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CHAPTER 1

Introduction to magnetic resonance

Before embarking through the dissertation's contributions to magnetic resonance microscopy
(MRM), chapter 1 will describe some of foundations of magnetic resonance. The concepts
presented are meant to familiarize and aid the reader in interpretation of the dissertation's
results. Commensurate review of MRM such as Paul Callaghargiples of Nuclear
Magnetic Resonance Microscoglyould be consulted for thorough review of the topic and
greatly aided in development of the subsequent chapters. In chapter 2, a thorough descrip-
tion of relevant previous work will situate the dissertation's complementary contributions

to the eld. After the relevant background, the speci ¢ aims of the dissertation will be
described. Chapters 3-5 will deliberate on the aims and describe the experimental and the-
oretical methods used to achieve them. Finally, chapter 6 will comment on the conclusions,

potential improvements, and ideas for future MR microscopists.

1.1 Imaging with magnetic resonance
The concepts presented here are by no means complete and are only meant to give the

reader proper context to interpret the dissertation's contributions to the eld.

1.1.1 The Larmor equation and linewidths

A simple explanation describing why MRI is possible starts with the Larmor equation [3]:

Wo = gBo (1.1)

wherewy is the Larmor frequencyg is the gyromagnetic ratio of the nucleus, @glthe
applied magnetic eld. FotH nuclei,g= 2p 42.58 MHz/T. Two observations should be
noted: 1) For 1-15 TesldH imaging, the precession frequency is 42-647 MHz or radio



frequencies (RF) with well established protocols and devices to achieve resonance. The
precession of isochromats, or groups of nuclei, allows transfer of information from the
molecular level to interpretable signals effectively bridging two worlds. 2) By deliberately
modifying the magnetic eld across space, the frequency of precession becomes spatially
dependent. By applying a magnetic eld gradi@(x), atH ridden space is discretized
across a frequency distribution. This is the basis for frequency encoding further described
in ch. 3. Similarly, each isochromat has a corresponding net phase which may be encoded.
The following derivations follow the approach taken by Farrar and Becker [4]. Deriving
the Larmor equation follows from simple identities in quantum mechanics. Along with
3H, 13C, 19F, and3'P, 'H nuclei have a non-zero magnetic dipole momenwith spin
guantum numbel = 1=2. From elementary quantum mechanics, a nucleus of quantum

spin numbet has 2 + 1 of energy levels quantized with differences in energy [5] given by

DE = mBg= (1.2)

wheremis the nuclear magnetic moment given by
m= gp = g} (1.3)

wherep is the angular momentum andis Planck's constant overp2 The Bohr model

dictates the frequency needed to transition between energy states:
hfo= DE (1.4)
Substituting equations 1.2 and 1.3 into equation 1.4 yields

fo= 950 (1.5)

or the Larmor equation. Nuclear spin aside, MR may be completely described using



classical and statistical mechanics [6]. Confusion arises when discussing the spin-states of
singular'H nuclei. Single nuclei are more appropriately described by quantum mechanics
as existing in a super-position of the21 energy states. However, standard MR techniques
typically deal with ensembles of nuclei, or isochromats, subjected to a sBgndhus

the net magnetization() is described classically using the ‘compass in a dryer' analogy.
The net magnetization is determined by a Boltzmann distribution of the two energy states
with equilibrium slightly favoring alignment with the external eld. After perturbation

of the net-magnetization with an orthogonal resonant RF pulse, the system will return to
equilibrium in the longitudinal direction in time on the order Bf. The time it takes

for the spins to return to equilibrium with the surroundings is then called the spin-lattice
relaxation. Continuing Farrar and Becker's approach [4], a minimum line width de ned by
the frequencies at the full-width of half max (FWHM) can then be determined using the
Heisenberg uncertainty principle in terms of energy and tibiEt & h. SubstitutingTy

and eqn. 1.4 yields

hfi-, T & hand .1, & 1=Ty (1.6)

where fy.1—» represents the frequencies at FWHM intensity. Lines are further broad-
ened by other processes some of which will be thoroughly elaborated in chapier 3.
relaxation describes the time the spins take to return to equilibrium with their surround-
ings, wheread> relaxation describes how phased spins in the transverse plane lose their
coherence. Bloch's equations [7] describe relaxation after application of an orthogonal res-
onant RF pulse. The resonant RF pulse's associated magnetic eld is referreBtoras
a full description of excitation and relaxation, introductory MRI textbooks [8] should be
consulted or better yet, Bloch's original publicatibinclear Induction

