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I. Introduction

Throughout the 20™ and 21" centuries nuclear researchers have studied the effects of
radiation in biological and inorganic materials for a range of diverse applications such
as human health and safety, environmental detection, and material property
manipulation. Specifically for the development of radiation detection systems,
scientists have explored the processes of energy conversion from ionizing sources to
electrical impulses. Later in the 20™ century, as technology advanced into space, the
need to investigate how electronic devices responded to radiation naturally occurring
in space became paramount for the survivability of space-based systems. In that
environment, photons derived from energetic events, galactic heavy ions, and solar
particles all produce electrical signals in electronic devices, leading to potential
complications in the operations of these devices. To understand the effects of errant
charge in devices, researchers employ technology aided computer design (TCAD)
software, where device behavior can be simulated from a known deposited charge.
However, the production of charge from a radiation event must first be modeled as the
input conditions to modern TCAD models, which know nothing of radiation
inherently.

In our research, we explore the physical connections between radiation and
semiconductor devices and present a possible connection between a material’s
electronic response and its phonon dispersion relation.

In 1961, William Shockley developed an equation' describing ionization energy due to
an energetic particle . Shockley stated the energy deposition resulting from an
ionization event (creation of an electron-hole pair (EHP)) consists of a summation of
kinetic energy of the EHP and phonons.

Epair = ZEf+El+T'ER (1)

Where Eris the kinetic energy component of the charged particles (x2 multiplier due to
an electron and hole), E;is the ionization energy, and Er is the energy of a single
phonon identified as a Raman mode. The r coefficient is heuristically the number of
phonons and can be described as a ratio of mean free paths i.e. » =L, /L;. The r
coefficient describes the average distance between photon scattering events versus
ionization events. This coefficient is difficult to measure directly, therefore it is treated
as a fitting parameter in semiconductor studies. Because of this feature, Shockley’s
equation experiences longevity in energy deposition studies of semiconductor
materials.

Shockley refined his model from the results produced by Tauc? where he places a limit
on the Erand E;terms. He stated that £ cannot exceed E; because another EHP would



be produced. Given this, and assuming the electronic energy bands are spherical and
parabolic, and the kinetic energy is distributed uniformly throughout the Brillouin
Zone (BZ), we can integrate the bands to find a relationship between the two terms
and find that Er= 0.6 E;. If we substitute the band gap energy to be the ionization
energy, Equation 1 becomes:

Epair = 2.2E, + TEg )

These assumptions have undergone scrutiny>*, such as Klein arguing an additional
term should be considered as “residual kinetic energy =9/5 E,”, and Antonc¢ik arguing
there needs be more details regarding semiconductor band structure and information
regarding the critical points of each materials’ density of states, but our focus in this
work is only to examine the phonon component of Equation 2.

In most materials, the maximum phonon energy observable in the system, usually the
longitudinal optical phonon at the I'-point, is usually Raman active and is traditionally
selected as the Er value. Therefore, Equation 2 is typically written as Er = hwro(T).

In our analysis, we will refine Shockley’s model by selecting an average phonon
energy instead of the energy of a Raman mode. This modification provides a nominal
improvement to experimental data compared to the traditional model. More
importantly, this modification provides a more reliable physical basis to the estimation
of pair energy.

There is precedence in modifying the phonon energy term. Shockley himself discusses
the importance of considering both acoustic and optical phonon modes in electron
scattering in high fields®. In addition, Czaja® replied to Shockley’s model in 1961 (at a
conference Shockley presented before his paper was published) by replacing the
phonon energy term with the Debye temperature. Conceptually, the Debye temperature
correlates with material stiffness and therefore proportional to phonon frequencies, so
the Debye temperature can be used as a proxy for an average phonon energy’. The
drawback is that Debye temperature can only be applied to acoustic, not optical,
branches. Further, the Debye temperature is defined as a cutoff that allows the Debye
model to retain the same density of modes as the actual phonon dispersion relation, so
it is not a direct measure of phonon energy. Consequently, Czaja’s model never gained
traction, and even included an additional fitting parameter that further reduced the
predictive power of the model based on physical effects. (For a more complete
evaluation of Czaja’s model, see Ref. 8)

Our effort in this paper is, like Czaja, to generate the best connection between the
phonon dispersion relation with the energy generation of EHPs. To do this we make a
fundamental suggestion that each phonon mode is equally likely to become excited by
the energetic particle. If this approximation is true or even close, then we do not need
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to separate the » term for each phonon mode, nor do we need to separate the distinction
between acoustic and optical modes. With this approach, Shockley’s model becomes

Epgir = 22E, + 1E, (3)

Where E,, is the arithmetic average over all phonon modes on the BZ edge.
Mathematically that is:

E_p: %ZpZdEp (4)

Where the sum is over all polarizations (p) and reciprocal space direction (d) therefore
N is the total number of modes.

Initially, it does not appear as if any improvements have been made to the model;
however, E, is determined based on strict physical rules and not an arbitrary (but
representative) optical energy as Shockley proposed. This approach argues that the
parameter 7 is now less of a ‘fudge factor’ and can be useful in describing the materials
studied.

For predicting ionization energy, the refined model uses average phonon energy at the
BZ edge (Equation 3 and the values in Table 1) and, treating r as a fitting parameter,
produces similar results as the Shockley model (Equation 2 with E; as the LO phonon
at the ['-point). The results from our model in Figure 1 (green dots) match the data as
well as, if not better than, the Shockley model (blue triangles). The results of each fit
are given in Table 1, where we see the uncertainty associated with the » value in the
Shockley model is 20% with an average error in the ionization energy of 0.93 eV, and
the uncertainty of the refined model is 16% with an error in the ionization energy of
0.82 eV. Even though this does not seem like a dramatic improvement to the fit, we
recognize the only difference between the models is the energy used in the phonon
term. Because the average phonon energy is uniformly lower than the maximum, more
phonons will have to be produced if both models are to predict the same ionization
energy, hence the difference in . This improvement does not radically change the
effective purposes of Shockley’s work; however, we have provided a prescription for
the phonon energy based on physical parameters rather than ad-hoc selection based on
presumptions. So, the value of the model is the ability to relate the acoustic
contribution in the ionization process while retaining the simplicity of the model.
Perhaps more importantly, we argue that we have established a better understanding of
the physics that drives the phenomenon.



