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CHAPTER 1

Introduction

1.1 Background

The landscapes we see today are the physical records of forces acting on Earth's surface. As mechanical

forces largely determine how sediment is eroded, moved, and deposited across all environments, current pro-

cesses are in effect reworking the physical remnants of past forces. One example of this is a river slowly

degrading layers of folded sediment within the �uvial valley which were indicative of past tectonic compres-

sion. The net effects of forces generated by �uids acting on the surface ultimately sculpt unique landscape

features, though the outcome of individual mechanical processes may not be evident over similar timescales

[Gardner et al., 1987, Cammeraat, 2002]. Mechanical deformation is also concurrent with chemical or bio-

logical processes which too work to alter Earth's surface over a range of scales [Murray et al., 2008, Anderson

and Anderson, 2010, Corenblit et al., 2011] The confounding nature of these various processes make it dif�-

cult to untangle the mechanisms controlling landscape evolution in time and space.

With most of Earth's biomass con�ned to this dynamic outer layer of the crust, accurately predicting

surface responses offers a acute challenge as we consider the effects of accelerating climate change and

growing human populations [Cannon and DeGraff, 2009, Taylor and Owens, 2009, Haff, 2010, Alimi et al.,

2018, Cendrero et al., 2020]. Dynamic processes simultaneously sculpt the natural landscape and threaten

the engineered environment. For example, shearing of sand by winds and waves during storms have led to

the development of barrier islands on which human populations have come to occupy. It is the same shearing

forces of wind and waves which threaten the longevity of infrastructure built upon these apparently stable

islands ( e.g. Sherman and Nordstrom 1994). Alluvial rivers, with masses of bedload driven by the shearing

�ow of water, cyclically depositing and eroding gravel bars on which plant and animal species congregate

(e.g. Gostner et al. 2017, Woellner et al. 2022). A hillside home may appear to have a �xed position on the

slope but long term residents may notice a shifting over tens of years due to sediment creeping beneath the

foundation under the force of gravity (e.g. Regmi et al. 2015). Wind, water, and gravity continuously rework

the landscape at great potential cost to the life occurring upon its constituent features. Thus, the ability to

predict such dynamic surface responses is crucial.

This endeavor is further complicated by the rare�ed nature of most sediment transport, where low concen-

trations of moving particles are at odds with the prevailing continuum-like formulations of transport [Furbish

and Doane, 2021, Ancey et al., 2008, Ancey, 2010, Furbish et al., 2012c, Roseberry et al., 2012, Chartrand
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et al., 2023, Pierce et al., 2022]. Rare�ed conditions, where particles interact more with the surface over

which they move than with other particles in motion, lead to uncertainty that is inherent across scales in

most morphodynamic problems. Individual realizations of the transport rate may be different from expected

values by orders of magnitude, illustrating how current deterministic formulations are unable to capture the

complexity of rare�ed particle dynamics.

There has been an increasing effort to address this inability to capture complex transport through the use

of stochastic formulations, an approach which was pioneered by H.A. Einstein in his 1937 thesis titled “Bed

load transport as a probability problem”. In this work, Einstein realized that the motions of individual grains

is impossible to predict deterministically and in turn suggested that the motion of many particles could be

described probabilistically. He suggested that sediment particles experienced alternating states of entrainment

and disentrainment between which they were displaced downstream, effectively describing the �rst random

walk model of transport. Later in a 1950 technical brie�ng, Einstein presented a formulation for the expected

�ux

qx = ELp (1.1)

for an average of hop distanceLp and uniform quasi-steady entrainment rateE. As he was interested in

timescales much longer than individual particle motions, this expression assumes that particle displacements

between rests ( referred to as hops) were nearly instantaneous meaning that time was not an important compo-

nent of the formulation. As noted by Ancey (2020a), this early random-walk model also did not consider the

probability distributions of transport rates meaning that it could not be thought of as stochastic. Nevertheless,

Einstein's conceptualization of the problem was instrumental in developing current probabilistic approaches.

Concepts related to Einstein's random walkers have since been adapted in a diverse set of studies ap-

plying probabilistic frameworks to different contexts in order to describe the particle �ux and tracer particle

behaviors [Ferguson and Wathen, 1998, Nikora et al., 2002, Ferguson et al., 2002, Schumer et al., 2009, Fur-

bish and Haff, 2010, Ganti et al., 2010, Bradley and Tucker, 2012, Furbish and Roering, 2013, Hassan and

Bradley, 2016, Furbish et al., 2018, Pierce and Hassan, 2020, Gray et al., 2020, Pierce et al., 2022]. The most

basic form of the Exner equation, written simply as¶h=¶t = � ¶q=¶x, relates the time rate of change in

surface elevationh in terms of the negative divergence of particle �uxq. The divergence form of the Exner

equation [Parker et al., 2000] and the entrainment form of the Exner equation [Tsujimoto, 1978, Nakagawa

and Tsujimoto, 1980] have since provided a framework on which sediment motions and transport may be rig-

orously examined though a probabilistic lens. Furbish, Fathel, and Schmeeckle (2017a) thoroughly describe

the ingredients and implications of the entrainment form of �ux and the Exner equations, which I will now

