the effects capstan-based friction which cause a variation of tension along the length of the

tendon actuator could be incorporated into the model, see for example [64, 65].

The model proposed in this work is an extension of the coupled Cosserat rod and string

model of [16], in which a robot with uniform stiffness and arbitrarily routed tendons was

modeled. The model suggested in [16] consists of a set of ordinary differential equations

for the position and orientationp, R, and internal forces and momentsn;m of the rod-like

robot as they relate to the distributed applied forces and momentsf andl .

Figure 2.2: An arbitrary section of a generic cosserat rod at arclengths. The state of the
rod is described by its position (pˆs•), orientation (R̂ s•), and internal forces and moments
(nˆs•, mˆs•). The change in internal force (nˆs� • � nˆs� •) over an incremental lengthds
must balance with the applied forcef ˆs•ds on the segment, likewise for the internal and
applied moments.

The following equations are derived based on a static force and moment balance for an
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incremental length of rod (ds), as visualized in Fig. 2.2.

�p � Rv;

�R� Rŵ;

�n � � f ;

�m� � �p� n� l ;

(2.1)

wherev andw are the linear and angular rates of change of the body-�xed frame and ˆ is

the skew operator. The forces and moments (f andl ) are the sum of the tendon loads and

any external loads on the continuum robot.

The linear and angular rates of change of the rod reference frame are given by:

<@@@@@@>

v

w

=AAAAAA?

� K� 1

<@@@@@@>

RTn

RTm

=AAAAAA?

�

<@@@@@@>

v‡

w‡

=AAAAAA?

: (2.2)

Note thatv‡ andw‡ describe the reference (unactuated) shape of the rod. In the case of

a straight rod, these are�0;0;1� T and�0;0;0� T respectively. When the elastic member is

chosen to be isotropic with a symmetric and homogeneous cross section and the reference

frame is chosen to be at the center of the cross section and aligned with the principal axes,

the stiffness matrix is diagonal, and is typically written in terms of its components:

K �

<@@@@@@>

KSE 0

0 KBT

=AAAAAA?

;

whereKSE � diaĝ GA;GA;EA• and KBT � diaĝ EIxx;EIyy;GˆIxx � Iyy•• . The cross sec-

tional areaA and the second moment of areaI are geometric parameters in the stiffness

matrices, while the Young's modulusE and the shear modulusG � E
2ˆ1� m• are material
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properties. The derivation of these matrices for the case of an inhomogeneous cross section

is described in the subsequent section.

2.2.2 Elasticity of Inhomogeneous Cross Sections

Figure 2.3: Coordinates system for an arbitrary cross section of material. Bottom: as
an example, we visualize the components of the normal stress in the ˆz direction for an
incremental area of the cross sectiondA, which are result of strain in ˆz and bending about
thex̂ andŷ axes (see eqn. 2.3).

First we consider the elastic properties of a general cross section. The axial stress,

bending moments, torsional moment, and shear stresses can be written as:

nz � vzS E dA� wxS EydA� wyS ExdA: (2.3)
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mx � vzS EydA� wxS Ey2dA� wyS ExydA; (2.4)

my � � vzS ExdA� wxS ExydA� wyS Ex2dA: (2.5)

mz � � vxS GydA� vyS GxdA� wzS Gˆx2 � y2• dA: (2.6)

nx � vxS GdA� wzS GydA; (2.7)

ny � vyS GdA� wzS GxdA: (2.8)

Note that the Young's modulusE � Eˆx;y;s• may vary within the cross section, and that

the cross section need not be constant over arclength. Judicious choice of a reference frame

can simplify these constitutive equations. If the origin of the coordinate system is chosen

as the stiffness center, the sectional momentsRExdAandREydAare zero. Equivalently,

the coordinates of the stiffness center are:

xnc � RExdA

RE dA
; ync � REydA

RE dA
: (2.9)

