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CHAPTER 1

Introduction

Stars more massive than about eight Solar masses end their nuclear fusion-driven phase of existence
in explosive, spectacular events known as core-collapse supernovae (CCSNe). These events are
sources of some of the most extraordinary and exquisite objects in the Universe, ranging from the
microscopic heavy elements they synthesize and distribute to the macroscopic neutron stars into
which their (mostly) iron cores often transmute. In addition, they are unique laboratories in which
we can probe areas of physics that are otherwise difficult, if not impossible, to probe with terrestrial-
based experiments; e.g., properties of dense nuclear matter and the ever-elusive neutrino. During a
CCOSN, the progenitor star releases its immense gravitational energy (~10%6 J, or ~10%3 erg), of which
a mere 1% goes into the spectacular luminous displays we observe, while the remaining 99% goes
into the release of neutrinos and antineutrinos (Branch & Wheeler, 2017). The violent motion of the
stellar fluid generates gravitational waves that are expected to be detectable with current generation
gravitational wave observatories such as LIGO, VIGO, and KAGRA (Abbott et al., 2020a,b) and
next-generation gravitational wave observatories such as the Einstein Telescope (Maggiore et al.,
2020) and Cosmic Explorer (Evans et al., 2021).

In order to understand and appreciate the products of CCSNe, we need to understand how they
operate. The following paragraph is a paraphrase from the review article by Mezzacappa (2005).
The basic picture is that when a massive star (ZAMS mass M 2 8 M, with Mg the mass of the
Sun) runs out of fuel, gravity overcomes pressure and the star begins to collapse. As the iron-core
collapses, it can be thought of as being composed of two pieces: a subsonically collapsing “inner-core”
and a supersonically collapsing “outer-core”. The collapse of the inner-core is eventually stopped
because the nuclei are forced into such close proximity with each other that they undergo a phase
transition from individual nuclei to bulk nuclear matter (this is the creation of a proto-neutron
star (PNS)), causing the pressure to increase drastically as a result of the repulsive nature of the
strong force. At this point, the core is supported by a combination of the strong force and neutron
degeneracy pressure. The still infalling outer-core collides suddenly with the newly formed PNS,
generating a pressure wave that develops into shock wave. The shock wave propagates outward,
ultimately driving the explosion. It is intuitive that the shock wave simply propagates outward,
disrupting the star. Unfortunately, as often happens, reality is not so simple.

Because of the numerous offerings of CCSNe, efforts to model them have been ongoing since



the 1960s. In early numerical simulations (which were all one-dimensional (1D)), as the shock
propagates, it was seen to lose energy to the newly-created and liberated electron-type neutrinos
as well as to the dissociation of the infalling material through which it passes, so much so that the
shock stalls around 200 km from the center (e.g., see Hillebrandt & Mueller (1981)). It is clear
that the shock is revived, because if it weren’t then matter would continue to accrete onto the star,
eventually making the core massive enough to overcome the strong force and the neutron degeneracy
pressure and cause the PNS to collapse to a black hole (Bethe & Wilson, 1985). (This does happen
under certain conditions, but they are not discussed here.) Even as technology improved and 1D
models became more sophisticated, they still did not explode (e.g., see Colgate & Johnson, 1960;
May & White, 1966; Colgate & White, 1966; van Riper, 1979; Hillebrandt & Mueller, 1981; Bethe
& Wilson, 1985; Miralles et al., 1991; Mezzacappa & Bruenn, 1993a,b,c; Rampp & Janka, 2000;
Mezzacappa et al., 2001; Rampp & Janka, 2002; Tamamura et al., 2003; Thompson et al., 2003;
Liebendorfer et al., 2004; Kitaura et al., 2006; Sumiyoshi et al., 2007; Zhang et al., 2008; Hiidepohl
et al., 2010; Tamborra et al., 2017; Schneider et al., 2019; Boccioli et al., 2021; Gogilashvili et al.,
2023).

With further technological advances, two-dimensional (2D) models became feasible. This allowed
for the simultaneous inflow and outflow of material, thereby allowing for the development of neutrino-
driven convection (e.g., see Herant et al., 1992; Shimizu et al., 1993; Janka & Mueller, 1995a,b;
Mezzacappa et al., 1998; Kifonidis et al., 2003; Kitaura et al., 2006; Scheck et al., 2008; Fujimoto
et al., 2011; Murphy & Meakin, 2011; Miller et al., 2012b; Takiwaki et al., 2012; Murphy et al.,
2013; Radice et al., 2016; Gogilashvili et al., 2023).

2D flows lead to another instability. It was discovered numerically that while the shock is stable to
perturbations in 1D models, it is unstable to non-radial perturbations in 2D models (Blondin et al.,
2003). This purely hydrodynamical instability has since become known as the standing accretion
shock instability (SASI) and it very likely plays an important role in the explosion mechanism for
more massive progenitors. The SASI, along with neutrino-driven convection, strongly implies that
CCSNe are inherently multi-dimensional. One effect of the SASI is turbulence generated below the
shock, which, in addition to neutrino-driven convection, can increase the amount of time that a fluid
particle spends in the “gain region", a region below the shock in which there is a net heating due
to neutrinos (Couch & Ott, 2015). Since the fluid spends more time in this region it can be heated
more than if turbulence and convection were absent. This extra heating can help revive the shock.
(The continued accretion, which sustains the neutrino luminosity while the explosion develops is also

important.) Additionally, the induced Reynolds stresses by turbulent flows can provide additional



pressure support against the shock (e.g., see Mabanta & Murphy, 2018).