2



brie�y summarize in order to provide motivation for the work presented herein. Written most concisely as

cb
¶h(x;t)

¶t
= � E(x;t) + D(x;t) ; (1.2)

the probabilistic entrainment form describes the change in bed elevationh for a sediment bed of porosity

f wherecb = 1� f is the volumetric particle concentration andE(x;t) andD(x;t) are the volumetric rates

of particle entrainment and particle disentrainment per streambed area, respectively. If it is assumed that all

particle motions are downstream, then the disentrainment rate may be written in terms of the entrainment rate

such that

cb
¶h(x;t)

¶t
= � E(x;t) +

Z t

� ¥

Z x

� ¥
E(x0; t0) fLx;Tp(x� x0; t � t0;x0; t0)dx0dt0 : (1.3)

This expression explicitly acknowledges that particles at the positionx and timet of interest began their

motions at some upstream positionx0 at a previous timet0, meaning that it is a non-local formulation. The

motions of particles making individual hops measured from start to stop are at the center of this formulation

due to the inclusion of the joint distribution of hop distances with travel timefLx;Tp(x� x0; t � t0;x0; t0). Equa-

tion (1.3) can be manipulated into a more useful form by making a change of variables and taking a Taylor

series expansion to �rst order with respect tox. As shown in Furbish et al. (2012), this leads to

cb
¶h(x;t)

¶t
= �

¶
¶x

(ELx) +
1
2

¶2

¶x2 (EL2
x) (1.4)

which is a Fokker-Planck-like approximation of expected values in the limit of dt ! 0. The �rst term on the

right side represents the advective component of particle motions with average hop distanceLx described in

terms of the spatial variations in active particle numbers expressed viaE. The second term on the right rep-

resents the diffusive component of particle motion which effectively modi�es the advective term. Expressed

in terms of the raw variance of hop distancesL2
x, this term is an approximation of nonlocal behavior as it

takes into account the conditions upstream relative to those conditions atx. It is readily apparent from this

formulation that particle hop distances directly inform particle �ux calculations which in turn determine rates

of surface response.

In a great number of identical yet unique particles in motion, each individual particle makes instantaneous

interactions with the surrounding �uid and bed over which it moves. These interactions, which cause particle

energies to be redistributed throughout a particle's transport history, are what determine how expected and

actual realizations of particle hop distance and velocity evolve in space and time. The underlying distributions

from which the individual realizations of hop distance and velocity are drawn are de�ned by the mean and

variance, respectively referred to as the its �rst and second moments, of the ensemble[Roseberry et al., 2012,
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Furbish and Roering, 2013, Fan et al., 2014, Fathel et al., 2015, Furbish et al., 2017a, Ballio et al., 2018].

Previous studies have identi�ed key kinematic behaviors affecting the shape of characteristic distributions

of motion including the effects of grain heterogeneity, perturbations in sediment supply, and �uid sweeps

on velocity �uctuations about an expected value [Böhm et al., 2004, Campagnol et al., 2012, Ancey and

Heyman, 2014, Abramian et al., 2019a, Ancey and Pascal, 2020, Pierce, 2021]. Speci�c mechanics related

to �uctuations in particle velocitiesup are of varied importance depending on the timescale of interest. For

example, particle-scale mechanics in the form of trapping by microscale roughness on the bed most likely

dominate quick velocity excursions from the expected value during hops. In comparison, spatially variable

macro-scale bed topography like scour holes could instead account for related velocity �uctuations over

longer timescales as �uid velocity changes in and around the feature. Because of random nature of the

�uctuations in velocity and position, uncertainty is foundational in all rare�ed sediment transport problems.

Random �uctuations in motion as the result of heterogeneity in particle (i.e. angularity), surface (i.e.

roughness), or �ow characteristics collectively give rise to particle-scale diffusion, which has been show to

complicate our ability to estimate transport rates [Nikora et al., 2002, Bohorquez and Ancey, 2016]. Diffusion

quantitatively describes the net movement of some de�nable quantity from areas of high concentration to low

concentration such that the system of interest reaches a homogeneous state. In the case of normal “Fickian”

diffusion, which is used as a reference to describe all types of diffusion, there exists a linear relationship

between the concentration gradient of a conserved valuen(x;t) relative to time

¶n(x;t)
¶t

= k
¶2

¶x2 n(x;t) (1.5)

wherek is the diffusivity coef�cient containing information pertinent to the system. If instead we are in-

terested in a group composed of discrete particles, a streamwise diffusivitykx [L2t� 1] can be calculated

for Fickian diffusion using the Einstein-Smouchowski equation [Einstein, 1905, von Smoluchowski, 1906,

Furbish et al., 2012c],

2kxt = h[xp(t + t ) � xp(t) � xp(t )2]i (1.6)

wheret [t] is a time interval separating each observation andxp(t ) = hXp(t + t ) � xp(t)i [L] is the ensemble

expected displacement associated witht . A more general expression not assuming Fickian diffusion from

the outset is

2kxt s = Rx(t ) (1.7)

where it is the scaling of mean squared displacementRx(t ) with t s which indicates whether diffusion is

Fickian (s = 1), subdiffusive (s < 1), or superdiffusive (s > 1) [Nikora et al., 2002, Schumer et al., 2009].
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This relationship may also be expressed in terms of central moments of position as

X0q µ tqg (1.8)

whereX0q is the mean squared displacement,q is the moment order andg determines the scaling relationship

between the two variables. Normal “Fickian” diffusion demonstrates a linear relationship withg = 0:5 while

anomalous diffusion is described byg 6= 0:5 when expressed in this form [Nikora et al., 2002]. Diffusivityk

and powers or g are generally thought to be scale dependent.

