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Chapter 1

Introduction

1.1 General Background

Computational modeling of biochemical systems at the level of signaling networks has

provided insights into the origins of biochemical heterogeneity [3, 4], the plausibility of

different mechanistic hypotheses about biological processes [5, 6], and the efficacy of dif-

ferent drug perturbations [7]. Deriving useful insights from mechanistic models poses a

number of challenges related to model creation, calibration, and analysis.

Many of the challenges related to model creation have been ameliorated by the advent

of rule-based modeling. Instead of enumerating all possible model species, Rule-based

modeling defines valid interactions as a set of rules and then determining the species that

can form given the rule set. This avoids directly tackling the combinatorial complexity

present in many biochemical systems, while still faithfully representing the known system

interactions [8]. The rule-based approach has been used to create models containing as

many as three billion species [9]; when combined with network-free simulation methods

[10], the number of model species may theoretically be infinite. Numerous modeling pack-

ages [11, 12] simplify the creation of transparent, reusable, extensible rule-based models.

Rigorous, efficient methods for model calibration and analysis have lagged behind those

for model creation. The next section features a discussion of model calibration in systems

biology.

1.2 Introduction to Model Calibration

Model calibration is the process of quantifying the fit of a model to experimental data,

and iteratively improving that fit by modifying kinetic rate constants, initial conditions,
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or model interactions. Uncertainty in all three components (kinetic rate constants, initial

conditions, and interactions) complicates the process.

The model components to be modified, the means of quantifying data fit, the algorithm

for improving that fit, and the quantification of uncertainty in final fitted values have all

evolved with the systems biology field. One of the first mechanistic systems biology mod-

els simply compared simulated outputs to experimental data by eye, varying only model

interactions (manually) to determine the effect on model output [13]. The kinetic rate

constants were rough estimates based on the type of biological interaction, and the initial

conditions were known.

The use of computational algorithms to adjust model elements iteratively and optimize

the fit to experimental data has become standard as the rise in available computational

power has made efficient optimization possible. These algorithms require an objective

function which quantifies the fit of simulated output to experimental data. Systems biol-

ogy optimization problems are frequently non-convex with many minima [14], stymieing

attempts to use highly efficient local optimization (also called determistic optimization)

methods, which can become stuck in local minima. One early proposed solution to this

was the multi-start method, in which multiple local solutions obtained from different start

locations were compared to (hopefully) find the global minima [15]. Because this quickly

becomes inefficient as the same minima are repeatedly discovered, the more computation-

ally intense but rigorous global optimization (or stochastic optimization) methods became

preferred. Hybrid optimization methods, which combine an initial global search followed

by a local search, were developed to capitalize on the advantages of both techniques. Global

optimization algorithms utilized in systems biology have included the DIRECT algorithm

[16], simulated annealing [17, 18], genetic algorithms [19], evolution strategy [20], differ-

ential evolution [21] and particle swarm optimization [22]. Hybrid methods have also been

used [23].

If model predictions are desired, optimizing the fit of a model to experimental data is
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only a first step in the model calibration process. Because model predictions depend on

model parameters, the uncertainty in those parameters must be quantified lest the predic-

tions be of unknown confidence and thus meaningless. There are two main approaches

to quantifying model parameter uncertainty [24]. In the first, parameter uncertainty is ap-

proached in terms of identifiability, and the ultimate goal is to calculate confidence intervals

for unknown parameters given the experimental data. If the available experimental data is

not sufficiently informative, some parameters will be unidentifiable, and their confidence

intervals infinite. Any model predictions that depend on these unidentifiable parameters

are then not determined (non-observable) and likely meaningless. This can be ameliorated

by targeted collection of experimental data to produce identifiable calibrated parameters

and reliable model predictions. The second approach is to use Bayesian inference meth-

ods to specify model parameter prior probability distributions, probability distributions that

specify what is known about a model parameter before calibration, and then infer posterior

probability distributions given the priors and a likelihood function that incorporates experi-

mental data (see Chapter 3, section 2.1 for an introduction to Bayesian inference). Typically

model calibration is then performed using a Markov Chain Monte Carlo (MCMC) walk (see

Chapter 3, section 2.2 for an introduction to MCMC). Model parameter prior distributions

may include constraints such as those imposed by biophysical limitations (for example,

diffusion limits). In many cases, both approaches will give similar results [24]. The first is

likely to be more computationally efficient; however, the second can be successful in cases

where the available experimental data is sparse.

1.3 Introduction to Model Flux Analysis

The analysis of flux through a mathematical representation of a biological system is one

approach to derive non-trivial insights into the system. One of the most common techniques

applied is called flux balance analysis (FBA). In FBA, linear programming is used to solve

for a distribution of fluxes for system reactions at steady state, given any constraints on the
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reaction rates[25]. Specific points in this constrained space can then be selected to optimize

a given objective function (e.g. metabolic growth rate). An alternate approach, pathway

flux analysis, is presented in this work. In this method, described in more detail in section

4.2, reaction fluxes are directly calculated after parameter calibration, and this information

is used to determine the path by which a particular molecule is produced in the system.

Because this does not require the system to be at steady state, it can uncover system signal

and product dynamics at any simulation point and is more widely applicable than FBA.

1.4 Introduction to Model Sensitivity Analysis

In sensitivity analysis, the degree of response to each input is calculated for each output

of interest. This can be useful both as a post-calibration analysis technique and as a pre-

lude to model calibration, since any inputs that have no effect on an output of interest both

alone and in tandem with other inputs may be safely fixed at a given value, decreasing the

dimension of the calibration problem and saving computational time. Like optimization,

sensitivity analysis also comes in two varieties, local and global. Local methods produce

estimates of sensitivity at a particular point (or set of points) in parameter space [26]. Math-

ematically, a local sensitivity coefficient is the partial derivative of an output, y, with respect

to a particular input parameter, p:

Si =
dy
d p

= lim
p!0

y(p + Dp)� y(p)

Dp
(1.1)

The derivative may be numerically approximated using the finite difference approximation

(in which Si is approximated by a small perturbation of p) or analytically computed with

the direct differential method (in which the differential equation representation of a given

model is solved for the sensitivity coefficients) [27]. For systems biology models, the finite

difference method has been shown to give inaccurate results due to numerical instability

in the derivative calculations [24]. Global sensitivity analysis methods instead produce
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estimates of sensitivity over an entire region of parameter space deemed relevant for the

model in question [26].

1.5 Introduction to Information Theory

In 1948, Claude Shannon introduced the information theory framework to quantify

information transfer and signal processing by a generic input-response network or commu-

nication system subjected to some source of noise [28]. For a discrete Markov process with

event probabilities equal to p1:::pn, he proposed the Shannon entropy, H:

H = �
n

å
x= 1

P(xi) log2 P(xi) (1.2)

as a measure of the degree of uncertainty in a variable given its probability distribution

across states. A higher entropy state is one that is more uncertain; entropy increases both

with the inclusion of more possible states and with increased diffusivity of probability

across the possible states.

Quantifying uncertainty provided a means to measure the degree to which knowledge of

one random variable X decreases uncertainty in a second variable Y , the mutual information

between X and Y :

I(X ;Y ) = å
X

å
Y

P(x;y) log2
P(x;y)

P(x)P(y)
(1.3)

In recent years, information theory has been leveraged to analyze biological signaling

systems [29, 30, 31]. Because the input signaling distributions to which biological signal-

ing systems are exposed are generally unknown, previous researchers have estimated the

channel capacity:

C = suppx(x)I(X : Y ) (1.4)

for a given system by sampling reasonably exhaustively across possible input distributions.