Choosing the stiffness centerPnc � � xnc ync�
—

as the origin as shown in Fig. 2.4a, we

have decoupled axial force and bending force. Further simpli�cation can be achieved by

choosing the coordinate system (xœandyœ) as the principal axes of the cross section so that:

S ExœyœdA� 0: (2.10)

This is shown conceptually in Fig. 2.4a, where the stiffness center offsetpnc is calcu-

30



lated from equations 2.9 and the rotationRnc from equation 2.10. In this case, equations

2.3 through 2.5 reduce to:

nœ
z � vzS E dA;

mœ
x � wxœS Eyœ2dA;

mœ
y � wyœS Exœ2dA;

(2.11)

where the quantities withœare measured in a frame centered at the stiffness center and

aligned with the principal axes.

We can apply a similar argument to decouple the shear and torsional modes of defor-

mation. Assuming that any variation of the Poisson's ratio across the cross section can be

neglected (resulting inE ŒG), the torsional and shear strains can be written as:

mœ
z � wzS Gˆxœ2 � yœ2• dA;

nœ
x � vxœS GdA;

nœ
y � vyœS GdA;

(2.12)

Decoupling the modes of deformation by this choice of coordinate system simpli�es

the problem, since the bending stiffness matrix is now diagonal. The diagonalized bend-

ing stiffness matrices used in the Cosserat rod model can be computed by evaluating the

integrals in (2.11) and (2.12).

At the stiffness center, the constitutive stress-strain law can be written as:

<@@@@@@>

nnc

mnc

=AAAAAA?

� Knc

’
––
”

<@@@@@@>

vnc

wnc

=AAAAAA?

�

<@@@@@@>

v‡
nc

w‡
nc

=AAAAAA?

“
——
•

; (2.13)
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where the stiffness matrix at the stiffness center is:

Knc � diaĝ «GdA;«GdA;«E dA;

«Ex2dA;«Ey2dA;«Gˆx2 � y2• dA•:
(2.14)

The vector� v‡
nc w‡

nc�
—

is referred to as the precurvature of the stiffness center path,

shown in red in 2.4b.v‡
nc andw‡

nc are the differential forms of the translation and rotation

described bypnc andRnc respectively. The curvature vector� vnc wnc�
—

describes the de-

formed shape of the robot as a result of the applied loads. The path of the stiffness center

can be thought of as analogous to a virtual homogeneous beam with precurvature. A ho-

mogeneous beam with symmetric stiffness has a diagonal stiffness matrix describing the

elastic properties of the centerline of the beam. This means that, for example, when a nor-

mal force is applied to the center of the beam, it does not bend and only elongates/contracts.

This is not the case with an asymmetric beam; a pure normal force at the centerline of the

beam can cause bending. However we demonstrate that there exists a point (the stiffness

center) within the cross section where the stiffness matrix is diagonal and a pure normal

force does not cause bending. The path of the stiffness center along arclength is function-

ally equivalent to a homogeneous beam through that path, with the same stiffness matrix.

The position of the stiffness center relative to each tendon de�nes the moment arm of the

applied tendon force to the virtual homogeneous beam. By choosing stiffness parameters

to route the stiffness center to a speci�c path relative to each tendon, one can change the

direction and magnitude with which each tendon bends the soft robot.

2.3 Application to a Two-Material Tendon-Operated Robot

To demonstrate this modeling framework, consider an annular robot made of two materials,

one stiffer than the other (Fig. 2.5). The wall of the device is fabricated with two materials

with respective Young's moduliE1 andE2. qw is the angular width of the stiff portion
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Figure 2.4: (a) In a generic multimaterial cross section, the stiffness center frame (red) may
be different from the geometric center frame (black). The stiffness center is offset bypnc,
with principal axes of the cross section rotated byRnc. (b) The path of the stiffness center
may vary nonlinearly along the arclength of the device. This path can be thought of as a
virtual homogeneous and symmetric beam with precurvature.

of material, whileqm is the angle of the midpoint of the stiffer segment (E2) relative to

the global coordinate system; this de�nes the axis of symmetry of the cross section. The

stiffness center is guaranteed to lie on this axis of symmetry at a distancernc such that the

moments of area relative to that point, weighted by the stiffness of the respective segments,

are equal. With this choice, the radial and angular placement of the stiffness center can be

parameterized by the two anglesqw andqm.

