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Abstract
While many ideas abound in the literature about what effective mathematics instruction entails, procedural instruction still dominates in United States mathematics classrooms. Many math teachers seem to have a natural tendency to default to simply teaching procedures. However, if teachers want their students to engage in meaningful mathematics, they need to realize why this type of math instruction is insufficient. They need to see that pushing beyond procedures is both a necessary and achievable goal. To properly frame these ideas, I will begin this paper by examining the evidence that supports the claim that the culture of mathematics instruction in the United States is procedural. To more deeply understand this phenomenon, it is important that teachers are aware of the factors that cause it, factors that may be occurring in their own classrooms. I will identify some of these key factors. I will then make a case for why procedural instruction is lacking by analyzing its negative effects on learners, the learning environment, and curriculum. Having established the downsides of procedural instruction, I will then turn to the issue of how math teachers can push beyond it. I will start by identifying some common characteristics found in classrooms in which meaningful mathematics is found: the emphasis of mathematical reasoning, the framing of mathematics as a discovery process, the promotion of student agency, and the practice of mathematical discussion. I will follow up these general themes by offering some more specific suggestions for steps math teachers can take to achieve these characteristics in their own classrooms. Finally, I will offer some possible challenges in achieving this more meaningful type of mathematics instruction.



In today’s world, mathematical literacy is more important than ever. The public is constantly bombarded with data in the form of charts, graphs, polls, payment plans, and more. Jobs involving mathematical and technical skills are among the fastest-growing occupations – in fact, almost 90% of new jobs require math skills beyond the high school level (NCTM, 2004). Employers value the analytical problem-solving skills a background in math can provide. Our students are the future, so if we want an informed public that can interpret this data and fill this evolving workforce, it is crucial that our education system equips them with the mathematical experiences that can prepare them for this future.
	However, there is substantial evidence that the mathematics instruction that many students in the United States are exposed to is limited and superficial. To see why, it is helpful to examine the different ways in which students can engage with the mathematical content in their class. Many researchers emphasize two main categories of mathematical knowledge: procedural knowledge and conceptual knowledge. Rittle-Johnson and Schneider (2014) define conceptual knowledge as knowledge about “abstract or generic ideas generalized from particular instances” (p. 3). Meanwhile, procedural knowledge is “knowledge of the steps required to attain various goals.” However, in the field of mathematics education, these definitions are often extended. Conceptual knowledge is often seen as knowledge that is “deep and with rich connections”, while procedural knowledge is often seen as knowledge that is “superficial and without rich connections” (Rittle-Johnson & Schneider, 2014). Other researchers identify more than these two categories. On top of procedural and conceptual engagement, Gresalfi, Barnes, & Cross (2011) identify two more categories: consequential engagement, which involves understanding the meaning of a particular outcome, and critical engagement, which involves examining the value of various solution methods. Kilpatrick, Swafford, & Findell (2001) propose five strands of mathematical proficiency: conceptual understanding, procedural fluency, strategic competence, adaptive reasoning, and productive disposition. Baroody, Feil, & Johnson (2007) acknowledge all these other types of knowledge, but posit that they should be considered in terms of procedural and conceptual knowledge. For example, they claim that “strategic” knowledge is nothing more than procedural knowledge if it is memorized, and it is a blend of procedural and conceptual knowledge if it is known meaningfully.
	Despite these varying claims on the nature of mathematical knowledge, I will argue in this paper that the math classes in the United States often come up short because of an overemphasis on one category they all identify: procedural knowledge. While there are a lot of subtleties I will explore later to what “procedural math instruction” can be, I will broadly characterize it here as “instruction that centers on teachers showing students how to do a procedure, followed by students practicing that procedure.” First, I will examine the evidence that supports the observation that math instruction in the US is overly procedural. Next, I will identify some factors that lead to this phenomenon, and discuss how this procedural emphasis is harmful for learning mathematics. I will then examine what classrooms in which the students are engaged in meaningful mathematical work look like. While there are a variety of positions about what types of knowledge exist beyond procedural, I will start by establishing some commonalities in the ways teachers can emphasize these types of knowledge. I will then suggest some specific ways in which teachers can push beyond procedures to make the mathematical engagement in their classrooms more meaningful. I will end by pointing out some challenges teachers will face in implementing this type of instruction. Throughout the paper, I will interweave analyses of learners and how they best learn mathematics, the learning environments that support various types of mathematics engagement, the role of curriculum in shaping mathematics instruction, and the impact of assessment.
The Procedural Nature of United States Math Classrooms
The observation that mathematics instruction is often too procedural originated as a personal one. In five years of teaching ninth grade math, I noticed many teachers defaulting towards procedural instruction. I was not immune – I too experienced how easy it can be to revert back to procedures. Outside of my own experiences, I was curious to see how widespread of an issue this is. In 1999, the Third International Mathematics and Science Study (TIMSS) included a comprehensive video study on top of their usual comparison of the mathematics achievement of countries across the world. They filmed lessons from 7 countries, including the US, allowing them to analyze specific classroom-based factors that could explain the achievement scores from these countries (National Center for Education Statistics, 2003). While the average score of the US (502) was higher than the international average (487), it was lower than the averages of the other six participating countries. When looking at the types of problems US students worked on in class, they classified 69% of the problems as “using procedures” and only 17% of the problems as “making connections”. (The other 13% was “stating concepts”) This suggests a strongly procedural environment in United States classrooms.