In this work, information theory is applied to a specific catalytic system to investigate the

role multiple inputs and varying input levels play in information transfer.
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Chapter 2

The COX-2 Reaction Model (CORM)

2.1 Biological Background

The enzyme cyclooxygenase-2 (COX-2) lies at the interface of the eicosanoid and en-

docannabinoid signaling pathways [32, 33] and its dysregulation has been implicated in

the pathogenesis of many diseases, including cancer [34], neurodegenerative diseases [35],

and artheriosclerosis [32]. COX-2 is a homodimeric enzyme that acts as a heterodimer,

with one subunit serving as the catalytic site and the other as an allosteric site [36, 37, 38].

It processes multiple substrates, has multiple allosteric regulators (including some mem-

bers of the class of nonsteroidal anti-inflammatory drugs) [39, 40, 1, 41, 42, 43], and yields

multiple products that drive pro- and anti-inflammatory downstream processes [44, 45, 46].

Because of the identical structure of COX-2’s two subunits, both substrates and allosteric

modulators can bind to and compete for both sites simultaneously, enabling substrates to

also allosterically modulate catalytic activity and some inhibitors to act both competitively

and noncompetitively.

The development of the computational model of COX-2 dynamics utilized in this work,

the COX-2 Reaction Model (CORM), was motivated by the observation that COX-2 in

the presence of two of its substrates, arachidonic acid (AA) and 2-arachidonoyl-glycerol

(2-AG), displays behavior that cannot be explained by simple competition between the

two substrates. Both AA and 2-AG are cleaved from membrane phospholipids prior to

processing by COX-2. COX-2 turnover of AA produces prostaglandins (PGs), while 2-AG

turnover produces prostaglandin-glycerol (PGG). Initial turnover produces the intermediate

prostaglandin H2 (PGH2) or PGGH2; prostaglandin synthases that are expressed in a cell-

type specific manner then convert the intermediate to specific prostaglandin subtypes, each

of which exert particular downstream effects through corresponding receptors [32, 44].
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2.2 Model Scope and Implementation

CORM includes the enzyme COX-2 (with both subunits contained in a single species).

In CORM, the COX-2 species contains an allosteric and a catalytic site. Either site may

bind either of the two COX-2 substrates included in the model, AA and 2-AG. COX-2

species with AA in the catalytic site are processed into PG (meant to represent the PGH2

intermediate), while those with 2-AG in the catalytic site are processed to PGG (PGGH2).

The exception to this is the COX-2 species with 2-AG bound in both sites; because 2-AG

displays substrate-dependent inhibition, turnover of this complex does not occur. Because

the model was meant to represent a system in which the enzyme and substrates are well-

mixed (reflecting the experimental calibration in vitro data), all forward binding rate con-

stants (k f s) were set to be diffusion limited. The corresponding reverse binding rates (krs)

were allowed to vary independently during calibration, as were all catalytic rates (kcats)

except those that were experimentally determined (indicated in red in Table 2.2). CORM

does not encode the prostaglandin synthases that produce various prostaglandin subtypes

by processing PGs; nor does it include any other substrates of COX-2 or COX-2 inhibitors.

CORM was implemented as a PySB [12] model within a single module and is available as

Python code at http://github.com/LoLab-VU/CORM. A diagram of all model interactions

is shown in Figure 2.1.
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Figure 2.1: COX-2 Reaction Model (CORM)

2.3 Detailed Model Description

Model species are shown in Table 2.1 and model reactions in Table 2.2.
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Species Starting Concentration (mmolar)

COX-2 .015

AA 0, .5, 1, 2, 4, 8, 16

2-AG 0, .5, 1, 2, 4, 8, 16

PG 0

PGG 0

COX-2:AA(cat) 0

COX-2:2-AG(cat) 0

COX-2:AA(allo) 0

COX-2:2-AG(allo) 0

COX-2:AA(cat):AA(allo) 0

COX-2:2-AG(cat):2-AG(allo) 0

COX-2:AA(cat):2-AG(allo) 0

COX-2:2-AG(cat):AA(allo) 0

Table 2.1: CORM Species
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PySB-generated Reaction Rate or Equilibrium Constant
COX-2+ AA 
 COX-2:AA(cat) KD AA cat1= .83mmolar
COX-2+ AA 
 COX-2:AA(allo) KD AA allo1
COX-2+ 2-AG 
 COX-2:2-AG(cat) KD AG cat1= .76mmolar
COX-2+ 2-AG 
 COX-2:2-AG(allo) KD AG allo1
COX-2:2-AG(allo)+ AA 
 COX-2:AA(cat):2-AG(allo) KD AA cat2
COX-2:AA(cat)+ AA 
 COX-2:AA(cat):AA(allo) KD AA allo2
COX-2:2-AG(allo)+ 2-AG 
 COX-2:2-AG(cat):2-AG(allo) KD AG cat2
COX-2:AA(cat)+ 2-AG 
 COX-2:AA(cat):2-AG(allo) KD AG allo2
COX-2:AA(allo) + AA 
 COX-2:AA(cat):AA(allo) KD AA cat3
COX-2:2-AG(cat)+ AA 
 COX-2:2-AG(cat):AA(allo) KD AA allo3
COX-2:AA(allo) + 2-AG 
 COX-2:2-AG(cat):AA(allo) KD AG cat3
COX-2:2-AG(cat)+ 2-AG 
 COX-2:2-AG(cat):2-AG(allo) KD AG allo3= 63 mmolar
COX-2:AA(cat)! PG+ COX-2 kcat AA1 = 1.3 s-1

COX-2:2-AG(cat)! PGG+ COX-2 kcat AG1 = 1.2 s-1

COX-2:AA(cat):2-AG(allo)! PG+ COX-2:2-AG(allo) kcat AA2
COX-2:2-AG(cat):2-AG(allo)! PGG+ COX-2:2-AG(allo) 0 s-1

COX-2:AA(cat):AA(allo) ! PG+ COX-2:AA(allo) kcat AA3
COX-2:2-AG(cat):AA(allo)! PGG+ COX-2:AA(allo) kcat AG3

Table 2.2: CORM Reactions
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Chapter 3

Advances in Model Calibration

3.1 Speci�c Advances from this Work

As described in Section 1.2, calibration of systems biology models is complicated by

several factors, including parameter identi�ability, large numbers of parameters, lack of

experimental data for model calibration, and large uncertainties in individual parameter es-

timates. Because uncertainty in parameter estimates translates to uncertainty in all model

predictions and is one metric of the trustworthiness and applicability of a model, inter-

est in applying calibration methods that provide uncertainty estimates is increasing, al-

though examples in the literature are still rare [5]. This chapter introduces PyDREAM, a

Python implementation of the (Multiple-Try) Differential Evolution Adaptive Metropolis

(DREAM(ZS)) algorithm developed by [47] and [48]. The PyDREAM codebase was devel-

oped as a part of this thesis and resulted in a publication [2]. In addition, detailed results

from two model calibrations performed with PyDREAM are presented, the �rst of which

also resulted in a publication [1].

The original DREAM(ZS) algorithm [47, 48] encoded in PyDREAM has several char-

acteristics that make it particularly suited for calibration of systems biology models. First,

it provides probability distributions for �tted parameters, allowing quanti�cation of uncer-

tainty. Second, it is designed to �t large models containing many parameters, and models in

which parameters may be multi-modal. Third, it employs parallel computation when pos-

sible; since simulation of many systems biology models is CPU-intensive, and calibration

involves many model simulations, this is highly desirable. Finally, the DREAM algorithm

(a form of Markov Chain Monte Carlo (MCMC)), obeys detailed balance (a characteristic

of MCMC algorithms described in detail below, without which the results of an MCMC

chain are likely unreliable). Because the only other systems biology model calibrated us-
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ing MCMC methods violated detailed balance in order to obtain distributions that were

deemed to be converged [5], this represents an important advance.