Figure 1. Using r as a fitting parameter, estimates of the ionization energy are provided for both
Shockley model (Equation 2) and the refined model (Equation 3). The energy gap and the
ionization energy data come from Klein®.
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Table 1. Results of the fit of Equations 2 and 3 using r as an adjustable parameter

Model r RMS (eV)
Shockley 22.3+4.2 0.93
Present work 2934+ 4.7 0.81

Another result that prompted our re-examination of the phonon energy term was the
results of a Monte Carlo simulation that demonstrated acoustic phonons play a
significant role in energy deposition by energy particles®. In fact, simulation results
found that in silicon 30% of the energy of phonons goes directly to acoustic modes’.
However, Raman modes are strictly optical, so Shockley’s model cannot accommodate
this finding. To resolve this, we need a more robust way to estimate the phonon
contributions.

The naive approach is to split the phonon term from Equation 2 into its acoustic and
optical components and specify a weighting factor for each mode i.e.

Epair = 2.2Eg + f(rEp) + (1= (rEp)_ (5)



Where fis the percentage of optical modes (f= 0.7 for silicon according to [9]). We
have also substituted the Raman mode energy (£r) with two phonon energies (E)).
This model has several deficiencies. First, f may or may not be universal depending on
the material. When we apply this model to other materials, this could be another
unknown physical parameter, which will be extremely challenging to determine
without detailed high-level simulations. Second, we have introduced an additional
fitting parameter, r, for acoustic and optical modes. And third, we do not have a
suitable way to select phonon energies.

Like Shockley’s approach in assuming known Raman mode energy is his equation, we
will assume for now that the two phonon energies, E,, are known. We will also assume
that the distribution between optical and acoustic phonon energies is universal or at
least like the split provided by Fang et al., (2019)” such that for silicon (7Ep)o / (FEp)a =
0.7/0.3 = 2.3. With these assumptions, we reduce Equation 5 to one unknown
parameter.

Epair = 2.2E5 + 14(rE,) = 2.2E5 + 33(rE,) (6)

As soon as we fit one », we know the other if we know the split or the value for - Now
the question becomes: how universal is the 70:30 split between acoustic and optical
phonons?

To address this question, we first consider what the split means. We are essentially
computing a weighted average of energy deposited into phonons based on assumptions
about which phonon modes are involved. The energies we choose for E, for each
branch are also somewhat arbitrary. Instead, we propose a new strategy that doesn’t
involve approximations of phonon energies. The phonon energy selection criteria go
like this:

1. Tonization due to an energetic particle is an instantaneous event that also
creates disturbances in the atomic equilibrium locations (i.e., phonons)

2. These disturbances are highly localized meaning they do not extend far
beyond the track locations whether we are considering the primary ion or
secondary particles.

3. The wavelength of the phonons associated with the disturbances must be
small. The only long-wavelength phonons that could possibly be created
would be acoustic modes whose wavelengths are oriented along the ion track.
The probability of these, however, is exceedingly small, and the number of
long-wavelength phonons would be negligible compared to short wavelength
phonons.

4. The smallest wavelength that the phonons could acquire is on the edge of the
BZ. This is contrary to Shockley’s model for Raman modes, which are
strictly at the center of the BZ.



5. We add up the energies of the modes at the BZ edge and divide by the
number of modes (mathematical representation like Equation 4). The
approximation here is that the energetic particle has significantly more
energy than any of the phonon modes (E; >> E,). Therefore, all phonon
modes are equally likely to be excited by the energetic ion.

To verify our approach, the optical/acoustic split (O:A) is calculated for silicon. Table
2 shows the approximate energies of the phonon modes at the X and L edges of the BZ
used to calculate the O:A ratio’. The directions were chosen because they make up
most of the area on the BZ surface and have high symmetry dimensions. Because of
this, the energies in the other directions will not be significantly different from the X
and L directions. Summing the total acoustic and optical energies (accounting for
degeneracies in the transverse modes) shows that the ratio of optical and acoustic
energy is O:A=68:32 — almost exactly what Fang et al., (2019)° found in their Monte
Carlo simulation results.

Table 2. Values for phonon energies in silicon at BZ edges (in cm™)!?

Direction Type Acoustic Optical

X TA 146 466
LA 414 414

L TA 111 494
LA 378 419

Sum 1306 2753

% 32.2 67.8

If this approach is a valid way of determining the ratio between acoustic and optical
energies, then we have a less heuristic model than Shockley’s. In addition, we have
eliminated the need for the parameter f'in the ad-hoc model to introduce acoustic
modes into Equation 5. Instead, we have a more robust algorithm to determine the
value of the O:A ratio explicitly. Our goal is to verify the validity of this model against
detailed Monte Carlo simulations. Although we are somewhat limited in the number of
materials we can simulate, we have calculated this ratio in silicon, germanium and
gallium arsenide. In our study we set out to prove the following hypothesis: is f'a
universal value in materials and with this knowledge can we reveal a connection
between the phonon dispersion relation and the average electron-hole pair energy?



I1.

Theory

A.Band Structure and Diagram

We first need to understand the energy transfer mechanism from photons to electrical
signals. The incident photon converts its energy into electrical current by exciting
valence electrons, giving them sufficient energy to cross the band gap and continue as
a conduction electron where it is free to move about the material. Similarly, this
process can be viewed as a “hole” moving from the conduction band into the valence
band after receiving sufficient energy from the incident photon. Ultimately the
photogeneration process converts light energy into electrical energy, and the effects of
highly charged particles traveling through the material are studied.

Although the photogeneration process exists in neutral materials alone,
experimentalists typically study these effects with materials in the form of pn junctions
which are assumed to have no free carriers present which could interfere with transport
calculations. In the example of silicon (a group IV material), experimentalists may add
trace amounts of either group III or group V materials into the silicon lattice to affect
the electrical properties (doping). If group V atoms are added to the lattice of silicon,
an extra unbound electron is free to move about the material. Similarly, if a group III
material is added to the lattice, there is an absence of an electron and therefore the
electrical properties are changed again. If the silicon material is doped with group V
elements, it is said to be n-fype, while materials with majority group III atoms added in
the lattice are defined as p-fype materials. Note that the added amount of doping into
these silicon lattices is small, much less than what would be considered an alloy.

The n and p materials exhibit independent electrical properties, but when put together
to form a pn junction, their electrical properties complement each other. The excess
electrons from the » material and the holes from the p material naturally diffuse toward
each other and form a charge neutral “depletion zone (DZ)” which is extremely
sensitive to electronic disturbances.