Nikora et al. (2002) has identi�ed three distinct ranges of scale to describe diffusion in terms of particle

trajectories: (1) the local range between successive collisions, (2) the intermediate range between succes-

sive rests, and (3) the global range between numerous rests (Figure 1.1). The local range is expected to

demonstrate ballistic (g = 1) spreading as expected by Taylor's theory of turbulent diffusion at smaller than

correlation (Lagrangian) timescale where particles experience a constant velocity without acceleration be-

tween collisions [Taylor, 1922, Nikora et al., 2002, Oliveira et al., 2019]. The exact nature of the diffusion

Figure 1.1: Quantitatively, diffusion is described by a power law relationship between time and positional
variance. Three distinct ranges of scales exist for particle trajectories such as those between successive
collisions (local), between successive rests (intermediate), and between numerous rests (global) with different
powers associated with each as shown. Modi�ed From Nikora et al. (2002).

exhibited by a group of particles may directly depend on hop distances and rest periods which describe the

associated probability distributions of particle motions. It is the characteristics of the particles themselves

[Williams and Furbish, 2021, Cassel et al., 2021, Deal et al., 2023, Cúñez et al., 2024] or the surface over

which they move [Van Rijn, 1984, He et al., 2021] that alter these properties. Likely the exact time evo-
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lution of particle spreading depends on the speci�c diffusion generating mechanisms (i.e. inhomogeneous

�uid forces, collisional energy loss). Furthermore, the magnitude of diffusion may be direction-dependent

resulting in particle-scale spreading that is anisotropic. Whether two-dimensionality of such motion has a

signi�cant impact on descriptions of transport remains to be seen, although preliminary work suggests that

there is a non-negligible component of �ux added by the transverse direction for various degrees of isotropic

and anisotropic transport [Williams and Furbish, 2021].

Here I use a probabilistic approach to explore energy exchanges during particle hops results in two-

dimensional particle diffusion. I focus particularly on the mechanistic origins of particle-scale diffusion

and the implications in terms of surface evolution. Though an intrinsic component of particle transport in

rare�ed systems, lateral spreading behavior is frequently overlooked [Seizilles et al., 2014, Abramian et al.,

2019a,b]. Understanding the ways in which �uid and surface interactions in�uence particle motions in two

dimensions will provide physical context to current probabilistic transport formulations. The primary goals

that motivated the work for this dissertation are to (1) elucidate the mechanics of particle diffusion in order to

(2) explore how the components of two-dimensional motions are intrinsically linked and (3) demonstrate how

stochastic particle-scale behaviors introduce uncertainty across scale that is not well captured by deterministic

and continuum-like formulations of transport.

1.2 Structure of the Dissertation

I have written the following chapters with the intent of adapting them into stand-alone journal manuscripts

subsequent to the submission of this dissertation. Each project was designed to inform the next with the �rst

project drawing from the results of experiments presented in Williams and Furbish (2021). Every chapter

contains its own introduction and brief overview of pertinent theory for the particular problem. Below I

brie�y summarize in order to provide clear connection between each chapter.

I begin Chapter 2 with a presentation of a Galton board-like model of diffusion that harkins back to the

random-walk model of sediment proposed by Einstein. Simpli�ed relative to natural rough surfaces, the

Galton board provides a starting point for conceptualizing random walks of natural particles interacting with

surface features and resultant lateral diffusion. The collisional friction regime demonstrated by particles on

the Galton board is then presented in terms of characteristic lengthscales and timescales which may be inter-

preted in terms of top-down control by particle angularity or bottom-up control of surface roughness. A brief

discussion of the force introduced to the system by �uid is included in order to set-up how �uid may alter

collisional dynamics in an energetic sense. I then examine top-down and bottom-up in�uences on spreading

motions and hop distances in thex andy coordinate directions using a series of static bath experiments docu-

mented by high-speed imaging. This static bath set up was designed to allow for the isolation of the in�uence
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of viscous �uid drag on transverse displacement in a simple system with either top-down and bottom-up con-

trols on spreading prior to adding �ow. A series of analysis common to diffusion studies on granular gases

is presented. I �nd that natural particle angularity provides enough control on collisional distance to create

signi�cant transverse displacement during downslope motion on a smooth surface in comparison to similarly

sized spheres. When roughness is introduced, natural particles and spheres behave more similarly though rel-

ative size of surface roughness likely dictates this behavior. I then calculate both a downslope and transverse

diffusivity value for each cohort of experimental particles. Transverse diffusivity values ranged from 0.4 cm

s� 1 for natural particles on the smooth surface and 0.6 cm s� 1 for natural particles on a roughened surface to