3.2 Background on PyDREAM Algorithm and Speci�c Implementation

3.2.1 Introduction to Bayesian Inference

The statistical methods most commonly applied in biology are frequentist, so named

because in a frequentist context the probability that a particular event will take place is

interpreted as the frequency of that event over a set of observations. This type of statistical

analysis assumes that the parameters that describe the underlying population to be sampled

remain �xed, while the observed data is sampled. Conclusions draw from a frequentist

study then hinge upon the probability of again sampling data with similar characteristics.

So a 95% con�dence interval, for example, quanti�es the region within which there is a

95% probability of getting a similar estimate for a given parameter,if the experiment were

repeated and new samples from the population were drawn.Bayesian statistical analysis

�ips the convention; in a Bayesian context, probability is instead de�ned as a measure of

belief or con�dence that a given event will take place. When performing Bayesian analysis,

observed data is �xed, while parameters describing the underlying population are sampled.

A Bayesian 95% credible interval (the analogue of a frequentist con�dence interval) quan-

ti�es the region within which there is a 95% probability that the true parameter lies. While

the frequentist and Bayesian de�nition of probability align when a large enough sample

of not improbable events is available, the Bayesian concept of prior belief is particularly

powerful when data is sparse and can yield divergent conclusions in such cases.

The overarching goal of Bayesian inference is to calculate theposterior probability, that

is, the probability of an occurrence (e.g., a delayed �ight) given both theprior probability

of that event (e.g., prior experience at an airport and knowledge of delay history) and the

likelihood of observing the available data (e.g., the frequency of �ight delays from the

airport) given a particular probability of delayed �ights. The relationship between these
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terms is de�ned mathematically as:

p(qjD) =
p(q)L(Djq)

R
q p(q)L(Djq) dq

(3.1)

wherep(qjD) is theposterior probabilityof an eventq after observing the data,D,

p(q) is theprior probability of the eventq before observing any data, andL(Djq) is the

likelihood, the probability of observing the dataD if q were true. The denominator in

Equation (5.1) is termed theevidence, and is often computationally intensive to calculate.

Fortunately, when only a single model is being studied, theevidencecan be treated as a

normalizing constant [49].

Occasionally, the posterior probability can be calculated analytically. More often, such

as whenq is a high-dimensional vector, analytical solutions become intractable, and nu-

merical approximations must be used. In this case, a suitable method to calculate posterior

probabilities is to apply the Markov Chain Monte Carlo (MCMC) technique, discussed in

the next section.

3.2.2 Introduction to Markov Chain Monte Carlo (MCMC)

Sometimes it is easier to estimate a deterministic quantity (such as the posterior prob-

abilities discussed above) through random sampling rather than a direct analytical calcu-

lation. This approach was �rst envisioned by Stanislaw Ulam, a Polish American mathe-

matician, while he passed the time recovering from an illness by playing Can�eld solitaire.

After considering for some time how to calculate the probability of winning a game of soli-

taire, he realized that sampling many solitaire games and recording win rates was a simpler

approach than analytically calculating the win probability. He called the new random sam-

pling method Monte Carlo sampling [50] in reference to the eponymous region of Monaco

famous for its casinos and games of chance.

In order to generate random samples from a particular probability distribution, Markov
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Chain Monte Carlo (MCMC) walk employs theMarkov chainmethod. In aMarkov chain,

the next step taken depends only on the current location, and not on the path that led to the

current location (i.e., the previous steps). Markov chains have some useful mathematical

properties for sampling of probability distributions, detailed in reference [51]. In MCMC, a

Markov chain that has the probability distribution of interest as its equilibrium distribution

is created. After a number of steps spent reaching equilibrium, the chain can be analyzed

and tested for convergence to the target distribution, and all further chain steps are samples

taken from the converged probability distribution. In order for a Markov chain to con-

verge to its equilibrium distribution, it must be bothirreducible andaperiodic [51]. An

irreducible Markov chain is one in which it is possible to reach any state in the chain from

any other state in the chain through positive probability transitions [51], while an aperiodic

chain is one that does not contain periodic ”loops” within the chain [51]. While a Markov

chain that meets these criteria will eventually converge to the desired equilibrium distribu-

tion, this convergence may be so slow as to make the analysis effectively computationally

intractable. Adaptive MCMC is a class of algorithms designed to speed convergence to the

target distribution by adapting the proposal distribution over the course of the algorithm.

A variety of these algorithms have been developed [52, 53]; the speci�c adaptive MCMC

method, DREAM, implemented in this work is discussed in the next section.

3.2.3 The DREAM Algorithm and Implementation in PyDREAM

PyDREAM provides a Python interface to several variants of a speci�c adaptive MCMC

algorithm, DiffeRential Evolution Adaptive Metropolis (DREAM) [54, 55, 48]. PyDREAM

includes the DREAM(ZS) [47, 53] and the MT-DREAM(ZS) [48] algorithms. All variants

of the DREAM algorithm utilize a multi-chain structure in which multiple MCMC chains

walk the parameter space simultaneously. In both implemented variants, a shared history

of past chain states is maintained, and the next state is proposed by adding a perturba-

tion derived from the distance between two randomly chosen history points. Occasionally,
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these parallel updates are supplemented by perpendicular snooker updates [47] in order

to diversify proposal points. In the most recent MT-DREAM(ZS) [48] algorithm, multiple

parallel proposals for each chain are created using parallel and snooker implementations

of the multiple proposal schema introduced in [56]. The pseudo-code of the algorithm is

given on the next page. PyDREAM follows [53] with the exception that the use of a single

chain pair (e.g.d = 1) was hardwired for the parallel direction and snooker update. Scalars

appear as lower-case italic, vectors as lower case letters, and matrices as upper case letters.

Functions are typeset bold. Default values are used for the algorithmic variables. For a

detailed list of all PyDREAM options, please see Appendix I.
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1: c = 0:05 . Default values of DREAM algorithmic variables

2: c� = 10� 12

3: ncr = 3

4: pg = 0:2

5: k = 10 . Default values of DREAM(ZS) algorithmic variables

6: psn = 0:1

7: m0 = 10d

8: cr=
h
1=ncr 2=ncr � � � 1

i
. Crossover values

9: pcr = 1=ncrones(ncr) . Selection probability crossover values:ncr unity vector multiplied with 1=ncr

10: Z =prior (m0) . Create initial archive withm0 draws from the prior distribution

11: X = Z[m0 � nchains+ 1 : m0] . Use lastnchainspoints of archive Z as initial chain states

12: pX = pdf(X) . Calculate posterior density of initial chain states

13: m= m0 . Set initial length archive equal tom0

14: for iter in niter do . For each iteration

15: L = uniform (-c, c,nchains) . Drawnchainsvalues from uniform distribution between� c andc

16: e =c� normal(0,1,nchains) . Vector ofnchainsstandard normal draws multiplied withc�

17: if uniform (0,1) � (1� psn) then . Parallel direction or snooker jump for this generation (iteration)?