To fully describe the characteristics of free carriers (holes and electrons)
mathematically, we first need to understand their distribution at thermal equilibrium
among their allowed energy states. Because the number of free carriers is large, we can
apply the laws of statistical mechanics to determine physical properties. Because these
particles are subject to the Pauli exclusion principle, their energy distribution function
is the Fermi-Dirac distribution function denoted as fp(E).
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fo(E) =

1+exp
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Where Eris the reference energy called the Fermi level, £ is the Boltzmann’s constant,
and 7 is the temperature. Simply, the Fermi function describes the probability that a
state of energy, E, is filled by an electron for a given temperature. The Fermi function
only represents the probability of occupancy and cannot alone specify the electron
population probability at a given energy. To find that probability, we need to define an
expression describing the information about the density of states as a function of
energy. We denote this expression g(E). The distribution of elections as a function of
energy can be found from the product of the density of states and the probability
function within a small interval dE. If we want to describe the total density of
electrons in the conduction band, we can evaluate as shown.

n= fconductionband fD (D) g(E)dE (8)

In n type materials, there is only a small number of states in the conduction band that
are filled because the Fermi function in that band is very small, and the Fermi level is
well below the conduction band. Therefore, because the difference between the
conduction band energy, E., and the Fermi energy, Er, is much larger than k7, the
Fermi energy of Equation 7 reduces to the Boltzmann factor.

fin(E) = exp [ )

kT

Using this distribution function in Equation 8, yields a simpler expression for carrier
concentration in the conduction band.

n = N.exp [_EZ;EF] (10)

Similarly for hole concentration.

—Ep—E,
p=Nexp [ (1)
Where N. and N, represent the density of electrons and holes near the conduction and
valence band, respectively.

In n doped materials (n>>p), the energy difference between the conduction band
energy and the Fermi energy is much less than the energy difference between the
Fermi energy to the valence band energy. In an intrinsic (non-doped) material n=p;
therefore, we can say that the Fermi level is at the center of the gap between



conduction and valence band energies or Er = (E.+EFr)/2 = E, also called the intrinsic
Fermi level. E; is a useful tool in solid state physics because it is frequently used as a
reference level when describing extrinsic semiconductors. We can describe the
intrinsic carrier concentration, #; in terms of E..

n; = Nyexp (12)

And Equations 10 and 11 can be written.

n = n;exp [%] (13)
p = nexp || (14)

When Equations 13 and 14 are multiplied together, we arrive at the Law of Mass
Action.

m=n2 e (13)

When written qualitatively, we typically express the characteristics of a device by its
band diagram. For a more detailed derivation of Equations 7-13, see Ref. 12.



Figure 2. Example of band diagrams for intrinsic, n-type, and p-type semiconductors’’ Note the
location of the Fermi energy level and its relative position to the center of the band gap.
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When discussing the pn junction, we first analyze how the Fermi level is oriented to
fully describe the operation of the device. Acting as stand-alone semiconductors, we
can see from Figure 2 that both the p and the # type devices are independent from each
other and that their band diagram Fermi levels do not interact. First, we can represent
the n-type device as number 1 and the p-type device as number 2. Both systems have
their respective density of states, g(E). Of these states we can say that n(E) of them are
full and v(E) of them are empty. From Equation 7, we can write

1
{E_EFLZ)] (14)

1+exp[ *T

fDl,Z(E) =

And we can relate v, 2(E), n;2(E), and g; 2(E), by writing the filled states density and
vacant state density, respectively.

Ni2 = J1,2Xfp1,2 (15)

V12 = 912X(1 — fp1,2) (16)

10



If we bring both systems into immediate contact, the electrons will transfer between
them and equilibrium is reached when there is no net transfer of electrons. Note that
equilibrium does not mean all processes are finished but rather every process and its
inverse are occurring at the same rate. Equilibrium can be expressed mathematically
by stating the transfer probability is proportional to the population of electrons
available to transfer and proportional to the density of available states to which
electrons can transfer. Because of the Pauli exclusion principle and the quantum nature
of states, at thermal equilibrium we can write

N XV, = NyXV; (17)
Therefore, combining Equations 15-17, we have

fp191(1 = fp2)g2 = fp292.(1 = fp1) g1 (18)

019192 = 029291

Equation 18 can only be true if fp;=fp: or, using Equation 14, if Er;=FEr>. We have
established any two systems in thermal equilibrium have the same Fermi energy.
Appling this conclusion qualitatively in band diagram form, if we have a non-
uniformly doped n-#ype semiconductor at thermal equilibrium, its band diagram may
look like Figure 3.

Figure 3. Example of non-uniformly doped n-type semiconductor at thermal equilibrium with
doping Nai for 0<x<a and Ng for x>a where Nai>Ng2'2. (a) denotes different doping levels
between 0<x<a (b) describes changes in energy bands as doping level changes between 0<x<a
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E— Naz T E

(i) (B

When applying this concept to the pn junction, the Fermi level is constant while in
equilibrium. The band diagram will be like Figure 3 but note the energy level
differences between the Fermi level and the intrinsic energy level and how the bands
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of the conduction band, valence band, and intrinsic energy bands bend to create a
potential barrier (see Figure 4).

Figure 4. Band diagram example of a pn junction with no bias applied’’
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The depth of the band bending and the length of the depletion region (or depletion
zone) can quantitatively be described using Poisson’s equation.

4 _p_4a

dx & € (19)
Where E is the electric field, p is the charge density, € is the material permittivity, p/n
are hole and electron density with respect to length, N4 ~ is the acceptor concentration,
and Np " is the donor concentration. To solve this equation, we apply the depletion
approximation which states the following:

1. Electric field is confined to the junction region, and there is no electric field in
the quasi-neutral regions (region outside of the depletion zone)

2. No free carriers in the depletion zone (p(x), n(x) =0).

3. Abrupt doping profile (N4 ~and Np " are constant in their respective regions)

4. All dopants are ionized (Np “= Np, N4~ = Na)

Applying this approximation to Equation 19 becomes

dE _p_4a (20)

dx £
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Where p =-gN4when —x, < x < 0and p = gNp when 0 < x < x,,. Integrating Equation
20 and solving for the integration constants using the depletion approximation (£
(x=x,)=0 and E(x=x,)=0) yields

E="T4(x+x,) 1)
E =%2 (x, - x) (22)

The maximum electric field occurs at the junction between the n and p regions. We
also know that the electric field must be a continuous function; therefore, setting
Equations 20 and 21 equal gives Nax, = Npx,. The equation states that the total charge
on one side of the junction must equal the charge of the other. Because the electric
field is confined to the depletion region, the net charge equals 0 in that region.
Graphically, results of Equations 20-22 are shown in Figure 5.