In addition to this large, comprehensive study, several smaller studies have come to the same conclusion. Richland, Holyoak, & Stigler (2004) looked for instances of analogies in a random sample of 25 of these videotaped TIMSS lessons, and they also found that the large majority of analogies were used for procedures. Schoenfeld (1988) observed 12 high school mathematics classes, and found that “The mathematics instruction that we observed consisted almost exclusively of training in skill acquisition” (p. 160). In their 2000 study on 5th graders learning area and perimeter, Pesek and Kirshner claim that “Most instructional time is spent on routine exercises to consolidate rote or procedural knowledge; much less emphasis is given to students’ intuitive and sense-making capabilities” (p. 539). Wood, Williams, & McNeal (2006) found four common types of mathematical classroom cultures: conventional textbook, conventional problem solving, strategy reporting, and inquiry/argument, and they determined that meaningful mathematics only happened in one of these cultures (inquiry/argument). Teacher actions such as IRE (Initiation-Response-Evaluation) and “funneling” (leading students to an answer through questioning) tend to proceduralize the mathematics done in many of these cultures. Even the “strategy reporting” culture, in which students frequently shared their own strategies, turned out to be mostly procedural because most of the discussion involved what students did instead of why they did it that way. 
These findings are not surprising when one considers the view society has of math as a rigid discipline filled with rules. People too often equate “doing math” to being able to remember and apply the correct rule, and truth is mainly determined by an expert evaluating your answer (Lampert,1990). Instead of dynamic and flexible, math is seen as a “static, structured system of facts, procedures, and concepts” (Henningsen and Stein, 1997, p. 524).
Factors Contributing to Procedural Math Classrooms
There are several factors that contribute to this domination of rules and procedures in US mathematics classrooms. Henningsen and Stein (1997) examine the role of curriculum, showing that while the planned curriculum may include cognitively demanding tasks, the nature of the learning environment often causes these tasks to evolve into less demanding cognitive activity when this curriculum is actually enacted. They observe that “The mere presence of high-level mathematical tasks in the classroom will not automatically result in students’ engagement in doing mathematics” (p. 527). The main phenomenon they document is “decline into using procedures.” There are many reasons why this happens. Tasks can often be perceived as ambiguous or risky, causing a “‘pull’ in the learning environment toward reducing their complexity so as to manage the accompanying anxiety” (p. 535). The teacher then takes over the difficult pieces of the task. Teachers and students are also often used to fixating on the solutions to problems as a result of their previous mathematical experiences, leading to a shift in focus from “understanding” to “completeness”. In addition, they observe that teachers often give too little time for students to wrestle with the important mathematical ideas. 
While some teachers attempt to incorporate more complex tasks in their curriculum but fail, many others do not even include them in their curriculum in the first place. Time is a major influence here, too: many teachers assume that conceptual instruction will take more time (Pesek & Kirshner, 2000). By contrast, procedural instruction is seen to be much more direct. If a teacher wants a student to learn a process, one might think, shouldn’t the teacher simply show the students exactly how to carry out this process? It is not difficult to see how teachers could fall into this quick and to-the-point style of teaching mathematics.
	Another reason why mathematics instruction is overly procedural in the US is because from many points of view, it can look like so much more. Kazemi and Stipek (2001) found many classrooms to contain some elements of “reform-minded” math instruction, such as collaboration, the use of real-world examples, manipulatives, and students sharing answers. These elements are often seen as solutions in and of themselves, and a non-critical eye might count their mere presence as evidence of high-level mathematical work. However, when one examines more closely how the students are engaging with the mathematics in their group or the nature of the students’ presentations of their answers, this so-called “reform-minded” instruction often turns out to be superficial. Schoenfeld (1988) shares this observation. While the mathematics in the 12 classrooms he observed focused almost exclusively on practicing skills, he noted that all of the classrooms looked good on the surface. The main classroom he observed was an example of the “strategy reporting” culture described by Wood et al. (2006). Classroom time was primarily devoted to students working on problems and then sharing answers, and there was very little lecture – classroom elements many would find desirable. However, the level of mathematical reasoning promoted by the teacher and undertaken by the students was shallow and procedural. 