While 1D and 2D models are very useful, three-dimensional (3D) models are necessary for sev-
eral reasons, one of which is that turbulence is non-existent in 1D and in 2D it exhibits an inverse
energy-cascade, where energy is artificially transmitted from small scales to large scales (Kraichnan,
1967). Therefore, to truly study turbulence in CCSNe we need 3D simulations, with no assumptions
of symmetry. 3D CCSN simulations are computationally expensive, taking weeks to months to com-
plete on leadership-class supercomputers; it is therefore necessary to develop codes that are efficient
and can scale well on multiple CPU cores as well as on GPUs. This last point is important because
for the foreseeable future, all large supercomputers will be built for the purpose of utilizing multiple
GPUs. To successfully model CCSNe, several branches of physics need to be coupled: gravity, hy-
drodynamics, neutrino transport, and microphysics. Several production codes are currently used to
simulate CCSNe, including FLasH-X (Fryxell et al., 2000; Dubey et al., 2022), COCoNUT-VERTEX
(Miiller et al., 2010), ZeLmant (Ott et al., 2012), the code described in Kuroda et al. (2016b), FOR-
NAX (Skinner et al., 2019), NADA-FLD (Rahman et al., 2019), CHIMERA (Bruenn et al., 2020), and
Gmunu (Chi-Kit Cheong et al., 2023). All of these codes use some combination of high-order finite-
difference and/or finite-volume methods. Finite-volume methods (e.g., see LeVeque, 2002) evolve
the cell average of a particular element and use data from neighbor cells to reconstruct a high-order
polynomial representation of the solution within that element. This allows for high-order accuracy,
albeit at the cost of a wider stencil. This is one motivation for using discontinuous Galerkin (DG)
methods (see Chapter 3 for details on the DG method): DG methods achieve high-order accuracy
on a compact (nearest-neighbors only) stencil. This makes them appealing for executing massively
parallel simulations on supercomputing clusters. Additionally, it can be argued that DG methods are
favored for modeling neutrino transport, and to avoid complications when coupling hydrodynamics
and neutrino transport, it is advantageous to also use DG methods for the hydrodynamics. Also,
DG methods are able to capture shocks, a desirable property not shared by continuous finite-element
methods.

CCSN dynamics occur on different length scales that span several orders of magnitude. For ex-
ample, when modeling the adiabatic collapse of a CCSN progenitor, the domain may be O (105) km,
while the required resolution in the PNS is more on the order of km. Because of this, it is necessary
for 3D simulations to run with a computational mesh that is adaptive in the sense that it will adjust
itself such that computational resources are concentrated in regions where they are most needed.
This so-called adaptive mesh refinement (AMR) can be implemented in different ways. One way is

known as “block-structured” AMR, where chunks of the mesh (blocks), spanning several elements



in each dimension, are refined. This is the method used by AMReX (Zhang et al., 2019), a software
framework designed to give application codes the ability to run with AMR. Much of my dissertation
work has focused on coupling thornado to AMReX in order to give thornado AMR, capabilities (see
Chapter 3 for details).

The characteristic masses of CCSN progenitors are such that general relativity (GR) is important
(e.g., see Liebendorfer et al., 2001). Although early 1D simulations included full GR (e.g., May &
White, 1966), modern multi-dimensional simulations approximate GR to some degree. Specifically,
ZELMANI, the code described in Kuroda et al. (2016b), and NADA-FLD use free evolution models;
CoCoNuT-VERTEX and Gmunu use xCFC; and FORNAX, CHIMERA, and FLAsSH-X use the effective
potential (Marek et al., 2006), which uses a multi-pole expansion of the Newtonian potential and
then augments the monopole term with GR corrections. The impact of GR has been investigated
in 1D (Bruenn et al., 2001; Lentz et al., 2012) and 2D (Miiller et al., 2012a; O’Connor & Couch,
2018a). In 1D, Bruenn et al. (2001) have shown that GR leads to a more compact PNS than is
obtained with Newtonian gravity, which leads to less extended neutrinospheres and harder neutrino
spectra. Because most neutrino-matter cross-sections relevant to CCSNe are proportional to the
square of the rms neutrino energy, harder neutrino spectra lead to more energy being deposited
into the post-shock fluid. In 2D, Miiller et al. (2012a) showed that the treatment of gravity can be
the difference between a failed and a successful explosion; specifically, in some cases, the oft-used
“effective potential” approach (Marek et al., 2006) leads to a dud, whereas the more sophisticated
(and more complicated to implement) xCFC approach leads to an explosion. Another appealing
aspect of the xCFC over the effective potential is as that the xCFC is based on a self-consistent
theory of gravity. Additionally, a recent paper investigated the role of GR on the SASI using
thornado (Dunham et al., 2024). They concluded that GR may have a significant impact on the
SASI by drastically lowering the rate at which the instability grows. For these reasons, we advocate
the field move to performing simulations in full GR.