Figure 5. (a) Doping concentration in a pn junction (dotted lines exaggerated) and the solid line
represents charge using depletion approximation. (b) electric field of pn junction’”
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To solve the voltage of the device, we integrate the electric field. Because we are
usually more interested in the potential difference of the junction, we arbitrarily set
one side to 0, in this case the p side, such that at x= x,, V=0. Applying the boundary
condition that voltage must be continuous across the junction from both sides, the
maximum voltage across the junction is at x=x,. At this point we define the voltage as
the built-in voltage, V5.

VO = Zq_g (NDX%_ - NAXIZ)) (23)
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Rearranging and applying N.x, = Npx,, we solve for x, and x;.

X, = [ZSVO 1\]—1)]1/2 (24)

q Na(Ng+Np)

X, = [ZSVO 1\]—14]1/2 (25)

q Np(Nag+Np)

And define the total depletion wide, .

2eVy [ 1 1\1%/2
W=xp+xn=[q (E+E)] (26)
The built-in voltage can also be calculated by knowing the doping densities of the

device and can be solved independently. For a complete review of the derivation see
Ref. 15.

Vo=[22(-+ i)]l/2 27)

q \Np Np

Up to this point, we have only considered the junction to be in thermal equilibrium.
When we apply a bias to the system, there will be an abrupt jump in allowed electron
energies, making it more difficult to cause a net transfer of electrons i.e. manipulating
the potential barrier. Applying this potential barrier, V4, changes to Equation 26 yields
the completed form of total depletion width. Note the built-in voltage of Equation 27 is
unaffected by an external applied bias.

W = xp + 2 = [V (L LY (28)

q Np Np

In Section III of this paper, we will explore how manipulating various parameters of
Equation 28 affects the photogeneration process and the energy deposition due to
charge carriers throughout the device.

Another effect that causes the Fermi level in the device to be at non-equilibrium is to
introduce a disturbance by excitation such as a radiation effect. To analyze this, we
introduce the concept of quasi-Fermi levels. We define these levels to preserve the
relationship between intrinsic-carrier density and electron and hole densities for
thermal equilibrium like in Equations 13 and 14. Under this non-equilibrium scenario,
we define a quasi-Fermi level for both electrons and holes, Er, and EFr,, respectively.
We then relate this to the quasi-Fermi level to determine how much of a disturbance
occurs from equilibrium conditions.
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Epp = E; + In (ni) (29)

Epp = E;+In (£) (30)

n;
In this non-equilibrium condition, Equation 13 no longer applies. Instead, it becomes

np = nfexp [(Epn — Erp) /KT (31)

In the disturbance created by incident radiation, the photogeneration process creates
excess hole and electrons which add to the pre-disturbed hole and electron
concentrations. For example, in the case of a n-type semiconductor, the incident
radiation (photon) may create several orders of magnitude of holes and electrons
depending on the energy and intensity of the incident photon. Appling Equation 13 for
silicon at room temperature, if the hole concentration of this semiconductor is on the
order of 10'7 /cm?, the hole concentration is 10° /cm® assuming n~=10'" /cm®. If light is
shining on the device and creates 10'? /cm? electron-hole pairs, the hole concentration
does not change appreciably (10'7 + 10'? = 10!7 /cm?), while the hole concentration
increases significantly (= 10'*/cm?). This causes a large change in the difference in
energy from the intrinsic energy level in the device. However, shining light or
irradiating a device to create EHPs only greatly change the minority-carrier densities
in the device unless the irradiation effect is so large that it creates EHPs near the order
of the majority carrier densities.

In the eternal honor of Herbert Kroemer and his, “Lemma of Proven Ignorance": “If,
in discussing a semiconductor problem, you cannot draw an Energy Band Diagram,
this shows that you don't know what you are talking about, with the corollary If you
can draw one, but don't, then your audience won't know what you are talking about.”
With the two effects causing non-equilibrium conditions in the pn junction, the reverse
biased junction with photogeneration may look like Figure 6. This band diagram will
the basis for the Monte Carlo simulations run during this experiment.
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Figure 6. Band diagram of reversed biased pn junction with photogeneration
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B. Full-Band Monte Carlo Simulations

Building from Fang et al., (2019)°, our goal is to apply the Monte Carlo simulation to
other materials to verify our approach. We will use the same Monte Carlo software
Anduril (also known as DAMOCLES) to generate the optical/acoustic phonon split for
as many materials as possible.

Anduril is a semiconductor device simulation program that solves the Poisson and
Boltzmann transport equations self-consistently using a Monte Carlo approach. The
Poisson equation is solved in two (real space) dimensions, while the Boltzmann
transport equation is solved in three (wavevector space) dimensions. Anduril makes
the following approximations to arrive at a semiclassical description of charge
transport in semiconductor devices:

1. The ‘effective mass approximation’ is embraced such that the electronic
wavefunction in a crystal can be factored into a periodic (Bloch) component.
This approximation allows particles to be represented as free particles (plane
waves) associated with the envelope wavefunction. The structure of the crystal
only appears in the dispersion relations of the carriers, expressing kinetic
energy in band, v, as a function of crystal momentum, £.

2. The dimensions of the structures of interest are much larger than ‘envelope’
wavelength of the carriers. Thus, the particles can be described by wave-
packets sufficiently ‘well localized’ in real and reciprocal space. In other
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words, their localization in phase-space can be identified with a single point of
position 7 and momentum k.

3. The scattering kernels are considered ‘semiclassical’ objects (i.e., implying
instantaneous, uncorrelated, and complete collisions). Each scattering potential
is localized in space and time.

4. The time dependance of the phenomena involved is slow enough to allow the
use of electrostatics in lieu of the full set of Maxwell’s equations.

Anduril is designed as a high-fidelity physics code to solve the Boltzmann transport
equation and can simulate the carrier dynamics excited by low energy particles (i.e.
photons, holes, and electrons). It can also account for energy loss mechanisms
associated with EHP creation, making it the ideal software for our approach. Anduril
uses a synchronous ensemble Monte Carlo technique to solve the Boltzmann transport
equation using the full electronic band structure to derive carrier kinetics (energy-
momentum relations and group velocity).

The Boltzmann transport equation,

Of (En(k),1.t dk d Of (En(k),T,
YLD o B e f (B (), 7, 1) — E X V, (B, (R), 7, 1) + (L2 (32)

describes the special and temporal change of the carriers’ distribution function, f(E,, r,
1), which depends on carrier energy, E,(k), position #, and time %, It is based on
overall changes originating from carrier drift, diffusion, and scattering. The carrier
energy, E,(k), is based on band index, n, crystal momentum, &, which is described well
using their full electronic band structure. The carriers drift under the influence of the
electric field, changing their momentum. Knowing the electric potential throughout the
device, the resulting electric field and the carrier group velocity are used to solve the
required equations of motion between scattering events. Carriers may also diffuse with
a gradient of carrier concentration or scatter with phonons which may change their
electronic states.