Schoenfeld (1988) points to two main culprits that proceduralize math curricula – textbooks and standardized assessments. He notes that most textbooks are overly procedural, “chopping up” the mathematics so that students learn about a procedure, instantly apply it to a large problem set, then move on to the next procedure. While a good teacher can incorporate a textbook in more meaningful ways, Romberg and Carpenter found that teachers defer to their textbooks on a consistent basis (as cited in Schoenfeld, 1988). In addition, Schoenfeld saw how the pressure to do well on the New York Regents Exam affected the classrooms he observed. The kids often memorized a procedure because they knew there would be a couple questions on the exam that used it. And it paid off, too – the class that comprised his main case study ranked in the top 15% on the Regents geometry exam. However, he found that such assessments are also overly procedural, focusing merely on “reproducing the standard arguments” (p. 149). But with such a high achievement score, what incentive do they have to change their instruction? While Schoenfeld’s observation was made in 1988, much evidence suggests that pressure to do well on standardized tests still contributes to an emphasis on rote skills and procedures (Volante, 2004). And in this modern age of tests and accountability, this pressure may be greater now than ever.
	While these large-scale standardized tests have can have an impact on the way in which teachers teach their content, so too can assessments specific to individual classrooms. The typical assessment pattern in a mathematics class is to teach a “unit” that lasts a two or three weeks, and then give a test assessing students’ knowledge of that unit. This short time frame makes it easy for students that learn mathematics by memorization to take the test before they have forgotten it. Because students are generally only accountable for knowing the mathematics for a short while after they have learned it, they may not feel the need to learn it in deep, meaningful ways, instead trying to “remember” as much as possible so they can spit it back on a test. 
Downsides of Procedural Math Instruction
So far I have established that mathematics instruction in the US is dominated by procedures, and I have given some reasons as to why this happens. But what exactly makes this type of instruction less than ideal? While the researchers I encountered acknowledged that procedures and skills do have a place in mathematics, they all seemed to agree that instruction that focused solely on them was substandard. They pointed to various factors involving the nature of learners, the qualities of the learning environments, and curricular considerations as evidence of what is lacking in procedural instruction.
Implications of Procedural Math Instruction for Learners
Perhaps the most significant downside of procedural instruction is that it does not align with the ways in which learners can learn meaningful mathematics. When a procedure is treated as a mere list of steps to follow over and over, it becomes “linearly executed and independent of meaning” (Hallett, Nunes, & Bryant, 2010, p. 396). And due to this lack of context, students who learn procedures through mere exposure and practice are often unable to remember and apply them when they need them later on (Boaler & Greeno, 2000). Indeed, “When mathematics is taught as dry, disembodied, knowledge to be received, it is learned (and forgotten or not used) in that way” (Schoenfeld, 1994, p. 60). In their study of analogies, Richland et al. (2004) found that instruction of procedures was most often accompanied by “high-similarity analogies”, analogies that draw connections to problems that greatly resemble the problem in question. However, they argue that these types of analogies can “facilitate students’ immediate problem solving without providing the benefits of long-term transferable learning” (p. 57). 
	Tall et al. (2000), who examined the ways in which learners from various grade levels approach mathematics, agree that a focus on procedures impedes future learning. Just as others have observed that poor math classrooms can appear good on the surface (Kazemi & Stipek, 2001; Schoenfeld, 1988), they warn that this problem may not be easily noticed because students learning this way can still experience immediate success: “It is possible, at certain stages, for students with different capacities all to succeed with a given routine problem, yet the possible development for the future is very different” (p. 10). Specifically, they find that “Those who are focused mainly on the procedural have a considerably greater burden to face in learning new mathematics” (p. 10). Hallett et al. (2010), in their study of fourth and fifth graders learning fractions, also found differences in the way students drew on their own knowledge – some relied more on concepts to guide their problem-solving process, and some relied more on remembered procedures. To test the capabilities of these different types of learners, they gave them an assessment on fractions and found that across the board, the students who relied on concepts scored higher.
	A probable cause of the lower achievement and long-term retention of students who learn math procedurally is the lack of a “bigger picture”. I have already shown how researchers have characterized this type of mathematics as disconnected, disembodied, and independent of meaning. Many learners seem to share this view. A number of the students from traditional mathematics classrooms Boaler and Greeno (2000) interviewed, both high- and low-achieving, were unable to see this bigger picture, equating mathematics with memorization. One student mentioned that while her other classes involved deep thinking, in math “you just have to remember” (p. 179). And when one learns mathematics by memorizing rules, it is not difficult to see how the subject can become confusing and interfere with future learning. For example, if a student learns that “a fraction bar always means to divide”, that student will be able to calculate 12/6, but will be confused when the problem a12/a6 is not solved by division. Rules grade school students might learn, such as “You can’t have less than nothing,” must be altered when they later learn about negative numbers. Even asking “What’s the next number after four?” to a child learning how to count may cause confusion when students later learn about all of the fractional and decimal values that are between four and five (Tall et al., 2000). Schoenfeld (1988) describes how the “key word” strategy often used to help students solve story problems bypasses understanding. In the problem “John has eight apples. He gives five to Mary. How many apples does John have left?” (p. 149), students would be instructed to simply find the numbers in the problem and subtract them, because the key word “left” means subtraction. Thus, using the key word strategy, they could solve this problem by only looking at three words (“five”, “eight”, and “left”), without any understanding of the actual situation.