M may be tipped into the transverse plane using a resd@aptilse due to the torque
or change irp, the angular momentum, of tiM vector, similar to the effects observed in a

gyroscope, hence the root word “gryo-' in "‘gyromagnetic' [9]. The resulting trajectories of



the M vector are simpli ed if the frame of reference is rotating with the precession of the
ensemble of spinsM, denotes the magnetization vector in the transverse plandl,fs
grows, appreciable voltages induce an electromotive force (EMF) in RF coils (see section
1.2) perpendicular to the static eld. Phase sensitive detection or demodulation transforms
the signals to the rotating frame of reference [10]. In an ideal magnetic eld, the signal in

the transverse plane decays exponentially and can be written in its complex form as

My = Moe T2 DM (1.7)

whereM o denotes the spin density of the excited regldn,= Wet Wp andwies is the
reference frequency of the phase sensitive detection. For an examplewgh@&wg, see
gure 1.1. Typically, theBy eld is imperfect due to non-ideal hardware and susceptibility
differences in the sample. Therefore the signal decays with a varying time comstant

Including the variations By, the new time constant may be written as

1=T, = 1=T, + gDBy (1.8)

1.1.2 The Fourier transform, k-space, and magnetic eld gradients

Observing equation 1.1, deliberately manipulating the magnetic eld results in frequency
differences across the sample. Some earlier [11] and more recent [12] work considered
dynamicBy elds instead of static elds in a technique now called eld-cycling. Assuming
staticBy, the spatial distributions of spins may be mapped onto a frequency space. The al-
gorithmic key that allows a remapping of the spatially encoded data lies within the Fourier
transform. Relating the time evolution of a sigisét) to its corresponding frequency de-
pendent form may be done with the Fourier transform. In its continuous form it's written
as

Zy .
sw=ste "t (1.9)
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wherei = P 1. Since acquisition occurs at discrete and nite time points, mathemati-
cally the signal is transformed using the discrete Fourier transform (DFT). In practice, the
DFT is applied when literature mentions the transform. Thorough review of ef ciently ap-
plying the algorithm can be found elsewhere [13] and is beyond the scope of the current

chapter.

Figure 1.1: On resonance (top left), the signal is simply a mono-exponential decay with
zero "imaginary' component since the signal is in phase. After Fourier transforming, the
result is a Lorentzian centered at 0 Hz. Off-resonance, the signals oscillate over time,
and the imaginary component is non-zero (bottom left). After Fourier transforming, the

Lorentzian is centered at the offset frequency, in this case 100 Hz.

Taking the real part of the decaying signal in equation 1.7, seitigg= Wp, and taking
the inverse fourier transform yields a Lorentzian function. The Lorentzian has a FWHM or

linewidth of

1
Il = — 1.10
o (1.10)

Thus an updated minimum linewidth is given for the MR experiment considering re-
laxation in the transverse plane, and non-id&gatiue to the sample and hardware. Further

treatment of linewidth broadening effects in small voxels will be considered in chapter 3.



1.1.3 Spatial encoding
Up to this point, we have considered singular lines across frequency space corresponding to
1-D time signals. To encode signals originating across a heterogeneous sample, a magnetic

eld gradient is applied shifting the local Larmor frequency

w(x) = g(Bo+ G(x)) (1.11)

where G(x) is a 1D magnetic eld gradient. Combining equation 1.11 and 1.7 the
signal in the transverse plane for a small portion of spatially distributed frequencies may

be written as

dMyy(G;t) = Mo(x)e T2dWMtdx (1.12)

with further simpli cation

dMyy(G;t) = Mo(x)e T2 (9(Bor GOty (1.13)

Now just as was previously mentioned, since the signal is mixed with a reference fre-
guencywyet = Wo the signal is either DC or only a few Hz off-resonance. This effectively
nulls thegBg term in the exponent. Mathematically, this is intuitive as Euler's formeif4,
is cyclical in nature. Finally, integrating over the 1D space

Z .
My(t)=  Mo(x)e FT2d9Midx (1.14)

Now the equation bears a striking resemblance to equation 1.9. Mans eld made this
more salient [14, 15] by introducing the k or reciprocal space vector

Zy
k=3 Gt (1.15)
2p o '

Often the gradient is held constant through time or modelled as a step function so that



k simpli es to gGt=2p. Now the magnetic eld gradient, applied for speci c time intervals

and strengths, allows a stepping through the reciprocal k-space.