A large consideration in the software chosen is how the simulation handles carrier
scattering with phonons. Anduril determines the scattering rate for an electron or hole
of crystal momentum, £, in band, v, with phonons of the 6 different branches:
longitudinal or transverse, acoustic or optical, existing in semiconductors of diamond
or zinc blende structures. The scattering rate is treated within the Born-Oppenheimer
approximation by assuming that the core electrons respond instantaneously and to the
first order in the electron-phonon interaction potential (Fermi Golden Rule), thus
ignoring many phonon processes within the rigid pseudo-ion approximation (i.e.,
ignoring local field corrections arising from off-diagonal elements of the dielectric
function). With these considerations in mind, Anduril is an appropriate choice as
simulation software to justify our approach.
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III. Simulation Results

A. Device Development

This section describes the systematic approach taken to develop the simulated pn
junction required to evaluate our hypothesis. Anduril uses an input deck with device
specifications including meshing and physical size of the device information used to
solve Poisson’s Equations spatially, the doping levels and locations within the device
and how the doping is organized (constant, gaussian etc.), simulation time, photon
energy strength and deposition, and applied voltage to contacts.

Starting with the simulated device used in Fang et al., (2019)°, we undertook a series
of adjustments to the device to fully capture the energy deposition phenomena and the
calculation of ionization energy. Their device has the following parameters: a silicon
device measuring 1 pm in length in the x-direction and 0.25 um in width in the y-
direction, donor and acceptor concentrations at 10'® cm™, respectively, which results to
a 0.72 V built-in potential, and a depletion width of 0.4 um with no bias applied,
which is consistent with Equations 27 and 28. The irradiated region encompassed half
of the depletion width from 0.4 to 0.6 um, which is the most charge sensitive portion
of the device. They illuminated the device for 7ps with varying photon energies
ranging from 3.6-10.8 eV with a photon density of 5 x 10?7 cm™s!. The device’s
carrier transport was simulated for 40ps.

The goal for Fang et al.’s device was to use known material properties for comparison
to justify the validity of the device. In our case for silicon, if we illuminate the device
over a range of various photon energies and collect the current, we can integrate over
the created curves to calculate total energy deposited. If we compare the energy
deposited to the energy of the incident photons, we can calculate quantum efficiency
or quantum yield (QE or QY). If we then plot the results and perform a linear fit, the
inverse slope generated represents the average electron-hole pair energy. This value
can be compared to a known material value and will validate that the device
performing as close to a real device as possible.
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Figure 7. Calculated photocurrents from the left contact for various photon energies. Illumination
began at /=0 until ending at /=7ps. Currents averaged over a time span of 1ps.’
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Figure 8. Dependence of the QE on incident carrier energy. The blue dashed line indicates unity
of QE. The red dashed line indicates fitted linear relationship between QE and incident particle
energy. The inverse of the slope corresponds to EHP creation energy of 3.69¢V in silicon.’
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In the findings reported in Fang et al. (2019)°, the inverse slope generated in the

silicon device was 3.69 + 0.11 eV, which agreed with experimental findings
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Note that Shockely-Read-Hall recombination and Auger recombination are not
significant at the small times scales considered.

We will make a series of adjustments to the device including changing doping levels,
irradiation region, bias/field strength, length of device, and photon density to ensure all
charge carriers are thermalized and collected. For the remainder of Section III A, we
will only consider the changes of these effects in silicon; we will then apply the results
to other materials as explained further in Section III B.

i.  Doping Effects/Illumination Region Variance

Our first parameter investigated was exploring the effects of changing doping
levels and area of illumination and its effects on quantum efficiency (QE). As
stated in the previous section, the methodology of device development will
involve holding as many parameters constant as possible to evaluate the effects
of one change to the device. In this section, the device size was 1 um x 0.25 pum,
photon density of 5 x 10>’ cm™s™!, with no bias applied.

The size of the depleted region is calculated using Equation 28. To do this, we
select the magnitude of doping levels, keeping the hole and election
concentrations the same (i.e., hole concentration is the p region equals the
electron contribution in the n region). In Figures 9 and 10 shown below, we show
the effects of varying this parameter.
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Figure 9. Current produced by 5 eV photons by devices with varying doping amounts and
depletion region sizes
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Different than previous work, in this simulation, the entire depletion zone is
illuminated as specified in Figure 9. The “H” denotes that half of the depletion
zone is illuminated, which is consistent with previous publications’. Like in
pervious publications, we can qualitatively observe the buildup of charge carriers
and current during the 7ps “turn-on” of the device from 13 to 20ps. Shortly after
the photons “turn-off,” a maximum current is achieved, and a decay is observed.
Rather than monitoring the charge collected at only the left contact like that
shown in Figure 7, we calculate the average current by summing the current
contributions from holes and elections and dividing by 2. Although there is not a
large difference in magnitude between the two currents, we consider the full
energy deposition of the device rather than considering only half the current
collected.

Qualitatively, we can describe the decay of current as slower as the irradiation
region becomes larger. This is due to the relatively large distance the charge
carrier travels before it is collected at the contact. This effect explains why in the
0.9 depletion size curve (red line in Figure 9), the decay after about 23ps takes a
longer time to equilibrate than the 0.3 curve (blue curve).

Other differences in our simulation compared to the previous work shown in

Figure 7 include the simulation time considered. In Figure 7, the simulation
began with illumination “turned on” at t=Ops with the device returning to
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equilibrium by the time t=40ps. In our device, the first 8ps are not shown
because they are considered startup transients that are not physical and may
mislead the effects we are describing. To account for this, we increase our
simulation time to 80ps to ensure the device returns to equilibrium and the
effects of the photon strike are fully captured. This technique greatly increases an
already expensive simulation time. On average, with 10,000 Monte Carlo
particles simulated (Anduril ensemble method super particle used in the
software), 1ps of simulation time equates to roughly 90 minutes of real time.

[lluminating the entire depletion zone introduces some error as the differences in
the depletion approximation come into effect. We acknowledge that this error is
very small and does not have a large effect when the curves are integrated to
calculate quantum yield as shown in Figure 10. In Fang et al., (2019)°, the
illumination region was half of the depleted region, which is the most charge
sensitive region of the device. A portion of this investigation was to determine if
that decision played a large role in studying the effects of quantum yield.