0.002 cm s� 1 for spheres on a smooth surface. This transverse spreading is the result of particle reorientation

during transport and indicates that there is a �ne balance in relative size and distribution of roughness ele-

ments to particle. Certain con�gurations could lead to increased transverse spreading while other roughness

con�gurations could potentially restricting the degrees of freedom available to a particle leading to decreased

spreading. To conclude the chapter, I return to the description of force on a spherical particle to indirectly

demonstrate how shape in�uences the force of drag on a naturally angular particles. An expression of the

energy exchanged with a particle during displacement downslope indicates that particle velocity is linearly

related to the compelling force of gravity, similar in form to that of particles on a Galton board. I purpose-

fully include a noise term in this energy in order to indicate that the discontinuous process of energy loss by

collision stochastically modi�es the continuous in�uences of gravity and �uid drag.

In Chapter 3, I continue to explore how top-down and bottom-up controls alter transverse diffusion for

coarse sand-sized particles undergoing transport in a laminar �ume. The change in experimental set up, from

a static bath to a �ume, allows me to explore how different force balances affect particle spreading. The

chapter begins with a quick return to the Galton board-like model of diffusion where the two-dimensional

Entrainment form of the �ux equation is presented. This equation reemphasises the potential importance of

transverse motion on transport rates which conventionally consider only the motion parallel to the down-

stream direction. As evident from Chapter 2, the linked importance of particle motions in thex andy direc-

tions relates to the particle-scale redistribution of energy. A series of �ume experiments are then described.

A consistent �ow with Reynolds number of 420 and Froude number 0.22 was used to compel coarse sand-

sized particles of different shapes down a 1 m �ume with different surface roughnesses. Particle positions in

the central stretch of the �ume were recorded using high speed imaging. Simple streamwise and transverse

velocity plots show there are distinct behaviors based on both particle shapes and surface roughnesses such

as lower streamwise velocities for natural angular particles on the roughest surfaces compared to those on

a smooth surface. The shapes of sphere velocity distributions in the streamwise and cross-stream directions

vary signi�cantly from those of the angular particles. Cross-stream velocity distributions for angular parti-
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cles are likely not exponential-like, though the lower frame rate like obscure this �nite mode compared to

an imagined higher resolution. In conjunction with the results of a particle orientation analysis and results

of additional analyses described herein, these results demonstrate well how the compelling force of �uid is

balanced by collisional friction. It is energy redistribution in terms of both a energy loss valueb and a re�ec-

tion anglef during collision that dictates particle motions in two dimensions. Transverse diffusivity values

range from 0.02 cm s� 1 to 0.04 cm s� 1 for natural particles which is about an order of magnitude smaller

than the results in the previous chapter. The relatively similar diffusivity values in the downstream direction

between chapters indicates that the balance of forces on a particle directly effect their ability to move lat-

erally, as expected. As surface roughness increases, more energy during collision is consumed to navigate

around roughness features resulting in slower downstream velocities and increased lateral spreading. This,

in effect, described topographic steering of particles as they spread due to forced navigation of roughness.

The apparent superdiffusion in the downstream and cross-stream directions are the direct result of these col-

lisions redistributing energy, resulting in some particles moving slower downstream and achieving increased

transverse displacement compared to the entire group.

As the �eld of sediment transport remains largely driven by engineering-focused applications [Hager,

2018, Ancey, 2020b], an appreciation of variability between individual realizations of transport and the in-

herently stochastic elements leading to this uncertainty is largely lacking. In the �nal content chapter, I draw

from several of the concepts within the two previous chapters to elaborate how particle-scale dynamics result

in fundamentally stochastic behaviors from the particle-scale to the bedform scale for even the “tamest” of

transport scenarios, i.e. rain splash transport. In this chapter I draw heavily from a forthcoming manuscript

to describe the different probabilistic elements of rain splash transport using a series of simple simulations.

Informed by some of the quantitative results from Chapters 2 and 3, these simulations indicate that individ-

ual realizations of �ux only converge to expected values large averaging times. Calculations of �uxq and

surface elevation change¶h=¶t depend on the spatially and temporally noise-driven process of rain drop

arrivals. A series of deterministic stability analyses with increasing complexity are discussed to demonstrate

how particle-scale motions inform descriptions of �ux based upon the characteristics of the system. Typi-

cally described as a surface smoothing process, I show here that rain splash is actually a roughening process

for individual realizations over storm timescales. Only with the addition of a developing �uid layer or long

averaging times is rain splash a smoothing processes as envisioned. I conclude the chapter with a discussion

of particle-scale, mathematical, and topographic-scale diffusion which are distinct but commonly referred to

without distinction in the literature, leading to potentially consequential misuse. I conclude the dissertation

with a look into the future where I describe the problem of river width which has been a topic of interest within

the geomorphology community for many years. I describe how I would supplement current approaches with
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the probabilistic perspective of particle-scale motions I have developed over the course of this dissertation.
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CHAPTER 2