The axis of symmetry shown in Fig. 2.5 is the principal axis of the inhomogeneous

cross section. We assign a new frame corresponding to the stiffness center with an origin

at the stiffness center and axesxnc along the axis of symmetry,ync normal toxnc and in the

cross section plane, andznc parallel to the z axis of the geometric center framezgc, as shown

in Fig. 2.4b. The homogeneous transformation from the geometric center to the stiffness
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center is

NCTGC �

<@@@@@@>

Rzˆqmˆs•• p
nc

0T 1

=AAAAAA?

(2.15)

where,

p
nc

�

<@@@@@@@@@>

rncˆs• coŝ qmˆs••

rncˆs• sin̂ qmˆs••

0

=AAAAAAAAA?

: (2.16)

is the offset of the stiffness center from the geometric center. With the relationship between

the geometric center and the stiffness center known, we can thus express the reference twist

of the stiffness center of the rod as,

w‡ �

<@@@@@@@@@>

0

0

�qm

=AAAAAAAAA?

v‡ � RT �p‡
nc

� Rzˆqmˆs•• T

<@@@@@@@@@>

�rnccosqm � �qmsinqm

�rncsinqm � �qmrnccosqm

1

=AAAAAAAAA?

;

(2.17)

where � denotes a derivative with respect to the arclength variables, and ‡ denotes the

unactuated shape of the NC curve.

The cross section of the device is comprised of two annulus sectors with different

Young's modulus values, as shown in Fig. 2.5. Given inner and outer radiir i andro and

spanning an angle ofqd, the radius of the centroid from the center of the circle (which lies
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Figure 2.5: A cross section of the two-material design parameterization used to vary the
placement of the stiffness center as a function of arclength, where the dark blue denotes a
stiffer material than the light blue.

on the symmetric axis) of an annulus sector is

r̄ �
4sinqd

2

3qd

r3
o � r3

i

r2
o � r2

i
: (2.18)

The radius of the stiffness center can be calculated as the centroid of each sector weighted

by each respective area and Young's modulus:

rnc �
r̄1A1E1 � r̄2A2E2

A1E1 � A2E2

�
4ˆr3

o � r3
i •

3ˆr2
o � r2

i •

sin̂ qw
2 •

qw

E1qw � E2ˆ2p � qw•
E1qw � E2ˆ2p � qw•

(2.19)

With the transformation between the geometric center and the stiffness center known,

it is possible to calculate the moment of area of each segment of the cross section in the
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stiffness center frame:

Ixnc �

ˆqm� qw~2•

S
ˆqm� qw~2•

S
ro

r i
ˆ r sinq•2rdrdq

Iync �

ˆqm� qw~2•

S
ˆqm� qw~2•

S
ro

r i
ˆ r cosq � rncˆs•• 2rdrdq:

(2.20)

With NCTGC known, we can now express the distributed forces and moments due to

the tendons at the stiffness center and apply existing techniques to solve the Cosserat rod

equations in the stiffness center frame, then convert the calculated deformations back to the

geometric centerline of the device.

2.3.1 Effect of Stiffness Center Offset: Finite Element Demonstration

Figure 2.6: Results of Finite Element Simulation of a 10mm segment of the constant offset
stiffness center cross section. A small annular sector of the cross section is made of elas-
tomer with a higher stiffness (shown in blue). On the left, a 0.5N normal load is applied at
the geometric center which causes the prototype to bend to the left. On the right, the same
load is applied to the stiffness center, which we calculated based on Equation 2.19. With
the load at the stiffness center, the prototype experiences pure compression and no bending.
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Previously, we described how an arbitrary cross section has a reference frame (the stiff-

ness center) at which the stiffness matrix is diagonal. To demonstrate how this relates to

the behavior of a simple asymmetric beam, we simulated a 20mm long segment of the

constant offset prototype (parameters listed in Table 2.1 Constant N.C.) with aSolidworks