18: for chainin nchains(sequential)do . Parallel direction jump for each chain

19: a, b = randsample(m, 2) . Sample two integers from 1, 2, ...m

20: cross= draw crossover(cr, pcr) . Sample crossover from vector cr with probabilities pcr

21: d� = 0 . Number of dimensions to update is zero

22: for dim in ndim do . For each dimension

23: if uniform (0,1) � crossthen . Is dimensiondim selected with current crossover,cross

24: dxdim = Z[a]dim - Z[b]dim . Update dx dimensiondim to difference of dim of points Z[a] and Z[b] of

archive

25: d� = d� + 1 . Increment dimensions updated

26: else

27: dxdim = 0 . Zero jump in respective dimension

28: end if

29: end for

30: if uniform (0,1) � pg then

31: g = 2:38=
p

2dd� . Use default jump factor ford� dimensions

32: else

33: g = 1 . Set jump factor to unity to simplify mode jumping

34: end if

35: dX[chain] = e[chain]+ g(1+ L [chain])dx . Parallel direction jump vector of current chain

36: asn[chain] = 1 . Symmetric proposal distribution (no snooker correction needed)

37: end for

16



38: else

39: for chainin nchains(sequential)do . Snooker jump for each chain

40: a, b, c = randsample(m, 3) . Sample three integers from 1, 2, ...m

41: g = uniform (1.2, 2.2) . Sample randomly the jump factor

42: F = X[chain] - Z[a] . Difference vector of current chain state and archive point Z[a]

43: zp =orthog proj (F, Z[b], Z[c]) . Project orthogonally points Z[b] and Z[c] of archive Z onto F

44: dX[chain] = e[chain]+ g(1+ L [chain])zp . Snooker jump vector of current chain

45: asn[chain] =
�
(X[chain]+ dX[chain] � Z[a])2=(X[chain] � Z[a])2

� (d� 1) . Snooker correction nonsymmetry

jump

46: end for

47: end if

48: Xp = X + dX . Compute candidate points for the chains

49: for chainin nchains(in parallel)do . For each chain

50: pXp[chain] = pdf(Xp[chain]) . Calculate posterior density of proposal point

51: end for

52: for chainin nchains(sequential)do

53: pacc[chain] = min
�
1;asn[chain](pXp[chain]=pX [chain])

�
. Calculate acceptance probability

54: if pacc[chain] � uniform (0,1) then . If accept Xp of current chain

55: X[chain] = Xp[chain] . Candidate point becomes new state of chain

56: pX [chain] = pXp[chain] . Density of proposal is equivalent to density of current state chain

57: end if

58: end for

59: if modulus(iter, k) == 0 then . Check whether to append current population to archive

60: Z[m+ 1 : m+ nchains] = X . Append current states of chains to archive

61: m= m+ nchains . Increment number of points in archive

62: end if

63: end for
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Calibration of a kinetic model with PyDREAM involves three steps: specifying the

model and any constraints on the model (such as from experimental data or physical con-

straints), sampling with PyDREAM, and analysis of inferred kinetic rate distributions. The

process is outlined in Fig. 3.1.

Figure 3.1: Schematic representation of PyDREAM work�ow. The experimental data,
model setup, prior parameter distribution, and likelihood function are de�ned as algorith-
mic input (top). This serves as input to the technical heart of PyDREAM (middle) which
uses differential evolution for chain evolution, with a Metropolis selection rule to decide
whether to accept/reject candidate points. These sampled chain trajectories (bottom) are
then returned to the user and used to summarize the marginal posterior parameter distribu-
tions.
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3.2.4 PyDREAM Validation

To ensure that the version of DREAM encoded in PyDREAM is consistent with orig-

inal version of DREAM in MATLAB, PyDREAM performance for several test cases was

computed and compared to the MATLAB results.

3.2.4.1 10D Bimodal Mixture Model

This test case, originally described in [55], is a ten-dimensional bimodal pdf with modes

centered around -5 and 5, each with a variance of 5. Two thirds of the density is centered

around the latter mode. PyDREAM was run for 50,000 iterations with 3 chains and 5 multi-

try parallel tests, requiring 5 minutes on a six-core CPU. The �rst 50% of the samples were

removed as burn-in. The sampled distributions for each parameter dimension are shown in

Figure 3.2.

3.2.4.2 200D Multivariate Normal

This test case, described in [48], is a 200-dimensional multivariate normal distribution.

The variance of thejth variable is equal toj, and the pairwise correlations are set to 0.5.

PyDREAM was run for 150,000 iterations with 3 chains and 5 multi-try parallel tests,

requiring 50 minutes on a six-core CPU. The �rst 50% of the samples were removed as

burn-in. The sampled distributions for 10 representative dimensions are shown in Figure

3.3.

3.3 Calibration of CORM with PyDREAM

As mentioned in Section 2.1, the development of CORM was motivated by the observa-

tion that COX-2 in the presence of two of its substrates, AA and 2-AG, displays kinetics that

cannot be explained by commonly used models of inhibition and competition [57] based on

Michaelis-Menten assumptions [58]. It was hypothesized that in order to accurately predict

experimentally observed COX-2 product (PG and PGG) kinetics when both substrates were
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Figure 3.2: PyDREAM samples for a 10D bimodal test case. Each sub�gure depicts a pa-
rameter dimension. Samples drawn using PyDREAM are shaded while the true distribution
is indicated by a black line. Sampled values are in arbitrary units.
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Figure 3.3: PyDREAM samples for a 200D multivariate normal test case. Each sub�gure
depicts one of ten representative parameter dimensions. Samples drawn using PyDREAM
are shaded while the true distribution is indicated by a black line. Sampled values are in
arbitrary units.
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present, all possible interactions between both substrates and the enzyme at both catalytic

and allosteric sites should be considered. It was further hypothesized that the reason for the

observed kinetics was a difference in catalytic rates induced by allosteric interactions. Cre-

ating a computational model of COX-2, AA, and 2-AG dynamics (CORM) and �tting that

model to available experimental data would provide distributions of kinetic parameters and

make it possible to test whether �rst, a model including all interactions could accurately re-

produce the experimentally observed dynamics, and second, whether kinetic rates inferred

from the experimental data and model would support the role of allostery in catalysis.

3.3.1 Available Calibration Constraints

3.3.1.1 Experimental Data and Experimentally Measured Kinetic Rates

The available experimental data consisted of 49 measurements at different substrate

concentrations of the products PG and PGG, all measured ten seconds after the mixing of

enzyme and substrate. Each data point was collected in triplicate and reported as a mean

and standard deviation. The experimental data can be found in reference [1], Figure 3. Six

experimentally measured catalytic rates and disassociation constants were available from

our collaborators. These are marked in red in Table 2.2.

3.3.1.2 Thermodynamic Constraints

When a kinetic scheme contains cycles with identical beginning and ending species,

at equilibrium the net �ux through the cycle vanishes. This constrains the product of the

equilibrium constants for the reactions in the cycle to be equal to one. Alternatively, one

may view the cycle as energy conserving (no net change in free energy). Within the spec-

i�ed interaction network, there are four such thermodynamic cycles, within which relative

parameter values must be consistent with energy conservation. These cycles are shown in

Figure 3.4.
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Figure 3.4: Thermodynamic Cycles in CORM
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3.3.1.3 Kinetic Parameter Prior Distributions

Broad (spanning multiple orders of magnitude), normal prior distributions were speci-

�ed for all parameters to be �tted. These were selected based on expert biological knowl-

edge provided by collaborators. Disassociation constants were used rather than forward

and reverse rates; the forward rates were assumed to be diffusion limited and the reverse

rates were varied to give a particular KD. Prior distributions for all parameters are shown

in Figure 3.5.
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Figure 3.5: Prior Distributions for Fitted Parameters

3.3.2 Calibration Results

PyDREAM was initialized with �ve chains in random locations in parameter space

drawn from prior parameter probability distributions. Sampling was performed for 2.5

million iterations; 100,000 samples were discarded as burn-in, and sample matrixes were

thinned by a factor of 10. All chains converged to a limiting distribution as assessed by

both the Geweke score [59] and Gelman Rubin convergence criterion [60]. After calibra-
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tion, simulation at any vector in the ensemble of parameter sets produced results within

experimental data error; representative simulation results generated using the most proba-

ble parameter vector from the ensemble overlaid with experimental data points are shown

in Figure 3.6.