Controls on transverse diffusion for rare�ed particles settling in a �uid bath in the absence of

compelling �ow

2.1 Introduction

Most sediment motions on Earth's surface are fundamentally stochastic in nature and often occur under

rare�ed transport conditions [Ancey, 2010, Furbish et al., 2021a,b]. For rare�ed transport, particles more

frequently interact with the surface over which they move than with other moving particles [Furbish et al.,

2021a, Furbish and Doane, 2021, Allemand et al., 2023]. This means that the motion of one particle does not

signi�cantly in�uence the motions of other particles. Every particle in a group of particles that are similar yet

not identical in shape and size and released from the same starting position experience a distinct and unique

transport history due to variations in �uid drag and surface collisions during travel. These slight differences

in forcings for each particle, culminated over tens to hundreds of particle diameters, result in a spreading of

the particles over time and space [Seizilles et al., 2014, Abramian et al., 2019a, Williams and Furbish, 2021].

This spreading behavior has been observed in previous short and long timescale sediment transport studies, in

laboratory and �eld settings, on hillslopes and in channels, yet the mechanics controlling this behavior during

sediment transport are not well understood [Schumm, 1967, Samson et al., 1998, Nikora et al., 2001, Furbish

et al., 2009a,b, Furbish and Haff, 2010, Lajeunesse et al., 2010a, Bradley et al., 2010, Roseberry et al., 2012,

Furbish et al., 2012b, Bradley and Tucker, 2012, Phillips et al., 2013, Phillips and Jerolmack, 2014, Seizilles

et al., 2014, Lajeunesse et al., 2017]. Initially established in the �eld of statistical mechanics, the concept

of a diffusivity k relating the increasing variance in particle positions with time has been used in sediment

transport studies to quantify magnitudes of spreading amongst particles [Einstein, 1937, 1942, Yang and

Sayre, 1971, Nikora et al., 2002]. Although commonly referred to as diffusion, this process is more akin to

dispersion as an externally applied compelling force is needed to drive motions in both the streamwisex and

transversey directions. That is, transverse and downslope diffusion are inherently linked through the forces

driving motion. The geometry of collisions during each surface interaction likely modulates how energy from

compelling �uid drag is translated into downstream or cross-stream motion.

Particle-scale diffusion is distinct from the topographic diffusion as discussed in the Earth and planetary

surface processes literature [Culling, 1963, Fassett and Thomson, 2014a, Schumer et al., 2017] although

the culmination of individual particle-scale motions contribute to this larger process. For example, consider

a planar hillslope or channel bed with a volume of entrained material parallel to the slope of the surface
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(Figure 2.1). Particles liberated upslope from the bed will travel downslope under the force of gravity and

Figure 2.1: Diagram depicting a submerged section of channel bed with variation in elevation across the
transverse+ y direction. Potential trajectories of bed surface particles are shown to involve bothx and y
components of motion.

�uid drag. These particles tumble laterally, staying on the elevated section of the bed or tumbling into the

depression on the surface, prior to disentrainment. This leads to in�lling of the depression, thus increasing

the average bed elevation. Local, one-dimensional descriptions of sediment transport do not account for

this transverse �ux of material across the entire sediment bed resulting in a mismatch between expected and

actual surface evolution. The two-dimensionality of sediment motions is an inherent part of the transport

process, and is related to the observed spreading of particle masses over time and space. Such “diffusive

smoothing” returns the initially irregular surface to a more uniform elevation state as particles experience

random-walk motions. In this example, particle spreading behavior is likely uniform. This is not the case

for natural surfaces where elevation may vary non-uniformly due to ripples, boulders, or patches of differing

bed particle sizes. Spatial variations in sediment surface elevation (i.e. bedforms) can alter both entrainment

of materials, related particle-scale diffusion, and ensuing transport dynamics [Lane, 1955, Pelosi et al., 2016,

Bohorquez and Ancey, 2015, 2016, Wu et al., 2019]. The alteration of sediment cohesion by vegetation or

other biologic activity likely also in�uences the ability for bedload particles to spread in two-dimensions

during motion though studies into cohesion has largely focused on suspended sediments (e.g. Fang et al.

2017). These factors, however, likely in�uence particle behavior at scales larger than characteristics like

shape and particle-scale bed roughness.

Scenarios explicitly considering particle spreading behaviors, like that above, exemplify the need to

characterize how particle motions in two-dimensions are altered under different system conditions. Parti-

cle, surface, and �ow characteristics work in concert to create different drag and collisional behaviors of
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particles, which ultimately determine two dimensional transport distances prior to disentrainment. In turn,

particle-surface collisions are in�uenced from the top-down by particle angularity and from the bottom-up

by surface roughness. The relative in�uence of the two has not previously been investigated. Several studies

have reported the kinematics of particle spreading in laboratory �ume experiments, however the fundamen-

tal mechanics behind lateral spreading, its role in sediment transport formulations and the collective effects

of two-dimensional motion on surface topography have not been systematically described. The work pre-

sented here touches on the �rst two of these issues, with later chapters aimed at linking particle motions to

surface change. Approaching particle motion through the perspective of particle behaviors and energetics,

which complements current studies attempting to link bad load particle motions with �uid motions [Ancey

and Heyman, 2014, Fan et al., 2016, Pierce, 2021, Pierce et al., 2022], will lead to a robust understanding of

particle diffusion that may be applied to a variety of transport problems.