Contributions we have made to the field of CCSN simulations include investigating the role of
GR on the SASI (see Chapter 2) and developing the first DG solver for the GR hydrodynamics
(GRHD) equations under the xCFC for application to CCSNe (see Chapter 3). Contributions to
thornado include adding a solver for the GRHD equations, coupling thornado to AMReX, both for
AMR and for the ability to run in parallel on multiple processors, and porting native thornado (i.e.,
thornado without AMReX) to run on GPUs. I have also overseen the coupling of the GRHD solver to
the finite-element, xCFC metric solver Poseidon (Roberts et al., (2024) in preparation), which will

enable, for the first time, GR simulations of gravitational collapse with finite-element/DG methods,



AMR, and a tabulated nuclear equation of state (EoS).

The immediate outlook for this work is that, once the neutrino transport has been incorporated,
thornado will be able to perform CCSN simulations using DG methods with AMR. It will be the first
code to do so. A slightly further outlook is that thornado has the potential to perform simulations
of the post-merger phase of binary neutron star mergers using spectral methods. As it is, the code
may be used to extend the study described in Chapter 2 to three spatial dimensions and investigate
the impact of GRHD on the full SASI, including the spiral mode.

This dissertation is structured as follows: Chapter 2 is an adaptation of article that has been
accepted for publication in the Astrophysical Journal (ApJ) on the effects of GR on the SASI,
Chapter 3 is an adaptation of an article in preparation for ApJ on our numerical methods for

GRHD in thornado, and we close with conclusions in Chapter 4.



CHAPTER 2

Accretion Shock Paper

This chapter is adapted from “A Parametric Study of the SASI Comparing General Relativistic
and Nonrelativistic Treatments" in the Astrophysical Journal and has been reproduced with the
permission of the publisher and my co-authors Eirik Endeve, Anthony Mezzacappa, John M. Blondin,
Jesse Buffaloe, and Kelly Holley-Bockelmann. Full citation: Dunham et al. (2024).

2.1 Abstract

We present numerical results from a parameter study of the standing accretion shock instability
(SASI), investigating the impact of general relativity (GR) on the dynamics. Using GR hydrody-
namics with GR gravity, and nonrelativistic (NR) hydrodynamics with Newtonian gravity, in an
idealized model setting, we vary the initial radius of the shock and, by varying its mass and radius
in concert, the proto-neutron star (PNS) compactness. We investigate four compactnesses expected
in a post-bounce core-collapse supernova (CCSN). We find that GR leads to a longer SASI oscillation
period, with ratios between the GR and NR cases as large as 1.29 for the highest-compactness suite.
We also find that GR leads to a slower SASI growth rate, with ratios between the GR and NR cases
as low as 0.47 for the highest-compactness suite. We discuss implications of our results for CCSN

simulations.

2.2 Introduction

Since the discovery of the standing accretion shock instability (SASI; Blondin et al., 2003), which
many two- and three-dimensional simulations performed to date demonstrate becomes manifest
during a core-collapse supernova (CCSN) in the post-shock accretion flow onto the proto-neutron
star (PNS), groups have made efforts to understand its physical origin and its effects on the supernova
itself. The SASI is characterized in two dimensions (2D) by a large-scale “sloshing" of the shocked
fluid, and in three dimensions (3D) by additional spiral modes (Blondin & Mezzacappa, 2007). It is
now generally accepted that turbulent neutrino-driven convection plays a major role in re-energizing
the stalled shock (e.g., see Burrows et al., 2012; Hanke et al., 2013; Murphy et al., 2013; Couch
& Ott, 2015; Melson et al., 2015b; Lentz et al., 2015; Abdikamalov et al., 2015; Radice et al.,
2015; Melson et al., 2015b,a; Roberts et al., 2016; Miiller et al., 2017; Summa et al., 2018; Radice
et al., 2018; O’Connor & Couch, 2018b; Vartanyan et al., 2019; Miiller et al., 2019; Burrows et al.,



2019; Yoshida et al., 2019; Powell & Miiller, 2020; Stockinger et al., 2020; Miiller & Varma, 2020;
Vartanyan et al., 2022; Nakamura et al., 2022; Matsumoto et al., 2022). The same simulations that
led to the above conclusion also generally exhibit the SASI, with outcomes ranging from convection-
dominated flows to SASI-dominated flows, and flows where neither dominates. Strong SASI activity
and, in some cases, SASI-aided explosions have been reported in, for example, the three-dimensional
simulations of Summa et al. (2018), O’Connor & Couch (2018b), and Matsumoto et al. (2022). A
more precise determination of the relative role played by these two instabilities in the explosion
mechanism, on a case-by-case basis (i.e., for different progenitor characteristics; e.g., see Scheck
et al., 2008; Hanke et al., 2012, 2013; Couch & O’Connor, 2014; Fernandez et al., 2014; Melson
et al., 2015a; Abdikamalov et al., 2015; Fernandez, 2015), will require advances in current three-
dimensional models to include full general relativity, rotation, magnetic fields, and the requisite
neutrino interaction physics with realistic spectral neutrino kinetics, all at high spatial resolution. It
is also important to note that, while convection-dominated and SASI-dominated scenarios may lie at
the extremes of what is possible, it is not necessary for one or the other instability to be dominant to
play an important role — specifically, for the more complex cases where neither dominates, it would
be very difficult to determine precisely the relative contribution from these two instabilities.