Figure 10. Quantum yield of various photon energies with different depletion zone sizes and
illumination areas.
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Qualitatively, it would be fair to deduce that the largest curves observed in
Figure 9 would produce the largest quantum yield. This is incorrect as the
investigation keeps the photon density constant, but the quantum yield
calculation normalizes the energy input into the device relative to area
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ii.

illuminated. This results in the curves with the largest depletion resulting in the
lowest quantum yield on average.

The goal for the investigation was to determine if the depletion zone size (and by
extension doping magnitude) would play a significant role in determining the
quantum yield and, more importantly, validating the device by attempting to
replicate an average 3.6 eV EHP creation energy denoted by the inverse slope of
the curves. The energy range chosen in this investigation was a linear function
ranging from 3.9 eV to 10.8 eV. Shown in Figure 8, if the quantum yield
relationship with photon energy is linear above a threshold energy, the energies
chosen for this investigation should not have a different effect on the behavior of
the quantum yield curve. In all energies considered, the quantum yield always
resulted in a value greater than unity, which is consistent with previous work like
that shown in Figure 8.

In all cases, the resulting average EHP energy resulted in values less than the
known material property value of 3.6 eV. In most cases the inverse slope value
does remain within the error found in previous work. The values of quantum
yield are still mostly in agreement with each other with fair precision.

The behavior of each case remains constant, even in the relation to the average
slope (i.e., the quantum yield of the lower energies is lower than the average and
are about the average in the high energy range). This indicates that rather than a
linear relationship as previous thought, there must exist high order effects that
produce an “S” behavior between the relationship of photon energy and quantum
yield. This behavior is explored further in Section III B.

A valid criticism of this investigation is the lack of awareness of sufficient mean
free paths for carriers to fully thermalize prior to collection from a contact. For
example, if a carrier is created near a device contact and travels only a short
distance to be collected, the carrier on average will not thermalize and deposit all
its energy before disappearing from the system. A carrier with relatively large
energy may have the ability to create another EHP, which would contribute to the
overall quantum yield; but if it is collected prior to that event, then the current
would not be accounted for. Because of this, a reverse bias was applied, and the
device size was expanded to ensure the carriers have sufficient distance to
thermalize.

Bias/Field Strength

To assist in ensuring the charge carriers are thermalized and accounted for, we
apply a reverse bias to the device. This change is difficult to examine as
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changing the applied bias to the device affects the size of the depletion region
(see Equation 28).

Figure 11. Effects to quantum yield after applying a reverse bias to the device
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At first glance, it is evident that the device is not valid due to the large difference
between the expected average EHP value of 3.6 eV and the values resulting in this
simulation (see Figure 11). However, we can still extract value and explore the
effects of bias versus no bias applied to the device. The two main considerations
to the bias chosen were reverse versus forward and the magnitude of the bias. We
chose a reverse bias because it achieves the effect of sweeping charge carriers to
the contacts and ensures the diode does not “turn on” as even small forward
voltage can result in appreciable current flow if the potential barrier is reduced too
much. The other consideration is ensuring the bias is strong enough but does not
achieve breakdown. When considering the magnitude of the bias, we need to
express what the field strength would be (i.e., voltage per length rather than just
voltage itself). If we maintain a 1 um device, then we need to compare the applied
field to the breakdown value of silicon itself.
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Figure 12. The critical electric fields for avalanche and Zener breakdown in silicon as a function
of dopant concentration’”
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In all cases considered, the applied voltage is well below the breakdown field of
silicon, and we do not consider devices with high enough doping concentration
where Zener breakdown would be applicable (see Figure 12).

We can learn that the applied voltage does not play a role in the quantum yield
directly but increasing the bias does result in the device returning to equilibrium
much faster than a device with no applied bias as shown in Figures 13 and 14.
Note that the investigation of this effect shown in Figures 13 and 14 were for a 2
um device but the effect remains consistent.
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Figure 13. Effects of current under different applied biases
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Figure 14. Effect of quantum yield under various applied biases.
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Length of Device

In this section we will increase the size of the device to increase the chances that
all of the charge carriers are thermalized prior to collection from a contact. Here
we will compare the effects of 1 pum, 2 um, and 5 um devices (increasing in the
direction of transport only). This will allow more distance in bulk material,
which gives the energized carriers a higher chance to scatter and donate their
energy to the mesh/phonons.

Without an applied bias, the time to return to equilibrium for larger devices
increases considerably.

Figure 15. Current produced in a 2 pm device with no applied bias
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At the highest energies tested, the amount of charge carriers increases; however,
due to the large distance required to travel from creation to collection, the time
required to collect all the current increases. As shown in Figure 15, the energy in
the device remains at the end of the simulation time. This effect is drastically
exaggerated in the 5 pm device case. Moving forward, to continue studying the
effects of increasing the size of the device, an external bias is applied, otherwise
the simulation time would be unreasonable.

To keep as many parameters as constant as possible between the devices, it is more
appropriate to maintain the field strength constant and the magnitude of the bias,
which allows the conditions within the device to be as comparable as possible.
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Figure 16. Current of various photon energies in a 1 um device
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Figure 17. Current produced with various photon energies in a 2 um device
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Figure 18. Current produced with various photon energies in a 5 um device
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When a constant field strength is applied to each device and doping is set such
that each device retains the same width of depletion region, the differences in
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quantum yield result in statistical parity. Error bars indicate one standard
deviation resulting in 5 different seeds measured for the same device.

Comparing the devices proved difficult because there are many differences
between the devices. To keep the field strength consistent, a larger external bias
needed to be applied to the largest device. Due to this (applying Equation 28),
each material required a different magnitude of doping levels to maintain the
depletion region size consistent. We see in Figure 19 that regardless of the size
chosen, the quantum yield remains relatively constant.

From this analysis, we chose to use a 2 um device as it ensures all charge carriers
travel sufficient length through bulk material and scatter to thermalize before
being collected by the contacts.