Figure 3.6: Simulated model PG and PGG values generated using the most probable pa-
rameter vector obtained during calibration at several concentrations of AA and 2-AG. Ex-
perimental data is shown in black and simulated results in red.

Parameter distributions from the calibrated parameter ensemble for each of the twelve

�tted kinetic rates in CORM are shown in Figure 3.7.
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Figure 3.7: Distributions of parameter values for each �tted kinetic rate in CORM.
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3.3.3 Insights into COX-2 Catalysis

CORM was designed to address two biological questions related to COX-2 catalysis.

The �rst question was whether a model including all interactions at both catalytic and

allosteric sites would be able to capture the nonlinear dynamics present in the experimental

data. This did occur, as is evident by the close �t of simulations to data in Figure 3.6. The

second question was whether the calibrated kinetic rates from CORM would support the

importance of allostery in the system dynamics. The calibrated rates suggest that allostery

does measurably impact the catalytic rates in the system, altering the system dynamics. The

allosteric effects on catalysis vary depending on the substrate and allosteric regulator. As

shown in Figures 3.8 and 3.9, the distributions of the catalytic rates for AA turnover when

either 2-AG or AA is bound in the allosteric site indicate that binding of the allosteric

modulator most likely increases the catalytic rate (as the bulk of the probability density lies

to the right of the experimentally measured allosterically unbound enzyme indicated by the

red line.

Figure 3.8: Distribution of catalytic rate (in s-1) when AA is bound in both the catalytic site
and allosteric site of COX-2. The experimentally measured catalytic rate for the enzyme in
the absence of any allosteric modulator is indicated by the red line.
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Figure 3.9: Distribution of catalytic rate (in s-1) when AA is bound in the catalytic site and
2-AG in the allosteric site of COX-2. The experimentally measured catalytic rate for the
enzyme in the absence of any allosteric modulator is indicated by the red line.

When 2-AG is in the catalytic site, however, binding of AA in the allosteric site most

likely decreases the turnover rate for 2-AG, as indicated by the majority of the probability

density present to the left of the allosterically unbound enzyme in Figure 3.10.

Figure 3.10: Distribution of catalytic rate (in s-1) when 2-AG is bound in the catalytic site
and AA in the allosteric site of COX-2. The experimentally measured catalytic rate for the
enzyme in the absence of any allosteric modulator is indicated by the red line.
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3.4 Calibrating a Larger Model with PyDREAM

After the successful calibration of CORM with PyDREAM, calibration of a larger

model was initiated. While CORM has only twelve free rate parameters, models with

many more free parameters occur in systems biology research [5, 18], and are generally

far more challenging to calibrate to experimental data. The Extrinsic Apoptosis Reaction

Model (EARM) was chosen as a test model because it had previously been calibrated and

a set of parameter values with good �t to experimental data already identi�ed, but further

calibration to identify the uncertainty in these parameter values would be valuable. EARM

contains 105 free rate parameters. The experimental data available for calibration of EARM

is quantitatively different than that available for CORM calibration. While CORM calibra-

tion data consists of two outputs measured at a single time point across a range of different

initial conditions, EARM experimental data consists of time courses for three outputs under

a single initial condition.

Initial attempted calibration attempts for EARM with PyDREAM used a set of uni-

form priors that were chosen based on physiological constraints to particular types of rate

constants, as de�ned in Table 3.1. A variety of different algorithmic settings (including Py-

DREAM chain numbers of 3, 5, and 12, the use of multi-try updates and snooker updates,

and selection of start points with good �t to experimental data rather than random start

points) were tested repeatedly to assess whether convergence of parameters was occurring.

Rate Constant Type Lower Bound Upper Bound

Forward association rate (kf ) 10� 4=(M � s) 106=(M � s)

Equilibrium dissociation constant (KD) 10� 12 M 10� 3 M

Catalytic constant (kcat) 10� 2 103

Table 3.1: EARM Rate Constant Constraints

Unfortunately, inferring calibrated parameter distributions for EARM using only the

generic physiologically relevant priors listed above was not successful; different chains did
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not converge to the same distribution visually (see Fig. 3.11 for an example).

Figure 3.11: Uncoverged distributions of MCMC draws for a single parameter in the
EARM model. Different colors indicate different chains run in parallel, which should re-
�ect similar distributions for convergence.

As a way to provide further constraints to the parameters in the system and hopefully

achieve convergence, two methods were applied. First, experimental parameter rates from

the literature were located when possible (see Table 3.2 for experimentally measured pa-

rameter values and their literature source). All reverse rate constants (kr) values present

in the table are actually KD values used as described above. Values in the table are given

in molar units, but for use in EARM all values were scaled by Avogadro's number and a

cellular volume of 1.661 pL (chosen to match median experimental measurements of HeLa

cell cytoplasmic volumes [61]). Parameters for kinetic rates operating in the mitochondrial

membrane were set to 7% of the cytoplasmic volume.

As a second source of constraints, certain kf values for which structures were available

were inferred using the program TransComp [62]. Complex association rates may be lim-

ited by either diffusion or conformational change. In addition, diffusion limited complex

formation when strong electrostatic attraction between the two subunits is present may in-

crease the association rate beyond that dictated by diffusion alone. Predictions generated

by TransComp are generated based on transient-complex theory. The transient-complex
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represents the boundary between the unbound and bound states for a given complex of

two proteins when the reaction is diffusion-limited (accounting for electrostatic interac-

tion). In the unbound state, the two subunits in the complex have complete rotational and

translational freedom, but few speci�c inter-subunit short-range interactions. In the bound

state, the opposite is true; the subunits are translationally and rotationally constrained, but

there are many speci�c inter-subunit short-range interactions. Forward association rates for

diffusion-limited complex formation (with accompanying electrostatic interactions) were

predicted well by the following equation:

ka = ka0exp(
� DG�

el

kBT
) (3.2)

whereka0 is the basal association rate by diffusion alone, and the Boltzmann factor re�ects

the contribution to association from electrostatic interactions [63]. TransComp takes as

input the structure of the complex and calculates bothka0 andDG�
el. EARM association

rate parameters which were predicted using TransComp, the PDB structure used as input,

and the literature reference for the structure are shown in Table 3.3. In cases where multi-

ple structures were available, TransComp was used to predict an association rate for each

structure and the variance in the results was used to set the standard deviation in a normal

prior around the average of all results.

A decision tree summarizing the process for selecting priors during EARM calibration

using the available constraints is shown in Fig. 3.12. The calibration process when includ-

ing these constraints was more successful than without. Multiple parameters converged,

both as measured by the Gelman-Rubin metric and by visual comparison of distributions.

These included parameters that had prior constraints (Fig. 3.13) as well as parameters that

had no experimental or predicted prior constraints available (Figs. 3.14, 3.15, and 3.16).

The latter category included both parameters for which the initial prior was returned after

calibration (Fig. 3.14), indicating the available calibration data provided no information
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about the marginal distribution of the parameter, as well as parameters for which the avail-

able calibration data did further constrain the parameter posteriors (Figs. 3.15 and 3.16).

