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CHAPTER 1

Introduction

1.1 Abstract
Large clinical and epidemiological studies allow researchers to study drug and exposure effects across
populations and increase the chance of observing rare events. However, with large studies come increased
data volume, follow-up time, and overall complexity, necessitating analytical techniques that scale with
increasing data sizes or perform ef cient analyses on subsets or summaries. In this dissertation, we
explored several facets of inferential and computational ef ciency in the context of big data. First, we
considered a case where complete data are unavailable due to data sharing limitations and developed a
Bayesian meta-analysis model that uses clinical trial summary data to estimate equivalent dose pairs of two
drugs based on adverse event rates. We demonstrated its ef ciency when compared to models t on
individual subject data via simulation study, including under model misspeci cation. We then applied our
method to clinical trial data on two taxane chemotherapy drugs known to cause peripheral sensory
neuropathy. Next, we compared methods for estimating time-varying effects in the Cox model, evaluating
via simulation ve different options in terms of inferential and computational ef ciency when applied to
effects of varying complexity. We then applied the best performing methods to tumor survival data pulled
from Vanderbilt University Medical Center electronic health records, using available ICD-9 codes and drug
exposures to estimate the potential time-varying effect of metformin on survival in several tumor types.
Finally, we applied the ndings of our time-varying effect exploration to two-phase study designs, where
inexpensive covariates are available for all participants, but an expensive covariate that is believed to have a
time-varying effect is available only for a subset. This work extends on the previous development of a
two-phase approach for the Cox proportional hazards model, and uses B-spline sieves to estimate the
conditional density of expensive covariates given the available inexpensive covariates. We demonstrated its
performance via simulation and comparison to existing methods that incorporate only Phase Il data, and
nished with an application to a large cohort study on the effects of oxidative stress over time on colorectal

cancer development.



1.2 Introduction of Topics Covered

In this dissertation, we considered several aspects of inferential and computational ef ciency when faced
with large or complex data scenarios. As clinical and epidemiological studies are able to recruit and
manage an increasing number of subjects (due to increased computing space, human resources, and
international collaborative efforts), the resulting data generated by these studies correspondingly increases
in size and potentially complexity. Before delving into our work, we brie y describe here the types of

problems our methods looked to solve.

1.2.1 Building a Dose Toxo-Equivalence Model from a Bayesian Meta-Analysis of Published
Clinical Trials

Clinical trials concern themselves primarily with the reporting of endpoints pertaining to the ef cacy of the
drug under study. Typically, these include summary statistics such as effect size estimates and odds ratios
of survival or progression-free survival, among others (Whitehead, 2002). When synthesizing information
across multiple trials in a meta-analysis, it is these estimates that are used to make inferences on the true
value of the parameter of interest (Hedges and Olkin, 1985). However, researchers may be interested in
other outcomes reported by trials in less detail, such as the incidence of adverse effects related to the drug
under study. In our particular case, we were interested in two chemotherapy drugs, paclitaxel and
docetaxel, prescribed to treat a wide variety of cancers. These drugs are both members of the taxane class
of drugs known to induce peripheral sensory neuropathy as an adverse effect (Warner et al., 2015). This
outcome, which can be debilitating and potentially permanent, is believed to be directly linked to
cumulative exposure to taxanes (Argyriou et al., 2008). Additionally, clinicians often begin patients on
paclitaxel as their rst line of treatment, but some patients experience hypersensitivity or infusion reactions
that necessitate switching to a docetaxel-based regimen. Despite the risk of neuropathy with exposure to
taxanes, there is no clear guidance on choosing an initial dose and dosing frequency for docetaxel given the
previous paclitaxel regimen, particularly in terms of a patient's overall risk of developing neuropathy.

As the rate of neuropathy is often reported by clinical trials as a secondary outcome, we sought to
develop a method that could leverage this publicly available data to estimate dose-equivalence pairs of

paclitaxel and docetaxel (or any two drugs of interest) that would be expected to produce equivalent



neuropathy rates. While the ideal scenario would have been to collect individual patient data from each
candidate trial, of which we identi ed 169, our efforts to contact corresponding authors and inquire about
data access were unsuccessful. The majority of requests for contact received no reply, and those that did
reply informed us that the data was not shareable due to either privacy concerns or restrictions put in place
by the groups sponsoring the studies. Thus, we found ourselves in need of a method that relied only on
publicly available data, but that could produce ef cient results consistent with a model t to individual

subject data. We developed our model in a Bayesian framework and established its performance compared
to individual subject data via simulation, then applied to the previously described taxane clinical trial meta

data. The results of this work can be found in Chapter 2.

1.2.2 An Empirical Comparison of Methods for Ef ciently Estimating Time-Varying Effects in the

Cox Model
Next, we pivoted to a question involving time-to-event survival data. We were developing an analysis plan
for the two-phase data in Chapter 4 (see below), which involved the estimation of a time-varying effect in
the Cox model. However, while researching different methods for nonparametrically estimating a
time-varying effect, we realized that there was no clear answer on what method under consideration would
produce the most ef cient results, both inferentially and computationally. As our eventual target dataset for
this two-phase work was very large in scate@4; 000 individuals), ef cient estimation was important. So,
we set out to compare ve different methods for estimating a time-varying efi€ty, via both simulation
studies and a real-world application. Four of our methods relied on basis functions for estimation, namely
Bernstein polynomials, B-splines, penalized splines, and restricted cubic splines. The fth, local linear
estimation, used a kernel smoothing method to estiméfeat pre-speci ed time points. We evaluated
these methods using simulated data with increasingly complex time-varying effects, and t each method to
several tuning parameter speci cations that controlled their exibility and computational intensity. We then
compared within methods and across methods based on their ability to ediiffjatend to do so
ef ciently while keeping computational needs as low as possible. Based on the results of these simulations,
we applied several of the best candidate methods to a particularly large dataset pulled from Vanderbilt

University Medical Center electronic health records (Roden et al., 2008) >t 000 subjects and



> 2;400 covariates. This analysis looked at the potential for a time-varying effect of metformin exposure
on survival in individuals with several types of tumors, modeled while controlling for the demographic
information, ICD-9 codes, and drug exposures that were available in the electronic health record. The

results of these simulations and analysis are contained in Chapter 3.

1.2.3 Efcient Estimation of the Cox Model with Time-Varying Effects Under Two-Phase Designs

Finally, we tackled the problem of estimating time-varying effects in the Cox model under two-phase
designs. We were motivated by data from a large cohort study, which looked at colorectal cancer incidence
as it relates to oxidative stress. A previous pilot study had found an association between oxidative stress, as
measured by a biomarker, and the eventual development of colorectal cancer, and this association was
believed to be time-varying, switching from pro- to anti-carcinogenic over time. This seemed an ideal
application for the results of Chapter 3, however additional work was needed to account for the type of data
available from this study. More speci cally, the cohort study performed two-phase sampling of its
population, collecting all inexpensive covariates for all participants but only measuring levels of the
biomarker for cases and a 1-1 nested case control matched group of controls. Thus, out of the original
64,410 subjects in this study, only 1,402 were included in the Phase Il collection of biomarker information.
Therefore, a method was needed that could account for this two-phase sampling and ef ciently estimate the
potential time-varying effect of biomarker levels.

We built on previous work by Tao et al. (2017), which developed an ef cient two-phase estimation
procedure for the Cox model under the proportional hazards assumption, using B-spline sieves to estimate
the conditional density of the expensive covariate (in our case biomarker samples) given the available
inexpensive covariates. In so doing, this method was able to incorporate all Phase | information as well as
the Phase Il information from those sampled. This is in contrast to other existing methods for analyzing
two-phase data, such as inverse probability weighting or estimation methods speci ¢ to nested case control
studies, which either exclude those from Phase | only (Stger and Samuelsen, 2012; Liu et al., 2010) or
estimate the full likelihood but do so by making parametric assumptions about the association between the
expensive and inexpensive covariates (Saarela et al., 2008). Our extension of the method of Tao et al.

(2017) uses a B-spline to estimate the time-varying effect of the expensive covariate, defiptadd by



incorporating all Phase | information was able to approach full ef ciency when compared via simulation to
models tto complete information (where the expensive covariate was collected for all subjects). We
compare the computational and inferential ef ciency of our method to existing methods for time-varying
coef cient estimation, and close with the performance of our method on the colorectal cancer data in

Chapter 4.



CHAPTER 2

Building a Dose Toxo-Equivalence Model from a Bayesian Meta-Analysis of Published Clinical Trials

Elizabeth A.S. Westerberg, Samuel M. Rubinstein, Jeremy L. Warner, Yong Chen, and Qingxia Chen

2.1 Summary

In clinical practice, medications are often interchanged in treatment protocols when a patient negatively
reacts to their rst line of therapy. Although switching between medications is common, clinicians often
lack structured guidance when choosing the initial dose and frequency of a new medication given the
former with respect to risk of adverse events. In this paper we propose to establish this dose
toxo-equivalence relationship using published clinical trial results with one or both drugs of interest via a
Bayesian meta-analysis model that accounts for both within- and between-study variances. With the
posterior parameter samples from this model, we compute median and 95% credible intervals for
equivalent dose pairs of the two drugs that are predicted to produce equal rates of an adverse outcome,
relying solely on study-level information. Via extensive simulations, we show that this approach
approximates well the true dose toxo-equivalence relationship, considering different study designs, levels
of between-study variance, and the inclusion/exclusion of non-confounder/non-modi er subject-level
covariates in addition to study-level covariates. We compare the performance of this study-level
meta-analysis estimate to the equivalent individual patient data meta-analysis model and nd comparable
bias and minimal ef ciency loss in the study-level coef cients used in the dose toxo-equivalence
relationship. Finally, we present the ndings of our dose toxo-equivalence model applied to two

chemotherapy drugs, based on data gathered from 169 published clinical trials.

2.2 Introduction
Often there are multiple medication regimens that can be prescribed to patients to treat the same type of

illness. However, these regimens can differ in their dosing as well as in their risks of inducing adverse



events in patients. As a motivating example, we concern ourselves with the taxane chemotherapy drugs
paclitaxel and docetaxel, which are both known to induce peripheral sensory neuropathy, an outcome that is
believed to be directly related to cumulative exposure. Patients are frequently switched from paclitaxel to
docetaxel due to infusion reactions, yet there currently exists no clear guidance on how clinicians should
choose an initial dosage and frequency of docetaxel given a patient's previous paclitaxel regimen. However,
as with the side effects for many drugs in similar scenarios, the incidence rate of peripheral sensory
neuropathy in clinical trials of paclitaxel and docetaxel is commonly reported in published literature. Thus,

it is desired to develop a method that leverages this available pool of study meta-information to estimate the
dose toxo-equivalence relationship.

Conventional meta-analysis approaches combine results from independent studies to nd patterns or
discrepancies in the published literature (Hedges and Olkin, 1985). They typically use summary statistics
reported by each study, such as effect size estimates and standard errors, in either common effects or
random effects models to make inferences on the true value of the parameter of interest (Hedges and OlIkin,
1985). In the case of clinical trials, the reported summary statistics are often treatment effect estimates,
such as odds ratios or risk differences between groups exposed to the two drugs of interest within the same
study (Whitehead, 2002). As we are interested in the dose relationship and not the treatment effect, we
need to extract the response rate for the treatment and its associated dosage information from each study
rather than estimated treatment effect. Ultimately, we need a method to incorporate reported incidence rates
for each drug at their speci ¢c dosage as well as potentially aggregated summary data from any study in one
or both of these drugs, in a way that adds little bias, loses minimal ef ciency, and produces a useful
approximation of this dose toxo-equivalence.

The use of aggregated summary data in study-level meta-analysis has the potential to induce bias.
Focused on treatment effect estimates, Berlin et al. (2002) investigated a real-world published example for
which both individual patient-level and study-level data were available and ultimately recommended using
individual patient data, when feasible, to study patient characteristics to avoid aggregation bias (in the
presence of effect modi ers). In this paper, we will use the term individual patient data (IPD) meta-analysis
for the regression analysis based on individual patients and refer to the analysis based on aggregated

study-level data as study-level (SL) meta-analysis. When there is no interaction effect between patient



characteristics and treatment, another question researchers asked was when IPD meta-analysis and SL
meta-analysis would yield identical results. Among others, Olkin and Sampson (1998) and Steinberg et al.
(1997) illustrated some special settings for which IPD meta-analysis and SL meta-analysis could generate
identical treatment effect estimators, all assuming continuous outcomes in the IPD meta-analysis. When all
covariates are at the study-level, SL and IPD analyses are generally equivalent. However, when there are
individual-level factors, or when these factors are summarized at the individual level, IPD meta-analysis is
preferred in practice over SL meta-analysis due to the risk of aggregation bias, particularly in the presence
of an effect modi er (Berlin et al., 2002; Lambert et al., 2002). While IPD meta-analysis is preferred in
these scenarios, oftentimes the IPD from different studies are dif cult to obtain. Additionally, the size of

the data used in IPD meta-analysis can lead to high computation time compared to SL meta-analysis,
particularly with Bayesian posterior sampling. For these reasons, SL meta-analysis is more practical and
feasible, especially when there exists no prior evidence of effect modi ers.

There is increasing interest in studying the relative ef ciency of meta-analyses based on tted results
at the study level compared to IPD meta-analysis, given barriers on data sharing and/or protections on
participant privacy. Among others, Lin and Zeng (2010b) showed that when compared to IPD
meta-analysis approaches (called mega-analysis in their setting), common effect meta-analysis methods
using effect estimates from models t at the study-level have minimal ef ciency loss, and Zeng and Lin
(2015) further showed that random effect meta-analysis methods are at least as ef cient as the former.
However, their results do not apply to our setting. In particular, Lin and Zeng (2010b) considered a
regression (see their rst equation in Section 2.1) of an outcggen covariatex;, for thei-th participant
in thek-th study. Implicitly, they assumed covariates collected within each s¥glyhad variations within
k-th study, whereas in our setting, within a study, the dosage is xed for the corresponding treatment (i.e.,
there is no variation withik-th study).

While various meta-analysis approaches have been intensively studied, little work has been done in the
dose-equivalence model setting. The validity of SL meta-analysis under this setting has not been studied
and its relative ef ciency versus IPD meta-analysis has not been evaluated. We aim to |l this gap by
developing a Bayesian random-effects model to study the dose toxo-equivalence relationship.

In this paper, we distinguish the covariates with no variation at the subject level (such as treatment and



designed dosage) in the aggregated study-level data from those with variations (such as percentage of male
or mean age) and call the former study-level covariates and the latter subject-level covariates. We propose a
Bayesian random-effects SL meta-analysis model that accounts for both within- and between-study
variances, with or without additional subject-level covariates, in Section 2.4. We show that under the
proposed model the toxo-equivalence curve depends solely on the coef cients of the study-level covariates.
Based on the posterior samples produced by this model, we compute median and 95% credible intervals for
equivalent dose pairs of any two drugs of interest that are predicted to result in equal rates of the adverse
outcome. Via extensive simulation studies in Section 2.5, we demonstrate the ability of this model to

closely approximate the true dose toxo-equivalence relationship for different study designs, varying levels

of between-study variance, and in the presence of subject-level data (which are not treatment or dose effect
modi ers) in addition to study-level covariates. We compare the performance of this meta-analysis

approach in terms of bias and ef ciency to an IPD meta-analysis model t on pooled subject-level
information, and demonstrate that our method results in comparable levels of bias to the IPD approach, as
well as minimal ef ciency loss in all parameters used to calculate the dose toxo-equivalence relationship
when the model is correctly speci ed. Additionally, we consider the sensitivity of our meta-analysis

approach to various types of model misspeci cation. Finally, we illustrate our method with empirical data
gathered from published clinical trials in either paclitaxel or docetaxel in Section 2.6. We conclude the

paper with discussion in Section 2.7.

2.3 Motivating Example

Our motivating example looks at the chemotherapy medications paclitaxel and docetaxel, both members of
the taxane class of drugs that are prescribed to treat a variety of cancers (Warner et al., 2015). Taxanes are
known to induce peripheral sensory neuropathy, with patient risk for this outcome believed to be directly
related to cumulative exposure (Argyriou et al., 2008). Clinicians frequently start patients on paclitaxel as
their rst line of therapy, but some are unable to continue treatment due to hypersensitivity or infusion
reactions, at which point patients are often switched to a docetaxel treatment regimen. However, there is no
clear guidance on how to choose the initial dose and schedule of docetaxel, given a previous paclitaxel

regimen, particularly with respect to the overall risk of peripheral sensory neuropathy. Since the rate of



neuropathy development within studies is commonly reported as an adverse effect of treatment, we
performed a systematic review of randomized or non-randomized clinical trials of paclitaxel or docetaxel
monotherapy among cancer patients agelB years, extracting all aggregated data necessary for the dose
toxo-equivalence calculation. Individual patient data from the included studies was not attainable. We
apply the method for study-level data described in Section 2.4 to this data in Section 2.6, after exploring its
performance compared to individual patient data. Further insight into the clinical relevance of our
approach, including complete details of the systematic review procedure and examples of our method

applied to speci ¢ chemotherapy regimens can be found in our related clinical paper (Sigworth et al., 2022).