(Dassault Systems) linear static �nite element analysis. If a compressive load is applied

to the cross section at the center of a homogeneous cross section, the beam would experi-

ence pure compression and no bending (disregarding buckling). However, in the case of

an asymmetric cross section, when a compressive load is applied to the geometric center, it

causes bending (qtip � 10:7X or k � 9:39m� 1) because of the offset between the load and the

stiffness center, as shown in the left of Fig. 2.6. The moment experienced at the stiffness

center is the product of the force and the offset between the stiffness center and the point

of load application.

We calculated the stiffness center offset using Eq. 2.19 and the cross sectional parame-

ters in Table 2.1; for this cross section the stiffness offset isrnc � 2:12mm. Then, we applied

the same load centered at the stiffness center of the cross section, as shown in the right of

Fig. 2.6. The force is now a pure normal force in the stiffness center frame, and since the

stiffness matrix is diagonal in this frame, the FEM simulation predicts pure compression

(0:63mm or 3:2%) with negligible bending (qtip @0:1X). By modeling the robot in this

reference frame, the deformation modes are decoupled, meaning that normal forces only

cause compression/elongation, and moments only cause bending.

2.4 Prototype Fabrication and Experiments

We 3D printed our prototypes on a Multimaterial printer (Stratasys: J35). We used two

materials to create asymmetric stiffness pro�les: the 55D mix ratio and 95D mix ratio

with Young's moduli of 0.66 and 15.93 MPa, respectively. These materials were chosen to

demonstrate the effects of having materials with contrasting stiffness (A10� difference in

Young's modulus) in the robot cross section. In our model, we assume a poisson ratio of
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n � 0:30 for both materials in the cross section. The manipulator features straight channels

embedded in the elastic 3D printed structure to route the tendons. The tendon channels are

threaded with 10 lb �shing line which is knotted and secured to the end of the device with

cyanoacrylate glue.

We characterized the stiffness of a range of different material types available on the

Stratasys J35 Polyjet printer with different stiffness achieved by mixing an elastic resin

(Elastico FLX934) with a hard resin (VeroUltra White RGD825) during the printing pro-

cess. The Young's modulus was determined by calculating the slope of the linear portion of

each stress-strain curve. The stress-strain curves are shown in Fig. 2.7 alongside the linear

�t used to determine the Young's modulus. As a point of reference, for a beam with radius

4mm and length 120mm bending in a 90X arc, the maximum strain is .05mm/mm; thus as

Figure 2.7 shows, all of the materials remain relatively linear within this range.

To evaluate the proposed model on the prototypes, we measured their shape using a

Figure 2.7: Tensile testing of 3D printed samples with various mix ratios of elastic and
rigid resin; * indicates materials that were used in the tendon manipulator prototypes.
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Figure 2.8: Experimental setup to measure the robot shape. Inset: Point cloud data is
converted to an arclength parameterized curve by sequentially �tting cylinders and inter-
polating with a spline.

laser scanning coordinate measuring machine (FARO Quantum Max Arm). The setup used

to measure the robot shape is shown in Fig. 2.8, and includes the laser scanner, the base-

plate, and the robot. Some examples of pointcloud data and the measured rod shape are
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Table 2.1: Multimaterial TDCR Prototype Design Parameters

Prototype: Constant N.C. Helical N.C.

Outer Radiusro 4mm 4mm

Inner Radiusr i 3.2mm 3.2mm

LengthL 120mm 120mm

Position of Stiff
Sectorqm

p ps~L

Width of Stiff
Sectorqw

p~16 p~4 � ˆp~8•ˆ s~L•

Soft Material 50 Durometer Mix
E � 0:66MPa

Stiff Material 95 Durometer Mix
E � 15:93MPa

Tendon Loca-
tions

qt1 � 0, qt2 � p qt = p~2

shown in the inset. In each experiment, we af�xed a robot prototype to the rigid base with

known features that we use to conduct a point-based registration of the base frame. We ac-

tuate the manipulator into several con�gurations with various calibration weights applied

to the tendons. The shape of the geometric center of the rod is determined by sequentially

�tting cylinders to the laser scanner point cloud in a piece-wise fashion usinglsqnonlin

in MATLAB.