Several studies have concluded that the SASI is an advective-acoustic instability, in which vortical
waves generated at the shock advect to the surface of the PNS, which in turn generate acoustic waves
that propagate back to the shock and further perturb it (Foglizzo et al., 2006, 2007; Yamasaki &
Yamada, 2007; Laming, 2007, 2008; Foglizzo, 2009; Guilet & Foglizzo, 2012). This perturbation
generates more, stronger, vortical waves, which advect to the PNS surface, thus creating a feedback
loop that drives the instability. An alternative explanation for the SASI is the purely acoustic
mechanism, in which acoustic perturbations just below the shock travel around the post-shock region
and constructively interfere with each other, generating stronger acoustic perturbations and thereby
feeding the instability (Blondin & Mezzacappa, 2006). A recent study (Walk et al., 2023) suggests
that the acoustic mechanism may play a particularly important role in the SASI when rotation is
included, implying that the origins of the SASI excitation may depend on conditions between the
shock and the PNS.

Other numerical studies focus on particular aspects of this instability, such as the hydrodynamics
of the SAST (Ohnishi et al., 2006; Sato et al., 2009; Iwakami et al., 2014), spiral modes (Blondin
& Shaw, 2007; Iwakami et al., 2008; Ferndndez, 2010), the spin-up of the possible remnant pulsar
(Blondin & Mezzacappa, 2007), the effect of nuclear dissociation (Fernandez & Thompson, 2009),

saturation of the instability (Guilet et al., 2010), the generation and amplification of magnetic fields



(Endeve et al., 2010, 2012), the relative importance of the SAST and convection in CCSNe (Cardall
& Budiardja, 2015), the generation of, and impact on, gravitational waves by the SASI (Kotake
et al., 2007, 2009; Kuroda et al., 2016a; Andresen, 2017; Kuroda et al., 2017b; Andresen et al.,
2017; O’Connor & Couch, 2018b; Hayama et al., 2018; Andresen et al., 2019; Mezzacappa et al.,
2020b, 2023; Drago et al., 2023), and the effects of rotation (Yamasaki & Yamada, 2005; Yamasaki &
Foglizzo, 2008; Walk et al., 2023; Buellet et al., 2023). Some of these studies included sophisticated
microphysics, such as realistic equations of state (EoSs) and neutrino transport; however, with the
exception of Kuroda et al. (2017b), none of these studies solved the general relativistic hydrody-
namics (GRHD) equations, instead solving their nonrelativistic (NRHD) counterparts, some with
an approximate relativistic gravitational potential. It has been demonstrated that GR effects are
crucial to include in CCSN simulations (Bruenn et al., 2001; Miiller et al., 2012a; Lentz et al., 2012;
O’Connor & Couch, 2018c¢), yet the SAST itself has not been fully investigated in the GR regime. A
recent paper (Kundu & Coughlin, 2022) does analyze steady state accretion through a stationary
shock onto compact objects in a Schwarzchild geometry and compares with Newtonian solutions,
and posits that GR may have a non-negligible impact on the SASI. They find that, for conditions
expected in exploding CCSNe, the freefall speed is of order v ~ 0.2¢ (with ¢ the speed of light),
and the differences between the GR and NR solutions are of order 10%. For conditions expected in
failed CCSNe (i.e., supernovae where the shock is not revived, in which case the freefall speed can
be v ~ 0.66 ¢), the differences can be larger.

The timescales that likely influence the SASI depend on signal-speeds associated with advective
and acoustic modes in the region between the shock and the PNS surface (Blondin & Mezzacappa,
2006; Foglizzo et al., 2007; Miiller, 2020). Motivated in part by Dunham et al. (2020) and Kundu &
Coughlin (2022), we expect SASI simulations to behave differently depending on whether or not the
treatment of the hydrodynamics and gravity are general relativistic. Indeed, Dunham et al. (2020)
presented GR steady-state solutions and presented preliminary results from GR SASI simulations,
but did not compare results from NR and GR simulations. Specifically, we expect both advective
and acoustic modes to be influenced by the different post-shock structure in the GR case relative to
the NR case.

This leads to our main science question: How does a general relativistic treatment of hydrody-
namics and gravity affect the oscillation period and growth rate of the SASI? To begin to address
this, we present the first comparison of the SASI in both a nonrelativistic and a general relativistic
framework, using an idealized model with four compactnesses, meant to span the range of conditions

expected in CCSN simulations. We focus our attention on the linear regime and characterize the



SASI by its growth rate and oscillation period, as was done in Blondin & Mezzacappa (2006). To
capture both the linear regime of the SASI and its transition to the nonlinear regime, we perform
our assessment via seven axisymmetric numerical simulations using GRHD and GR gravity, with
the PNS represented by a point mass and gravity encoded in a Schwarzchild spacetime metric. To
better assess the impact of GR, we also perform simulations using the same parameter sets but
with NRHD and Newtonian gravity, again with the PNS represented by a point mass, but in this
case gravity is encoded in the Newtonian potential. We will often use “NR" to refer to the case of
Newtonian gravity and NRHD.