2.4 Methods
2.4.1 Hierarchical Model Structure
2.4.1.1 IPD Meta-analysis

We rst consider the subject-level IPD meta model against which we will compare our SL meta approach.

indicator that study uses drug AX;g is an indicator that studiyuses drug Bdl; is the dose received in

studyi normalized to mean 0 and standard deviation 1 (or a normalized version of a monotone
transformation of the dose such as the square-root transformatiorg;;aac vector of subject-speci ¢
potential covariates assumed to be associated with the adverse event. Dose values were normalized to
improve computational ef ciency in the Bayesian tting procedure (Kruschke, 2015). Additionsliy,

the total number of studies amis the number of subjects in studyLetw;; denote the incidence

indicator of the adverse event of interest, with = 1 for a subject experiencing the adverse event and

wij = O otherwise. We assunvg;jp;;  Bernoulli(p;;) where without additional covariates we have
logit(pij) = M+ ay+ aXig + azXiadi + asXigd;;
and with additional covariates we have

logit(pij) = M+ a1+ axXip + asXiadi + asXigd + a Z;:
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In this model,a; is the mean outcome for studies in drug A with a normalized dose of @anda,
is the mean outcome for studies in drug B with a normalized dose of 0. We also estimate a random intercept
component for each study, as a measure of between-study heterogeneity. Its varishomeasures
between-study variance in responses not attributable to other included variables. Note that throughout this
manuscript we use the subscrifp denote the study of interest, i.e. the group of subjects assigned to the
same protocol within the same study. In this way, single-arm and multi-arm studies can be analyzed via this
method. Noninformative priors ahjt  N(0;t2), witht  InvGamma0:001;0:001) and
a MVN(0;10°diag(1)) are speci ed, whera = (az;:::;as;ad. Under this model, our posterior
distribution fora;t is

p(a;tjDj;wij) 1 p(wijjDjj; m;a)p(mjt) p(t)p(a):

2.4.1.2 Study-level Meta-analysis

Next, we propose a Bayesian hierarchical model of the prevalence of an adverse event across multiple
studies using aggregated meta-data.Retepresent the rate of the adverse event in study

Pi= niié?izlwij, and de neY; = logit(P;). Denote the per-study dataBs= ( Xia; Xig; di; Z?), whereXa,

Xig, andd; are as de ned previously and are study-level variables taking the same value for all subjects in
studyi, andZ? is a vector of aggregated summary statisticZpfat each study, such as frequencies of
categorical variables or means of continuous variables. Then the ou¥@ere be modeled as

Yijm;b;D;  N(fi;§); where
fi= m+ b+ byXig + bsXiadi + baXigdi + b9Z2:

HereS is the within-study variance of our outcome, which depends on thensizfthe relevant arm of the
study as well as the count of adverse events in that outckimejch tha&’ = 1=k + 1=(n; ki) (the
variance of a logit transformed proportion). As previoublyrepresents the mean outcome for studies in
drug A with a normalized dose of 0 aihg + b, is the mean outcome for studies in drug B with a
normalized dose of 0, whilm, represents a random intercept component estimated at the study level to

measure between-study heterogeneity. We set noninformative prioyg of N(O;t 2),

11



t  InvGammg0:0010:001), andb MV N(0; 10°diag(1)), whereb = (by;:::;bs;bd). Note that
although noninformative priors were used in our simulations (and case study), informative priors could be
considered if prior knowledge on the dose toxo-equivalence relationship was available. Based on this

structure, the posterior distribution fbrt is

p(b;tjDi;Yi) u p(YijDi; m;b) p(mijt) p(t) p(b):

When including additional covariates in the data-generating model, we consider SL meta-analysis
models both with and without?, denoted SL-C and SL-NC respectively. The aggregated study covariates
in the SL-C model are intended to adjust for the additional heterogeneity in responses that may be due to
these values, but not to estimatdrom the IPD meta-analysis. By considering both SL-C and SL-NC in
the presence of additional covaria#® we can evaluate the sensitivity of our method to this extra

information.

2.4.2 Equivalence Relationship

For our IPD meta-analysis ts, the hierarchical structure produces expected outcomes of

logit[E(wijjXia = 1;Xg = 0;0i = da;Zjj = 2)] = m+ a1+ agda+ a2

logit[E(wijjXia = 0;Xig = 1;di = dg;Zjj = 2] = m+ a1+ a+ asdg+ a2z

for studies in drugs A and B respectively, where the study in drug A haddjpaed the study in drug
B had doselg. From these expected outcomes, we can build a dose toxo-equivalence model for the dose
and adverse outcome relationship between the two drugs of interest. As the logit is a monotone

transformation, we look to solve

2)]
2)]

logit[E(WijjXia = 1;Xig = 0;di = da; Zjj

= logit[E(wijjXia = 0;Xig = 1,di = dg; Zj

12



with respect tadg, assuming thatls is known, which, when simpli ed, results in solving
ds;ipp = (azda az)=(as):

As for the SL meta-analysis, from our aggregated meta ts we can produce the expected outcomes for
studies in drugs A and B as
E(YjXa = 1;Xg = 0;di = da;Z%= 2) = m+ by + bada+ bdz
(2.1)
E(YjXa = 0;Xg = 1;di = dg;Z%= z) = m+ by + b+ bydg + b2z
where the doses in the studies dreanddg respectively as before. We look to solve
E(YijXa = 1, Xg = 0;di = da; Z2 = 2) = E(YijXa = 0;Xg = 1;d; = dg;Z2 = z) with respect talg, which

results in
de:sL=(bada b2)=(ba) (2.2)

For each t, we vary across a range of plausible valuedaadb nd dose pairqda;dg) for which we
expect the rates of adverse outcome to be equivalent, generating a posterior distributigpr¥eruse the
Markov chain Monte Carlo methods employed by the JAGS software package in R to produce posterior
samples for each of our model parameters.hkbe thekth MCMC sample from the posterior, then
s = (bids bY=(b)).

We report the median and 95% credible intervals from our calculated distributions of

pairs(da; d,'g;lpD) from the posterior of our IPD meta-analysis.

Note that under the additive model assumption in (2.1), the dose toxo-equivalence relationship in (2.2)
is independent of the common intercégtand the coef cients of the aggregated covariates, This is
critical because, as we will demonstrate in Section 4, there is minimal ef ciency loss or increase in bias in
estimating(by; bs;bs) using SL meta-analysis when comparing to IPD meta-analysis, resulting in

comparable dose toxo-equivalence relationship curves with the correctly speci ed model.
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2.5 Simulation Study
2.5.1 Simulation for a Correctly Speci ed Model
2.5.1.1 Method
To evaluate the performance of our method in terms of bias, ef ciency, and ability to recover the true dose
toxo-equivalence relationship, we performed extensive simulations, varying study types (balanced and
unbalanced), generating models (with or without subject-level covariates), and levels of between-study
variability (t 2 2 f 0;0:5;1g). We performed 500 repetitions for each combination, for a total of 6,000
simulations.

For each setting, we rst simulated data frovn= 150 study datasets, 75 in each drug. For

consistency, we sampled 150 dose values fraw{ al; 1) distribution, which are used for each simulation

N(0;t 2) distribution. If the setting requires balanced studies, each of the 150 study-level datasets will
containn; = 100 subjects; if unbalanced, each study contains between 50 and 200 subjects, in increments of
10, with equal probability. Each subject in studg assigned the sam&, andXg indicator variables

based on the drug type under study in studye. if studyi is in drug A thenXja = 1 andX;g = 0. If the

study includes additional subject-level covariates, then each syljesttwo subject-speci c independent
covariates drawn: a binagjjs with study-speci ¢ probabilityg; drawn fromUnif(0:2;0:5), and a

continuouszjje drawn fromN(0; 1).

Once the subject-level covariate data is generated, we calculate subject-speci ¢ log-odds of the
adverse event for subje¢in studyi with normalized dose; based on a pre-selected vector of study-level
coefcients(aj;az;asz;as) =( 0:6; 0:8; 0:5; 0:9) and subject-level coef cient&s;ag) = ( 0:2;0:5),
the latter to be included in studies with additional covariates. These parameters were based on those
estimated in our clinical application, discussed in Section 2.6, and produce non-rare event outcomes. Thus,

for a generating model without additional covariates, the subject-speci c log-odds are

logit(pij)= m 0:6 0:8Xg 0:5Xadi 0:9Xigd;;
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and for a generating model with two additional subject-level covariates, we have
Iogit(pij) =m 06 08Xg 0:5Xad 0:9Xgd + OIZZij5+ 025Zijei

Fromlogit(pi;) we use theexpit function to produce subject-speci ¢ probabilities of the adverse
outcome pjj. We then generate adverse outcome indicatays from aBernoulli(1; pij). From this
simulated data-set at the subject-level, we summarize to re ect the metrics commonly reported in a clinical
trial. Dosed; is the same across subjects within a study and does not need to be summarized. For binary
covariateZ;js we take the mean across all subjects in stiy@yd for continuous covariai&je we take the
median, creating study-level summary vald@sandZ%. Event rate per study is calculated as
Pi= nlié’j“:lwij. Studies withP; 2 f 0; 1g are dropped and a new dataset generated until 75 valid datasets
in each drug have been created (fewer than 1 in 500 simulated studies were re-generated). Finally, the logit
of the outcomelogit(P;) is calculated, along with Vélogit(P)) = § = 1=k + 1=(n; k), where
ki= &L, wj.

Next, for the generating model without additional covariates, we t our Bayesian models on both the
aggregated study-level meta-data and the subject-level IPD meta-data. All models were JAGIBg
version 4.3.0 irR version 3.6.0 with packagé®2jagsversion 0.6-1 (Su and Yajima, 2020) acada
version 0.19-2 (Plummer et al., 2006), and were executed using the Vanderbilt Advanced Computing
Center for Research and Education (ACCRE) cluster using 2 GB of RAM. Each model consists of four
independent chains. Whetrd = 0, we use a burn-in of 5000 and take 20000 samples with a thinning
interval of 2, based on within-chain correlation from preliminary ts. E8r2 (0:5;1), we use a burn-in of
10000 and take 40000 samples with a thinning interval of 4. All R code necessary to reproduce these
simulations can be found at https://github.com/esigworth/BayesianDTEM.

For the generating model with additional covariates, we t three candidate models: an SL-C
meta-analysis model including aggregaf&dandZ%, an SL-NC meta-analysis model t on only
study-level covariates, and the subject-level IPD meta-data model incorporating study-level covariates and
subject-level;js andZ;js. Each of these models was t using the same burn-in, sampling, and thinning

settings as above basedioh
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From the full set of posterior samples of each parameter in each model we calculate the dose
toxo-equivalence relationship across a range of normalized doses between -1 and 1, saving the median 95%
credible interval bounds from each simulation. For model diagnostics, we report coverage probabilities, the
ratio of the median absolute deviation (MADR) for each parameter in each SL meta t to the MAD of the
IPD meta t, mean square error, percent bias, and relative ef ciency. Percent bias is calculated as the
median across 500 simulations of the difference between the mean of the posterior distribution for a given
parameter and the true value of that parameter, divided by the true value and multiplied by 100. Relative
ef ciency is the median across simulations of the ratio of the variance in the posterior of the IPD model to
the variance in the SL model (equivalent to the ef ciency of the SL model over the ef ciency of the IPD
model, where ef ciency is the inverse of variance). Both percent bias and relative ef ciency are reported

with 95% credible intervals.

2.5.1.2 Results

Our summary of the performance of this method focuses on the parameters involved in the calculation of
the dose toxo-equivalence relationsHipy; bs; bs) and(az;as;as), since it is only the performance of

these parameters that will determine the ability of our meta and IPD meta models to approximate the true
dose toxo-equivalence relationship.

We rst assess our method in the absence of additional covariates. Table 2.1 summarizes the coverage
probabilities and the MADRs and 95% credible interval widths (MADR CIW) for each parameter in each
setting, arranged by study design and value?fCoverage is near 95% for all models and settings, and the
MADR values for all ts are close to 1 with narrow MADR CIWSs, signifying comparable levels of
variability within the posterior sampling chains of our two model approaches.

In Figure 2.1 Paneh we display the median and 95% credible intervals for percent bias in parameter
estimates from the SL meta and IPD meta model ts without additional covariates, with three levels of
t 2 (0;0:5;1) displayed across the columns and study designs across the rows. Median percent bias is
consistently close to 0, with variance around the median increasing with incrédsiRgure 2.1 Pane
presents the median and 95% credible intervals for the relative ef ciency of the SL meta model to the IPD

meta model with no additional covariates. Ef ciency is consistently close to 1, shifting slightly higher with
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Table 2.1: Coverage, Median Absolute Deviation Ratios (MADR), Percent Bias (IQR), and MSE, by t
type and study design, for simulations without additional covariates.

Simulations Without Additional Covariates

Statistic Coverage MADR Percent Bias (IQR) MSE

Setting Fit (Parameter) SL (b) IPD (@) SL(b)/IPD (a) SL (b) IPD (@) SL(b) IPD(a)
t2=0

b, oraz 0.96 0.96 1.00 -0.01 (0.67) 0.00(0.69) 0.00 0.00
Balanced bz or as 0.98 0.97 1.00 -0.02 (0.34) -0.01(0.34) 0.00 0.00

bsor as 0.96 0.96 1.00 -0.01 (0.18) 0.01(0.18) 0.00 0.00

by or az 0.96 0.96 1.00 -0.02 (0.61) -0.01(0.61) 0.00 0.00
Unbalanced bz oras 0.94 0.94 1.00 -0.01 (0.35) 0.00(0.35) 0.00 0.00

bsor as 0.93 0.93 1.00 -0.01 (0.19) 0.00(0.19) 0.00 0.00
t?2= 05

by or az 0.95 0.96 0.98 0.01(2.27) 0.05(2.35) 0.01 0.01
Balanced bsor as 0.96 0.96 0.98 0.00 (1.22) 0.02(1.23) 0.02 0.03

bsor as 0.96 0.96 0.98 -0.02 (0.59) 0.00(0.60) 0.02 0.02

by or az 0.96 0.96 0.98 -0.04 (2.15) -0.01(2.21) 0.01 0.01
Unbalanced bz or as 0.97 0.97 0.98 -0.04 (1.11) -0.02(1.13) 0.02 0.02

bsor as 0.93 0.93 0.99 -0.01 (0.64) 0.01(0.66) 0.02 0.02
t?2=1

b, or az 0.96 0.96 0.98 -0.01 (2.81) 0.01(2.89) 0.02 0.02
Balanced bsor as 0.95 0.95 0.98 -0.06 (1.60) -0.03(1.66) 0.04 0.04

bsor as 0.94 0.95 0.98 -0.04 (0.79) -0.02(0.81) 0.03 0.04

b, or az 0.94 0.94 0.98 -0.06 (3.17) -0.04(3.24) 0.03 0.03
Unbalanced bsor as 0.94 0.95 0.98 -0.05 (1.66) -0.04 (1.71) 0.04 0.05

bsor as 0.94 0.95 0.98 -0.03 (0.81) -0.01(0.83) 0.04 0.04
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increasing 2 but with credible intervals always containing 1, indicating comparable ef ciency.

In Figure 2.1 PaneC we present the estimated dose toxo-equivalence curves and 95% credible
intervals for the IPD meta (pink) and SL meta (blue) model ts with no additional covariates and compare
these to the true dose toxo-equivalence relationship (green¥, foplumns) and study design (rows).

Credible interval widths increase witff in all settings. The SL and IPD estimated relationship curves are

very similar to both the true model and one another across settings. With no additional covariates, then, the
performance of the IPD meta and SL meta models in recovering the true dose toxo-equivalence relationship
is comparable.

Next, we look at the performance of our method when additional subject-level covariates are included
in the generating model, comparing the IPD meta t on complete data to the SL-NC and SL-C models on
study-level and potentially summarized data. Looking at Table 2.2, we have comparable coverage near 95%
for by in all model ts and for(bg; bs) wheret 26 0. Whent 2= 0, we have low coverage o andbg in
both the SL-C and SL-NC ts, between 70% and 90%. This may be dtié 00 being on the boundary of
thelnvGamm#0:001; 0:001) prior ont . The low coverage in this particular simulation setting is not a
concern for our particular application, since it is highly unlikely for a collection of clinical studies to
contain no between-study variability. All MAD ratios are just below 1, with narrow CIWs, showing that
posterior sampling variability is still comparable.

Figure 2.2 PaneA shows the median and 95% credible intervals for percent bias in the parameter
estimates from these three model ts. Percent bias is again at or very near 0, with variance in the percent
bias increasing with increasirid for all considered parameters. In Figure 2.2 P&@wle see that both the
SL-C and SL-NC ts are more ef cient than the IPD t for each parameter used in the equivalence
calculation (as evidenced by the median relative ef ciency being greater than 1 for each comparison), a
trend that increases witt?.