The �rst prototype, called the constant offset stiffness center prototype, has a stiff sec-

tion comprising 22:5X of the cross section, which did not change with arclength. This

prototype demonstrates how offsetting the stiffness center can change the properties of the

manipulator when actuated with tendons at different distances from the stiffness center.

Both tendons are equidistant from the geometric center on either side, but the stiffness

center is closer to one than the other, resulting in a different range of motion for each ten-

don. The second prototype, called the helically-varying stiffness center prototype, features

a segment that varies helically along arclength while decreasing in width, showcasing the
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Figure 2.9: Comparison of the model predicted backbone shape with laser-scanned back-
bone shape for the constant stiffness center prototype. The CAD rendering on the left
shows the geometry of the soft tendon robot with a constant bi-material pattern in the cross
section. On the right, we show the model-predicted shape and the measured shape of the
TDCR at these con�gurations. The offset stiffness center in this design effectively biases
the workspace toward the other direction.

potential of moving the stiffness center to enable non-planar and non-constant curvature

bending.

2.5 Model Validation Results

2.5.1 Constant Offset Stiffness Center Prototype

As mentioned earlier, the constant offset prototype has stiff material with a constant width

and position in the cross section as a function of arclength, as described in Table 2.1. As

a result, the stiffness center is to the left (negative ˆx) of the geometric center, as shown in
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Figure 2.10: Comparison of the model predicted backbone shape with laser-scanned back-
bone shape for the helical stiffness center prototype. The CAD rendering on the left shows
the geometry of the soft tendon robot with a helically varying bi-material pattern in the
cross section, where the stiff segment becomes smaller towards the tip. On the right, we
show the model-predicted shape and the measured shape of the TDCR at these con�gura-
tions. With a straight tendon, pre curvature of the stiffness center causes the direction and
magnitude of bending to change along arclength.

Fig. 2.9. Although both tendons are equidistant from the geometric center of the rod, the

one atq � 0 has a larger moment arm from the stiffness center than the one atq � p. The

two tendons were pulled at equal tensions, and the shape of the rod was measured using the

laser scanning setup. The model-predicted (solid line) and measured (dashed line) shapes

show the expected difference in bending between the two tendons. Table 2.2 shows the

numerical results for the tip error and shape error, which are all small relative to the sizes
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of the prototype. We note that the model prediction errors tend to increase with larger

deformations both in absolute and percentage terms, as re�ected in Table 2.2. This may be

a result of nonlinear material properties which become more prominent at higher strains.

We also note that the model tends to over predict curvature near the tip of the manipulator,

compared to the experimental results - this is perhaps most apparent in thet 1 � 0:98N case

in Fig. 2.9. This is most likely a result of frictional losses causing a reduction of tendon

tension over its arclength, which could, in future, be incorporated into the model to re�ne

the accuracy. These results demonstrate how the workspace of a continuum robot can be

biased in a particular direction through the use of multimaterial fabrication.

Table 2.2: Constant N.C. Summary of Model Comparison Results

Tendon Tip Error (% of L) Shape Error

Tension YpˆL• � p̂ˆL•Y
L

R
s� 0

Ypˆs• � p̂ˆ s•Y
s

q t
1�

0 0:49N 1.25 mm (1.0%) 1.6%

0:67N 2.03 mm (1.7%) 2.3%

0:98N 3.09 mm (2.6%) 2.8%

q t
2�

p 0:49N 1.37 mm (1.1%) 2.1%

0:67N 1.99 mm (1.7%) 2.3%

0:98N 3.97 mm (3.3%) 2.8%

2.5.2 Helical Offset Stiffness Center Prototype

The second prototype has an annular segment of stiff material with decreasing width and