Photon Density

In Fang el al., (2019)°, the photon density used in their device was 5 x 10*” cm™
s’ Using Anduril output files, an animation can be created to track the location
and energy of the super particles which represent charge carriers. As expected,
the largest amount of charge carriers are created in the location where the photon
strike occurs, and the carriers quickly thermalize as they travel in different
directions towards the contacts. In Fang el al., (2019)°, they publish a screenshot
of this animation at the time of initiation of the photon strike shown in Figure 20.
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Figure 20. Special distribution of Monte Carlo particles superimposed on the energy band diagram under
illumination of 6.3-eV photons. The colormap indicates the carriers' kinetic energy in electronvolt. By convention,
electrons are assigned a positive kinetic energy, whereas holes are assigned a “negative” kinetic energy sign.
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However, during and after the photon strike, an extreme number of EHPs are
created such that the energy band diagram changes to represent a resister with the
potential barrier eliminated almost entirely. To correct this and maintain the
potential barrier, we lowered the photon density. The density was chosen to
accomplish two goals: maximize signal-to-noise ratio and maintain the potential
barrier.
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Figure 21. Special distribution of Monte Carlo particles superimposed on the energy band
diagram under illumination of 6.3-eV photons. The colormap indicates the carriers' kinetic
energy in electronvolt.
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When lowering the photon density to 8 x 10*® cm™s™!, we can accomplish the
two goals stated above as shown in Figure 21. Based on the remainder of the
animation, we can also qualitatively state that the energized carriers are
effectively thermalized by the time they are collected by the contacts at the ends
of the device.

We applied this density to each of the three materials discussed in the next
section and at no time was there a large impact on the potential barrier
throughout the illumination process.

Throughout the development process, we investigated the effects of adjusting
doping levels, bias strength, length, and photon density. For the three materials
studied, we maintained as many parameters’ constant as possible. We ensured all
devices maintained 1 V of reverse bias, were 2 pm in length with half of each
device a p region and half an » region, and we maintained 8 x 106 cm> s as our
photon density. Due to differences in permittivity, the doping amounts are
required to be different to maintain the same 0.4 pm depletion region. Photon
illumination time, simulation time, and number of Monte Carlo particles
remained constant.
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B. Device Results

1. Silicon

Figure 22. Current produced by various photon energies in Si
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Quantum Yield

Figure 23. Quantum yield produced by various photon
energies in Si
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In the fully developed silicon device, the qualitative behavior of current is like
previously published work’. Throughout the 7ps photon strike irradiating half of
the 0.4 um depleted region, EHPs are being created. The highly energized charges
are forced to either contact due to drift and diffusion and scatter with the lattice to
either create more EHPs, if they have sufficient energy, or create phonons and
change their momenta. Over time, the device relaxes to its pre-strike equilibrium
condition as shown in Figure 22.

If we integrate the current plot produced by these photon strikes, we can calculate
the energy resulting from the photon strike. If we compare that energy to the
energy of the photon strike itself before interaction with the device, we can
calculate a quantum yield (i.e., integrated current/(Nphoton X irradiation time x
irradiated region (0.4/2 pm)). Repeating this calculation for all currents produced
by different photon energies produces Figure 23.

The inverse of the slope produced by the values of the quantum yield produced an
average EHP energy. For this method to be successful, the data were assumed to
produce a linear region and have a “threshold energy” in which the data behavior
changes from constant, like in energies prior to 4.64 eV, to a linear trend like those
seen in energies above the threshold energy. To efficiently calculate the threshold
energy, we normalized the quantum yield plot by taking photon energy and
dividing the quantum yield. This method allows us to visually see the threshold
energy and to better calculate the average EHP energy produced as shown in
Figure 24.

Our reported value of average EHP energy in silicon resulted in 3.47 + 0.05 eV.
The generally accepted material property of this value is agreed to be 3.6 eV'!-1>:1°,
The 3.6 eV value is typically a result of high energy x-ray experiments using real
pn junctions. Because this percent error is less than 4%, we argue that this should
be an acceptable value with the differences attributed to real and ideal conditions.
With this result, Anduril is a proven and valid tool to discuss phonon contributions
in pn devices.
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Figure 25. Acoustic and optical phonon scattering
events for 9 eV photons in Si
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To evaluate our hypothesis involving the optical/acoustic phonon energy split
frequency, we first calculate the charge carriers’ total energy lost to phonon
scattering events. As shown in Figure 25, most of the energy change occurs with
interactions involving optical phonons. After integrating both acoustic and optical
scattering events curves to calculate the total energy lost to phonons, we can
determine how much energy is lost to either optical or acoustic modes. In this case,
the O:A energy split was determined to be approximately 70/30, which is in
agreement with the phonon dispersion relation predictions shown in Table 3. This
split was also independent of photon energy and even photon density used during
device development in Section III A.
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Figure 26. Current produced by various photon energies in
Ge
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Figure 27. Quantum yield produced by various photon
energies in Ge
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Figure 28. Normalized quantum yield produced by various
photon energies in Ge
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Like silicon, germanium exhibited very similar qualitative behavior. In Figure
27, like in Figure 3, we can see that there is a flat region in the quantum yield
curve before turning into a liner relationship with photon energy. When plotted
on the normalized scale as seen in Figure 28, we can see a similar behavior to
what silicon produced. Due to limitations in the software, the energy values used
were different than those of silicon. Germanium’s lower energy limit was less
than silicon’s but also had a lower higher limit of usable photon energy.
Germanium’s threshold energy was determined to be 2.76 eV.

Germanium’s average EHP energy resulted in 2.53 + 0.05 eV, which again is less
on the community agreed upon value of around 2.80 eV'®!° with 9.6% error.
These differences can be explained as differences in real versus simulated
devices but close enough to maintain validity of our approach.
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Figure 29. Acoustic and optical phonon scattering events
for 6.80 eV photon in Ge
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Showing similar results to silicon, germanium’s charge carriers majority lose
energy in scattering events with optical phonons. Although not in perfect
agreement with Table 3 values, our simulation resulted in an O:A split of 63:37,
which was underpredicted by about 5%.
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Figure 30. Current produced by various photon energies in
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Figure 30. Normalized quantum yield produced by various
photon energies in GaAs
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Gallium arsenide’s threshold energy was the highest of the three materials, which
was expected due to having the largest band gap. The threshold energy was 5.09
eV with an average EHP energy of 3.98 &+ 0.05 eV. Accepted values of EHP
energy yield around 4.18 eV?*?!, producing an percent error of only 4.8%.

Like the other materials, the qualitative behavior remains consistent in the shape
of the curves with quantum yield and normalized quantum yield. Gallium
arsenide had the lowest range of photon energy values to choose from between
the threshold energy and the maximum energy allowed by the software.
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Figure 31. Acoustic and optical phonon scattering events
for 8.0 eV photon in GaAs
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Similar to the other two materials, the O:A split resulted in 68.9:31.1 with the
phonon dispersion relation predicting 67.7:32.3.

Overall, of the three materials tested, silicon, germanium, and gallium arsenide,
the average EHP energy values resulted close to the measured material property
values. Their O:A phonon energy split has resulted in very close agreement to the
predicted values in Table 3.