We use a system of units in which ¢ = G = 1 and also make use of the Einstein summation

convention, with Greek indices running from 0 to 3 and Latin indices running from 1 to 3.

2.3 Physical Model

2.3.1 Relativistic Gravity: Conformally-Flat Condition

We use the 3+1 decomposition of spacetime (see, e.g., Banyuls et al., 1997; Gourgoulhon, 2012;
Rezzolla & Zanotti, 2013, for details), which, in the coordinate system z = (t,xi), introduces four
degrees of freedom: the lapse function, « (), and the three components of the shift vector, 8 (). We
further specialize to the conformally-flat condition (CFC, Wilson et al., 1996), effectively neglecting
the impact of gravitational waves on the dynamics. This is a valid approximation when the CCSN
progenitor is nonrotating (Dimmelmeier et al., 2005), as is the case for our simulations. The CFC

forces the components of the spatial three-metric, v;; (), to take the form

Yij = 1/1471'3'; (2.1)

where 1 () is the conformal factor and the 7;; are the components of a time-independent, flat-space
metric. We choose an isotropic spherical-polar coordinate system, as it is appropriate to our problem

and is consistent with the CFC; the flat-space metric is

;5 (r,0) == diag (1,7%,7? sin® 9), (2.2)



and the lapse function, conformal factor, and shift vector take the form given in Baumgarte &

Shapiro (2010),

a(t,r,0,0) =a(r) = ;gzj (2.3)
U (t,r,0,0) =0 (r) =1+ Rs/7, (2.4)
Bt (t,7,0,0) =B (r) :=0, (2.5)

where r > Rg. is the isotropic radial coordinate measured from the origin and Rs. := M/2 is the
Schwarzchild radius in isotropic coordinates for an object of mass M. The line element under a 3+1

decomposition in isotropic coordinates takes the form
ds® = —a* dt? + vy, dx' da?. (2.6)

We note here that the proper radius, R (r), corresponding to the coordinate radius, r > Rsgc, is

defined by

s

R(r):= / VA dr' =r — R%./r + 2 Rsc log (r/Rge) > 7, (2.7)
Rsc

where we used Egs. (2.1-2.2) with v given by Eq. (2.4). Under the CFC, the square root of the

determinant of the spatial three-metric is
V7 =8 /7 =48 r? sind. (2.8)

Our choice of isotropic coordinates is consistent with our implementation of general relativistic
hydrodynamics in the CFC approximation. Our comparison of the Newtonian and general rela-
tivistic results is conducted within this gauge. (In practice, the hydrodynamics equations in the
Newtonian limit in the isotropic gauge are identical in form to the standard Newtonian hydrody-
namics equations, and we were able to run our NR simulations with our Newtonian hydrodynamics

code.)

2.3.2 Relativistic Hydrodynamics
We solve the relativistic hydrodynamics equations of a perfect fluid (i.e., no viscosity or heat transfer)
in the Valencia formulation (Banyuls et al., 1997; Rezzolla & Zanotti, 2013), in which they take the

form of a system of hyperbolic conservation laws with sources. Under our assumption of a stationary
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spacetime, the equations can be written as
U+ Lo, (a7 F')=as, (2.9)
Nai

where U :=U (t,r,0, ) is the vector of evolved fluid fields,

D pW
U= Sj = phW2 Vj ) (2'10)
T phW2—p—pW

F':= F'(U) is the vector of fluxes of those fields in the i-th spatial dimension,

D'
Fi= P , (2.11)
St — Dt
and S := S (U) is the vector of sources,
0
S=|3P*9vik—at(t+D) 0|, (2.12)
—a 1579,

where D is the conserved rest-mass density, S; is the component of the Eulerian momentum density
in the j-th spatial dimension, and 7 := F — D, with E the Eulerian energy density. The component
of the fluid three-velocity in the j-th spatial dimension is denoted by v7, and W := (1 — vivi)_l/Q
is the Lorentz factor of the fluid, both as measured by an Eulerian observer. The relativistic
specific enthalpy as measured by an observer comoving with the fluid; i.e., a comoving observer, is
h:=14 (e+p)/p, where p is the baryon mass density, e is the internal energy density, and p is the
thermal pressure, all measured by a comoving observer. Finally, P¥ := phW?2 v v/ +p~¥, with v%

the inverse of v;;; i.e., vikvkj = 5ij. See Rezzolla & Zanotti (2013) for more details.

We close the hydrodynamics equations with an ideal EoS,
ple) = (L —1e, (2.13)

where T" € (1, 2] is the ratio of specific heats. For this study, we set I' = 4/3. We further assume the
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EoS is that of a polytrope; i.e.,

p(p)=Kp", (2.14)

where K > 0 is the polytropic constant, whose logarithm can be considered a proxy for the entropy,
S;ie., S «log (p/ pF). The constant K takes different values on either side of a shock, in accordance
with physically admissible solutions. Eq. (2.14) is consistent with Eq. (2.13) through the first law

of thermodynamics for an isentropic fluid.