helically varying position in the cross section as a function of arclength. The design pa-

rameters of the cross section are shown in Table 2.1. We tested a single straight tendon

with an angular position ofqt � p
2 . Since the stiffness center is not constant with respect to

arclength in this prototype, the straight tendon applies a distributed moment, the direction

of which changes along the robot. This causes the prototype to bend in a roughly helical

shape, as shown in Fig. 2.10.
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Note that near the middle of the manipulator, the curvature is the smallest because the

tendon path is closer to the stiffness center, thus the magnitude of the moment is smaller,

and as the tendon passes over the midpoint of the manipulator, the curvature switches di-

rections. In Table 2.3 we show the computed tip and shape error. We note that in this more

complex design, the shape error is slightly higher than the constant offset prototype, though

the model generally predicts the correct deformed shape. The model-predicted curvature

appears to change more smoothly along arclength compared to the experimental results.

The experimental results in Fig. 2.10 generally have high curvature near the base, become

much straighter in the middle section, and then have higher curvature than the model at the

top. These sharper changes in curvature in the experimental results appear to correspond

to the points along arclength where the tendon crosses over the interface between the stiff

and soft material. It is possible that there are local deformations at this interface layer that

are not captured in the model, as a result of the abrupt local change in material properties.

While we believe that the model is still reasonably accurate, local boundary layer inter-

actions may be important to consider when designing soft robots with large variations in

material stiffness (i.e. much greater than 10x difference in Young's Modulus).

Table 2.3: Helical N.C. Summary of Model Comparison Results

Tendon Tip Error (% of L) Shape Error

Tension YpˆL• � p̂ˆL•Y
L

R
s� 0

Ypˆs• � p̂ˆ s•Y
s

q t
�p

~2

0:49N 1:47mmˆ1:2%• 2:2%

0:69N 2:85mmˆ2:4%• 4:0%

0:98N 3:15mmˆ2:6%• 4:6%

1:47N 3:47mmˆ2:9%• 6:1%

1:96N 1:69mmˆ1:4%• 6:6%
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2.6 Example Use Case: More Capable Neurosurgical Tools

In the prior sections, we present and evaluate our model for soft tendon-driven robots with

arbitrary distributions of materials within the cross section with different constitutive stiff-

ness properties. Here, we explore one practical example of how a continuously varying

(helical) stiffness pattern along the arclength of the manipulator can be used to improve

the workspace capabilities of a �exible tendon-driven manipulator in a surgical applica-

tion. Patients with hydrocephalus, a condition often affecting children, experience elevated

pressure within their skulls due to an imbalance in the production and removal of cere-

brospinal �uid. A potentially curative treatment involves cauterizing the surface of the

choroid plexus, responsible for cerebrospinal �uid production [134]. Endoscopic Third

Ventriculostomy (ETV) with Choroid Plexus Cauterization (CPC) has fewer re-operation

rates compared to those who underwent ventriculoperitoneal shunt (VPS) placement [135].

Clinically today, the procedure is performed using a neuroendoscope which is introduced

through the frontal cortex into the �uid-�lled ventricle [134]. These endoscopes have either

rigid or �exible shafts, with tips that can bend in a constant-curvature arc (see Fig. 2.11b-c).

With existing neuroendoscopes, it can be challenging to cauterize the entire choroid

plexus from the foramen of Monro to the posterior temporal horn [136]. A recent technical

review concluded that success of the procedure is more likely with 90% cauterization cov-

erage of the choroid plexus [137], however in another study showed the surgeon were only

able to achieve the desired threshold of 90% coverage in 73% of CPC cases [138]. There

is a clear clinical need for endoscopy tools that are designed so that their workspace can

reach a greater percentage of the desired surface. With current tools there is a steep learn-

ing curve in mastering cauterization of the choroid plexus. Given variable patient anatomy,

it can be very challenging to reach certain areas of choroid plexus, especially within the

temporal horns.