Finally, Figure 2.2 Pandl shows the median and 95% credible intervals for the dose
toxo-equivalence curves generated by each model t, with IPD in pink, SL-C in blue, and SL-NC in
orange. Each of these fall along the true curve (in green), and their credible intervals fully overlap on both
sides of the estimated median, with their width increasing wAthThe inclusion of summarized

subject-level informatioZ? in the SL-C model does not improve the estimation of the dose

19



Figure 2.1: Summaries of correctly speci ed simulations without additional covariates, under each study
design and value df?. A: Percent bias and 95% credible intervas Ef ciency and 95% credible intervals

of SL versus IPD meta model€: Estimated dose toxo-equivalence relationships and 95% credible intervals
of meta and IPD meta models compared to known relationship
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Figure 2.2: Summaries of correctly speci ed simulations with additional covariates, under each study design
and value ot 2. A: Percent bias and 95% credible intervals. Ef ciency and 95% credible intervals of

SL-C and SL-NC models versus IPD meta modéls.Estimated dose toxo-equivalence relationships and
95% credible intervals of meta and IPD meta models compared to known relationship
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toxo-equivalence curve compared to the SL-NC model.

Of note is the reduced computing time for the SL model comparing to the IPD model. For example,
with a single core of an Intel Sandy Bridge architecture processor using 2 GB of system memory, it took
one minute to tan SL model and ve hours to tan IPD model for a balanced study with no additional
covariates anti? = 1. With additional covariates, the SL-C and SL-NC models again took one minute,
while the IPD model took about 24 hours. Additionally, to check the sensitivity of the method to the

simulation coef cients, an alternative set of coef cients chosen to produce similar event rates,

coef cient choice, and produced results consistent with the above simulations in terms of agreement

between the IPD and SL/SL-C/SL-NC models.

2.5.2 Simulation Under a Misspeci ed Model
2.5.2.1 Misspeci ed Model Simulation
We conducted the simulations in Section 2.5.1 assuming a correctly speci ed model. There are several
misspeci cation scenarios that are of interest in evaluating the performance of our proposed method in
practice. For example, it is possible that individual patient characteristics such as age, sex, and related
comorbidities (Lutz et al., 2001) in uence their response to medications or general risk for adverse events,
possibly in a nonlinear fashion. When this is the case, it is necessary to have complete subject-level data to
be able to accurately model these interactions (Debray et al., 2015). However, of interest is how closely we
can approximate the dose toxo-equivalence relationship in the absence of subject-speci ¢ information. We
explore this rst via the inclusion of a nonlinear effectffs, and then via an interaction betwegs and
either drug type or dose in the data-generating model, comparing the correct speci cation of the IPD model
to the SL-C and SL-NC models t as speci ed in Section 2.5.1 in the context of aggregated covariates
(excluding interactions).

Additionally, our previous simulations assume that all subjects in stuelseive the same dose. In
practice, however, dosing among subjects can vary due to adverse reactions, missed appointments, or
subject non-compliance (Lebovits et al., 1990). When this is the case, studies will often report an

aggregated dose variable such as the median and IQR of received doses, as in our application in Section
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2.6. To assess the sensitivity of our method to the accuracy of reported doses, we allow for variability in the
received dose at the IPD level, and tthe SL model on an aggregated dose measure, in this case the median
normalized dose. For complete simulation details for these four misspeci cation scenarios, see the

Appendix.

2.5.2.2 Misspeci ed Model Results

Figure 2.3 shows the estimated dose toxo-equivalence curves for the simulations where subject-level
covariates in uence the risk of an adverse event in ways that are not considered at the SL-C and SL-NC
levels. First, in PaneA, we allow the effect of the continuous covaridigs; to be nonlinear. While the
nonlinear term is only accounted for in the IPD model, we nd that both the SL-C and SL-NC models are
still able to approximate the true toxo-equivalence relationship as evidenced by all of the curves
overlapping with the true relationship (in green).

Next, in Panels B and C we consider our simulations wigegis a mediator of the drug or dose
response. We treat the binary covaridfg as sex, withzjs = 0 indicating male andjjs = 1 indicating
female. We display the estimated IPD curves for females (green) and males (yellow), the estimated SL-C
(pale blue) and SL-NC curves (orange), and the true curves for females (red) and males (dark blue). In both
cases, we nd the IPD meta model is fairly good at estimating the sex-speci ¢ equivalence curves, while
the SL-C and SL-NC curves are roughly equal to one another and between the sex-speci ¢ curves. Thus,
the SL-C and SL-NC curves provide a reasonable estimate of the relationship across sexes, but not at a
sex-speci ¢ level.

Finally, the performance of our model when the dose truly varies at the subject level can be found in
Figure 2.4. When allowing dose to vary by subject, we see an increase in variance of the perceridias of
across all simulations (Pang&) as compared to the correctly speci ed models with no covariates in Figure
2.1 Panel, however median percent bias is still at or very near to 0. Additionally, the correctly speci ed
IPD meta model is more ef cient than the misspeci ed meta modebfpandb, (PanelB). Finally, the
credible interval for the meta model in the dose toxo-equivalence relationship Bgisedlightly wider
than the IPD meta model, though the median estimated curves are still very similar to both one another and

the true relationship.
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2.6 Real-World Application: Taxane Treatment and Neuropathy

We revisit our clinical application from Section 2.3 by applying our methods to data from 169 published
studies in the taxane chemotherapy drugs paclitaxel and docetaxel. Descriptive summaries of our
considered studies can be found in our companion manusript (Sigworth et al., 2022). Our oBtdertte
observed rate of all-grade neuropathy in each study, and ourdgoseach study is the normalized median
cumulative dose received by subjects, calculated) ag D; Dj)=(sd) whereD; is the median cumulative
dose received img=n¥ in studyi, D; is the mean of the reportd®}, andsd is the standard deviation of the
reportedD;. Dose was normalized within each drug independently (i.e. paclitaxel was normalized with
respect to other paclitaxel doses, and the same for docetaxel). We consider the inclusion of the study
summary variables normalized median aagg, and dose gag (time between taxane doses in fractions
of four-week periods, i.e. 0.25 = 1 week).

We considered several transformation®oprior to normalization, looking to reduce skewness in the
distribution of doses. Speci cally we looked %ﬁ , In(D;), and Box-Cox transformations with= 0:22
(chosen to maximize the objective functioh)= 0:25 (for fourth roots), antl = 0:33 (for cube roots, as
D; is a volume). We t both SL-C and SL-NC models, and considered the addition of a random slope to
allow the dose-response relationship to vary by study. Each candidate model was t with a burn-in of

15,000 and 500,000 samples with a thinning interval of 50, across four independent chains, and the

deviance information criterion (DIC) was used to compare across models. The DIC values for all models (7

in total) were between 206 and 208 (listed in full in Supplementary Table 2), but the lowest and most
parsimonious was the t with covariates, no random slope, and no transformation to dose prior to
normalization. Thus, the overall nal model structure t to the data can be de ned as follows. Let

Xi = ( Xip; Xip; di;age; dg) be a study-level data vector, and de ¥igm; b; X;  N(yi; ), whereb

denotes the vector of estimated coef cients based on our real data and

yi= m+ b1+ bpXip + baXipd; + baXipdi + bsage + bedg

with Xip = I(drug= paclitaxe) andXp = I(drug= docetaxe)l. Noninformative priors of

mjt  N(0;t2),t InvGamm#0:001;0:001), andb MV N(0; 10°diag(1)) were set for all model

24



parameters. With the added normalization step for dyséhe equivalence relationship for ddde of

paclitaxel toDp of docetaxel, irmg=n?, becomes

by 22Be b+,

sth
b4:SCb

&)

DD:

whereDp is the mean cumulative dose of paclitax@f is the mean cumulative dose of docetaxel, add
andsd are the scaling values for paclitaxel and docetaxel respectively. Once the equivalence relationship
was established, the resultant equivalent dose pairs were converted from normalized units to original
mgem? units using the centering and scaling values originally used in their normalization.

The nal model diagnostics can be found in Figure 2.5 Panels A and B. Each parameter had
convergence in the sampling chains, demonstrated by the Gelman plot inARdredre was no evidence
of autocorrelation issues in the samples(foy; bs; ba; bs), demonstrated in the ACF plot for the
parameters in Pan@l. There is some evidence of autocorrelation up to a lag of 40 (ithbg); however,
as the chain is thinned by 50 and these parameters are not used in the equivalence calculation, this
autocorrelation is not an issue.

The dose toxo-equivalence relationship generated from these samples can be found in Figure 2.5 Panel
C, evaluated along a range of plausible cumulative paclitaxel dosagim?. Compared to the simulated
curves, the width and shape of the credible interval around this relationship is consistent with our
simulation with additional covariates, an unbalanced study design, and higher between-study variability,
which is also the most similar simulation design given the mean estimatetfé(an estimate of precision
returned by JAGS) was 1.12, resulting ih%of 0:89. Note the lower credible interval is clipped at 0
mg=n?, since dosage values must be non-negative. Along the IQR of paclitaxel doses observed in our data,
656 1085mg=n?, the width of the credible interval was roughly equal to the cumulative dose of two
treatment cycles of docetaxel, providing useful guidance to clinicians. The lower bound of the credible
interval is also particularly informative in a clinical sense, since clinicians can view the lower bound as a
cautious dosing threshold from a toxicity perspective. Although we had also hoped to control for cancer
type due to different proportions of each cancer represented for each drug, due to sample size constraints

we were unable to do so. As more trial data becomes available, we hope to repeat this analysis while
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controlling for cancer type.

2.7 Discussion
This proposed approach to building a dose toxo-equivalence model from a Bayesian SL meta-analysis
consistently produced a good approximation of the true dose toxo-equivalence relationship, performing
very similarly to the IPD meta model t to the full data under all simulation conditions with signi cantly
reduced computing time (e.g. about one minute for the SL meta model as opposed to hours for the IPD
meta model). Of note is that, in the absence of an interaction, the relationship beeeids depends
solely on study-level information. This nding is valuable, since efforts to recover individual patient data
with clinical trial results are time-intensive, expensive, or even impossible. In estimating the parameters
involved in the dose toxo-equivalence relationship, we see no increase in bias or loss of ef ciency across
conditions as compared to IPD meta-analysis for those parameters needed to calculate equivalence, an
outcome that has been demonstrated in similar works (Luo et al., 2022; Zeng and Lin, 2015). In the case of
Zeng and Lin (2015), our approach has two major differences to their work. First, Lin and Zeng (2010b,a);
Zeng and Lin (2015) were interested in using meta-analysis to combine the parameter estimates from each
study/site, with each study including both groups and the parameter being the comparison of two groups,
such as an odds ratio, while we are interested in incidence rates in each treatment group with speci ¢ doses,
and each study can include either one or both groups. Secondly, adjusting for covariates has a different
meaning in their application. In Lin and Zeng (2010b,a); Zeng and Lin (2015), the subject-level covariates
were adjusted for at the study level before proceeding to meta-analysis, while in our application, only the
aggregated study-level covariates are available, but not the subject-level covariates. In light of these
differences, the theoretical conclusions made by Lin and Zeng are not applicable to our empirical ndings.
We found no signi cant improvements in the dose toxo-equivalence estimates when including
additional available aggregated covariates in our SL-C model ts, suggesting that potential heterogeneity
that may be explained by these aggregated measures does not provide additional information in the
estimation of equivalence, likely because these parameters are not estimating the same quantity between the
SL meta and IPD meta models; in extreme cases these parameters could suffer from Simpson's Paradox

(Cates, 2002; Berlin et al., 2002). Furthermore, the nding of comparable performance between SL-C and
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SL-NC was in the absence of an effect modi er. As orthogonality between predictors does not necessarily
lead to orthogonality of their coef cient estimates under a logistic regression model (McCullagh and
Nelder, 1989), this nding is an empirical observation based on our simulation results. In practice, we
could consider both SL-C and SL-NC approaches followed by model selection with, however, no intention
to draw connections between the effects of aggregated covaZifiasd the effects of subject-level
covariate<Z; .

Our explorations in Section 2.5.2 demonstrate that our method is robust to several common types of
model misspeci cation. When a continuous covariate has a nonlinear effect that is overlooked in the SL
approach, our method still performs comparably to the IPD model with the appropriate speci cation. In the
case where the drug or dose response is moderated by a binary covariate at the subject level, our method
produced an equivalence curve that fell between the curves produced by the two levels of the binary
covariate, providing a reasonable approximation of the average relationship in the face of incomplete
information. Given that drug and dose responses frequently differ by sex or the presence of comorbid
conditions (Lutz et al., 2001), this suggests that our method can still provide a useful guide for the dose
toxo-equivalence in this context, though there is some loss of information in this context when using an
SL-C or SL-NC model as opposed to an IPD model. Further work would be needed to assess the
performance of our method in the case of an interaction with a continuous covariate, such as age or a lab
value. Additionally, our simulations did not consider the inclusion of an interaction term in the SL model
(with the aggregated?); the performance of this model speci cation is of interest in future investigations.

We also found that our model was robust to some variation in the dose received at the subject level,
explored at a variation of 10%. This nding supports our model application to paclitaxel and docetaxel,
which used the median cumulative dose across each study. However, additional simulations with increasing
dose variability could provide more insight into the impact of using an aggregated dose value. Finally, all of
the models considered in the simulations and case study assume a linear relationship between transformed
dose and rates of neuropathy. An extension on our work would be to explore model performance where the
true relationship is non-linear, which would require constraints on the dose-equivalence calculation in order
for the solution to be identi able.

Of note is that our simulations and case study focus on non-rare outcomes. The taxane clinical trial
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data we used had an overall median adverse outcome rat2ofIQR 0.16 - 0.48), and the parameters

used in our simulations generated similar outcome rates for comparability. Some re nement of our
proposed method may be needed to be applicable to studies with rare outcomes, such as the use of
integrated likelihood inference (Severini, 1998; Berger et al., 1999), a generalized linear mixed model as
opposed to a linear mixed model at the study level to avoid the normal approximation, or the incorporation
of Poisson random effects models (Cai et al., 2010). Additionally, a different prior for the random intercept
termm may be helpful in the case of rare outcomes, such as uniform or half-t, as the inverse-gamma prior

may incorrectly weight variances when data is sparse (Gelman, 2006).

Acknowledgments
Thanks to Leena Choi for discussion on the different misspeci cation scenarios that we explored. This
work was conducted in part using the resources of the ACCRE cluster at Vanderbilt University, Nashville,

TN.

Funding
* E.A.S.W. was supported by NIH grant U24CA194215.

* S.M.R. was supported by NIH grant T32HG008341.

J.L.W. was supported by NIH grant U24CA194215.
* Y.C. was supported in part by NIH grants RO1LM012607 and R01AI130460.

* Q.C. was supported by NIH grants U24CA194215, RO1CA237895, and R0O1CA188214.

Appendix: Misspeci cation Details

As described brie y in Section 2.5.2, we conducted simulations under four misspeci cation scenarios to
test the sensitivity of our method. For the rst, we allow for the subject-speci ¢ continuous covarjgte

have a nonlinear effect. In the next two, we consider the possibility that the subject-speci ¢ coZgriate

a moderator of the dose toxo-equivalence relationship. Finally, we assess the sensitivity of our method to

the accuracy of the reported dose vatliesince there may be unreported variation in total dose received
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across study subjects. In this supplement, we provide more details on the speci cation of each of the
models considered.
To start, we allow the continuous covaridgs to have a nonlinear effect in the data-generating

model, where

logit(pij) = m+ a1+ axXig + asXiadi + a4Xigdi + asZijs+ asZje+ az(Zje)*:

model is t with the correct nonlinear speci cation, while the SL-C and SL-NC models are t following
Section 2.5.1 in the context of aggregated covariates (with no inclusion of a nonlinear effect). For this and
the following misspeci cations, we t 100 repetitions, considering balanced and unbalanced designs as well
ast 22 (0;0:5; 1), for a total of 600 simulations, using the same sampling speci cations as in Section 2.5.1.

Next, we consider the cases where the covaégtes a moderator of the drug response by adding an
interaction term with either drug type or dose in the data-generating model. To do this, we consider two
new data-generating models. In the rst, we add an interaction between drug type and our binary

subject-speci ¢ covariateZ;js, such that

logit(pij) = m+ a1+ axXig + asXiadi + a4Xgdi + asZjs+ aeZjs+ arXsZjs:

the correct interaction speci cation. The SL-C and SL-NC models are t as in Section 2.5.1 in the context
of aggregated covariates (excluding interactions). The equivalence relationships under our SL-C and
SL-NC ts remain unchanged from Section 2.4.2, while the correctly speci ed IPD t produces separate
equivalence curves fafijs = 0 andZ;js = 1.

Similarly, we consider an interaction between ddsdreatment typg€Xia; Xig), andz;;s, where
logit(pij) = m+ ay+ axXig + azXiadi + asXigdi + asZjs+ asZje+ arXiaZjst + agXipZijsdi:
We again use th@a;:::;ag) from Section 2.5.1, and sat = 0:3 andag = 0:4. The IPD model has the
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correct speci cation, and the SL-C and SL-NC models are tas in Section 2.5.1. The equivalence
relationships for SL-C and SL-NC are unchanged from Section 2.4.2, and the IPD model produces an
equivalence curve for each valuegfs.