2.3.3 Nonrelativistic Hydrodynamics
Under the 3+1 formalism of GR and the CFC, the effect of gravity is encoded in the metric via the
lapse function, the conformal factor, and the shift vector, whereas with Newtonian gravity, the metric

is that of flat space and the effect of gravity is encoded in the Newtonian gravitational potential, ®,

D (r) :=— (2.15)

M
et
Of course, the NRHD equations can be recovered from the GRHD equations by taking appropriate
limits; i.e., v'v; < 1, p,e < p, and ® <« 1, and setting a ~ g :=14+ P and ¢y =1 — D/2.

In the case of Newtonian gravity and NRHD, we solve

]. — 7 _
U+ =0, (ﬁF) =S, (2.16)
where
D p
E e+ % pvi V4
pu*
Fi= P, : (2.18)
(E+p)o’
and
0
S=1|1P*k9;7,, —pd;® |, (2.19)
—-870; ®
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where P¥ := pv' v’ 4+ p7¥ and we assume ® is due only to the point source PNS,

d (r) = 7_]\?“. (2:20)

2.4 Steady-State Accretion Shocks

We take initial conditions for our simulations from steady-state solutions to Eq. (2.9) (GR) and
Eq. (2.16) (NR). To determine the steady-state solutions, we assume the fluid distribution is spher-
ically symmetric and time-independent. Following Blondin et al. (2003), we consider a station-
ary accretion shock located at r = Rg, with a PNS mass Mpys, PNS radius Rpyg, and a con-
stant mass accretion rate M > 0. We assume a polytropic constant ahead of the shock, K =
2 x 1014 [(erg cm_3) / (g cm_3)4/3}, chosen so that the pre-shock flow is highly supersonic (all of
our models have a pre-shock Mach number greater than 15). Given that our steady-state solutions
have constant entropy between the PNS surface and the shock, they are convectively stable. This

enables us to isolate the SASI and study its development.

2.4.1 Relativistic Steady-State Solutions

Focusing on the equation for D, we find (temporarily defining v = v"),
aySW x drripv = —M. (2.21)
Manipulation of the equations for D and 7 in Eq. (2.9) yields the relativistic Bernoulli equation,
ahW =B, (2.22)

where B > 0 is the relativistic Bernoulli constant. At spatial infinity, the fluid is assumed to be
at rest and the spacetime curvature negligible, so ao, = Wy, = 1. Further, at spatial infinity, we
assume the fluid to be cold; i.e., (e +p) /p < 1, so that ho, = 1 and B, = 1. Since B is a constant,
B =1 everywhere.

Given K, Eqgs. (2.14), (2.21), and (2.22) (with B = 1) form a system of three equations in the
three unknowns, p, v, and p. From initial guesses vy = ,\/m, po = f]\-/[/ (47r r2 vo), and
po = K pl, the first two of which are obtained from the Newtonian approximation at a distance
r > Rg, for highly supersonic flow, we define dimensionless variables uy := p/po, us = v/vg,
and ug := p/po. These are substituted into the system of equations, which are then solved with

a Newton-Raphson algorithm to determine the state of the fluid everywhere ahead of the shock.
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To join the pre- and post-shock states of the fluid at r = Rg,, we apply the relativistic Rankine—
Hugoniot jump conditions (i.e., the Taub jump conditions, Taub, 1948) to obtain p, v, and p just
below the shock. Once the state of the fluid just below the shock is found, the polytropic constant
for the post-shock fluid is computed with Eq. (2.14) and the same system of equations is solved for

the state of the fluid everywhere below the shock.

2.4.2 Nonrelativistic Steady-State Solutions
The steady-state solution method for the nonrelativistic case (taken from Blondin et al. (2003))
follows a similar procedure as the relativistic case, except we begin from the NR equations for mass

density and energy density,

0y p+ \% ) (ﬁpvi) —0, (2.23)

1 = il _ . in
atmﬁai[ﬁ(mmv} pvi 0, ®, (2.24)

where E := e + 5 p7,;;v'v/. From these, and making the same assumptions as in the relativistic

case, we arrive at a system of two equations for the three unknowns, p, v = v", and p,

4w pv = —M, (2.25)

1
3 0% + hag + © = By, (2.26)

with hyg = h — 1 = (e+p) /p the nonrelativistic specific enthalpy and By the nonrelativistic
Bernoulli constant. Following Blondin et al. (2003), we set Byzx = 0. As in the GR case, we close
this system with Eq. (2.14).

In the nonrelativistic limit, & ~ 1+ ® and W ~ 1 + % v v;; substituting these into Eq. (2.22)

yields, to leading order, 1 + Byy, in agreement with Eq. (2.26).