Implications of Procedural Math Instruction on the Learning Environment
This type of instruction is especially detrimental to the learner when one considers the learning environments that tend to take shape in procedurally-oriented classrooms. Instead of valuing their own thinking, learners in these environments tend to use a rule or formula given to them by someone else as their argument (Lampert, 1990). And not only do students give explanations based on rules, but teachers tend to accept these explanations, not pressing the students further to explain why their method worked. They often ask vague questions like “How many people agree?”, letting students give one-word answers and bypassing the actual mathematics involved (Kazemi & Stipek, 2001). Instead of being confident in their reasoning, students often want their answers verified by the teacher or a “smarter” student (Lampert, 1990), or even defer to them entirely (Kazemi & Stipek, 2001). When pressed to explain their thinking, they often say things like “I don’t know how I got it, I just did” (Lampert, 1990). These behaviors suggest a pattern of “offloading” the cognitive effort to external sources, like the teacher or a mathematical rule, reducing the student’s own agency. The mathematics is not personal to the learner, but external. However, Lampert (1990) also noticed that learners in these environments were reluctant to admit that they were wrong because they thought it would show a fault in themselves. When misconceptions are not surfaced, teachers do not have an opportunity to help fix them, and they are allowed to persist.
	In addition to all of this qualitative data, Wood et al. (2006) were able to quantify the mathematical thinking of students within various classroom cultures. They found 1 incident of “verbalized mathematical thinking” per 100 minutes in the conventional textbook culture, 19 incidents per 100 minutes in the conventional problem solving culture, 26 incidents per 100 minutes in the strategy reporting culture, and 41 incidents per 100 minutes in the inquiry/argument culture. The first two cultures were characterized as fairly traditional, but as I have described earlier, even the strategy reporting culture turned out to be fairly procedural as well. And not only was the quantity of thought superior in the inquiry/argument culture, but the quality of thought as well. When mapping these incidents of verbalized mathematical thinking onto their hierarchy of mathematical thought, roughly based on Bloom’s Taxonomy, they found the typical incident of thinking in the inquiry/argument culture to be far more sophisticated than the typical incident of thinking in the other three cultures.
	Boaler and Greeno (2000) see the rigid environments in traditional mathematics classrooms as conflicting with many students’ own identities, especially at higher levels:
The figured worlds of many mathematics classrooms, particularly those at higher levels, are unusually narrow and ritualistic, leading able students to reject the discipline at a sensitive stage of their identity development. Traditional pedagogies and procedural views of mathematics combine to produce environments in which most students must surrender agency and thought in order to follow predetermined routines. Many students are capable of such practices, but reject them, as they run counter to their developing identification as responsible, thinking agents. (p. 171)
Instead of using words like “effort” or even “intelligence”, students in these classes described “patience” and “obedience” as the most important traits for success in mathematics. As maturing human beings, they wanted to feel like they had some say in their mathematics learning, but the nature of their classroom left them feeling powerless.
Implications of Procedural Math Instruction for Curriculum
Finally, procedural mathematics instruction can also have damaging effects on the overall curriculum. In Pesek and Kirshner’s 2000 study, they gave one group of fifth graders “relational” instruction (instruction focusing on building concepts and making connections) on area and perimeter formulas. They gave another group “instrumental” instruction (memorizing the formulas and repeatedly practicing them), then followed this instrumental instruction up with the same relational instruction given to the first group. Despite the second group getting twice as much instruction, they showed a weaker understanding of the formulas on the post-assessment. Pesek and Kirshner concluded that although both groups got the same conceptually-based instruction, the second group’s earlier procedural instruction interfered with their ability to take full advantage of it. After the “skill and drill” of their previous instruction, they had developed a very narrow view of the content, making it difficult to “zoom back out” and see the bigger picture. While I have already shown some of the downsides of teaching mathematics procedurally, this study shows that it can be especially harmful when implemented in the early stages of the planned curriculum.
Characteristics of Meaningful Math Instruction
So what type of instruction will better allow students to be “responsible, thinking agents”? (Boaler & Greeno, 2000) I have established that emphasizing procedures alone is not enough. But how can math teachers push beyond procedures? While there is a general consensus among mathematics researchers that procedural instruction is insufficient, there is a wide range of views on what meaningful math instruction looks like. However, I will start by identifying some common themes encountered in the literature.