The nal misspeci cation of interest is the sensitivity of our method to the accuracy of the dose value
di. Our previous simulations assume that all subjects in stuelgeive the same dose. In practice, however,
dosing among subjects can vary due to adverse reactions, missed appointments, or subject non-compliance
(Lebovits et al., 1990). When this is the case, studies will often report an aggregated dose variable such as
the median and IQR of received doses, as in our application in Section 2.6. To simulate this
misspeci cation, we treat the original sampled doses frddnaf (  1;1) as the “target” dose for each
study,d;, and then de ne a “high dose” as 10% greater than this targeddil, and a “low dose” as 10%
less, 09d;. Each subject in studiyreceives one of these three doses with equal probability, dedgteahd

their outcome is generated as

logit(pij) = m+ ai+ axXig + asXiadij + agXgdij:

model is then t as speci ed for the SL meta model without covariates in Section 2.5.1, replhaiith

&. The covariategay;a;as;as) from Section 2.5.1 are used.
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Figure 2.3: Estimated dose toxo-equivalence relationships and 95% credible intervals of SL meta and IPD
meta models compared to known relationship with considered excluded term misspeci ciations for each
study design and value . A Exclusion of nonlinear effect of continuous subject-level covaride.
Exclusion of interaction between drug type and a binary covariate (€exxclusion of interaction between

dose and a binary covariate (sex).
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Figure 2.4: Summaries of misspeci ed simulations with a varied dose, under each study design and value
of t2. A: Percent bias and 95% credible intervals. Ef ciency and 95% credible intervals of SL versus

IPD meta modelsC: Estimated dose toxo-equivalence relationships and 95% credible intervals of meta and
IPD meta models compared to known relationship.
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Figure 2.5: Summaries of model t to taxane datA: Gelman plot. B: ACF plot. C: Estimated dose
toxo-equivalence relationships and 95% credible intervals for paclitaxel and docetaxel.
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CHAPTER 3

An Empirical Comparison of Methods for Ef ciently Estimating Time-Varying Effects in the Cox

Model

Elizabeth A.S. Westerberg, Ran Tao, and Qingxia Chen

3.1 Summary

In clinical research, the Cox proportional hazards model is widely used for analyzing survival data. One
drawback of the method, however, is its assumption that covariate effects remain constant over time, and do
not depart from proportionality. If this proportional hazards assumption is violated, the effect of the
associated variable can instead be modeled as time-varying, and the most exible way to model this effect
is via non-parametric methods, which do not rely on further assumptions about the underlying shape of the
time-varying effect. We compared ve different non-parametric approaches for estimating time-varying
regression coef cients in a Cox model. Four of these methods, namely Bernstein polynomials, B-splines,
penalized splines, and restricted cubic splines, use basis polynomials to est{ae a function of time.

The fth, local linear estimation, uses a kernel-weighted log partial likelihood evaluated admeastimate

b (t). We evaluated the relative performance of these methods via extensive simulation studies, and then
applied those with the best performance to a data set of 40,607 subjects with various types of tumors. We
used the Cox model to assess the relationship between metformin exposure and overall survival time from
cancer diagnosis after adjusting for demographic, disease, and drug information from electronic health

records.

3.2 Introduction
The Cox proportional hazards model, one of the most popular methods for analyzing survival data, relates
the hazard of an individual subject to their respective covariate set multiplicatively (Cox, 1972). While the

model is straightforward to interpret via hazard ratios, it does so while assuming that the effects of all
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covariates remain constant over time. There are methods to handle departures from proportionality, such as
via strati cation on covariates that violate the PH assumption or partitioning the time axis (Therneau and
Grambsch, 2000); however, strati cation on any continuous variable requires discretization, and
partitioning of the time axis requires the assumption of proportionality within each partition. Instead, the
coef cient effect itself can be modeled as a function of timdenoted (t), departing into
non-proportional hazards models.
There exist multiple established methods of estimating time-varying coef cients within the Cox
regression framework. Particularly useful are non-parametric methods, which offer exibility in estimating
b (t) without having to make assumptions about the underlying relationship between time and the value of
the coef cient (Chen et al., 2013). One such approach is via basis functions, which can approximate an
unknown functional form ob (t) by instead estimating a coef cient for each term in the basis function
de ned overt. A variety of basis functions have previously been applied to the area of time-varying
coef cients, and we chose to consider four of them: Bernstein polynomials (Osman and Ghosh, 2012),
B-splines (Chen et al., 2013; Sleeper and Harrington, 1990), penalized splines (Eilers and Marx, 1996), and
restricted cubic splines (Austin et al., 2022). Each have been evaluated in terms of inferential validity
within the Cox model, and each can be t using existing software packages once the basis functions have
been evaluated. However, each method can be tuned in performance through different means, such as the
order of Bernstein polynomials, the number and location of knots for B-splines and restricted cubic splines,
and the selection of a penalty term for penalized splines. The selection of each of these tuning parameters
will impact the performance of the estimatetnft), particularly with respect to coverage, bias, and error
(Perperoglou et al., 2019), though to what extent relative to others has not been previously examined.
Another existing method of estimating time-varying coef cients is local linear estimation, which uses
a kernel smoothing technique to estimbig) at pre-speci ed time points of interest. This method can be
tuned by adjusting the bandwidth of the kernel estimator as well as modifying the distance between
estimated time points with smaller intervals yielding more articulation in the nal curve estimate but also
higher computation time (Cai and Sun, 2003). Local linear estimation has been proposed as a useful
method for visualizing and diagnosing time-varying effects of a covariate, but the need to maximize the log

partial likelihood at every time point can be limiting when compared to basis methods, which can provide
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estimates at any time poinhtaicross the support of the basis once the basis coef cients are estimated. As a
result, local linear estimation can be more computationally intensive and less exible post-estimation.
Moreover, its performance relative to other methods in ability to approximate an unknyvhas not
previously been evaluated.

In this work we compared the relative performance of the previously mentioned estimation methods
via extensive simulation studies. We considered ve different functional forms for thé{)evarying in
shape and complexity, as well as both binary and continuous covariates on which we estimate the
time-varying effect. Within each method we modeled over a range of tuning parameter settings, and both
within and between methods we compared the ability to approxin@je con dence interval width,
con dence interval coverage probability, and mean square error. We also compared computation time of
different methods. Based on these simulation results, we then applied the compared methods to evaluate the

potential time-varying effect of metformin on cancer mortality (Xu et al., 2015; Wu et al., 2019).

3.3 Review of Methods

3.3.1 The Cox Model with Time-Varying Effects

In the usual proportional hazards survival model with right censoring, the available data is of the form
(Y; D; X), whereY is the observed time de ned &= min(T;C), with T the event time an@ the right
censoringtimeD= I(T C), andX a vector of lengthp of covariates believed to relate to the outcome.

The hazard at timeunder this proportional assumption can then be denoted

| (tjX) = | o(t) exp(b "X) (3.1)

whereb is a vector of time-independent regression coef cients of lenmgimdl o(t) is an arbitrary
baseline hazard function (Klein and Moeschberger, 2003). However, this model can be extended to
non-proportional hazards by allowing the elementb ¢ vary with time (Hastie and Tibshirani, 1993).
Throughout this manuscript, we consider the speci c case wKer€ X;Z), whereX is a speci ¢

covariate whose effect we allow to vary overhile the remaining covariatesare assumed to have
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time-independent effects, denotgdoroducing a hazard at timeof
I (tjX) = 1 o(t)exp(b ()X + g'Z) :

When tting this model, approximation df (t) can be achieved in a number of ways, such as linear
functions, splines, functional polynomials, and kernel smoothing (Austin et al., 2022; Chen et al., 2013;
Cao et al., 2010; Cai and Sun, 2003; Zucker and Karr, 1990; Tian et al., 2005). In Section 3.3.2 we describe

the ve particular estimation methods whose performance we have chosen to compare.

3.3.2 Methods of Estimation
3.3.2.1 Bernstein Polynomials
Bernstein polynomials are linear combinations of Bernstein basis polynomials (Lorentz, 2013). For a given

degreew, the corresponding Bernstein basis polynomials can be de ned as

where ' is a binomial coef cient. We can approximakt) by de ning it as a Bernstein polynomial

of degreew, written

b()= & aiBiul)
1=0

where the coef cient®, are called Bernstein coef cients. Previous work by Tenbusch (1997)
demonstrated the performance of Bernstein polynomials in the regression setting, and Osman and Ghosh
(2012) proved its validity in the estimation of time-varying effects for right-censored survival data, for both

binary and continuous covariates.

3.3.2.2 B-splines
The B-spline basis is a type of spline base de ned by its ondand number of internal knots,. Itis a

piece-wise polynomial with conditions ensuring continuity of both the function and its derivatives where
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the pieces join at each of th&, knot locations (Sleeper and Harrington, 1990). To approximéteusing

B-splines, we assume that

an

b(t)= & aB(t)
=1

whered, = w+ Kj is the total number of functions estimated ¢ar= w+ K, + 1 when including an

intercept in the base) ara] is the coef cient of thdth term in the B-spline approximation (Chen et al.,

2013). A B-spline basis of ordev with K, internal knots de ned ovetr2 [0;t ] will have a knot vector of

pi= pw=0<pw1< <t=pwmk,= Paw+k,- The spacing between knots in survival analysis is
often based on quantiles of the observed event times under study, intending to include an equal number of
events within each interval (Harrell et al., 2001). The individual basis fun&t{t) can be de ned via the
Cox-de Boor recursion formula (De Boor, 1978) in polynomial pieces as follows:

8

0 E 1 ifp t p+1
B| (t) = B
- 0 otherwise

t t
BI(t) = — B Y+ Pl D pw 1y
P+w P P+w+1  Pi+1
The rst componentBlo(t), is a piecewise constant that is either 1 or O and indicates which knot span
. . . t p .
containg. In the recursion portion, the rst parfy—=-, increases from 0 to 1 agyoes frompy to Pr+w,
; Prewes t ;
while the second parm, goes from one to zero agoes frompy. 1 to P+ w+ 1. Outside of these

ranges, the corresponding basis terms are zero.

3.3.2.3 Penalized Splines

Penalized splines, also referred to as p-splines, are a combination of the previously de ned B-splines and
penalization of the partial log-likelihood (Eilers and Marx, 1996). The goal of penalized splines is to
prevent over tting, particularly in the context of noisy data (Ruppert, 2002). To do this,

b(t) = é|d21a| B/'(t) is estimated oved, B-splines as previously de ned in Section 3.3.2.2. However,

estimates for the B-splines parameteraetre found by maximizing the penalized partial log-likelihood
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(Malloy et al., 2009),

z
19@@)=1(a) q [b%)%dt

wherel(a) is the partial log-likelihood for the overall model with respect to the spline coef ciargsdq,
which controls how the curvature bf(t) is penalized via its second derivative, determining the shape of
the resulting estimaﬂé(t). Different approaches for selecting the optimal smoothing parargetes well

as the number of knots have been proposed, such as via AIC, a corrected form of the AIC (Malloy et al.,

2009; Hurvich et al., 1998), or different forms of cross-validation (Cao et al., 2010).

3.3.2.4 Restricted Cubic Splines

Cubic splines are a type of spline basis that use a set of cubic polynomials, each between two sequential
knots, to represent a continuous variable. They are de ned by the total number okkadtich are placed
across the range of data generally based on quantiles of, in this case, the unique observed event times
(Harrell et al., 2001). A cubic polynomial is t within each interval de ned by the knots ganots there

will be k+ 1 intervals in which to t), and these polynomials are t so that they meet smoothly with one
another at the knots (Austin et al., 2022). The behavior of regular cubic splines can be poor in the tails of
the curve (before the rst and after the nal knot, also called the boundary knots). This can cause issues
when extrapolating the t beyond the boundaries (Harrell et al., 2001), which can be addressed by instead
tting restricted cubic splines. In a restricted cubic spline, the tails of the function are forced to be linear. In
doing so, the number of tted cubic polynomials reduceg tol, and the restricted cubic spline function

used to estimatk (t) can be de ned as follows. We estimate

k1
b(t)= a aiBi(t)
1=1

(t P )i P, (t pI3(Pc1 P
(P Px 1) (P Px 1)

Bj+1(t)=(t py)3
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where(w): = wwhenw > 0, and 0 otherwise (Harrell et al., 2001).

3.3.2.5 Local Linear Estimation
In contrast to the previous four methods, which all incorporated basis functions, time-varying coef cients
can be estimated using a local partial likelihood technique, developed by Cai and Sun (2003). In this
approachb (t) is estimated locally at pre-speci ed time points via calculation of the partial likelihood in a
neighborhood around each time point. More speci cally, for the hazard function de ned in (3.1), the log
partial likelihood across the intervéd;t ), wheret > 0 is the maximum follow-up time, can be written
nZy ’ ( n i
I(a) = él . Xo(9)Ta(s) log élYi(S) exp(Xi(s) a(s)  dNy(s)

wherea(t) = (au(t);:::;ap(t)) T are the coef cients for the covariatés Ni(t) = I1(Y;  t;di = 1) is the
counting process of observed failures for itieindividual, andy;(t) = I(Y; t) is an indicator of the "at
risk' process. For this method, it is assumed that the coef cient funet{ghhas a continuous second
derivative within the neighborhood bfind thatX(t) is a locally bounded predictable process. In this

context, forsin a neighborhood dfandj = 1;2;:::; p, by Taylor's expression,

a9  ayt)+ aAt)(s ) (3.2)

Kronecker product. Further, lat= h, > 0 be a bandwidth parameter controlling the size of a local
neighborhood an# () be a kernel function that smoothly down-weights the contribution of remote data
points. Then, by the local linear model (3.2), incorporating localized weights, the local linear partial

likelihood function is obtained by

hZ, "’ ( )#

I(b)= & . Kn(u t) Xq(uiu )b log g\a(s)exqf(i(u;u )Th) dNy(u)  (3.3)
g=1 i=1

whereKp( ) = K( =h)=h. Letb be the maximum likelihood estimate of (3.3) with respedb td'hen
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the local linear partial maximum likelihood estimateaff), a(t), is the rst pcomponents ob, while the
last p components estimate the derivativeaff). The rst components of this vector is of interest for this
manuscript, as our goal is estimation of the time-varying coef cienXan particular. Further detalils,
including a derivation of the estimation of the variancé}, can be found in Cai and Sun (2003) and

Tian et al. (2005).

3.4 Simulation Study
3.4.1 Data Simulation
The datasets for this work had 2,000 subjects per simulation with a hazard function for subject
i2(1;2;:::2000 de ned as
I (tjXi;Z) = 1 o(t) exp(b (t)X; + gZ)

whereX; andz; are either both binary or both continuous covariates with some level of correlation within
subject. In the case where both are binary, we rst sar@ple Bin(0:5), and then sampl¥; conditional on
Zi suchthaiXjjzi= 0 Bin(0:4), while X;jz; = 1 Bin(0:6). Whenz; andX; are both continuous, we rst
samplez; Unif(0;1) and then sampl¥; as a function of; such tha¥X;jz; 0:3z;+ Unif(0;1). Across
all simulations] o(t) = 0:2 andg = 0:15. Censoring times were generated from the exponential distribution
with hazard function ex@®:1+ 0:17), truncated by 0.05 and the largest follow-up time &f 1:8.

To evaluate performance of these methods across different shalpé3,offe considered ve

functional forms of differing complexities:
(& b(t)= 0:1, atime-independent effect
(b) b(t)= 0:1log(t+ 1), a monotone increasing effect

() b(t)= log(0:7+ 2texp( t?)), a non-monotonic effect with the highest hazard at the midpoint that

changes direction gradually

(d) b(t)=log(1:2 0:9sin(2t)), a non-monotonic effect with the lowest hazard at the midpoint that

changes direction sharply

(e) b()= 03 05 (sin(2t)+ cos(Zp 3t)), a non-monotonic effect with changing curvature at both the

midpoint and tails
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The shapes of these coef cients acro@s(0; 1:8) can be found in Figure 3.1. Each of these values of
b (t), in conjunction with the above simulation settings, produce event rates between 12 and 15%. For each
combination ob (t) and data type (binary or continuous) (10 in total) we simulated 1000 data sets,

resulting in 10,000 data sets simulated and t by all methods.

Figure 3.1: Considered functional formsoft) by increasing complexity.

3.4.2 Tuning Parameter Selection by Estimation Method

As explained in Section 3.3.2, each of the considered estimation methods has its own tuning parameters to
consider when tting. For both B-splines and restricted cubic splines, the number and location of knots
varied. We considered ts witk= 3;4;:::;7 knots, with placement of these knots chosen based on

quantiles of the observed unique event times following the suggestion of Harrell et al. (2001), detailed in
Table 3.1. All B-spline ts were fourth order, or third degree. For Bernstein polynomials, orders 3 through

6 were tin each setting. For penalized splines, following the conclusions of Malloy et al. (2009), the
corrected AIC (AlCc), proposed in Hurvich et al. (1998) was used to identify the optimal smoothing
parametel for each t. Finally, for local linear estimation, bandwidths between 0.2 and 0.6 in intervals of
0.1 were considered (Liu et al., 2010; Cai and Sun, 2003), with the likelihood function evaluated at
intervals of 0.05. To compare between different tuning settings per estimation method, each simulated data
set was t by all candidate tuning settings, and performance compared between them both at the data set

level and at the summary level, as explained in Section 3.4.4.
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Table 3.1: Quantile placement of knots for B-splines and restricted cubic splines based on number of knots
k

Quantiles
0.10 0.50 0.90
0.05 0.35 0.65 0.95
0.05 0.275 050 0.725 0.95
0.05 0.23 0.41 0.59 0.77 0.95
0.025 0.1833 0.3417 0.50 0.6583 0.8167 0.975

~NOoO Oolh WX

3.4.3 Model Fitting Procedure

For all approaches using basis polynomials (Bernstein, B-spline, penalized spline, restricted cubic spline),
model tting was performed using thexph function in thesurvival package version 3.1-8 in R version
3.6.0 (Therneau, 2015; R Core Team, 2020). Theption was used to b (t), multiplying X by the
corresponding basis matrix over event tiheBor Bernstein polynomials, tHgernstein_basisfunction

from thebasefunpackage version 1.1-3 was used to de ne the basis polynomials of wroegr support

(0;t) (Hothorn, 2020). For B-splines, the basis matrix was generated usifg fhaction from thesplines
packages version 3.6.3, including an intercept term and set to the default of degree 3. Penalized splines
were t using thepspline function, part of thesurvival package. All penalized splines were of degree 3,
and “optimal” degrees of freedom were chosen based on the corrected AlCc. These optimal degrees of
freedom also determined the selection of the penalty team well as the number of splines in the basis.
Finally, the restricted cubic spline basis polynomials were generated usingsfiime.evalfunction from
theHmisc package version 4.2-0 (Harrell Jr et al., 2020).