Unfortunately, while including the constraints did allow some parameters to converge, there

were still parameters that failed to converge after millions of iterations, and traceplots for

these parameters showed evidence of poor mixing (Fig. 3.17). At this juncture resources

were redirected to focus on further exploration of the COX-2 system, which was hoped to

be more fruitful.
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Parameter Name (as used in EARM) Value Reference

bind L R to LR kr 10 M [64]

catalyzeApopC3proto Apop C3A kc .1 s� 1 [65, 66]

bind Apop XIAP kr 11 nM [67, 68]

bind SmacAXIAP kr 1 mM [69]

catalyzeC8AC3proto C8A C3A kc .37 s� 1 [65]

bind XIAP C3A to XIAPC3A kf 2.5 mM [70]

bind XIAP C3A to XIAPC3A kr .5 nM [71, 72, 73, 74]

catalyzeC3APARPUto C3A PARPCkc 1 s� 1 [65, 75]

catalyzeC3AC6proto C3A C6A kc 9.1 s� 1 [65]

equilibrateBidT to BidM kr 100mM [76, 77]

equilibrateBaxC to BaxM kr 50 nM [78]

equilibrateBclxLC to BclxLM kr 50 nM [78]

bind BidM BaxC to BidMBaxC kr 600 nM [79]

bind BidM BakM to BidMBakM kr 5 mM [80]

bind BidM Bcl2M kr 100 nM [81, 82, 83]

bind BidM BclxLM kr 200 nM [79, 81, 82, 84, 85]

bind BidM Mcl1M kr 1 nM [81]

bind BaxA Bcl2 kr 100 nM [82, 86]

bind BaxA BclxLM kr 150 nM [82, 86]

bind BaxA Mcl1 kr 39.5 nM [82]

bind BakA Bcl2 kr 95 nM [82, 86]

bind BakA BclxLM kr 15 nM [82, 86]

bind BakA Mcl1M kr 10 nM [82, 86]

bind BadM Bcl2 kr 14 nM [81, 82]

bind BadM BclxLM kr 10 nM [79, 81, 82, 85, 87, 88]

bind NoxaM Mcl1M kr 24 nM [81, 82]

Table 3.2: Experimentally Measured Parameters from Literature Used for EARM Calibra-
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Parameter Name (as used in EARM) Predicted Value PDB ID Reference

bind L R to LR kf 1 x 104 1D4V, 1D0G, 1DU3 [89, 90, 91]

convertApafA C9 to Apop kf 34.9 4RHW [92]

bind Apop XIAP kf 2.52 x 103 1NW9 [93]

bind SmacAXIAP kf 8.17 x 105 1G73 [94]

bind BidM BaxM to BidMBaxM kf 1.75 x 104 4ZIG, 4BD2 [95, 96]

bind BidM BakM to BidMBakM kf 7.31 x 105 2M5B [80]

bind BidM BclxLM kf 2.37 x 104 4QVE [97]

bind BidM Mcl1M kf 1.58 x 104 2KBW [98]

bind BaxA Bcl2 kf 5.44 x 103 2XA0 [82]

bind BaxA Mcl1 kf 1.63 x 104 3PK1 [99]

bind BakA BclxLM kf 1.1 x 105 1BXL, 2LP8 [100, 101]

bind NoxaM Mcl1M kf 2.31 x 105 2ROD, 2JM6 [102, 103]

Table 3.3: Association Rate Parameters Predicted with TransComp and Used for EARM
Calibration. All units are M� 1 s� 1.

Figure 3.12: The process used for selecting parameter priors for EARM calibration, using
either experimental data or computational prediction.
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Figure 3.13: Converged (by Gelman-Rubin metric) distributions of MCMC draws for a
single parameter in the EARM model. Parameter values are log transformed. The normal
prior used was derived from experimental measurements in the literature. Different colors
indicate different chains run in parallel, which should re�ect similar distributions after
convergence.

Figure 3.14: Converged (by Gelman-Rubin metric) distributions of MCMC draws for a sin-
gle parameter in the EARM model. Parameter values are log transformed. The calibrated
parameter values are unchanged from the uniform prior. Different colors indicate different
chains run in parallel, which should re�ect similar distributions after convergence.
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Figure 3.15: Converged (by Gelman-Rubin metric) distributions of MCMC draws for a
single parameter in the EARM model. Parameter values are log transformed. The original
parameter prior was uniform across the range of values. Different colors indicate different
chains run in parallel, which should re�ect similar distributions after convergence.

Figure 3.16: Converged (by Gelman-Rubin metric) distributions of MCMC draws for a
single parameter in the EARM model. Parameter values are log transformed. The original
parameter prior was uniform across the range of values. Different colors indicate different
chains run in parallel, which should re�ect similar distributions after convergence.
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Figure 3.17: Unconverged (by Gelman-Rubin metric) distribution of MCMC draws for a
single parameter in the EARM model (bottom) and the corresponding traceplot for that
parameter and other parameters, some of which had reached convergence (top). Parameter
values are log transformed. The original parameter prior was uniform across the range
of values. Different colors indicate different chains run in parallel, which should re�ect
similar distributions after convergence.
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Chapter 4

Advances in Model Flux Analysis

4.1 Speci�c Advances and Problems Solved

After publication of the work described in Sections 2.1 and 3.3, knowledge of COX-2

catalytic function in the presence of allosteric regulators was signi�cantly increased. Com-

putational modeling and rigorous model calibration provided the information that, for the

two allosteric modulators examined, both positive and negative allosteric regulation of

catalysis can occur, depending on the substrate in question. However, this analysis did

not address the degree to which the system actually utilizes different catalytic complexes,

and whether that degree of utilization depends on levels of key nodes within the network.

A method to analyze the amount of chemical reaction �ux through different paths within

the network would be valuable for the COX-2 system, in which multiple complexes (con-

taining combinations of different allosteric regulators and substrates) could theoretically

produce product. It would also be applicable to any system in which multiple paths lead

from system inputs to system outputs; given the combinatorial complexity present in many

biochemical networks, a large number of applications in other biological systems would

be expected. As one example, the extrinsic apoptosis model described previously, EARM,

includes apoptosis induction through mitochondrial membrane pore formation by two dif-

ferent proteins, Bax and Bak [5, 12]. Application of such a tool could untangle the degree

to which the death signal proceeds through pore formation using each protein, and whether

this varies with the levels of network components, intrinsic noise, or other system features.

Such an analysis technique was not found in the literature. Flux balance analysis (per-

haps the most common form of �ux analysis in a network), is performed on a system at

steady-state to calculate the possible combinations of �uxes into and out of a system that

will conserve mass at steady-state [25, 104, 105]; for example, if a network consists of a
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single input node that is then processed by either of two downstream output branches to

produce two outputs, the system has two possible outcomes at steady-state for every single

molecule of input (assuming each branch consumes only a single input molecule): produc-

tion of a single molecule of product one via path one, or production of a single molecule of

product two via path two, and any linear combination thereof with increasing amounts of

input. This process does not require kinetic rate information and is time independent; while

these features make it more easily applicable, they also limit the insights derived to general

rather than speci�c. Flux balance analysis enumerates the possible �ux states the system

could possibly access, but not the actual chemical traf�c passing through the network with

its unique kinetic constraints.

Because this level of detailed kinetic information was available for the COX-2 network,

a different technique was needed. To this end, a method was developed to calculatenetwork

pathway �ux, the chemical reaction �ux through a given pathway in a network, given kinetic

constraints, initial conditions, and, if desired, stochasticity. The method combines a graph

theoretical analysis of the network to �nd paths between nodes with a modi�ed PySB [12]

integrator that returns integrated individual chemical reaction �uxes. A description of the

method, its application to the CORM, and the insights derived from the analysis follows.

4.2 Calculating Network Pathway Flux

In this approach, a node edge graph is constructed in which each node is a set of re-

actants or products, and each edge represents a reaction connecting a reactant-product set.

The edges are directed with the direction dictated by the net integrated reaction �ux (f luxkf

- f luxkr ) at a given time; these edges are therefore time dependent given the time depen-

dence of the net reaction �ux. We then determine all simple paths (paths with no repeating

reactant-product nodes) connecting initial reactants (COX-2 + AA or COX-2 + 2-AG in

the case of CORM) to �nal products (PG and PGG for CORM) via the net integrated �ux

directed edges, which are returned by the modi�ed PySB [12] integrator. Simple paths are
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determined using the Python packagenetworkx [106]. The overall process is outlined

in Fig. 4.1. The relationship between paths then allows calculation of the proportion of

�ux each path contributes to the �nal product as the joint probability of all reactions that

constitute that path (see Fig. 4.2 for an example).