Figure 1.2: Neglecting spin density, a uniform cartesian k-space trajectory with unit am-
plitude is plotted across cartesignandky (top). After Fourier transforming across both
dimensions, the resulting spatial domain signal is the PSF in the spatial domain (bottom).

The 1D representation in equation 1.14 may easily be generalized for a 3D eld gradient
using vector notatiois(r) wherer is the spherical coordinate representation of cartesian
(x,y,z). Following [16] and ignoring,, relaxation for convenience, tlkespace formalism

may be written for 3D spatial encoding as

777 _
Myy(K) = Mo(r)e?PX dr (1.16)

777 _
Mo(r) = Myy(k)e "PK"dk (1.17)

whereMyy(K) represents the signal acquired by the RF coil at éaspace point, and



Mo(r) represents the spin-density of pixels across space. In the idealMagé) and

Mo(r) are mutually conjugate. In practice, their mutual conjugacy is violated by the mea-
surement itself, noise, imperfect gradient response, discretization of the Fourier transform,
and other factors. For example, the numbekedpace points acquired is nite due to
limited gradient strength and acquisition times. This ultimately discretizes the Fourier
transform. A simple demonstration of discrétespace points is given in gure 1.2 (top)
adapted from Hargreaves. The map consists of a grid of unit amplktspace points.

After Fourier transforming the grid and taking its absolute value, an estimation of the sam-
pling function's point-spread-function (PSF) is given in gure 1.2 (bottom). Discrete and
nite sampling of thek-space points results in a non-zero linewidth across space. In anin-
nite sampling ofk-space the width of the PSF would be in nitesimally small. This means
that the features smaller than this width in image spatg(()) will not be observable.

More discussion on the PSF criteria for resolvable features is discussed in section 2.3.2.
The in uence of diffusion and relaxation on the estimatiorMuj(r) is further investigated

with transfer function analysis in chapter 3. For further elaboration on encoding schemes
not included in chapter 3 such as projection reconstruction see [17] and [16]. There are
other means of encodinkrspace besides using gradients [18, 19]. Chapter 3 compares
conventional forms of spatial encoding with gradients mainly phase and frequency encod-
ing which are arguably the most common methods of spatial encoding for MR imaging of

humans and MRM.

1.2 RFcoils
The dissertation pays special attention to RF coils, therefore a brief introduction to the

types of RF coils used in the dissertation is justi ed.

1.2.1 Wavelength effects
There are many forms of RF coils from single [20] to multi-channel arrays [21, 22, 23].

Typically, MRM utilizes single channel systems. This is mainly because the relative size

8



of the wavelength is large in comparison to the sample. The RF waveldngthi§ given

by the following equation

C
[ = — 1.18
RF f—opa ( )

wherec is the speed of light in vacuum aegdthe relative permittivity of the mediung
decreases with the frequency and at 650 MH=4 in brain tissue is 16 mm. Therefore
assuming an adequately designed coil, Baeelds are homogeneous for MRM. This is
not to say that multi-channel RF coils wouldn't be useful for MR microscopy in terms
of accelerated acquisitions [24]. For human imaging the wavelength is comparable to the
human head. Therefore special measures must be taken to homogenize the RF eld (see
appendix A). For microscopy, the eld of view (FOV) rarely exceeds a few centimeters

[25] therefore single channel systems are appropriate.

1.2.2 The principle of reciprocity
The most thorough treatment of relating the sample signal to the induced electro-motive
force (EMF) in an MR RF coil would be Hoult's publications [26, 27, 28, 29]. Using
Lorentz's principle of reciprocity, Hoult convincingly shows the physical basis for SNR in
MR. The principle of reciprocity explains why the sensitivity of a loop or solenoid increases
as the coil diameter shrinks (see gure 1.3). Referring to gure 1 in [30], the induced EMF
from a magnetic dipole near the loop (A) is more than that of the same dipole farther away
(B). Similarly, as a coil shrinks, the distance between it and the respective voxel decreases
and the sensitivity goes up. This speaks nothing of the noise originating in the system
which is more thoroughly considered later in ch. 4.

It has been reported that when the skin depth is comparable to the coil wire diameter,
SNR begins to trend witd 172 [31]. The noise originating from the sample depends on
the frequency and size of the coil [25]. For a solenoid resonating at 650 MHz noise from

the coil hardware dominates the noise from the sample. This is demonstrated in gure 1.4,
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