In this chapter, I focus on the rare�ed travel of particles in a water bath in order to develop a �rst-order

understanding of the particle-scale behaviors that lead to particle-scale diffusion occurring during transport

in a static �uid . I begin with the a Galton board-like model to demonstrate how transverse diffusion may

be approached in terms of collisional distance, and I draw from ideas common in statistical mechanics to

conceptualize this process. I then turn to a brief description of the forces acting on an individual particle

settling within a static �uid. The experiments presented here were conceptualized to further our under-

standing of transport in natural systems by approaching the process of sediment �ux in river channels as a

two-dimensional mechanics problem involving lateral particle diffusion. Adopting and adapting a statistical

mechanics framework for describing sediment diffusion offers an opportunity for creating a more physically

well-informed theory of particle motion that may be applied to the more complicated processes of disentrain-

ment [Furbish and Haff, 2010, Furbish et al., 2012c, 2017a, 2021a, Wu et al., 2020] and bedform dynamics

(e.g. Charru et al. 2013, Fourri�ere et al. 2010, Andreotti and Claudin 2015). I emphasize that this initial

phase of work is aimed at carefully clarifying how particle-scale behaviors in�uence the motions we observe

in natural sediment systems.

2.2 Galton Board-like Model of Diffusion

A natural starting point for describing diffusive particle behavior is the Galton board.1 Spheres on a Galton

board are like particles in a stream channel where a smooth surface with evenly distributed pegs replaces the

rough sediment bed (Figure 2.2A). The essential behavior of particles on a Galton board is their random walks

in the transverseydirection following successive encounters with pegs during their downward motion. During

each encounter, the Galton board particles move with a �xed probability to the right or left past each peg, as

1Though a talented statistician, Galton's central role in the early eugenics movement should not be overlooked.
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with successive trials of a Bernoulli process (i.e. �ipping a coin). As the numbern of peg rows increases, the

collective transverse spreading of the particles increases. When the particles reach the bottom of the board,

their distribution about the center-line is approximately Gaussian. Moreover, the variance of this distribution

is linearly proportional to the number of peg rows through which the particles have moved. Descriptions

of this diffusive behavior normally involve showing that with ideal particle motions — that is, mimicking

Bernoulli trials — the distribution of transverse positions aftern peg rows is a binomial distribution whose

variance increases withn [Galton, 1894].

Here I summarize a usual presentation of particle motions on a Galton board which appeals to the binomial

distribution. With reference to Figure 2.2A, letx denote the downward coordinate axis and lety denote the

transverse coordinate axis of a Galton board. Letb denote the regular spacing of the pegs on the board, and let

n= 0;1;2;3; ::: denote the number of successive rows of pegs. Then letp denote the probability that a particle

will move in the positivey direction following its collision with a peg so thatq = 1� p is the probability that

the particle will move in the negativey direction. If k = 0;1;2;3; :::;n denotes the transverse position of the

particle at thenth row, then the probability mass function ofk is the binomial distribution. Namely,

fk(k;n; p) =
� n

k

�
pk(1� p)n� k; (2.1)

with variances 2 = np(1� p). This variance directly re�ects transverse diffusion associated with the random-

walk motions of particles. Note that this description of the variances 2 is independent of time; it only

re�ects the increasing transverse variance with the number of pegs encountered during downward motion.

Additionally, note that diffusion in thex direction is negligible for an ideal Galton board. This is a point to

which I will return later.

If instead we de�ne the variance in terms of the collisional peg spacingb so thats 2 � b2np(1� p), Eq.

(2.1) may be recast in terms of length and time dimensions. We can describe the lateral spreading of a group

of measured particles with individual positionsxp = ( x;y) [L] with downslope positionx and cross-slope

positiony using the Einstein-Smoluchowski equation,

2kyt = h[r(t ) � h r(t )i ]2i ; (2.2)

whereky is the particle diffusivity relative to the transverse coordinate,r(t ) = yp(t + t ) � yp(t) is the posi-

tional displacement associated with time intervalt , and angled brackets denote ensemble averaging for all

displacements made by an individual or group of particles during travel. As diffusivity describes the spread-

ing of the positions of a group of particles over time, the left side of Eq. (2.2) may be set equal to our
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Figure 2.2: A) Simpli�ed Galton board [Galton, 1894]. Particles make their way down a surface of equally
spaced pegs into n rows with a probability p of going right or left at each row. Transverse variance is
independent of time and space. For many particles, the �nal distribution of transverse positions approximates
a Gaussian distribution and exempli�es normal (g=0.5) diffusion. B) Ranges of diffusion. Quantitatively,
diffusivity is described by a power law relationship between time and positional variance. Diffusivity is
thought to be scale dependent and can be described as normal, anomalous, or ballistic. One current description
includes three distinct ranges of scales for particle trajectories such as those between successive collisions
(local), between successive rests (intermediate), and between numerous rests (global) with different powers
associated with each, as shown. Modi�ed from Nikora et al. [2002]. C) Controls on diffusion. The bottom-up
control of surface roughness is geometrically set, like that of the Galton board, while the top-down control
of angularity is dynamic due to the random reorientation of a particle during travel. Diffusion on natural
surfaces is dependent on both controls with the relative importance of each being modulated by �ow strength.