For all estimates db generated via local linear estimation, the local linear partial likelihood function
found in (3.3) was maximized using tlgtim function from thestatspackage version 4.0.5 with a max
iteration limit of 10,000, optimized using the Nelder-Mead method (Nelder and Mead, 1965).

To obtain the variance df (t) at any particular time poirttfor all basis polynomial methods, we use
the set of basis functior3(t) and the elements of the variance-covariance m&drrresponding ta,
denotedS, , to getdar(b (t)) = B(t)SaB(t)T

For local linear estimation, the varianceloft) is calculated at each time pointollowing Cai and

Sun (2003) based on the second derivative of the local linear partial likelihood function.
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3.4.4 Methods of Evaluation

Candidate estimation methods were rst evaluated within methods, and then between methods. For each
repetition of each simulation setting, method, and set of tuning parameters, the resulting estimggte of

was evaluated far2 (0; 1:8). The median across simulations at each time point was then calculated, such
that for a given time we reportﬁ(t) as the median df’(t), a vector of length 1000 where thth element

is Bj(t), the estimate from th@h simulation repetition, fof 2 1;2;:::;1000. This is repeated acrdsis
increments of 0.01 for all methods except local linear estimation, which was evaluated in increments of
0.05. Similarly, 95% con dence interval bounds around el&mu) are calculated as

Bj(t) 1:96 SE(BJ- (t)) for each candidate method, based on the tted variandg(Dfdescribed in

Section 3.4.3. The medians of the lower and upper bounds of these con dence intervals are then calculated
and reported for each value bés the “Fitted SE” con dence intervals. For comparison, we also calculate
95% empirical con dence intervals arouﬁc{t) based on the standard deviatiorﬁ){t) at each time point

t, calculated ab (t) 1:.96 SIXB(t)). These con dence intervals are reported as “Empirical SD.”
Alignment of the two types of con dence interval bounds re ects the ability of the variance estimator to
capture the empirical varianceli{t).

In addition to these summary measures, relative performance was evaluated based on coverage, mean
square error, AIC or log-likelihood, and computational time. Coverage at time fpigigalculated as the
percentage of simulation repetitions whose lower and upper bounds contained the true fgtjeanft of
1000 repetitions. Mean square error is calculated per time poMiSiKt) = %é?z 1(b(t) Bj(t))z.

While the above metrics summarize the performance speci ¢ to each tuning parameter selection, we
additionally wanted a way to compare between tuning parameters to nd the “optimal” performance of an
estimation method, so that this approach could be compared to the other methods. To do so, we calculated
model AIC for Bernstein polynomials, B-splines, and restricted cubic splines. For each simulated data set,
we compared AIC across tuning parameters and considered the lowest AIC to be the optimal t for that
data. Once the optimal ts were selected for each of the 1000 simulated data sets, their performance was
summarized as previously described in terms of the median curve, 95% con dence intervals, coverage, and
mean square error. For penalized splines, as the optimal smoothing parbmeterlready selected

during model tting via AlCc, the resulting summarized curve was considered to be the optimal t.
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Finally, for local linear estimation, we rst calculated the log likelihood at each time point for each
data set and selection of tuning parameters. For a given simulatidth bandwidthm, we calculated the

1
o

] éf,zolog(L(B(v)j;m)), wheren; = 37 is the total number of

mean log likelihood acrosmsmj;m =
time points estimated for each t. The optimal local linear estimation tuning set for simulpti@s then
chosen as the bandwidththat produced the Iargewj;m. Similarly to the above, the optimal ts for
each of the 1000 simulated data sets were then summarized alongside the tuning-speci c summaries. These
procedures were intended to re ect model selection when tting to real data and attempting to optimize
tuning parameters to produce either the lowest AIC or the highest log-likelihood.

In addition to the ability of each method to approximate the br(i§ curve, we were also interested in
the computational ef ciency of each estimation method. All simulations were executed using the
Vanderbilt Advanced Computing Center for Research and Education (ACCRE) cluster on an Intel Sandy

Bridge architecture processor with 2 GB of system memory. Computation time pa&vas recorded and

compared across tuning parameters and methods of estimation.

3.5 Simulation Results
3.5.1 Within Estimation Method
We begin with an assessment of the relative performance of different tuning parameters within each
estimation method of interest. The estimated median curves, coverage probabilities, and mean square error
for each method can be found in Figures 3.2 to 3.6, grouped by method. For all gures, panels are arranged
by curve shape (a) to (e) left to right and by data type top to bottom, with biarydZ on top and
continuousx andZ on the bottom.

In Figure 3.2 we have Bernstein polynomial ts of orders 3 through 6 plotted alongside the “optimal”
curve as de ned in Section 3.4.4. Looking rst at the estimateb () in PanelA, we nd that for curve
shapes (a) and (b), there is no real difference between the orders in terms of ability to estimate the true
curve. Moving to the right, however, as the curves become more complex it appears that increasing the
order improves the ability of the Bernstein polynomial basis to approximate the shbg .of his is
particularly visible for curve (d) in the trough of the curve arourd0:75, and in curve (e) in the extreme

tails of the curve. As the order increases, the width of the 95% con dence intervals increase as well. In
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PanelB, coverage for curves (a) through (c) is close to the nominal 95% level acrésscurve (d),

coverage is low in the binary data case for orders 3 and 4 as well as the optimal curve, particularly around
the curve trough. Similarly, coverage is low for curve (e) in the binary case around the left tail, as the lower
order methods were unable to capture the changing curvature there. Finally, looking af Paaedee that

mean square error increases with increasing order across all curve shapes, particularly in the end of the time
range fromt = 1.5 onward. For both paneks andC, the behavior of the “optimal” curve is most similar to

the curves of order 5.

Looking next to Figure 3.3, we summarize B-spline polynomial ts of degree 3 with 3 - 7 knots. In
PanelA, we nd that each knot speci cation performs well in estimating the shape of the curve for (a)
through (c), while in curve (d) it is evident that ts with higher numbers of knots are better able to capture
the trough of the curve. However, in curve (e) the different speci cations are all able to capture the extreme
tails fairly well. Con dence interval widths increase with increasing number of knots. In Bawel nd
that all curves maintain at or slightly above nominal coverage for both types of data, with coverage above
95% occurring in the extreme tails of ts where data is more sparse. In Eameéan square error
increases with number of knots, but this is more pronounced with binary data than with continuous. The
performance of the optimal curve is closely aligned with a 5 knot t in both paAaisdC.

The penalized spline t can be found in Figure 3.4. As each of the 1,000 repetitions was t with an
optimal number of degrees of freedom, there is only one summary curve for these simulations. i,Panel
curve (a) misses slightly in either tail, while curve (b) is more accurate. For curves (c) and (d), the
penalized spline struggles to capture both the tails and the peak of the curve. It is similar in (e), though the
extreme behavior of the tails coupled with the peak in the middle, when being t with the penalized spline,
results in a very smooth median curve with little articulation. Con dence intervals around the estimate
widen across time. In PanB| we see lower coverage at early values fafr curve (a), nominal coverage
for curve (b), and for curves (c) through (e) we have lower coverage surrounding most points of articulation
along the curve, likely due to the overly smooth ts produced by the penalized spline. Mean square error in
PanelC increases across time, particularly for curves (c) and (d).

In Figure 3.5 we have the restricted cubic spline ts with 3 - 7 knots. At only 3 knots, the median

curves in PaneA are unable to capture any curvature of the to© for curves (c) through (e), but all
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numbers of knots perform alright for (a) and (b). With increasing knots, the peaks and troughs of curves (c)
through (e) can be captured, but the linear tail restrictions hamper the ability of the curve to approximate the
tail behavior in (). Con dence interval widths again increase with increasing number of knots. InBRanel
coverage is low at low numbers of knots, especially for 3 knots in curves (c) through (e) around points of
articulation. Coverage is also low for low valuestdbr curves (c) and (d), due to the linear restriction

through this range. Mean square error in Pahéicreases with the number of knots, but is also high when
there are 3 knots in curve (d) at the trough. The optimal curve behavior for restricted cubic splines aligns
closely with orders 4 and 5 in terms of curve shape, but its coverage is very low for (c) through (e).

Finally, in Figure 3.6, the local linear estimation ts are summarized. In PAneé see that narrow
bandwidths are the most able to capture the articulation in curves (c) and (d), but their con dence intervals
are also the widest. These ts particularly struggle to capture the trough of curve (d), as well as the right
tail of curve (e). In PandB, coverage is nominal through the majority of time for curves (a) through (c), but
does drop below nominal in the highest values.dfor curve (d), the widest bandwidths have very low
coverage in the trough, and all bandwidths fall below nominal at tighhich is also evident in curve (e).
Finally, for mean square error in Par@| the narrowest bandwidths suffer from the highest MSE. The
optimal curve performs poorly in terms of con dence interval width and mean square error. However, its

coverage is somewhere between a bandwidth of 0.2 and 0.3.

3.5.2 Between Estimation Methods

The best t from each method, chosen as the tuning parameter selection that most closely mimicked the
“optimal” tin each case, is presented in Figure 3.7. When compared against other approaches, it is clear
that the penalized spline ts are unable to capto(e to a useful approximation, and their poor coverage
reduces their validity in inference. Similarly, the restricted cubic spline with 5 knots suffers from poor
coverage at early values pbfor curve (c), and although its MSE is low it fails to capture the articulation in
several of the curves. The Bernstein polynomial ts and local linear ts, at their best, perform comparably

in both MSE and curve estimation, though their coverage suffers slightly at high valuddafever, both

of these t approaches showed high variability in performance depending on the tuning parameters chosen.

Finally, the B-spline t at its best maintains nominal coverage probability, and its con dence intervals are
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comparable in width to Bernstein polynomials and local linear estimation. It manages to capture the
curvature ot (t) across all curves, including in the tails of (e) and the trough of (d). While its MSE is the
highest among the methods, it is also the only method that was able to maintain nominal coverage
regardless of tuning parameters.

Beyond curve estimation, coverage, and MSE, we also looked at the computational ef ciency of each
method by comparing computation time per model t. Restricted cubic spline ts were the fastest at 4-6
seconds per t, depending on data type and curve shape. Both Bernstein polynomials and B-splines
averaged 7-10 seconds per t, with penalized the slowest among the basis function ts at 12-15 seconds.
The longest tting time by far, however, went to local linear estimation at 6 - 20 minutes per t depending
on curve complexity and data type. This was not unexpected given that the partial likelihood is evaluated at
each time point of interest, and computation time reasonably scales with the interval of evaluation. These
simulations estimated at intervals of 0.05, but modi cation of that interval width would dictate computation

time.

3.6 Real-World Application: Metformin in Cancer Patients
3.6.1 Data Source and Methods
As an illustration, we built on previous work by Xu et al. (2015) and Wu et al. (2019) on drug repurposing
in cancer patients. Their work found an association between metformin exposure and cancer mortality
among patients with all tumor types, including breast, lung, and colorectal tumors. We extended on these
ndings by allowing the effect of metformin to vary across time. The data for this work comes from a
retrospective cohort study, running from January 1, 1995 to December 31, 2010 using Vanderbilt University
Medical Center (VUMC) electronic health records (EHRS) sourced from the Synthetic Derivative (SD),
which is a comprehensive and de-identi ed version of the VUMC EHR database (Roden et al., 2008). We
identi ed 40,607 total subjects for consideration across all tumor types, with 2,951 among these having
documented metformin exposure in the SD. Of these identi ed subjects, there were 3,963 with breast
tumors, 3,357 with lung tumors, and 2,542 with colorectal tumors.

Our modeling approach followed the procedure outlined by Wu et al. (2019), beginning with

pre-speci ed study covariates of age, biologic sex, race, tumor type, and tumor stage. Also under
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consideration were diseases with International Classi cation of Diseases, Ninth Revision, Clinical

Modi cation (ICD-9) codes, grouped into 1,637 phenome-wide association study (PheWAS) phenotypes
(Denny et al., 2010), and information on 1,346 normalized medications, including metformin. To reduce

the dimensionality of candidate covariates, variable screening using a univariable Cox proportional hazards
model was conducted for each phenotype covariate, and only those with3 in the univariable setting

were kept in the nal model. After screening, this resulted in 1,279 disease codes for inclusion in the nal
model. Outcome of interest was overall survival time from cancer diagnosis to death (event) or last medical
record date in the EHR (censored), rounded to the nearest month. Outcomes were censored at a maximum
follow-up time of ve years. Exposure to metformin was modeled as a binary variable and t with a
time-varying coef cient effect following the procedure outlined in Section 3.4.3. Due to the extensive
number of model covariates (2,413 total after univariable screening), local linear estimation was not
feasible on this dataset due to its long computation tim&4 hours per time point evaluated).

Additionally, penalized splines were not t to this data due to their poor coverage in the simulation

scenarios considered previously. The remaining three candidate methods were t to all tumors types as well
as individually to breast, lung, and colorectal tumors. Fits were based on the optimal tuning parameters
previously discussed (5 knots for B-splines and restricted cubic splines, order 5 for Bernstein polynomials).

For comparison, a model with a time-independent effect on metformin was also t for each grouping.

3.6.2 Results

The estimatedb (t) curves for this analysis can be found in Figures 3.8 and 3.9. Looking rst at Figure 3.8,
we consider the performance of B-splines t to all cancers, breast cancer, colorectal cancer, and lung
cancer, and compare against a time-independent t that assutjes b for all t. Both colorectal and

lung cancers did not show evidence suggesting a time-varying effect of metformin exposure, with estimates
of b (t) showing similar trends tb alone and particularly no evidence suggesting a bi-directional effect of
exposure that would switch from protective to harmful or vice versa. In breast cancer, both the time-varying
and time-independent effects contain 0 in their con dence intervals, and there seems to be no real
directional trend in the estimate b{t) when comparing t. Among all cancers, however, there is an

upward trend irb (t) that switches from protectivéd (t) < 0) to harmful b (t) > 0) ast increases. While
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the con dence intervals still contain 0, and overlap with the time-independent estimate, there is enough of a
trend in this t to suggest that a time-varying effecthoft) is plausible and justi es future investigation. In
Figure 3.9, where all plausible methods are compared, we nd similarly that the effect of metformin when
modeled for all cancers shows a suggestion of a time-varying effect, with a similar increasing trend
modeled by both Bernstein polynomials and restricted cubic splines compared to the B-splines t. Fits for
individual cancers also show similar shapes, though the B-spline t shows the most variability among the
three due to a higher level of exibility in the t. However, as it was shown that Bernstein polynomials and
restricted cubic splines were more prone to low coverage, it is possible that the lower variability in these ts
does not indicate a better overall t. Either way, the ndings pertaining to each cancer are consistent across
the considered methods, and all support further investigation into a time-varying effect of metformin on
cancer survival. Of note is that, consistent with simulations, each of the three methods applied to this data

had comparable computational times at 94 - 96 total hours to reach convergence.

3.7 Discussion

We assessed the relative performance of ve different methods of estimating time-varying coef cient

effects in the Cox regression model. Within each method, we found that increasing the exibility allowed

by the tuning parameters (number of knots, order of the t, size of the bandwidth) resulted in ts that better
articulated the true shape bft), but at the expense of increased mean square error and less ef cient
estimators. The penalized spline struggled even when allowed to t to an optimal number of degrees of
freedom, as the estimate could not articulate to the most extreme portions loftariyinctions considered.