We observe that the ratio for all materials is reasonably close that that of silicon,
except for materials with particularly large phonon band gaps (e.g., PbS), which
have a high percentage of optical modes, and materials with small phonon band
gaps (e.g., C-diamond), which has more equal distribution of energy between
optical and acoustic modes. It is not surprising that the distribution we calculate
is inversely proportional to the phonon band gap.
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Table 3. % optical, % acoustic, Erup, values for several different materials

Material % Optical % Acoustic % Optical % Acoustic | Average Erup Average Erpp
(Literature) (Literature) (Anduril) (Anduril) (Literature)(eV) | (Anduril)(eV)
(Dispersion (Dispersion
relation) relation)

Si 67.8' 32.21" 69.8 30.2 3.66'° 3.47 +0.05

Ge 68.3" 31.7" 62.8 38.2 2.80" 2.53 £0.05

GaAs 67.7" 32.3" 68.9 31.1 4.19% 3.98 £0.05

GaP 73.9% 26.1% 7.80%

PbS 73.2% 26.8% 2.10%

C 57.3% 42.7* 152

CdTe 74.0% 26.0% 4.45%

SiC 65.9% 34.1% 926

CdsS 80.5%° 19.5% 7.25%

IV. Conclusion

Throughout our study, we analyze radiation effects on semiconductor materials and
discuss the connection between the electron-hole pair creation process and a materials’
phonon dispersion relation. We refined Shockley’s 1961! EHP equation by considering
the full phonon contribution to electron-hole pair creation energy rather than the highest
energy phonon. We also set out to determine if the optical/acoustic phonon energy split in
materials was a universal divide or a product of its material property. By using a full-band
Monte Carlo simulation program, we have highlighted a connection between the energy
deposition by charge carriers in a silicon, germanium, and gallium arsenide to their
material dispersion relations eliminating the need for expensive simulation results. This
relationship can be further studied with advancements in simulation techniques when
more materials can be modeled and analyzed.

As shown in Figure 23, 27, and 31, there are some areas of non-linearity between photon
energy and quantum yield. In future work it would be interesting to see how the yield
changes between the Anduril data tables generated from density functional theory and
yield generated from a simple parabolic relationship in electronic band structures. It
would also be beneficial to be able to test other materials in the simulation device to
better prove the hypothesis if /' from Equation 5 is universal and how that knowledge can
be incorporated to refine Shockley’s model further.
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VI. Appendix

A. Silicon Data Values

Table 4. Data values for photon energy, quantum yield, and one standard deviation of quantum
yield in silicon

Energy(eV) | Quantum Yield | Energy/QY(eV)| QY STD
3.30 1.12 2.94 0.060
3.63 1.12 3.25 0.027
3.97 1.14 3.47 0.034
4.30 1.16 3.71 0.014
4.64 1.20 3.86 0.023
4.97 1.31 3.79 0.023
5.31 1.43 3.71 0.046
5.64 1.54 3.66 0.037
5.98 1.67 3.57 0.032
6.31 1.84 3.42 0.053
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6.64 1.93 3.44 0.072
6.98 2.08 3.35 0.020
7.31 2.16 3.39 0.048
7.65 2.30 3.33 0.060
7.98 2.36 3.39 0.032
8.32 248 3.36 0.035
8.65 2.61 3.32 0.034
8.99 2.68 3.35 0.038
9.32 2.74 341 0.030
9.66 2.77 3.49 0.068
9.99 2.83 3.53 0.071
10.32 2.98 3.46 0.064
10.66 3.12 341 0.052
10.99 3.26 3.38 0.054
11.33 3.27 3.46 0.080
11.66 3.42 341 0.100
12.00 3.48 3.44 0.103
12.33 3.60 3.42 0.048
12.67 3.79 3.34 0.048

B. Germanium Data Values

Table 5. Data values for photon energy, quantum yield, and one standard deviation of quantum
yield in germanium

Energy(eV) | Quantum Yield | Energy/QY(eV) | QY STD
1.00 1.08 0.92 0.031
1.34 1.06 1.26 0.028
1.68 1.08 1.56 0.027
2.02 1.08 1.87 0.015
2.37 1.08 2.20 0.031
2.71 1.11 2.44 0.023
3.05 1.12 2.73 0.013
3.39 1.23 2.76 0.017
3.73 1.38 2.71 0.019
4.07 1.57 2.59 0.048
4.41 1.72 2.57 0.038
4.76 1.93 2.46 0.049
5.10 2.10 242 0.015
5.44 2.24 2.43 0.056
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5.78 2.31 2.50 0.029
6.12 248 2.47 0.050
6.46 2.68 241 0.031
6.80 2.80 243 0.096
7.14 2.97 241 0.064
7.49 3.09 242 0.073
7.83 3.18 2.46 0.056
8.17 3.26 2.51 0.055
8.51 3.35 2.54 0.123
8.85 3.45 2.57 0.099
9.19 3.57 2.58 0.113
9.53 3.76 2.53 0.092
9.88 3.90 2.53 0.079
10.22 4.07 2.51 0.078
10.56 4.30 2.45 0.091

C. Gallium Arsenide Data Values

Table 6. Data values of photon energy, quantum yield, and one standard deviation of quantum
yield in gallium arsenide

Energy(eV) | Quantum Yield | Energy/QY(eV) | QY STD
1.50 1.11 1.35 0.026
1.78 1.07 1.66 0.028
2.05 1.08 1.89 0.027
2.33 1.09 2.14 0.036
2.60 1.10 2.37 0.017
2.88 1.09 2.64 0.031
3.16 1.10 2.87 0.009
3.43 1.10 3.13 0.035
3.71 1.10 3.38 0.025
3.98 1.10 3.63 0.031
4.26 1.10 3.88 0.016
4.53 1.10 4.11 0.021
4.81 1.11 4.33 0.029
5.09 1.13 4.50 0.018
5.36 1.21 4.42 0.040
5.64 1.27 4.45 0.037
5.91 1.34 4.40 0.042
6.19 1.41 4.39 0.151
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6.47 1.63 3.97 0.036
6.74 1.71 3.93 0.052
7.02 1.81 3.87 0.037
7.29 1.96 3.72 0.079
7.57 2.01 3.76 0.039
7.84 2.10 3.74 0.017
8.12 2.20 3.69 0.038
8.40 2.31 3.63 0.056
8.67 2.36 3.67 0.059
8.95 2.39 3.75 0.076
9.22 2.39 3.86 0.035
9.50 2.44 3.89 0.029
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