Figure 4.1: An overview of the method for calculating network pathway �ux using a graph
theoretic analysis to determine network paths and an integrator to return the integrated �ux
through speci�c chemical reactions.
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Figure 4.2: Calculating paths between reactants and products. Edges are directed towards
the �ow of the net integrated reaction �ux (for bidirectional reactions) or the integrated
forward reaction �ux (for unidirectional reactions). Edge labels indicate the probability of
selecting that reaction path into a node, calculated as the proportion of total �ux leaving
the node that came from a given reaction.
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4.3 Applying Pathway Flux Analysis to CORM

All pathway �uxes were calculated for the �rst ten seconds of CORM catalysis after

mixture with the substrates, a time chosen to match previous experimental work [1]. Path

�ux distributions were calculated for an ensemble of calibrated parameter values to quantify

path �ux uncertainty arising from parameter uncertainty. Path �uxes were also calculated

over a range of initial substrate conditions, again chosen to match previous experimental

work [1].

Our analysis indicates that there are six possible paths to produce PG (Fig. 4.3) and four

possible paths to produce PG-G (Fig. 4.4) for all evaluated substrate concentration com-

binations. However, not all paths exhibit signi�cant reaction �ux during catalysis across

all the concentrations. This occurs because paths in which binding of a species to the al-

losteric site precedes binding to the catalytic site are kinetically disfavored in CORM. As

shown in Figs. 4.5 and 4.6, three paths dominate PG production and two paths dominate

PG-G production. The dominant PG-producing paths (Fig. 4.5) include those with one or

two intermediates, and the allosteric site empty or occupied by AA or 2-AG. Our results

show that the dominant path is highly dependent on the substrate input concentrations (Fig.

4.7A). The presence of AA and 2-AG in the allosteric site enhances the production of PG

[1]. The dominant PG-G-producing paths include one or two intermediates (Fig. 4.6) with

the allosteric site empty or occupied by AA. The presence of AA in this site reduces the rate

of PG-G production [1]. Similar to PG production, we also found that the �ux through each

dominant path for PG-G production is dependent on substrate concentration (Fig. 4.7B).
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Figure 4.3: Possible paths between COX-2 and PG in CORM.

Figure 4.4: Possible paths from COX-2 to PGG in CORM.
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Figure 4.5: Dominant PG Production Paths in CORM. Colors correspond to path �uxes
in Fig. 4.7A. (D) Dominant PG-G Production Paths in CORM. Colors correspond to path
�uxes in Fig. 4.7B.

Figure 4.6: Dominant PG-G Production Paths in CORM. Colors correspond to path �uxes
in Fig. 4.7B.
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In the absence of 2-AG and at low (0.5mM) AA, PG is produced without allosteric

modulation (Fig. 4.7A, purple; purple-labeled path in Figure 4.5, top); as the concentration

of AA increases, the proportion of PG produced with AA as an allosteric modulator also

increases (Fig. 4.7A, green). When 2-AG is added to the system, PG production shifts to

using 2-AG as an allosteric modulator (Fig. 4.7A, red), with this path favored to a greater

extent as the concentration of 2-AG increases (Fig. 4.7A, lower plots). Even in the absence

of 2-AG, about 20% of PG is produced by AA-modulated COX-2, and once even a small

amount of 2-AG (0.5mM) is added to the system, more than half of PG production occurs

via a 2-AG or AA allosterically modulated path. In the presence of high concentrations of

either modulator, as much as 90% of PG is produced via an allosterically modulated path.

Because 2-AG and COX-2 display substrate-dependent inhibition [1], the production of

PG-G occurs via fewer paths than are available to PG. In the absence of AA, all PG-G pro-

duced is generated in the absence of an allosteric modulator (Fig. 4.7B, purple), because the

intermediate with 2-AG bound in both catalytic and allosteric sites is not turned over. As

AA is added to the system, the proportion of PG-G produced by the AA-modulated path-

way (Fig. 4.7B, red) increases. Thus, in the range of tested substrate concentrations, the

dominant mechanism of PG-G production depends entirely on the amount of AA present

in the system. Compared to PG, a smaller proportion of PG-G produced by the system

results from an allosterically regulated pathway because PG-G is only created via the AA-

modulated species or the allosterically unbound species. Nevertheless, at high concentra-

tions of AA, again as much as 90% of PG-G is produced by AA-modulated COX-2. For

paths containing a species bound in the allosteric site, binding at the catalytic site followed

by binding at the allosteric site is the favored mechanism.

At any given substrate concentration, the uncertainty arising from the calibrated kinetic

parameter distributions never exceeds a 20% change in the percentage of product produced

by a given path (Figs. 4.8- 4.12). We �nd that changes in substrate levels and their relative

ratios have a much larger effect on the dominant reaction paths than changes in kinetic
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rates within the calibrated CORM parameter distributions. Overall, these �ndings suggest

that variation of substrate concentrations in physiologically-relevant ranges has a signi�-

cant impact on COX-2's mechanism of catalysis. In the next chapter I introduce a novel

information theory based metric to quantify to what degree COX-2 utilizes the mechanisms

available to it, and how this varies with substrate level.
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Figure 4.7: Concentration-dependent PG and PG-G production paths. (A) Dominant Reac-
tion paths for PG Production Vary with AA and 2-AG Concentration. Each individual plot
depicts the amount of �ux through each path in 2.1C for a given concentration of 2-AG
across varying concentrations of AA. Colors correspond to labeled paths in Fig. 4.5. The
error bars in each plot indicates the �ux variation resulting from inferred kinetic rates. (B)
Dominant Mechanisms of PG-G Production Vary with AA Concentration. Each individ-
ual plot is at a given concentration of 2-AG. In all plots AA increases from left to right at
concentrations of 0.5, 1, 2, 4, 8 and 16mM in A and 0, 0.5, 1, 2, 4, 8, and 16mM in B.
Colors correspond to labeled paths in Fig. 4.6 The error bars in each plot indicates the �ux
variation from inferred kinetic rates.
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Figure 4.8: Distribution (arising from calibrated parameter uncertainty) of the percentage
of the total �ux to product PG from the path COX-2! COX-2:AA ! PG at different
starting AA and 2-AG concentrations.
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Figure 4.9: Distribution (arising from calibrated parameter uncertainty) of the percentage
of the total �ux to product PG from the path COX-2! COX-2:AA ! 2-AG:COX-2:AA
! PG at different starting AA and 2-AG concentrations.
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Figure 4.10: Distribution (arising from calibrated parameter uncertainty) of the percentage
of the total �ux to product PG from the path COX-2! COX-2:AA ! AA:COX-2:AA !
PG at different starting AA and 2-AG concentrations.
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Figure 4.11: Distribution (arising from calibrated parameter uncertainty) of the percentage
of the total �ux to product PGG from the path COX-2! COX-2:2-AG! PGG at different
starting AA and 2-AG concentrations.
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Figure 4.12: Distribution (arising from calibrated parameter uncertainty) of the percentage
of the total �ux to product PGG from the path COX-2! COX-2:2-AG! AA:COX-2:2-
AG ! PGG at different starting AA and 2-AG concentrations.
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Chapter 5

An Analysis of Information Transfer in the Multi-Input Multi-Output COX-2 Network

5.1 Motivation

Many biological signaling networks process multiple inputs and yield multiple out-

puts. Examples of multiple-input multiple-output (MIMO) biochemical systems include

the mitogen-activated protein kinase (MAPK) network, which can respond to numerous

ligands and yield a range of outputs including proliferation and differentiation[107]; the

NF-kB pathway, which triggers pro- and anti-in�ammatory responses to a variety of lig-

ands [108]; and myriad metabolic networks, which respond to multiple substrates and al-

losteric regulators by producing energy and the building blocks of cellular components

[109]. Recent work [3, 4, 110, 111, 112, 113, 114] has highlighted the fact that modulation

of input concentrations in intracellular networks can yield markedly different outcomes.