This may be due to the moderately low event rate under consideration (12-15%), as previous works have
shown the selection of optimal degrees of freedom may be far from the “real” optimum in small data sets
(Verweij and van Houwelingen, 1995). Similarly, the linear restriction in the tails of the restricted cubic
spline t greatly reduced its performance in the case bf(§ with curvature in the tails, such as curve (e),
particularly with a low number of knots. Previously, it has been suggested that restricted cubic spline ts
are can be particularly hampered by knot placement when the positioning is hon-uniform over the covariate
space (Durrleman and Simon, 1989); however, in cases with a large amount of censoring, placing the knots

based on quantiles of observation times will inevitably lead to non-uniform spacingtalong
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The performance of Bernstein polynomials was heavily dependent on the order of the polynomial
being t, with low orders suffering from low coverage throughout any points of articulatidn(ip. While
higher order ts were better able to capture the true curve shape, they suffered from higher MSE
particularly in the tails of the t. There has been work to suggest that in the case of a small sample, the
choice for the order of Bernstein polynomials should be arcmrrdp n (Osman and Ghosh, 2012). For
larger sample sizes, it has been suggested to use AIC or BIC (Kooperberg et al., 1995), which would be
re ected in our “optimal” curve, most closely in alignment to an order of 5. Local linear estimation,
similarly, had performance that relied predominantly on the selection of the bandwidth pardmater,
small values, the model achieved nominal coverage but suffered from high MSE, particularly at higher
values oft. At large values oh, however, coverage suffered through points of articulation such as the
trough in curve (d) and tails in curve (e). The “optimal” curve in terms of the average value of the partial
log likelihood had notably high MSE and wide con dence intervals. Liu et al. (2010) previously found that
the selection of a bandwidth parameltter O(n"), with 1=5< v< 1, would be optimal to obtain an
unbiased estimator. In our simulations, this would correspond to a band@@ib< h< 0:22, which as
evidenced by 3.6 would lead to nominal coverage but some of the highest MSE of all simulations. It is
worth noting that Cai et al. suggest the use of local linear estimation as a diagnostic tool to uncover
departures from the proportional hazards model, but they do not claim it to be optimal from an inferential
perspective (Cai and Sun, 2003).

Among all methods considered, B-splines were the only ones to maintain nominal coverage regardless
of the number of knots included in the basis. The widths of the con dence intervals for different knot
speci cations did not vary to the degree of other methods, and MSE was comparable between knot
speci cations through most of the rangetofThe exibility of B-splines has been touted in previous works,
particularly for their lack of sensitivity to knot placement, and ability to capture curve shapes with as few as
four or ve knots regardless of complexity (Sleeper and Harrington, 1990; Chen et al., 2013; Hastie et al.,
1992). While the MSE for B-splines was higher than other methods in the right tails for binary ts, it was
the only method among those compared that was able to maintain nominal coverage in the binary case
regardless of tuning parameters. Additionally, it was among the least computationally intensive at 7-10

seconds per t for a dataset of sime= 2000. For these reasons, among the methods tested it is reasonable
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to conclude that the use of B-splines in estimating time-varying effects in the Cox model provides a balance
of exibility, ef ciency, and analytical validity that set it apart from the others, at least based on empirical
evidence.

Our application to metformin exposure found similar shapes in the estimatg)oficross ts using
B-splines, Bernstein polynomials, and restricted cubic splines. B-splines showed the highest degree of
exibility in the t, and had comparable computation times compared to the other methods. The tto data
from all cancer types suggested a time-varying effect of metformin exposure on cancer survival up to ve
years, with the effect transitioning from protective to harmful around 3.5 years. The effect of metformin on
cancer survival (Rizos and Elisaf, 2013; Xu et al., 2015; Wu et al., 2019) has commonly been concluded as
protective, however these ndings suggest that this protection may only persist for a few years, supporting
further research into its long-term effects. Of note is that our data for this application did not include length
of exposure to metformin or dosing, and having this additional longitudinal information would improve the
accuracy of the estimate bf(t).

There are a few limitations to this work. First, we only consider simulations and examples with one
potential time-varying effect of interest. In practice, there may be multiple covariates with suspected
time-varying effects, which would require additional computation time in the case of all basis functions but
not necessarily for local linear estimation, which estimates all coef cients with the potential to vary by
time. Additionally, in most cases we only consider a narrow range of tuning parameters for each method.
While we did nd diminishing returns in most examples as the exibility increased, in practice it may be
necessary to go beyond the displayed scope of parameters to nd the optimal t for a particular set of data.
With increasing exibility, particularly with B-splines, we observed high variability in the tails of the
estimated (t). There have been several methods suggested for dealing with this variability, including
correcting skew in the related covariate (Sleeper and Harrington, 1990). While we do not implement
methods to correct for high tail variability, it is an area of potential future work. Finally, the results of this
work are empirical and based on summarized simulations. A possible extension would be to prove the
asymptotic behavior of each method to con rm which would come out as optimal, though this would likely
depend on context and other factors beyond simply the estimating method at hand. Nevertheless, we

believe these results provide support for the use of B-splines in particular in estimating time-varying effects
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in the Cox regression model, particularly as a potential rst-line approach to accommodating suspected

non-proportional hazards.
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Figure 3.2: Simulation results for Bernstein polynomials, colored by order of t. (A) Estimated median
curves and 95% con dence intervals, empirical and tted (B) Coverage probability (C) Mean square error.

54



Figure 3.3: Simulation results for B-splines, colored by number of knots. (A) Estimated median curves and
95% con dence intervals, empirical and tted (B) Coverage probability (C) Mean square error.

55



Figure 3.4: Simulation results for penalized splines. (A) Estimated median curves and 95% con dence
intervals, empirical and tted (B) Coverage probability (C) Mean square error.

56



Figure 3.5: Simulation results for restricted cubic splines, colored by number of knots. (A) Estimated
median curves and 95% con dence intervals, empirical and tted (B) Coverage probability (C) Mean square

error.
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Figure 3.6: Simulation results for local linear estimation, colored by bandwidth. (A) Estimated median
curves and 95% con dence intervals, empirical and tted (B) Coverage probability (C) Mean square error.
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Figure 3.7: Simulation results from best t of each method, colored by t. (A) Estimated median curves
and 95% con dence intervals (B) Coverage probability (C) Mean square error.
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Figure 3.8: Estimatedb(t) curves for B-splines t to metformin exposure data compared to a time-
independent estimate bf.

Figure 3.9: Estimatet (t) curves for candidate methods t to metformin exposure data compared to a
time-independent estimate bf
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CHAPTER 4

Ef cient Estimation of the Cox Model with Time-Varying Effects Under Two-Phase Designs

Elizabeth A.S. Westerberg, Ran Tao, and Qingxia Chen

4.1 Summary

Two-phase study designs are often used in large epidemiological or clinical studies where certain covariates
are too expensive to be collected on all participants. In the case of time-to-event outcomes, expensive
covariates are often collected on all cases along with a subset of the controls, sampled in different ways.
The Cox proportional hazards model is a common model of choice for time-to-event outcomes, and
previous work using sieve maximum likelihood estimators has developed an ef cient semiparametric
method for estimating the Cox model under two-phase designs when covariate effects are constant by
approximating the conditional density functions of expensive covariates given available inexpensive
covariates, using B-spline sieves. However, we are interested in extending this method to the case of
time-dependent effects, as the long follow-up times often seen in large studies with rare events lend
themselves to violations of the proportional hazards assumption. We propose an extension of this method
that estimates time-varying effects for expensive covariates using B-splines. We establish its performance
via extensive simulation studies and compare its performance to existing methods for estimating
time-varying effects. Finally, we demonstrate our method on data from a large cohort study, looking at the

association between oxidative stress and colorectal cancer incidence.

4.2 Introduction

In large epidemiological or clinical studies with a time-to-event outcome, the outcome of interest (time to
diagnosis, time to death after diagnosis, length of progression-free survival, etc.) is often known for all
subjects under study, as well as the majority of the demographic or inexpensive information that researchers

believe may be associated with the event. However, the covariates of main interest are often values that
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involve genotyping, lab values, or imaging data, which are expensive as well as time-intensive or
impossible to procure for all subjects. Oftentimes, studies deal with this dif culty by running what are
referred to as “two-phase” studies, wherein the collection of inexpensive information is performed for all
subjects, referred to as Phase I. In Phase I, the expensive covariates of main interest are measured for only
a subset of the total population (Tao et al., 2020). Methods for sampling this second phase vary depending
on the type of study. In survival analysis with time-to-event outcomes, common sampling schemes include
the case-cohort and nested case control design, where in both all cases are included in Phase II. In the
case-cohort design, a random sample of controls is selected from the total population for inclusion in Phase
Il (Prentice, 1986), while in the nested case control design controls are sampled for each case based on the
risk set at the event time of each case, sampled in varying ratios of controls to cases depending on the study
(Liddell et al., 1977).

While two-phase studies make data collection more feasible, they also require modi cations to
analysis techniques to account for the sampling method being used. One common analytical approach to
time-to-event data in general is the Cox proportional hazards model, which links the hazard of a subject to
their respective covariate set multiplicatively (Cox, 1972). It does so by assuming that the effects of model
covariates remain constant over time, referred to as the proportional hazards assumption. In large data sets
however, particularly those with rare events or long follow-up times, this assumption can often be violated,
necessitating models that can handle departures from proportionality. As mentioned in Chapter 3, methods
such as stratifying on covariates that violate the proportional hazards assumption or partitioning the time
axis and estimating effects within partitions have been developed (Therneau and Grambsch, 2000).
However, these are less ideal as they require discretization of stratifying variables or the assumption of
proportionality within time partitions. It is preferable to model the time-varying coef cient, derofed
exibly as a function of time. In particulat (t) can be modeled non-parametrically using B-splines,
avoiding making assumptions about the underlying relationship between time and the value of the
coef cient (Chen et al., 2013; Sleeper and Harrington, 1990). They can also be modeled via local linear
estimation, wheré (t) is estimated at pre-selected time points of interest via kernel smoothing Cai and Sun
(2003). Both of these approaches work for estimating time-varying effects, as evaluated in Chapter 3;

however, as mentioned, they require additional modi cations when dealing with two-phase designs.
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Modi cations can be sampling speci ¢, such as the extension of local linear estimation methods to
nested case control data by limiting the risk set to those sampled for a given case (Liu et al., 2010), or
exible to work with different types of sampling like inverse probability weighted models (Stger and
Samuelsen, 2012), which incorporate different weights depending on the sampling type. Inverse probability
weighting can be used in conjunction with B-splines for estimating time-varying effects, making it an
option for a number of sampling designs. However, both of these methods drop individuals from Phase |
who did not have the expensive covariate sampled in Phase I, resulting in a loss of information and
reduction in total sample size. There exist methods that do incorporate Phase | data, such as the
likelihood-based approach of Saarela et al. (2008), but these methods often require parametric assumptions
about the association between the inexpensive and expensive covariates.

Existing work by Tao et al. (2017) developed ef cient semi-parametric methods for several regression
models under two-phase sampling, including for the Cox proportional hazards model. This method uses a
B-spline sieve approximation to estimate conditional density functions for the expensive covariate of
interest given the inexpensive covariates of choice, both discrete and continuous. In doing so, it is able to
incorporate all Phase | information, including from those who were not selected for measurement of the
expensive covariate in Phase Il. We sought to extend this model to the case where the expensive covariate
has a time-varying coef cient, building on the existing expectation-maximization algorithm to maximize
the sieve likelihood. This approach combines the B-spline estimation method for time-varying coef cients
as outlined in Chapter 3 and extends it to the two-phase case.

In this work, we begin by outlining an example use case of the Cox model with time-varying effects in
a two-phase setting, with inspiration from a large cohort study. Next, we detail our method for ef cient
two-phase estimation of the Cox model with time-varying effects, detailing the B-spline sieves and
expectation-maximization algorithm for coef cient estimation as well as a pro le likelihood approach for
estimating standard errors. We then compare the performance of our method against two previously
established two-phase methods, local linear estimation and inverse probability weighting, as well as against
the performance of a full cohort model assuming complete availability of the expensive covariate, via
extensive simulation studies. Finally, we demonstrate the performance of our method on a large cohort

study, looking at the association between oxidative stress and colorectal cancer.
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4.3 Motivating Example
We were motivated by an application to data from a large cohort study, looking particularly at colorectal
cancer incidence as it relates to antioxidant supplementation and oxidative stress. Conventional wisdom
says that the antioxidant effects of supplements such as vitamin C, E, and selenium should lower risk of
cancer by reducing cancer-causing oxidative stress, supported by early in vitro studies (Bjelakovic et al.,
2004; Klein and Thompson Jr, 2011; Blot et al., 1993; Group, 1994; Gaziano et al., 2009; Omenn et al.,
1996; Cole et al., 2007; Pais and Dumitrascu, 2013) linking oxidative damage to carcinogenesis. However,
large randomized controlled trials of antioxidants as cancer prevention agents have demonstrated no clear
bene t and even a potential link to increased cancer risk. Recent in vitro evidence (Genestra, 2007; Chandel
and Tuveson, 2014; Brunet et al., 2004; DeNicola et al., 2011; Kh and Ryan, 2009; Kops et al., 2002;
Piskounova et al., 2015) has suggested that oxidative stress may shift from being pro- to anti-carcinogenic
over the course of tumorigenesis as cancer cells develop adaptive mechanisms against oxidative damage.
In a pilot logistic regression analysis using this data, a bidirectional association was found between
oxidative stress and CRC risk, demonstrating both bene cial and harmful effects that were time-dependent.
More speci cally, high oxidative stress was associated with an increased risk of CRC in early phases of
cancer development, and a decreased risk in later phases. This pilot study also found that among patients
with more advanced cancer, levels of oxidative stress were lower. This analysis was made possible because
the study collected urine samples at baseline from all participants, and measured levels of oxidative stress
present in these samples (via a biomarker) for those who developed colorectal cancer, along with sampled
controls following a nested case control approach sampled 1-1. We build on this pilot study by tting our
proposed two-phase B-splines method in a Cox model that can incorporate Phase | information alongside
the available Phase Il biomarker data in Section 4.7, but begin with a complete description of our method

and evaluation of its performance via simulation studies.

4.4 Methods
4.4.1 Ef cient Two-Phase Estimation
We rst describe our proposed two-phase estimation approachl deinote the event time the

expensive covariate with a time-varying effect, ahthe vector of inexpensive covariates with time- xed
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effects. We assume that the cumulative hazard function of the evenTteoaditional on covariateX and
Z takes the formRé exp b(s)X+ g'Z dL(s), whereb() is the time-varying regression coef cient ¥f. g
is the time- xed regression coef cient &, andL ( ) is an unspeci ed positive increasing function. In the
presence of right censoring, we obsewandD instead ofT, whereY = min(T;C), D= I(T C),Cisthe
censoring time off, andl () is the indicator function.

Let P(j ) denote a conditional density function.(; D; X; Z) is observed for alh subjects in the
study, then the inference d( ), g, andL () is typically based on the likelihoo®[L ; P(Y;; DijXi; Zi).

Under the two-phase design, however, ofMyD; Z) is measured on ali subjects in Phase |, adlis

measured for a sub-sample of siegin Phase Il. LeR be the selection indicator for the measuremerX of

disregarded in the likelihood inferencetf ), g, andL (). Following Zeng and Lin (2014), we further
assume that the censoring ti@es independent of given(X;Z) among subjects witR= 1 and
independent of andX givenZ among subjects witR= 0. In this situation, the observed-data likelihood

takes the form

4

n
Rif|09P(Yi;DJ'Xi;Zi)+|09P(XiiZi)g+é(1 R)log  P(Y;Dijx Zi)P(§Zi)dx (4.1)

n
o
=1 i=1

where
Zy,
P(Y: DX Zi) i LYY expf b(Y) X + 9" Zig “exp L e bOX+g'Zi dL() ;

wheref{x) = df(x)=dx. Our main interest lies in the inferencetof ).
We use non-parametric maximum likelihood estimation and sieve approximation to maximize

expression (4.1). Firstly, we approximdté ) on[0;t ] using B-splines, where is the study duration; that
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is, we assume

dn
b(t)= & aA(t);
=1

whereA/( ) is thelth B-spline basis function of ordevon[0;t], dj is the total number of functions in this

Letl; be the jump size of () atY;. We havd ; > 0 and= 0 whenD; = 1 and 0, respectively. Finally, &

is discrete, then for each distinct observed Z, we estimatd®(XjZ) by a discrete probability function on
the distinct observed values ¥f denoted by;:::;xn (m  ny), wheremis the total number of distinct
values ofX (i.e.,mincreases withmy). If Z contains continuous components, then this nonparametric
estimation procedure becomes infeasible because only a small number of observaca® @ssociated

with eachZ. In this situation, we approximat®(xjZ;) and logP(xjZ;) in expression (4.1) by

m Sn
P(§Zi)= & 1(x= %) & BJ(Zi)px;;
k=1 j=1

and

S
I(x= %) a Bj(Zi)logpx;;
1 j=1

ﬁ QJOB

respectively, wherB?( ) is the jth B-spline basis function of ordex s, is the total number of functions in

approximation oP(xjZ;). Details about the construction of the B-spline bas&¥( )gﬁgl andf B‘j‘( )g?”:l
and guidelines about the choices(ef d,) and(q;s,) can be found in Chen et al. (2013) and Tao et al.
(2017), respectively. In practice,andq are typically chosen to be less than or equal to four, which

corresponds to cubic splines, atiflands, are determined by the Phase | sample siZé/e note thajpy;
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needs to satisfy the constraints

m
a pj=landp O(k=Lim j= 1) (4.2)
=1

=~

becausé>(xjZ;) is a conditional probability function. Consequently, the observed-data log-likelihood can

be rewritten as

( )
n m S
In(a:fligifpge) = & R logP(%i;DijX;Zi)+ & & 1(% = x)B{(Zi)logpy
i=1 k=1j=1
! ( ! )
3 o . a
+a(l R)log a P(M:Djx:Zi)a B?(Zi)pkj ; (4.3)
i=1 k=1 =1
where
«C . ) o
P(Y;DijxZ) p liexp & aiA"(Y)x+ g'Z;
(7 . )
exp Q1M Y)lpexp § aA'(Yox+g'Zi
i0=1 =1

We aim to maximize expression (4.3) under the constraints (4.2).
It is dif cult to maximize expression (4.3) directly because of the intractable form of the second term.