Emphasizing Reasoning, not Answers
First, researchers generally agree that real mathematical thinking is more than simply remembering a procedure and applying it to get an answer. Students need to make sense out of the mathematics, to understand why things work the way they work. However, mathematics classes have tended to emphasize answers themselves instead of the reasoning that leads to them. To make real progress, we need to get away from this “answer-getting” culture, because “It is the strategies used for figuring out, rather than the answers, that are the site of mathematical argument” (Lampert, 1990, p. 40). This “sense-making” ability is what many researchers mean by “conceptual knowledge”. Some, like Baroody et al. (2007), argue that procedures cannot be known meaningfully without this conceptual knowledge: “It is unclear how substantially deep comprehension of a procedure can exist without understanding its rationale (the conceptual basis for each of its steps)” (p. 119). However, others see it differently. Star (2007) defines “deep procedural knowledge” as “a cogent explanation of how the steps are interrelated to achieve a goal” (p. 133), and says that while conceptual knowledge is helpful in achieving this, it is not necessary. But as they both would agree that conceptual knowledge at least aids in allowing students to learn procedures more meaningfully, we can ignore the issue of whether it is strictly necessary and focus on how we can access this conceptual knowledge.
Thompson, Philipp, & Thompson (1994) found two dominating orientations among mathematics teachers: calculational orientation and conceptual orientation. While calculationally oriented teachers focused on performing procedures and viewed the purpose of solving a problem as “getting an answer”, conceptually oriented teachers valued not the procedures themselves, but the ways of thinking students use to perform these procedures and get these answers. When both types of teachers had their students work on the same story problem involving  7 year-old Sally’s uncle being three times as old as her sometime in the future when he is 38, the calculational teacher spent a significant amount of time on the mechanics of how to divide 38 by 3. By contrast, the conceptual teacher focused on the meaning of the numbers: “Don’t worry about how to divide 38 by 3 now. That’s not what’s most important right now. What are you trying to find by dividing 38 by 3?” (p. 3) Approaching the problem in this way allowed the students in this second teacher’s class to have far more success in comprehending the problem. One of the four mathematical norms Kazemi and Stipek (2001) found necessary for a high press for conceptual thinking gets at the heart of the difference between the way the two classrooms worked on the problem: “Explaining involves a mathematical argument, not a procedural description” (p. 59).
Framing Math as a Discovery Process, not a Passive Receipt of Knowledge
	Another major theme in the research on meaningful mathematics instruction was the manner in which the learners engage with the content. Instead of watching a teacher perform a procedure and then repeating it, students should engage with the mathematics in ways that allow them to figure it out for themselves. This will bring classroom mathematics closer to authentic mathematical practice. While mathematics is commonly “associated with certainty: knowing it, with being able to get the right answer, quickly” (Lampert, 1990, p. 32), real mathematics is a process of “conscious guessing, then examining these guesses” (p. 30). We cannot see this process if we focus on answers: “The zig-zag of discovery cannot be discerned in the end product” (p. 30). Henningsen and Stein (1997) call this a “dynamic” view of math, focusing on the “active, generative processes” (p. 524). Schoenfeld (1988) agrees with Lampert’s position:
Students must learn basic facts and procedures, of course, but it is also essential for them to engage in real mathematical thinking – in trying to make progress on difficult problems, in engaging in the give-and-take of making sense of complex situations, in learning that some problems take time, hard work, and a bit of luck to solve. (p. 160)
However, he notes that many mathematics students believe that all math problems can be solved quickly, and if they haven’t found a solution within a few minutes, they must not understand. These researchers give planners of curriculum some important food for thought. Students should not experience solely problems that can be solved in a few minutes with a known procedure. They should gain experience working on complex, open-ended problems that can be solved a variety of ways. 
By allowing for this variety, teachers follow another of the mathematical norms Kazemi and Stipek (2001) deem mathematical norms necessary for a high press for conceptual thinking: “Mathematical thinking involves understanding relations among multiple strategies” (p. 29). This opportunity is lost when teachers only present the one dominant strategy. In addition, by allowing students to explore and discover the mathematics, students may struggle more, but they learn the important trait of perseverance. And with skilled facilitation by the teacher, students can ultimately make more sense out of the math, because the prolonged period of struggle involves quite a bit more thought than a student simply listening to the teacher. The mathematics is more personal, because students necessarily draw from their own prior knowledge when formulating solution strategies. And even if students do not “discover” the mathematics by themselves during this period of struggle, the mathematics will make much more sense when they finally learn it because they have all of that cognitive activity to which it can connect.
Promoting Student Agency
Yusof describes a problem-solving course he taught that brings up another benefit of this more exploratory, student-centered style of learning math (as cited in Tall et al., 2000). At the outset of his course, many students claimed that math did not make sense to them. During the class, students made and tested conjectures, struggling but persevering through tough problems. And by the end, Yusof says that his students had changed their view of math. Instead of seeing it as the static, structured system of facts, procedures, and concepts, they grew to see math as a creative endeavor in which they could make choices and judgments. And after this change in mindset, almost all of the students reported that math now made sense to them. (The ones that didn’t were the ones that tried to treat the problem solving strategies procedurally, as a mere list of rules to follow.) 