de�nition of positional variance over an interval of time multiplied by a collisional rate dn=dt

2ky =
ds 2

y

dt
= b2p(1� p)

dn
dt

: (2.3)

such that 2kyt = s 2
y is recovered from integrating the left two terms. The linear relation of the variance with

time t is indicative of Fickian (normal) diffusion. Fickian diffusion typically relates to Gaussian distribution

of particle displacements, like that exempli�ed by the Galton board. If instead we letnt = dn=dt denote

the �xed temporal rate at which particles encounter peg rows then compare the �rst and third terms, normal
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diffusion is expressed as 2ky = b2p(1� p)nt . This is distinguished from anomalous diffusion where variance

does not vary linearly with timet but rathers 2
y µ tg whereg 6= 1 and is not necessarily an integer value

[Schumer et al., 2009, Sokolov, 2012]. Such arguments collectively point toward the importance of stochastic

collisional history on the diffusive behavior of a particle in the absence of rests.

Though a Galton board model of diffusion is simpli�ed relative to natural rough surfaces, the informa-

tion gained from this example is a starting point for building a mechanistic description of two-dimensional

particle-scale diffusion in sediment systems. Pioneering work by Nikora et al. (2001) (Fig. 2.2B) has pre-

viously drawn from the concept of random-walking Brownian particles in statistical physics to describe the

motion of bedload particles, where it is conceptualized that particle displacements between successive periods

of motion and rests are described by Fickian diffusion. The topic of diffusion has gained increased attention

in the sediment transport literature (e.g. Lajeunesse et al. 2004, 2010b, Martin et al. 2012, Phillips et al. 2013,

Seizilles et al. 2014, Abramian et al. 2019a, 2020, Tucker and Bradley 2010), although most studies primarily

place concern on the displacements of particles in the streamwisex direction but neglect the physical basis

of spreading in relation to particle motions. As the probabilistic mechanics of particle motions on a Galton

board have received signi�cant attention [Lue and Brenner, 1993, Kunert et al., 2001, Bruno et al., 2003, Ko-

zlov and Mitrofanova, 2005], there exists an opportunity to extend this mechanistic approach to particle-scale

transport in sediment systems. It is important to note that this process is not just borrowing related theory

“off the shelf” as doing so can lead us to overlook distinct aspects of our natural macroscopic systems. That

is, we may draw connections between Brownian motion and classical gas theory from statistical mechanics

to describe diffusion but we must only utilize these examples to the point that it serves our goals to describe

Earth surface processes.

With this in mind, I turn to the �rst major distinction between particle-scale diffusion in sediment systems

and the diffusion of Brownian particle that will guide the rest of the chapters. That is, particle-scale spreading

in bedload is more akin to mechanical dispersion of solutes in groundwater �owing through porous media than

diffusion of Brownian particles. Collisional friction for spheres on a Galton board balances the compelling

force of gravity such that there is negligible acceleration of particles parallel tox. This frictional force can be

quantitatively related to the number of pegs encountered per unit distancenx = 1=b such that dn=dt � nxhui

wherehui denotes an ensemble averages particle velocity parallel tox. Substituting these relationships into
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Eq. 2.2, the transverse diffusivityky becomes

2ky = b2p(1� p)nxhui

2ky = b2p(1� p)
1
b

hui

2ky = bp(1� p)hui

ky � dhui ; (2.4)

whered = bp(1� p) denotes a characteristic length scale. In descriptions of transport and mechanical dis-

persion of particles within a porous media,d is equivalent to the transverse “dispersivity” [Phillips, 1991,

Furbish, 1997]. The rate dn=dt used above is developed geometrically with reference to such mechanical

dispersion in Appendix A. Diffusion of sediment particles is the result of advection. Generally, anisotropic

displacements are expected as the interplay of macroscopic external compelling forces and opposing forces

derived from interactions with the surface over which the particles move dictates particle motions. It is the

advection inx that allows for spreading iny and vice versa — a distinct difference from Brownian particles

where the stochastic bombardment by atomic molecular forces from multiple directions leads to statistically

isotropic particle displacements.

External forces determine the exact nature of the length scaled and collisional distanceb by varying

the frequencyf and amount of kinetic energyEk exchanged during particle-surface collisions, which in turn

set the two-dimensional diffusivities for natural particles. Initial work connecting the energy exchange of

a particle to observable kinematics presented in Williams and Furbish (2021) �nds the geometry of surface

collisions determines how a particle's energy is partitioned into translational kinetic, rotational kinetic, and

dissipated energies during travel, thus affecting particle spreading during transport. This conversion of trans-

lational energy can be expressed as random variablebx = � DEk=Ek which represents the translational particle

kinetic energy extracted by collision and is nominally related to the likewise stochastic coef�cient of resti-

tution e [Gunkelmann et al., 2014, Serero et al., 2015]. The amount of energy available to a particle for

translational motion following a collision is both a random variable and is dependent on the characteristics of

the particle-surface system.