2.4.3 Comparison of NR and GR Steady-State Solutions

For the two lower-compactness cases (see Eq. (2.33)) (e.g., see Bruenn et al., 2013; Melson et al.,
2015b; Burrows et al., 2020), Figure 2.1 shows steady-state accretion shock solutions as functions of
coordinate distance r. (Note that in Figure 2.1 and Figure 2.2 below, for additional information, the
steady-state solutions are plotted from the shock all the way down to r = 3 km. For our numerical
simulations, the inner boundary is placed at Rpys € {20,40} km, which then defines the compactness

of our models.)
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In general, the magnitudes of the density, velocity, and pressure just below the shock decrease as
the shock radius increases (e.g., see Egs. (1-3) in Blondin et al., 2003). From the top-right panel of
Figure 2.1, it can be seen that the velocities in the GR and NR cases agree well near the shock and
deviate from each other for smaller radii, with the velocity being smaller in the GR case than in the
NR case. The top-left and bottom-left panels show that the densities and pressures in the GR case
are larger than their NR counterparts at smaller radii. The slope of the NR density profile matches
expectations of p (r) o< r~2 (Blondin et al., 2003), but the GR density profile deviates noticeably
from this as the inner-boundary is approached. From the bottom-right panel, it can be seen that the
lapse function and its Newtonian approximation begin to deviate from each other near r = 40 km,

with the degree of deviation increasing for smaller radii.

q0.15

v/vy

10.05

7 0.00
11.0

10.4

10t 10? 10t 10?

r [km]

Figure 2.1: Post-shock, steady-state solutions for GR (solid) and NR (dashed) equations as functions
of coordinate distance r € [3km, Rgy] for three models having the same accretion rate of 0.3 Mg /s,
the same PNS mass of 1.4 M, and shock radii 120 km (blue), 150 km (orange), and 175 km (green).
For this PNS mass, the Schwarzchild radius is ~1 km. Quantities defined just ahead of the shock
are denoted with a subscript “1". The top-left panel shows the comoving baryon mass density
normalized to its value just ahead of the shock, the top-right panel shows the radial component of
the fluid three-velocity normalized to its value just ahead of the shock, the bottom-left panel shows
the comoving pressure normalized to the Newtonian ram pressure just ahead of the shock, p; v?, and
the bottom right panel shows the lapse function (solid) and the Newtonian approximation to the
lapse function (dashed), 1 + ®, with ® the Newtonian gravitational potential, normalized to their
values at the shock.

For the two higher-compactness cases (e.g., see Liebendorfer et al., 2001; Walk et al., 2020),

Figure 2.2 shows steady-state accretion shock solutions as functions of coordinate distance r. The

15



profiles show the same trends as those in Figure 2.1, although in this case the trends are more
pronounced. One notable difference is that the location of the largest deviation in the velocity
between the NR and GR cases occurs further in, near r = 12 km. Another notable feature of both
Figures 2.1 and 2.2 is that the fluid velocity in the GR case is consistently slower than that in the

NR case, in agreement with Kundu & Coughlin (2022).
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Figure 2.2: Post-shock, steady-state solutions for GR (solid) and NR (dashed) equations as functions
of coordinate distance r € [3km, Rqy] for three models having the same accretion rate of 0.3 Mg, /s,
one having a PNS mass of 1.8 Mg and a shock radius of 70 km (blue), and the other two having
PNS mass 2.8 Mg and shock radii 60 km (orange) and 70 km (green). For the 2.8 Mg PNS models,
the Schwarzchild radius is ~2.1 km. Quantities defined just ahead of the shock are denoted with a
subscript “1". The top-left panel shows the comoving baryon mass density normalized to its value
just ahead of the shock, the top-right panel shows the radial component of the fluid three-velocity
normalized to its value just ahead of the shock, the bottom-left panel shows the comoving pressure
normalized to the Newtonian ram pressure just ahead of the shock, p; v$, and the bottom right panel
shows the lapse function (solid) and the Newtonian approximation to the lapse function (dashed),
1+ &, with ® the Newtonian gravitational potential, normalized to their values at the shock.

We compare our numerical results with an estimate provided by Miiller (2020), which provides
an analytic estimate of the oscillation period of the SASI, T,,, based on the assumption that the
SASI is an advective-acoustic cycle, in which a fluid parcel advects from the shock to the PNS
surface in time 7,4, which generates acoustic waves that propagate from the PNS surface to the
shock in time 7,.. We modify that formula to include the effects of GR by including the metric
factor, which involves the conformal factor and which converts the radial coordinate increment to

the proper radial distance increment, and by replacing the nonrelativistic signal-speeds with their
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relativistic counterparts,

Taa R Tad + Tac =

/\/’VTdT /\/Wdr, (2.27)

Rpxs

where A and A\’ are the radial signal-speeds of matter and acoustic waves, respectively. Using our

metric, the signal-speeds are (Rezzolla & Zanotti, 2013)

r NR

i (2.28)

r o % i T g7 = "
)\+:W{ (lfc)+cs\/(17vvi)[’y“(17vvicg)fv v (lfcg)]}lfiv +cs, (2.29)

where ¢ is the sound-speed and where the second equality in each expression is the nonrelativistic
limit. For 1D problems, this expression depends only on the steady-state values of ¢; and v". We
also compare our results with an estimate based on the assumption that the SASI is a purely acoustic
phenomenon. We define a time, Ty, as the time taken by an acoustic perturbation to circumnavigate

the post-shock cavity at a characteristic radius Rac, assuming v? < ¢, /722,

The := 27 Rac/ (ho \Y.) (2.30)
where
)\9:70[ (lfc)+c \/(lfviv-)[22(1—vivvc2)—v9v9(1—c2)] hgtvoJrc/r
T — iy 2 i 2 v s s
(2.31)

is the acoustic wave-speed in the 6-dimension (Rezzolla & Zanotti, 2013) and hy is the scale factor
in the #-dimension. The expression for Ty, is inspired by the Lamb frequency, which relates the
frequency of an acoustic wave to the radius at which it turns around (Hansen et al., 2004). We delay
the specification of R,. until Section 2.6.