Thus, by valuing choice and judgment, Yusof’s class hit on the important idea of agency. His students behaved according to Boaler and Greeno’s vision of them: as responsible, thinking agents (2000). Mathematics students too often view themselves as “passive consumers of others’ mathematics” (Schoenfeld, 1988, p. 160). Instead of exploring and figuring things out, they wait to learn the next rule from the teacher or the textbook. Students should feel that they have power over the math, not the other way around. Schoenfeld (1988) has a lasting memory of an undergraduate mathematics class when his professor couldn’t remember a formula herself, but said that it didn’t matter because it was so easy to derive, then proceeded to do so. To Schoenfeld, this was a powerful idea – that in mathematics, you can always figure something out yourself if you need to. Thus, in his own problem solving courses, Schoenfeld (1994) makes deliberate attempts to “deflect teacher authority” whenever possible. He wants his students to know that they have the power to judge mathematical correctness; that power does not solely come from an expert. Lampert (1990) shared this vision for her students: “I wanted my students to learn not only that they could divide or multiply by subtracting or adding exponents…but also that the warrant for doing so comes from mathematical argument and not from a teacher or a book” (p. 44). 
Encouraging Mathematical Discussion
A final theme encountered in the research on what meaningful mathematics instruction looks like is that discussion is a significant element of the learning environment, with a special emphasis on student to student interaction. Instead of being an individual possession, this allows knowledge to become a shared entity of the class. Another of the norms Kazemi and Stipek (2001) deem necessary for a high press for conceptual thinking was a high level of collaboration, which involves both individual accountability and reaching consensus. In the inquiry/argument classroom culture, the only culture Wood et al. (2006) found in which students were doing “real” mathematics, students interacted with each other far more than in the other cultures. They debated the merits of different strategies, the teacher skillfully asking probing questions and helping build connections when appropriate. Through this process of argumentation, the class worked towards building a consensus of knowledge. This argumentation can be a key step towards building student agency. Schoenfeld (1994) shares a powerful story from a problem solving class he taught: after the class debated different solutions to a particular problem for an entire class period, and one group seemed to prevail near the end, Schoenfeld offered to tie everything together. However, his students replied “Don’t bother. We got it” (p. 64). They felt so confident in the mathematical meaning they had constructed among themselves that they did not feel the need to get their thinking validated by an “expert”. Not only can students in discussion-based math feel a higher degree of accomplishment, but more enjoyment as well. The students Boaler and Greeno (2000) interviewed from these classes liked the “family” atmosphere. They connected their classroom experiences to their desire as adolescents to be social, but they called this “socializing about math”. By contrast, the students they interviewed from the more traditional classrooms almost never interacted – one student even laughed at such a notion. It is no coincidence that while the students in the traditional classrooms felt that their other classes had deep thinking and math was just “remembering”, the students in the discussion-based classes felt that there was more deep thinking in math than in any of their other classes.
Specific Ideas to Help Teachers Push Past Procedures
So far, I have described some common themes in the ways researchers view meaningful mathematics. But what are some specific ways that teachers can push past procedures and make the mathematics in their own classrooms meaningful? It starts before students even get into the classroom: with the planned curriculum. Instead of relying on textbooks, which frequently contain bland sets of problems that emphasize procedural knowledge, or worksheets that accomplish those same ends, teachers should include open-ended tasks students can solve in many different ways. However, task selection is crucial. Of all the factors Henningsen and Stein (1997) found that kept students engaged in “doing mathematics” in the classes they observed, choosing a task that built on students’ prior knowledge was the most prominent one. If students do not have the sufficient background to give them an entry point into the task, they will not be able to make much progress and may shut down. However, if the task is too easy, it will not push the students forward into new intellectual ground and they may get bored. The task should be just challenging enough that students may struggle, but will experience success if they persevere. The teacher must also be able to manage the interplay between the tasks and the curricular objectives. There are many great open-ended mathematical tasks out there, but teachers must be able to identify those tasks that can allow students to make progress towards those objectives. And if we want our students to be doing authentic mathematics the way Lampert (1990) described, we must pick a task that allows students to make and test their own hypotheses. Instead of simply following procedures they know, a good mathematical task allows students to “try things” and see how they turn out. So if a teacher picks a task that 1) builds on their prior knowledge, 2) builds towards a curricular objective, 3) strikes the right balance between too easy and too difficult, and 4) allows students to make conjectures and test them out, the teacher is on the right path towards getting their students to do meaningful mathematics.
	Rittle-Johnson and Schneider (2014) give a range of measures that are often used to assess conceptual knowledge. Because conceptual knowledge is an essential ingredient in pushing learners beyond procedural thinking, this list shows many examples of the types of thinking I have advocated. Thus, this list can be interpreted as a sample of ideas teachers can use to select a good mathematical task. The list includes strategies such as evaluating unfamiliar procedures, evaluating the quality of someone else’s answer, translating between different representational systems (quantity, picture, graph, etc.), inventing shortcuts, sorting examples into categories, explaining judgments and choices, generating definitions for new and unfamiliar concepts, and explaining why procedures work (p. 6-7). None of these types of tasks involve a student simply following a rule. When attempting to select a task that strives to get students to think more deeply about mathematics, this list could be a great starting point.