Prior work toward robotic solutions for this procedure has explored use of concen-
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tric tube robots [139] and multi-tendon robotic device with nonlinear tendon routing [40],

however both of these solutions are signi�cantly more complex than existing single-DOF

manually-operated �exible endoscopes. We show below that a �exible endoscope with a

more general stiffness pro�le can reach more of the choroid plexus surface than current

clinical neuroendoscopes without the need for more complex, multi-DOF robotic actuation

systems.

We compare a variable stiffness device (described below) with the clinical Karl Storz

neuroendoscope, which is approved for use in third ventriculostomy and choroid plexus

cauterization. It is 35 cm long, with an approximately 2 cm long actuated tip that has

an angular range of motion from 0 to 270X. For the variable stiffness design, we consider

a helically-varying stiffness center, using the same Young's modulus parameters for the

bi-material cross section as the physical prototypes described in the prior sections. We

placed the tendon at the geometric center of the prototype so that when actuated, the neuro-

endoscope bends in a roughly helical shape. The ability to curve in a non-planar shape

when actuated, using a single straight tendon, enables the device to better navigate around

the structures of the brain to reach both sides of the choroid plexus. The speci�c design

parameters used in this simulation are presented in Table 2.4.

To compare the two devices in terms of the kinematic reachability of the choroid plexus,

we assume that both are introduced through a �xed entry vector into the frontal cortex to

access the ventricle. We segmented the brain and ventricle from a preoperative MRI of

a patient with hydrocephalus and annotated twenty desired cauterization points across the

choroid plexus. This was performed by a surgeon experienced with hydrocephalus surgical

interventions (co-author Naftel) to be clinically representative.

For both devices we consider that they can be inserted axially along the entry vector as

desired and axially rotated about it as desired. The degrees of freedom (DOF) are shown

in Fig. 2.11a asq1, q2, andq3. The surgical approach and DOF for both the existing
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and proposed neuroendoscope are the same, except the tendon-actuated DOFq3 bends the

existing neuroendoscope into a constant curvature arc while the proposed design bends

according to the model proposed in this chapter.

Table 2.4: Arbitrary Stiffness Neuro-Endoscope Design Parameters

Parameter Value

Length of Actuated Tip 30cm

Width of Stiff Sectionqw p~2

Angle of Stiff Sectionqm p � ps~L

Young's Modulus of Soft SectionE1 0:66MPa

Young's Modulus of Stiff SectionE2 15:93MPa

To compare the performance of the two designs, we solved the inverse kinematics an-

alytically for the constant curvature model of the Storz endoscope and numerically (using

non-linear least squares) for the arbitrary stiffness design. Reachable points are those where

the endoscope tip was within 1mm of the desired position without penetrating the brain tis-

sue (pink in Fig. 2.11).

The clinical endoscope was able to reach fourteen out of twenty points on the choroid

plexus without collisions, mostly along the superior surface of the choroid plexus, which

aligns with reports in medical literature [136]. In contrast, the arbitrary stiffness design

reached eighteen of the twenty points. The non-planar actuated shape of the helical stiff-

ness design enables the device to reach deeper towards the back of the workspace. The sup-

plementary video demonstrates the results of the simulation, showing each endoscope navi-

gating through its respective reachable set of points. Note that while each reachable point is

collision-free, in the animation the motions between the points were linearly interpolated in

joint space, in future it would be necessary to plan these motions in a collision-free manner.

Note that the helical design was heuristically chosen to demonstrate how arclength-varying

curvature achieved via material variation can enhance a continuum robot, in the future with

design optimization of these parameters it might be possible to achieve better results.
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Figure 2.11: Improving the navigability of a tendon-actuated �exible endoscope. (a) Con-
ceptual image of a tendon-actuated endoscope with a helically varying stiffness pro�le
over arclength. Two views of the workspace with the clinical endoscope (b, c) and the
arclength-varying stiffness design (d, e). Reachable tip positions shown in black and asso-
ciated backbone shape in green, unreachable points shown in red.
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