2.3 Work Done on a Particle in Motion

For a basic system where a particle settles on a slope submerged in a non-moving �uid, gravity is the advect-

ing force driving particle motion in the streamwisex direction that leads to transverse motion. As neutrally

buoyant particles do not settle under gravitational pull, it is the discrepancy between the particle densityr p

and the �uid densityr f that allows for downslope displacement to occur. Drawing from foundational me-
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chanics, it is apparent that the compelling force of gravity sets the initial available energy for a particle and

is dependent on the effective massme = ( r p � r f )V of a particle with volumeV. Fluid drag as the parti-

cle moves into stationary �uid and collisions with the surface during tumbling oppose the motion created

by this gravitational pull. The force of viscous �uid drag works opposite the direction of motion by dissi-

pating energy through friction on the particle surface. Collisional particle-surface interactions also hinder

downslope motion by extracting and redistributing energy available to the particle for translational displace-

ment. Williams and Furbish (2021) found that, for dry hillslope particles, the �rst few collisions of a particle

strongly in�uence its subsequent travel history although the effects of initial conditions quickly vanish as

the in�uence of collisional friction modulates the initial effects of particle momentum. Individual collisions

effectively randomize motion in two dimensions, and consecutive particle-surface collisions during travel

further contributes to this behavior. Both bottom-up and top-down controls on particle motions and particle

diffusion are present in most natural systems, meaning that the collisional distanceb is some combination of

a geometric and a dynamic length scale dependent on particle geometry and roughness spacing (Fig. 2.2C).

I emphasize that we should think of friction experienced by the particle as a collisional friction and is

not to be interpreted as the result of Coulomb-like dynamic friction [Kirkby and Statham, 1975, Gabet and

Mendoza, 2012, DiBiase et al., 2017]. Sliding is rarely observed during bedload transport and interactions

with an uneven surface during any apparent sliding are more discrete than continuous [Furbish et al., 2021a,b,

Williams and Furbish, 2021]. By focusing on the change in energy over timet or distancex during travel, we

can determine an expression for the collisional force acting on a particle in motion based on collisional and

particle velocity. The spatial rate of collisionnx, describing the number of collisions per unit distance for a

particle, multiplied by a distancel traveled over timeDt results in a temporal rate of collision

nx
l

Dt
= nxux; (2.5)

which depends on the downstream particle velocityux. Substituting in the reduced velocityur following

collision and velocity prior to collisionui , rearranging, then expanding gives

ur � ui = Du = exui � ui = ( 1� e2
x )ui ; (2.6)

whereex = ur=ui . As energy is partitioned into multiple forms during collision,ex does not simply represent

an ordinary coef�cient of restitution but rather a random variable. Using the right most term of Eq. (2.6) in
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Eq.(2.5) yields a description of energy extracted per time

DE
t

= unx(1� e2
x )u = nxbxu2

i ; (2.7)

otherwise referred to as the work done on a particle by surface collision.

Viscous �uid also does work on a particle, thus providing a modulating control on the frequency of

particle-surface interactions. The simplest treatment of �uid force on a body involves determining the linear

relationship betweenFf and settling velocityu, which for a settling sphere far from a boundary with radiusR

in a �uid with dynamic viscositymyields

Ff = 6pRmu (2.8)

[Stokes, 1851]. The force of drag on a particle in motion is a foundational problem in physics and numerable

studies have been published attempting to numerically solve for the coef�cient of viscous drag for irregular

particles (e.g. Loth 2008). Though symmetry of a sphere is absent for irregularly shaped settling particles,

there is likely a similar relationship at �rst order betweenReand the coef�cient of dragCD as for spherical

particles in motion. Vorticies result from viscous �uid drag acting on the particle surface leading to �ow

separation behind the moving particle, and the magnitude of this drag depends on the viscosity of �uid through

which the particle is moving as well as the particle shape (Figure 2.3A). As particle velocityux increases,

Figure 2.3: (A) Plots of coef�cient of dragCD for a �xed sphere reproduced from Furbish [1997] and Schlicht-
ing [1979] showing the region in grey for which Stoke's Law is directly applicable. Experimental dye visu-
alization of �uid vortices behind a moving sphere with Re 190 (B) and 230 (C) from Rao et al. (2012).

a von Ḱarmán vortex street develop [Rao et al., 2012] and it is these shedding �uid vortices create pressure

gradients near the particle's surface resulting in minute yet observable �uctuations in particle motions (Figure

2.3B,C). Such �ow separation problems have been of interest in the physics and engineering literature (e.g.

Stewart and et al. 2010, Houdroge et al. 2016), with many experimental and numerical studies quantifying

separation and vortex generation for both sliding and rolling spheres near boundaries [Stewart et al., 2008,
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