	However, as I’ve mentioned previously, the planned curriculum and the enacted curriculum do not always look the same. There are many strategies teachers need to keep in mind when implementing these tasks. Of prime importance is the amount of time devoted to the task. Henningsen and Stein (1997) listed “appropriate amount of time” as another of their five factors that kept students engaged in “doing mathematics”, finding that teachers often did not give their students enough time to be able to grapple with the mathematics involved in the task. In this fast-paced age of standards and accountability, teachers must nevertheless be willing to slow down and allow students to make connections for themselves instead of always swooping in and saving them because time is short.
	A productive learning environment is crucial to effective implementation of a task. There are many norms that must be in place to allow students to engage meaningfully with the mathematics. To ensure that these norms are maintained, teachers should be as explicit about the norms as possible. Another of the factors Henningsen and Stein (1997) found to keep students engaged in “doing mathematics” was that high-level performance was modeled. Here they are not talking about showing students the best way to solve a particular problem; they are talking about being clear on the general ways students should engage with the mathematics in their classroom. The teachers in the classrooms Kazemi and Stipek (2001) designated as having a high press for conceptual thinking exemplified this well. For example, one teacher did not simply expect students to reach consensus within their groups, she led them through a discussion on what consensus means and how groups could work through disagreements to reach one. The students in another of these classrooms seem to have internalized the norm of perseverance – when one girl in a group suggested to abandon their solution strategy, another girl replied “We can’t change it. If we change it, that’s the same thing as we can’t do it” (p. 74). In her classroom, Lampert (1990) made the “language” norm very explicit. She wanted her classroom to be a safe place where students were free to share ideas and where thinking was valued. Because Lampert modeled the phrases herself, students in her class frequently said things like “I want to question so-and-so’s hypothesis” (p. 40) and “I want to revise my thinking” (p. 51). No matter which norms a teacher chooses to implement, it is essential that these norms are public knowledge among everyone in the classroom, not just the teacher.
	One of the most important norms a mathematics teacher can promote is the necessity of reasoning and explanations.  It is not enough for teachers to always want students to explain their thinking; students themselves should be aware that this is expected of them. One of the teachers Kazemi and Stipek (2001) observed exemplified this norm well. After a student tried to share a solution without an explanation, she told her students “remember the one thing I always need is that I need you to be able to explain it” (p. 67). Another of the five factors Henningsen and Stein (1997) found to keep students engaged in “doing mathematics” was a “sustained press for explanation and meaning” (p. 534). Teachers need to be aware when answers are vague and keep pressing. One effective way a teacher can implement this norm is to be a “Doubting Thomas”, frequently asking questions such as “Is that true? How do we know? Can you give me an example? A counterexample? A proof?” (Schoenfeld, 1994, p. 63) When teachers press in this way, misconceptions can be uncovered that would not surface otherwise. For example, when discussing the “7-year old Sally’s uncle will be three times as old as her when he is 38” problem described by Thompson et al. (1994), the teacher with a conceptual orientation found that one student believed that Sally’s uncle was 21 right now. By pursuing this idea with questioning, the teacher uncovered the hidden assumption that this student thought that the uncle would always be three times as old as Sally. It turned out that many of the other students mistakenly believed this as well. Meanwhile, by remaining focused on how the students worked on the problem instead of the reasoning for their steps, the teacher with the calculational orientation never discovered this misconception that likely affected many of the students in his class. 
	This episode gets at another important norm teachers who wish to push past procedures should implement: the framing of errors as learning opportunities. This is the last of the four mathematical norms Kazemi and Stipek (2001) deem necessary for a high press for conceptual thinking. Instead of simply explaining to the students why their answers are incorrect, teachers should lead them down paths that let students realize this for themselves. A teacher cannot always expect to know why a student made a mistake. By constantly pressing for explanation, not only on successfully solved problems but on errors, teachers learn more about the way their students think about the mathematics. If one student has a misconception, it is likely that that student is not alone. And if a well-solved problem indicates understanding while a mistake indicates that there is some work to be done, shouldn’t we spend a large portion of our time exploring these mistakes and why they occur?