Following Tao et al. (2017), we solve this maximization problem by arti cially creating a latent vatiable

P(U = j=%:Z) = B}(2);
P(X = xZ;U = j=s) = P(X = xU = j=n) = pj;

P(Y;OX;Z;U) = P(Y; O X;2):

This step is essential because it enables us to intﬁ@;ellB?(Z) Pkj asP(X = xjZ) for subjects with
R= 0. Hence, the second term in expression (4.3) is equivalent to the log-likelihd¥d Bf, Z;),

assuming that the complete data consighafD;; Xi; Zi; U;) but with X; andU; missing.
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The maximization of expression (4.3) is carried out through an EM-algorithm, wiXeté) for
subjects withR= 0 are treated as missing data. The complete-data log-likelihood is

( )

n m $
AR logP(¥;DjX:;Z)+ & & 1(X = x)BJ(Zi) logpy;
i=1 k=1j=1

+ a(l R) flogP(Yi; DijXi; Z) + logP(XijU;) + log p(UijZi)g

" )
0 g 3
= a R logP(¥;DjX;Z)+ & a 106 = %)B](Zi) log pxj
i=1 k=1j=1
(
o ' .
+a(l R) a (&= x)logP(Y;Dijx;Zi)
i=1 k=1
)
A
+a a (X =xqUi= j=sn)logpyj+ a I(Ui = j=sn)logB](Z;)
k=1j=1 =1
Letg=(az;:::;aq,; g")T. We start with the following initial valuesﬁ( = =0, p(O) = D= a&L,b ,and
o]

(?=nmlaux-xowa)-mﬂawa>.

In the E-step of thét + 1)th iteration, we calculate the conditional expectations of
1(% = X Ui = j=sn) andl (X = x«) given(Y;;D; Zi), X1;:::; Xm, €valuated aﬁ() pf ;::"p(t)
(1?; :11; Pk, denoted ai)ktJI Y andq(li Y respectively. Thatis,

8
216 = x)BYZ); R= 1
P+ = J
ki P(%DijxiZi)BJ(Z:) b} "R=0
' E@lp(vi;mxko;zi)éf&lﬁs‘;o(z)p&%, ’ ’
8
5um:wxazx

q(“’ 1 _
P(Y:DixZ) &%k BIZ)BLo R =

A, POY%DIx0Z) 4% BIZ) bgo’
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Y andpi(” 2 (i=12;::; n) by maximizing

In the M-step of th€t + 1)th iteration, we updata(t

q|(|£+ Y logP(¥:; Dijx; Z:):; (4.4)

1

Qo5
7IT QJOB

Il
o

which is a weighted likelihood for the Cox model with time-varying effects. Let

and

dn
Gi(t) = exp § aA"(t)x+ 9'Z;

=1

We updateH(H K by solving

g 2 (t+1) ( aje 181 1(Yo Y)q(t+1G|Q<(Yi)QiQ<(\(i))
Sa)=a a & "D ak(¥) > =D
i=1k=1 aiciage (Yo Y 7 Gia(Y)

using the one-step Newton—Raphson algorithm. That is, we uﬁ((jtgté by

t+1) _ p() © o R0
§ "=8"+ w§ S §

where
Do &h,AR 1Mo YOG VG ga(Y) 2
W)= & & 4V S gy
i=1k=1 a8k 1Yo Y)bg 7 Gia(1)
n (O]
A &0, (Y YD Gia(Y)aiacY)

1 U3
o o t 1
an .8l (Y% )b Gi(Y)

anda 2= aa'. We updaté)i(t+ Y by using the Breslow estimator such that

D

a0, Al 1Yo Yo G GaY)

(t+1) _
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j = 1;:::; %) by maximizing
n m s N 0
aaa R UBNZ)+(1 RBGY logpy;
i=lk=1j=1

such that

n [0}
2 1 1
al, RblVBIZ)+(1 RPGY

(t+1) _ n

J

o an  ppttl T
Al &k, RbleVBIZ)+(1 R)pG Y
(t+1)
j
We iterate between the E-step and M-step until

We observe th satis es the two constraints in expression (4.2).

p(kt.*l) O <10 4

a(t+1) a(t) +§ bt~y pw® 4 J ]
i=1 1

1

il Qo
T Q0w

1

To obtain the variance estimate&y,fwe use the pro le likelihood method proposed by Murphy and
van der Vaart (2000). By verifying the smoothness conditions of Theorem 1 in Murphy and van der Vaart
(2000), it can be shown that the negative inverse of the Hessian matrix of the pro le likelihood function
pl(q) = maxt | gt pkjgglIn(q;fl i0,f p;Q) is a consistent estimator for the limiting covariance matrix of
n1=2(8 q). In practice, we obtain the value pf(q) by holdingg xed in the EM algorithm and
obtaining the value of,(q;f1g;f py;g) at convergence. We estimate the covariance matra(lny the

negative inverse of the matrix whofle I)th element is

n (0]
h,2 pl(B+ exhn+ ahn) pl(§+ehn) pl(§+ahy)+ pl(B) ;

wheree is thekth canonical vector, anid, is a constant of the order 172.
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4.4.2 Inverse Probability Weighting

We chose to compare our two-phase estimation method to inverse probability weighting (IPW), as this can
be applied to case-cohort, nested case control, and mixed sampling designs (Stger and Samuelsen, 2016,
2012). With IPW, the Cox model is estimated using a weighted partial log-likelihood, where for a given
subjecti with weightw; the weighted partial log-likelihood (Weyer and Binder, 2015) is de ned as

( )}
n n
I(b)= & Dwi bTX log @ I(Y Yowgexp(bXi)
i=1 g=1
The calculation of the weight; is dependent upon the sampling used by a given study. For our

purposes we consider case-cohort sampling, nested case control sampling, and the special case where a
study uses a combination of the two (referred to as “mixed” sampling), such as when combining multiple
study sets that may have used different sampling methodologies. In the case-cohort setting, sampling

weights are decided by the sampling proportion used. For a given sampling probabiligights for

1
p L
nested case control setting, Kaplan-Meier type weights, developed by Samuelsen (1997), are used, where

sampled controls will by, = =, and weights for cases will bg = 1 (Stger and Samuelsen, 2012). In the

the sampling probability is rst calculated as

o~ M
Pet Ot w1
wheren(t;) is the number at risk in the cohort at tifieM is the number of sampled controls per case,
andt; is the event (or censoring time) of subjécAgain, all cases have a sampling weight of 1, and
controls will have a sampling weight; = p—ll In the mixed case, the total study population is rst divided
into subsets based on the study of origin, and sampling weights are then calculated within sub-study based
on sampling design. Once this is done, the subsets are recombined to re-form the total study population.
Once sampling weights are calculated, the weighted partial log-likelihood is used to edtiit)etad

g on only those with complete observed data, or whkre 1. The robust variance estimator is used to

account for the weighted estimation of the partial log-likelihood.
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4.4.3 Local Linear Estimation for Nested Case Control Data

As an additional comparison method speci ¢ to nested case control studies, we considered local linear
estimation following the procedure outlined in Liu et al. (2010). Brie y, in this apprdath is estimated
locally at pre-speci ed time points by calculating the partial likelihood in a neighborhood surrounding each
time pointt. More speci cally, for a speci c timd, letR(t) = fi:T; tgdenote the risk set. With nested

case control sampling, each case Kasontrols sampled without replacement from the risk set at that

case's failure time, exclusive of the case itself. So, for a ¢aRedenotes the indices of thé selected

controls, and thus we can de e = R, [f ig, the union of the control and case indices. We denote the

individual coef cient estimates a&(s), wheresis in a neighborhood df and allow all covariates in the

whereg was of lengthp 1, p the total number of covariates includiixg Now, assuming that the
coef cient functiona(s) has a continuous second derivative within the neighborhooduwod thatX(t)
(whereX =( X;Z2)) is a locally bounded predictable process, thersfiora neighborhood af and

v=1;2;:::; p, by Taylor's expansion we can approximatgs) by

a9 a+at)(s 1)

Kronecker product. Further, let= h, > 0 be a bandwidth parameter controlling the size of a local
neighborhood an# () be a kernel function that smoothly down-weights the contribution of remote data
points. Then, by incorporating localized weights and risk set indicators, the local linear partial likelihood

function is obtained by

n ( )#
nZ M+1
I(b)= § tKh(u ) Xquu t)Tb log & expXj(uu t)Tb)  dNy(u) (4.5)
e=1 0 i2Rg

whereKy( ) = K( =h)=h. Letb be the maximum likelinood estimate of (4.5) with respedt td'hen

the local linear partial maximum likelihood estimateaff), a(t), is the rst pcomponents ob, while the
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last p components estimate the derivativeaf). The very rst component of this vectosy (1), is of
interest for this manuscript, as our goal is estimation of the time-varying coef cient on the expensive
covariateX in particular. For further details, including details on the varianc&0f, can be found in Liu

etal. (2010).

4.5 Simulation Study
4.5.1 Data Simulation
We evaluate the performance of our method via simulation under several data conditions. For each

condition, 2,000 subjects were simulated with a hazard funciton for sutfe(; 2;:::;2000 de ned as

I (tjiXi;Z) = 1 o(t) exp(b (t)Xi + gZ;)

whereX; andz; were either both binary or both continuous covariates, aaddZ are correlated with one
another. In addition to different types ¥fandZ, we also varied the target event rate (moderate or low) and
level of correlation betweeX andZ (moderate or high). The resultant valuesifg(t), Z, andX can be

found in Table 4.1. Across all simulatiorggz= 0:15. Censoring times were generated from the exponential
distribution with hazard function exp:1+ 0:17;), truncated by 0.05 and the largest follow-up time of

t = 1:8.

Table 4.1: Speci cations for data simulations to produce desired event rates and correlation Bé&vekn
Z.

Datatype | Eventrate| Correlation | | o(t) y4 X
. : XjZz=0 Bin(0:3)
0, - - .

Binary 12 15% | 0:3<r <04 | 0.20 | Z Bin(0:5) Xjz=1 Bin(07)
XjZz=0 Bin(0:15)
XjZ=1 Bin(0:85)
. XjZ= 0 Bin(0:15)
BIn(0:9) | yiz=1 Bin(0:85)
Unif(0;1) | X 0:4Z+ Unif(0;1)
Unif(0;1) | X Z+ Unif(0;1)
unif(0;1) | X Z+ Unif(0;1)

Binary 12 15% | 0:7<r <0:8 | 0.20 | Z Bin(0:5)

Binary 4 5% | 07<r <08/ 0.07

Continuous| 12 15% | 0:3<r <04 | 0.20
Continuous| 12 15% | 0:7<r < 0:8 | 0.20
Continuous| 4 5% 0:7<r <08 | 0.07

NIN|N| N

To evaluate performance of these methods across different shalpé3,offe considered ve

functional forms o (t) of differing complexity:
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(@ b(t)= 0:1, atime-independent effect
(b) b(t)= O:1log(t+ 1), a monotone increasing effect

() b(t)= log(0:7+ 2texp( t?)), a non-monotonic effect with the highest hazard at the midpoint that

changes direction gradually

(d) b(t)= log(1:2 0:9sin(2t)), a non-monotonic effect with the lowest hazard at the midpoint that

changes direction sharply

(e) b(t)= 03 05 (sin(2t)+ 005(2p 3t)), a non-monotonic effect with changing curvature at both the

midpoint and tails

The shapes of these coef cients acrv2s(0; 1:8) can be found in Figure 3.1. For each data set,
subjects were chosen for inclusion in Phase Il using one of three methods: case-cohort sampling, nested
case control sampling, or mixed sampling. In the case-cohort setting, a random sample of 20% of the total
population was taken, and then all additional cases not included in this random sample were added. In the
nested case control setting, we chée 1 controls for each case. In the mixed setting, subjects were rst
randomly sampled to either case-cohort or nested case control status, with half of subjects going to each.
From there, we repeated the above sampling approaches for each sub-population, and then re-combined the
subjects to form the complete cohort of 2,000 for each simulation. Subjects who were sampled for Phase I
haveR= 1, and those who were not haRe= 0. For subjects not sampled for Phase I, we set the value of

X as missing.

4.5.2 Model Fitting

For both the two-phase and IPW tting procedures, the B-spline tertd aas t with order 4 (degree 3)
and 5 interior knots, placed at quantil@s05; 0:275;0:50; 0:725,0:95) (Harrell et al., 2001). These settings
were based on the “optimal” ts displayed in Chapter 3, Section 3.5.1. For the two-phase method, the
B-spline onZ was t with order 4 and 4 interior knots, placed at quanti{85; 0:35; 0:65; 0:95). For local
linear estimation in the nested case control setting, a bandwidtk d¥:3 was used, in alignment with the
optimal as proposed by Liu et al. (2010) based on a sample size 000 as well as the results of our

simulations in Chapter 3.
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Models using B-splines were t using tlexph function in thesurvival package version 3.1-8 in R
version 3.6.0 (Therneau, 2015; R Core Team, 2020). T(t), thett option was used, witl multiplied
by the corresponding basis matrix over event titnesl B-spline basis matrices were generated using the
bs function from thesplinespackage version 3.6.3. In the IPW case, weights for case-cohort populations
were calculated as=p, wherep is the sampling proportion (in our case 0.2). For nested case-control
populations, weights were calculated as the inverse of the sampling probabilities frétilgneb
function in themultipleNCC package version 1.2-2 (Stger and Samuelsen, 2016), following the approach
described in Section 4.4.2. For all estimates (if) found via local linear estimation, the local linear partial
likelihood function was maximized using tlo@tim function from thestatspackage version 4.0.5, setting
the maximum iteration limit to 10,000. Optimization was performed via the Nelder-Mead method (Nelder
and Mead, 1965). Both the IPW and local linear estimation models were tto complete case data only.

As a gold standard comparison model, we also t a model to the complete data on all 2,000 subjects,
with X andZ available for all, following the structure outlined in Section 3.3.2.2 and t with the same 5
knots and degree 3 as both the two-phase and IPW models. These models were t to all relevant simulation
settings (data type, event rate, correlation level, curve shape), and used to evaluate the relative ef ciency of
the two-phase method in estimatibgt) across time.

The variance estimate of(t) for the two-phase tting procedure was obtained by rst using the
pro le likelihood method described in Section 4.4.1 to estimate the variance-covariance m&rigf
Then, the elements corresponding the basis coef ciantdenoteds, , were used along with the
corresponding basis functiosgt), to getar(b (t)) = A(t)SaA(t)T. For IPW ts, robust variance
estimates were calculated during tting, and the resulting variance-covariance matrix was used alongside
the corresponding basis functions to calculéag(b (t)) as described. For the full cohort ts, the variance
estimate frontoxph (non-robust) was used to calculaar(b (t)). Finally, for local linear estimation, the
variance ob (t) is calculated at each time pointollowing Liu et al. (2010), based on the second derivative

of the local linear partial likelihood function.
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4.5.3 Methods for Evaluating Simulation Results

We compared the two-phase tting procedure against both IPW and local linear estimation in several ways.
First, for each repetitiof of each procedure under each simulation setting (event rate, correlation level,
curve shape, and data type), where 1;2;:::;400, the estimate df (t) was evaluated far2 (0; 1:8)

using the original knot locations and settings for the spline teW(s), in intervals of 0.01. For local linear
estimation, estimates f(t) were calculated at intervals of 0.05 during tting. Then, the median across
simulations at each time point was calculated, so that for a givmwreportﬁ(t) as the median di (t), a

vector of length 400 where thigh element isﬁ(t)j, the estimate from th@h simulation setting.

Additionally, 95% con dence interval bounds for eaﬁht) were calculated d::x(t)j 1:96 SE(B(t),—),

based on the tted variance of(t) described in Section 4.5.2. We reported the medians of the lower and
upper bounds of these con dence intervals, which are reported for each valas tfe “Fitted SE”

con dence intervals in our summary gures. We also calculate 95% empirical con dence intervals around
B(t) based on the empirical standard deviation oﬁatl) estimates for each time poihtwhich we

calculate ad (t) 1:96 SD(b(t)). These are plotted in our summary gures as “Empirical SD” intervals.
Plotting both allows us to visually evaluate the ability of the variance estimator in each method to capture
the empirical variance iﬁ(t).

Additionally, we compare methods based on coverage across time, where coverage at tinis point
calculated as the percentage of simulation repetitions (out of 400) whose lower and upper “Fitted SE”
bounds contain the true value loft). We also compare based on mean square error, calculated per time
point asMSE({t) = &', (b(t) b Zt)j)z, wherens = 400.