Despite this clear indication that MIMO systems are crucial to biological processes, few

reports exist to date to explain how multiple inputs modulate reaction �ux and information

�ow in a network to allow signal processing with a range of adaptive outputs.

To explore the properties of MIMO systems in biology, we chose to study the dynam-

ics of cyclooxygenase-2 (COX-2), a key enzyme that controls the balance between pro-

and anti-in�ammatory signals in mammalian organisms. COX-2 lies at the interface of

the eicosanoid and endocannabinoid signaling pathways [32, 33] and is itself the target of

the widely used nonsteroidal anti-in�ammatory drugs (NSAIDs). Although COX-2 is a

structural homodimer, it behaves as a heterodimer. One subunit in the dimer harbors the

catalytically active site, while the other subunit contains an allosteric site that modulates

the overall activity of the enzyme [36, 37, 38]. An array of substrates, inhibitors, and

allosteric modulators can bind to, and thus compete for, either site, giving rise to highly

complex reaction kinetics [39, 40, 1, 41, 42, 43]. The various products from COX-2 ac-
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tivity drive multiple downstream pro- and anti-in�ammatory processes that lead to diverse

cellular fates including stress responses and apoptosis [44, 45, 46].

It is clear that COX-2 orchestrates a complex interplay between a variety of substrates

(the enzymeinputs), various allosteric regulators, and the concentration of downstream

products (the enzymeoutputs) that control processes such as in�ammation [44, 45, 46].

Previously, most studies of COX-2 function have used simpli�ed models based on Michaelis-

Menten kinetics [115]. Not surprisingly, these approaches have proved insuf�cient to cap-

ture the rich complexity of the COX-2 network of reactants, intermediates and products [1].

We posit that a systems approach to understand COX-2 mechanism will improve inhibitor

design to achieve desired outcomes in clinical settings.

To explore the COX-2 MIMO signal processing mechanism, we used an information-

theoretic approach [28] to understand the �ow of information between network inputs, var-

ious intermediates, and the product outputs. This analysis reveals that competition between

AA and 2-AG for the allosteric and active site generates highly complex concentration-

dependence curves for COX-2 that are context-sensitive. In addition to providing insight

into how COX-2 functions as a hub for the processing of in�ammatory signals, our work

suggests that our systems biochemistry framework provides useful information relevant to

the study of other MIMO biological systems. This work also demonstrates that the extreme

context-sensitivity of MIMO systems must be considered when attempting to modulate

their behavior through targeted interventions.

5.2 Pathway Entropy is Dynamic Across Input Concentrations

Calculating the �ux through each path (as described in section 4.3) allows us to obtain

information about the preferred sequences of reactions that the system executes while pro-

cessing AA and 2-AG. However, these measurements do not provide an estimate of how

chemical traf�c (i.e. the �ow of chemical signals in the network) is distributed throughout

the network. To explore the distribution of biochemical network traf�c, we introduce the
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pathway entropyto quantify the degree to which COX-2 utilizes multiple paths at different

concentrations of substrates. Our de�nition of entropy, originally introduced by Claude

Shannon [28] provides a measure of the uncertainty in a probability distribution across

states as follows:

H = �
n

å
x= 1

P(xi) log2P(xi) (5.1)

whereH is entropy andP(xi) is the probability of any statexi . To determine the degree

of uncertainty associated with product production (the pathway entropy), we considered

each pathway as a state and use the fraction of �ux that a given pathway contributes to the

product as a measure for the probability of that state. This analysis yields a measure of how

evenly distributed production is across possible paths. In general, evenly distributed �uxes

across paths in a network would maximize pathway entropy for a multi-path system.

Since the dominant paths vary with substrate concentration (Fig. 4.7), we would ex-

pect that pathway entropy would also vary. In Fig. 5.1 we present the pathway entropy

dependence on input concentration for PG (Fig. 5.1A) and PG-G (Fig. 5.1B). The pathway

entropy for PG production is highest at intermediate levels of AA and low levels of 2-AG,

while the pathway entropy is highest for PG-G production at intermediate levels of AA

and any level of 2-AG. These maxima correspond to states where the reaction �ux is most

spread across the possible paths from reactant to product (see Fig. 4.7A, top plot, center,

and Fig. 4.7B, top plot, center). In contrast, in the lowest entropy states - low AA and high

2-AG for PG (Fig. 4.7A, bottom plot, far left) and low AA across the entire 2-AG spectrum

for PG-G (Fig. 4.7B, bottom row), �ux is concentrated in a single or a few paths. Reac-

tion �ow is thus highly distributed in some conditions yet highly concentrated in one path

in other conditions. This �nding suggests that MIMO networks utilize multiple execution

modes across input concentrations. It also suggests that approaches to modulate or inhibit

network activity, which focus on disrupting one or more of these paths, may need to be

tailored to speci�c conditions. These behaviors could have physiological relevance. For

example, high-entropy conditions with highly redundant path �uxes may require multiple
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targets for inhibition compared to a condition with low entropy.

Figure 5.1: Pathway entropy within CORM. (A) Pathway Entropy for Production of PG.
The intensity indicates the pathway entropy in units of bits. (B) Pathway Entropy for Pro-
duction of PG-G. Units are the same as inA.
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5.3 Input Output Behavior in CORM

The above �ndings on pathway entropy suggest a complex relationship between in-

put concentrations, reaction intermediates, and product concentration in CORM. To un-

derstand these relationships, we next considered concentration-dependence curves derived

from simulations using a �xed set of CORM kinetic parameters in which PG was calcu-

lated at increasing AA concentrations in the presence of random quantities of 2-AG (Fig.

5.2A) or PG-G was calculated at increasing 2-AG concentrations in the presence of random

quantities of AA (Fig. 5.2B). Each data point was taken at steady-state (10 seconds) for

consistency with experiments and previous work. Note that the presence of both substrates

results in competitive inhibition with suppression of product formation from either one.

Thus, the highest levels of output in each case occur when the concentration of the oppos-

ing substrate is low. These levels are similar for PG and PG-G because COX-2 utilizes

the two substrates with similar catalytic ef�ciencies when they are present individually.

As the concentration of the opposing substrate increases, competitive inhibition is partially

balanced by positive allosteric modulation in the case of the conversion of AA to PG, but

exacerbated by negative allosteric modulation in the case of the conversion of 2-AG to PG-

G. Therefore, the suppression of PG-G formation is greater than that of AA formation as

seen in the lower plateau level achieved in (Fig. 5.2B). In addition, the range of inputs over

which the output varies depends signi�cantly on which input/output pair is chosen (note the

difference in that range in Fig. 5.2A,B). Clearly, variation ofbothinputs (e.g. changing AA

in addition to changing 2-AG in Fig. 5.2A), results in signi�cant variation in the outputs.

Thus, while our simulations are deterministic, introducing uncertainty in the AA concen-

tration generates a type of “extrinsic noise” in the relationship between 2-AG and PG-G

(Fig. 5.2B), andvice versafor the impact of 2-AG on the relationship between AA and PG,

Fig. 5.2A). This noise represents allosteric modulation in the network due to varying input

concentrations.
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