[bookmark: _GoBack]	Stein, Engle, Smith, and Hughes (2003) offer a framework teachers can use to build a discussion-based classroom in which students can learn meaningful mathematical ideas through exploration. Through the five practices of anticipating, monitoring, selecting, sequencing, and connecting, teachers can incorporate many of the norms I have described. These five practices are intended to be used with open-ended tasks. In the anticipating phase, teachers attempt to predict as many ways that students will think about the problem as possible. This requires a wealth of “pedagogical content knowledge”, a specific type of knowledge that goes beyond mere subject matter knowledge. Ball and Bass (2000) define this type of knowledge as “representations of particular topics and how students tent to interpret and use them” (p. 87). Teachers can build on their wealth of pedagogical content knowledge as they gain more experience working with students and how they tend to think. Once they have anticipated student answers, teachers implement the task, during which they must closely monitor student answers. The goal of monitoring is to “identify the mathematical learning potential of particular strategies or representations used by the students” (Stein et al., 2003, p. 15). By paying close attention as the students are working, a teacher has the entire class period to consider how to respond to student ideas instead of waiting until the students present their strategies and having only a few seconds to formulate a response. The teacher then selects student ideas based on their mathematical potential. Teachers might select certain groups to highlight important ideas or to bring out common misconceptions. But it is the mathematical ideas that are the focal point here – not the act of presentation itself. Teachers too often treat student presentations as mere “show and tell” (Kazemi and Stipek, 2001). But the purpose is not to make sure everybody gets a turn, the purpose is to surface important mathematical thinking. Teachers should select strategies that provide opportunities for this thinking. Teachers then need to sequence the order of the presentations in a productive way. They may choose to highlight a common method first, making the discussion accessible to as many students in the classroom as possible. They may also choose to start with a common misconception, so they can clear it up and allow the later correct methods to make more sense to the students. Finally, teachers must be able to connect the ideas together during the presentations. The teacher must help students see the common themes that tie the strategies together. A teacher might ask students to help find similarities and differences between the various methods. Connections are made not only among student strategies but between the strategies and mathematical principles. Ultimately, the teacher has chosen the task to get at important mathematical ideas, and the teacher must ensure that these ideas arise out of the discussion. While these five practices are not a foolproof formula to get students to think deeply about mathematics, they structure the class in such a way that has the potential to engage students in the type of meaningful mathematics I have promoted.
Challenges and Limitations
These ideas are an important step towards pushing the culture of mathematics education in the United States away from pure procedures and towards deep, authentic mathematical practice. However, there are a number of challenges that can make this transition difficult for teachers. The multitude of reasons I gave for why the math instruction in the United States is currently too procedural will continue to be issues we need to contend with moving forward. I discussed how classrooms in which students learn math superficially can nonetheless have elements that make the class appear quite productive. Thus, teachers, administrators, and other people that hold teachers accountable may not be able to recognize when a math classroom is not hitting the mark. I also spoke about how tasks intended to get at high-level mathematics can often decline into using procedures as a way for teachers to manage students’ anxiety or because they are so used to mathematics being equivalent to “answer-getting”. These factors will continue to be obstacles.
	Thompson et al. (1994) give first-hand evidence of these challenges. After diagnosing the “calculational” and “conceptual” orientations of teachers, they strove to push teachers towards a conceptual orientation. However, they noted that teachers often experienced a period of confusion about what exactly their students were supposed to understand. A step-by-step procedure is a nice, pre-packaged mathematical tool teachers can easily see, while these more abstract concepts and ways of thinking can be harder for teachers to wrap their minds around. Teachers prefer what they are comfortable with, which for these teachers, was “established methods for deriving numerical solutions” (p. 11). Moving towards a conceptual treatment of mathematics was scary for these teachers, because once a teacher does so, “She loses support structures upon which she has come to rely, such as textbooks and repertoires of stable practices” (p. 11). When teachers have experienced traditional mathematics their entire lives, both as teachers and when they were students themselves, it is difficult for them to deviate from the type of mathematics with which they are comfortable and familiar.
	In addition, striving for deeper mathematics requires a lot more skill on the part of the teacher. They not only need to be able to convince students to willingly enter into this higher realm of mathematical thought, but they need to have a solid grasp of this realm themselves. It requires a significant degree of subject matter knowledge that teachers may not all have, especially if they learned the math procedurally themselves. As Kazemi and Stipek (2001) note, “Many teachers find it easy to pose questions and ask students to describe their strategies; it is more challenging pedagogically to engage students in genuine mathematical inquiry and push them to go beyond what might come easily for them” (p. 60). Not only do teachers need deep knowledge of the content itself, but they need to be experts in knowing the mathematics the way they want their students to know it. If they want students to be able to mathematically argue, they need to be skilled mathematical arguers themselves so that they can model and facilitate this process (Lampert, 1990). Instead of simply knowing mathematics one way (the dominant way), teachers need to be able to see the mathematics from all the different perspectives their students might see it. They need to be able to listen to a student’s explanation and figure out in-the-moment where this student is coming from and how to build on this knowledge. This is the challenge of mathematical argument. Since most teachers do not experience this type of mathematics before they become teachers, it could be a difficult thing to learn.
	However, despite these challenges, the pursuit of deeper, more meaningful mathematics in our United States classrooms is a worthwhile and necessary goal. We cannot afford to maintain the current culture of traditional, procedurally-oriented math instruction if we want our students to exit our classrooms college-ready and able to function as mathematically literate members of our society. Because this status quo of mathematics instruction in our country is so ingrained, we should not expect instant progress overnight. But by starting to implement more of these ideas, we can gradually see this status quo shift. As more and more math teachers implement student-centered classrooms filled with exploration and mathematical argument, the commonly-held view of the typical math classroom may fade from the minds of other teachers and students. And when we no longer have preconceived notions about what math could or should be, the potential for mathematics instruction is limitless.
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