To compare the relative performance of our two-phase tting procedure and IPW in particular, as these
are both calculated for all sampling types as opposed to local linear estimation which is restricted to nested
case control sampling, we look at the median relative ef ciency of the estimate@)oécross time,
calculated a¥ar(b (t)ipw)=Var(b (t)twophas¢ and summarized as the median across the 400 repetitions for
each setting, where values greater than 1 signify that the two-phase procedure is more ef cient than IPW,
and vice versa. We repeat this process for estimatgstbe time-independent inexpensive covariate effect.
Finally, the two-phase ts were compared against the full cohort models t to the same simulated data sets

in terms of the median relative ef ciency of(t), calculated a¥ar(b (t) ru)=Var(b (t)twophasd across
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and summarized across the 400 repetition simulations for each setting.

All models were t using the Vanderbilt Advanced Computing Center for Research and Education
(ACCRE) cluster on Intel Sandy Bridge architecture processors. Both IPW and local linear estimation ts
were allotted 8 GB of system memory, while the two-phase ts were allotted 32 GB to account for the
increased total data size during tting as a result of incorporating all Phase | data. Computation time per t

j was recorded and compared across ttypes and data settings as a measure of computational ef ciency.

4.6 Simulation Results
All simulation results can be found in Figures 4.1 to 4.10. Each gure represents the combination of a data
scenario (correlation and event rate, as described in Table 4.1) and a sampling type (among case-cohort,
mixed, and NCC). The details for each can be found in the gure captions. Among Figures 4.1 to 4.9, all
panels are arranged by data type on the rows (binary versus continuous) and curve shape across the
columns (shapes (a) through (e)). The rst panel of each givelisplays the estimatdui(t) curves from
each method, along with both Fitted SE and Empirical SD con dence intervals. The secondBanel,
displays both coverage probabilities on the left y-axis, plotted for all ts, as well as the relative ef ciency of
the B-spline ttothe IPW ton the right y-axis. The dotted reference line displays the nominal 95%
coverage level at 0.95 for the left y-axis and the equal ef ciency level at 1.0 for the right y-axis. The nal
panel,C, demonstrates mean square error, plotted by t type.

Figures 4.1 to 4.3 present the results of our simulations t to a event rate ofl526 with a moderate
level of correlation betweeX andZ of 0:3< r < 0:4. Under this data scenario, the differences between
our two-phase B-splines t (in purple) and the IPW t (in orange) are slight, but in general the two-phase t
demonstrates slightly narrower con dence intervals and the corresponding slightly higher ef ciency (with
the relative ef ciency values plotted in pink in par@lslightly above 1 for the majority of the observed
time). The relative ef ciency of the two-phase tto the IPW t dips below 1 at the latest observed times,
but this occurs during the same interval of time over which the IPW con dence intervals drop below
nominal coverage. Thus, although the varianck @j in this time is higher for the two-phase ts, the IPW
ts with lower variance also suffer from low coverage. Differences in MSE are slight, but tend to be in

favor of the two-phase ts particularly in the mid-range of time. The local linear estimation ts in Figure
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4.3 demonstrate wide con dence intervals and high mean square error across time, but particularly at the
higher end of times. Of note in this and the next data settings is the difference in con dence intervals
between the Empirical SD and Fitted SE in the binary data case. This nding is consistent between the IPW
and two-phase B-splines ts, and particularly apparent in the local linear estimation ts, and is likely

related to dif cult in estimatingo (t) in time ranges where few subjects with= 1 experienced events.

Figures 4.4 to 4.6 pertain to our ts with an event rate of 125% and a high level of correlation
betweenX andZ of 0:7 < r < 0:8. The relative ef ciency of the two-phase B-splines approach to IPW
(panelB) under this setting was higher than with a moderate level of correlation, with values consistently
near 1.3 - 1.4 except for at the extreme ends of the time scale. Once again, the region of lower ef ciency
aligns with low coverage for the IPW con dence intervals. Both methods do well in approximating the true
b (t) curve in panel, but in alignment with the increased ef ciency of the two-phase estimator we see
narrower con dence intervals. Finally, mean square error values (@3reale comparable between the two
methods, though the two-phase approach has slightly lower mean square error particularly in the
continuous data setting. Again in Figure 4.6 we nd that local linear estimation suffers from high mean
square error and wide con dence intervals, and a large disparity between its empirical SD and tted SE
con dence intervals.

For the nal grouping, Figures 4.7 to 4.9 summarize our ts in the rare disease case, with an event rate
of 4 5% and a high correlation betwe&nandZ of 0:7 < r < 0:8. Ef ciency gains here (pand) are
comparable to the non-rare high correlation setting, with the same low ef ciency region corresponding to
low coverage for IPW in the right tail of the time range. Differences in mean square error (Deare
particularly pronounced in the nested case control setting in Figure 4.9 for contikiendZ. Note that
for the rare disease case, the local linear estimation model was unable to tto the reduced event rate due to
issues inverting the Hessian matrix; as such, we have excluded the local linear estimation model from this
gure.

Additionally, we present the relative ef ciency in the estimatiorgdfetween the two-phase B-splines
and IPW ts. As before, rows re ect data type (binary or continuous) and columns curve shape. In each
panel of the gure, sampling type is plotted from left to right as case-cohort (CC), mixed, and nested case

control (NCC). The different colors of the points correspond to data scenarios, with green representing high
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correlation and an event rate of 1215%, pink a moderate correlation and event rate of 18%, and blue
a high correlation and event rate of £%. Relative ef ciency is consistently above 1, indicating that the
two-phase estimation method is more ef cient. For the rare disease setting in particular (blue), the nested
case control approach demonstrates the largest gain in ef ciency across all data types and curve shapes.
When correlation betweex andZ is only moderate and the event rate is 125% (pink), sampling type
does not seem to make a difference in terms of ef ciency gains, though all relative ef ciency values in this
case are greater than at least 3.

Our comparison of ef ciency in estimatinig(t) between our two-phase B-splines t and the
corresponding model t to full data (no sampling) is in Figure 4.11. For both scenarios with high
correlation betweeX andZ (panelsB andC), we see comparable ef ciency between the two-phase
B-splines t and the full cohort t, with values consistently near 1. In the extreme tails, particularly for
large values of, the two-phase t is more ef cient than the full cohort t, but this is likely due to the
extreme tail behavior demonstrated in Chapter 3 when estimating time-varying effects using B-splines, and
more of an empirical nding than a theoretical one. When the correlation betWesmZ is moderate
(panelA), for binary data the two methods are comparably ef cient with values consistently around 1. For
continuous data, the full cohort tis more ef cient than the two-phase t, with median relative ef ciency
values averaging around 0.62 across time. Finally, we can compare computational e fciency for the
two-phase, IPW, and local linear estimation ts. The IPW ts were the fastest across sampling types and
data scenarios, averaging 2-3 seconds in binary case and 5-7 seconds in the continuous setting. The local
linear estimation ts took 4-5 seconds in the binary case and 6-7 seconds in the continuous case. The
two-phase ts took 2-3 minutes in the binary case and 1-2 hours in the most complex continuous case
(curve shape (e)). This computation time difference is due in part to the underlying process beltind the
function used byoxphto ttime-varying coef cients, which involves the creating of a counting process
dataset. While the IPW t also used this function, the original datasets entering the model differ in number
of rows, as the two-phase tincludes all Phase | participants and expands their records to a number of rows

dictated by the number of unique valuesqfwhile the IPW ts only include Phase Il participants.
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4.7 Real-World Application: Oxidative Stress and Cancer Risk

4.7.1 Data Source and Methods

As previously explained, we chose to illustrate the performance of our method on real-world data using
data from a cancer cohort study to study the time-varying effect of antioxidant stress on cancer risk. We
evaluate this hypothesis by tting our two-phase B-splines method to the two-phase nested case control
data available from this study, along with tting the IPW method described previously with Kaplan-Meier
type weights for nested case control studies as a comparator.

The full cohort, comprising Phases | and II, was 64,410 subjects. Among these, there were 684 cases
(an event rate of 1%), and 718 total controls selected. These two groups combined formed the 1,402
subjects used in the IPW analysis. For the two-phase B-splines analysis, we were unable to t to the entire
population, as the required space for creation of the counting process matrix exceeded our maximum
available RAM of 1 terabyte. Instead, we t to two sub-sampled populations. In the rst, we sub-sampled
in a 3:1 ratio with the existing controls in Phase Il from those only in Phase I, adding 2,154 subjects from
Phase | to those in Phase Il for a total sample size of 3,556. In the second, we sub-sampled in a 10:1 ratio,
adding 7,180 subjects from Phase | to those in Phase Il for a total sample size of 8,582. We t the
two-phase method to both of these sub-samples, and compare the performance of the two to see the
trade-off of computational ef ciency relative to the resultant estimate (bf.

Available study covariates included variables related to oxidative stress such as smoking status, BMI,
Charleson comorbidity index, menopause status, intake of vitamins C, E, and selenium, and the routine use
of antioxidant vitamins. Additionally, there were covariates related to cancer risk, including having a
family history of colorectal cancer as well as routine use of NSAIDs, and general demographic variables on
education level. Finally, there were variables relating to urine sample collection, including sample time, the
proximity of the urine sample collection to the last meal consumed, and the proximity of the sample to the
most recent consumption of antibiotics, vitamin supplements, and NSAIDs. The outcome of interest was
time to cancer diagnosis, calculated as the difference between age at baseline and age at diagnosis. For
controls, censoring tim€ was determined as the difference between age of enroliment and age at last
follow-up. The covariate with a suspected time-varying effect was the value of the oxidative stress

biomarker measurement.
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As there were several candidate inexpensive covariéatesise in the two-phase B-splines approach,
we chose to use principal components (PCA) (Salem and Hussein, 2019) to reduce dimension prior to
estimating the conditional probability function. To determine which covariates should be included in the
PCA, we use Phase Il data to t a linear regression model with an outcome of oxidative stress and included
all previously listed covariates as predictors. Any covariate Wwih0:3 was included in the PCA. The rst
component of the resulting PCA was usedas P(xjZ), and a B-spline was created for this variable with
degree 3 and 4 knots placed at quant{lg€5; 0:35; 0:65; 0:95), boundary knots over the range of the
component, and with an intercept. From there the model t proceeded as described in Sections 4.4.1 and
4.5.2, with the B-spline basis function used to approxintgtd t with 5 knots (with the same knot
placement as in Section 4.5.2), degree 3, and an intercept term. The value of the biomarker was rounded to
two decimal places. All candidate covariates were included in the nal model, including those not included
in the PCA.

The IPW model for comparison was t to the same set of covariates as the two-phase model, and with
the same speci cations for the B-spline basis used to approxin@je Sampling weights were calculated
with respect to the total population size of 64,410. Models were summarized by their estirhéte arfid
the tted standard error 95% con dence intervals surrounding them, and compared across the range of

unique event times, from= 0:1 tot = 14:4 years.

4.7.2 Results

The results of our t can be found in Figure 4.12. In orange the IPW t is plotted, in purple the two-phase
B-splines twith a 3:1 sub-sampling ratio to the controls, and in pink the t with 10:1 sub-sampling. We

can see that the estimated curveligt) is consistent across all three methods, hovering at or slightly above
0 for the rst 4 years before dipping below 0 between 4.5 and 10 years, and ultimately returning to O for the
rest of the time scale. The difference in ts lies in the width of the con dence intervals. For the IPW t, the
95% con dence interval contains 0 throughout the entire time scale, failing to capture any signi cant
difference between 0 aral(t). For both the 3:1 and 10:1 B-splines ts, however, the upper bound of the

con dence interval dips below 0 between years 6 and 9, demonstrating a signi cant association between

the value of the oxidative stress biomarker and time to diagnosis. Also importantly, the direction of this
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nding is in line with the pilot study, which found that oxidative stress shifted from pro- to

anti-carcinogenic over time, indicated byt) shifting from slightly positive to negative. While the

two-phase B-splines t had the increased inferential ef ciency to detect a signi cant difference in this case,

it did so at a trade-off in computational ef ciency. The IPW t, requiring 8 GB of RAM, took roughly 5
seconds to t, while the two-phase B-splines t with 3:1 sub-sampling on 32 GB took approximately 1

hour, and the twith 10:1 sub-sampling on 64 GB took 18 hours. However, there was no signi cant
difference in performance between these two sub-sampled ts, so it is possible that at 3:1 sub-sampling
(which creates a pseudo 4:1 NCC sample) a threshold of ef ciency is reached, and increasing sub-sampling
is not necessary. Thus, the trade-off becomes about one hour of computing time in return for an increase in

inferential ef ciency leading to a signi cant result.

4.8 Discussion
We demonstrated via simulation the performance of our proposed two-phase B-splines approach to
estimating time-varying effects in the Cox model under two-phase study designs. Over different data
scenarios, sampling methods, and functional forms(bf we found that our approach was able to capture
the shape ob (t) across time while achieving the nominal coverage probability of 0.95. This nding is
consistent with Chapter 3, where we found that B-splines were able to maintain nominal coverage
regardless of simulation setting. When compared to an IPW t on the same simulated data, we found that
our method had higher ef ciency for the majority of the time under consideration. This gain in ef ciency
can be attributed to the fact that our approach incorporated all Phase | information as well as the Phase I
information from those sampled. In doing so, it was between 3 and 6 times as ef cient in estigdting
which it had complete information, and 1040% maore ef cient in estimatindp (t) across data settings and
sampling schemes. Ef ciency gains were particularly notable whamdZ were highly correlated, and
when the disease of interest was rare (event rat®%). In these cases, the conditional density estimation
of X onZ provides more information than when there is less correlation between the two covariates.
Previous work using the SMLE for model estimation (Tao et al., 2017) demonstrated that it produced
asymptotically ef cient estimators, and our comparison to the full cohort model shown in Figure 4.11

aligns with this nding, with our two-phase t near equivalent in ef ciency to the full-cohort t across time.
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The lower ef ciency of IPW is also consistent with the ndings of Stger and Samuelsen (2012), who noted
that the IPW method lacked in ef ciency for the nested case control setting when compared to methods
evaluating a complete likelihood that included Phase | information from all subjects, such as that described
in Saarela et al. (2008). However, their method required parametric speci cation of both the baseline
hazard and the conditional distributionXfgivenZ, while our method requires no such parametric
assumptions. Additionally, both Stger and Samuelsen (2012) and Saarela et al. (2008) were focused on the
time-independent effect setting, while our work extends to time-varying coef cient effects.

Our comparison to local linear estimation for NCC studies found that, when compared to our
two-phase approach as well as to IPW, local linear estimation demonstrated high variability, particularly
when comparing the empirical con dence intervals to those calculated using the tted standard errors.
Additionally, local linear estimation was unable to t to our rare disease data due to issues inverting the
Hessian matrix. As Liu et al. (2010) did not consider the rare event setting (focusing instead on event rates
of 10 13%, it is hard to say if this nding is consistent with theirs. A wider bandwidth setting may reduce
the error in these ts, however as demonstrated in Chapter 3 this would likely come at the detriment of
coverage probability, particularly at points of articulation in the shag®(Df

Of note is that our method is applicable to multiple types of sampling procedures, with the only
assumption of the current work being that sampling is dependent on only one outcome. As explained in Tao
et al. (2017), if sampling were dependent on multiple outcomes then these should all be considered
simultaneously in a multivariate regression model to obtain valid inference. Our method could be extended
to multiple outcomes survival analysis by replacing the conditional deR§¥yD;jX;; Z;) with
P(Yi;DjX;Zi), whereY; is the multivariate outcome vector given covariaXeandZ;.

While our simulations only dealt with a singfecovariate, as demonstrated in our application in
Section 4.7 our method can incorporate multiple inexpensive covariates, provided dimension reduction is
possible. This is particularly necessary wteoontains multiple continuous components. With just two
continuous components, a multivariate B-splineZomay be possible for the conditional density function,
as explained in Tao et al. (2017); however, beyond two continuous components, dimension reduction via
PCA or a similar method is necessary to make computation feasible. In addition to dimension reduction,

the computational intensity of our two-phase method can be reduced as needed by rounding event times to

83



reduce the total number of unique times and rounr(g continuous) to reduce the unique values across
which pyj needs to be estimated. Additionally, with particularly large complete datasets, such as that used
in our example on CRC risk, sub-sampling of the Phase | controls can be used to reduce computational
demand while still producing ef cient results, with a 3:1 sub-sampling ratio producing comparable results

to a 10:1 ratio.
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Figure 4.1: Simulation results for moderate correlation, case-cohort sampling, colored by t type. (A)
Estimated median curves and 95% con dence intervals, empirical and tted (B) Coverage probability and
relative ef ciency (C) Mean square error.
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Figure 4.2: Simulation results for moderate correlation, mixed sampling, colored by t type. (A) Estimated
median curves and 95% con dence intervals, empirical and tted (B) Coverage probability and relative
ef ciency (C) Mean square error.
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Figure 4.3: Simulation results for moderate correlation, nested case control sampling, colored by t type.
(A) Estimated median curves and 95% con dence intervals, empirical and tted (B) Coverage probability
and relative ef ciency (C) Mean square error.
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Figure 4.4: Simulation results for high correlation, case-cohort sampling, colored by t type. (A) Estimated
median curves and 95% con dence intervals, empirical and tted (B) Coverage probability and relative
ef ciency (C) Mean square error.
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Figure 4.5: Simulation results for high correlation, mixed sampling, colored by t type. (A) Estimated
median curves and 95% con dence intervals, empirical and tted (B) Coverage probability and relative
ef ciency (C) Mean square error.
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