In Figure 2.3, we plot A% /AL A% GR/x\i’NR, and Ay /A as functions of 7, defined as
n (T) = (T - RPNS) / (Rsh - RPNS) ) (2.32)

for all of our models. In all cases, the signal-speeds are slower in the GR case. This difference is
accentuated in the higher-compactness models and for smaller radii.

The growth rate of the SASI depends on the steady-state conditions below the shock; however,
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Figure 2.3: Ratio of radial GR acoustic signal-speed to radial NR acoustic signal-speed (solid), ratio
of angular GR acoustic signal-speed to angular NR acoustic signal-speed (dashed), and ratio of radial
GR advective signal-speed to radial NR advective signal-speed (dotted), plotted as functions of n for
all models. Lower-compactness models are shown in the top panel and higher-compactness models
are shown in the bottom panel. All signal-speeds have been multiplied with the appropriate scale
factors.

obtaining an analytic estimate for this is difficult, and although there have been efforts to explain
the physics governing the growth rate assuming nonrelativistic models (e.g., Blondin & Mezzacappa,
2006; Foglizzo et al., 2007; Laming, 2007, 2008; Foglizzo, 2009; Guilet & Foglizzo, 2012), an analytic
estimate remains an open question and no estimate exists for a GR model. Here, we aim to compare
the NR and GR growth rates with numerical simulations.

We emphasize that our goal is to characterize the SASI in terms of its period and growth rate,
and to compare their GR and NR values. Determining its physical origin, whether it be advective-
acoustic or purely acoustic, is beyond the scope of this study. The rough estimates provided by
Eq. (2.27) and Eq. (2.30) are merely intended as points of reference for our numerically determined

values.

2.5 Simulation Code and Setup

We perform our simulations with thornado!, an open-source code under development, aiming to
simulate CCSNe. thornado uses high-order discontinuous Galerkin (DG) methods to discretize space
and strong-stability-preserving Runge-Kutta (SSP-RK) methods to evolve in time. For details on the
implementation in the nonrelativistic case, see Endeve et al. (2019) and Pochik et al. (2021); for the

relativistic case, see Dunham et al. (2020) and Dunham et al. (2024) (in prep.). All of our simulations

Thttps://github.com/endeve/thornado
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use the HLL Riemann solver (Harten et al., 1983), a quadratic polynomial representation (per
dimension) of the solution in each element, and third-order SSP-RK methods for time integration
the CFL number, k the degree of the approximating polynomiai..t’in our case, k = 2), Az’ the mesh
width in the i-th dimension, A’ the fastest signal-speed in the i-th dimension, and d the number of
spatial dimensions (Cockburn & Shu, 2001).

Two important aspects of successful implementations of the DG method are mitigating spurious
oscillations and enforcing physical realizability of the polynomial approximation of the solution. To
mitigate oscillations, thornado uses the minmod limiter and applies it to the characteristic fields
(see, e.g., Shu, 1987; Pochik et al., 2021). For the interested reader, we set the Sy, parameter for
the limiter, defined in Pochik et al. (2021), to 1.75 for all runs. thornado also uses the troubled-cell
indicator described in Fu & Shu (2017) to decide on which elements to apply the minmod limiter; for
the threshold of that indicator we use the value 5 x 1073. To enforce physical realizability of the
solution in the NR case, thornado uses the positivity limiter described in Zhang & Shu (2010), and
in the GR case, uses the limiter described in Qin et al. (2016); for the thresholds of both limiters
we use the value 10713,

The hydrodynamics in thornado has recently been coupled to AMReX?, an open-source software
library for block-structured adaptive mesh refinement and parallel computation with MPI (Zhang
et al., 2019); however, our simulations are all performed on a uni-level mesh.

Our computational domain, D, is defined for all models as D := [Rpys, 1.5 Rgn (t = 0)] x [0, 7].
The radial extent allows us to determine whether or not the SASI has become nonlinear, which we
define to be when any radial coordinate of the shock exceeds 10% of the initial shock radius. All
simulations are evolved sufficiently long to achieve ten full cycles of the SASI. In some cases, the
shock exceeds our threshold of nonlinearity before completing ten full cycles; in those cases, we only
use data from the linear regime.

The PNS is treated as a fixed, spherically symmetric mass in order to maintain a steady-state, and
we ignore the self-gravity of the fluid. Because the largest accretion rate we consider is 0.5 Mg s™!
and because this lasts for a maximum of 550 ms in our 2D models, the most mass that would accrete
onto the PNS is 0.275 My and therefore would provide a sub-dominant contribution to Mpyg in our
simulations.

We consider models with three free parameters: the mass of the PNS, My, the radius of the

PNS, Rpxs, and the initial radius of the shock, Rg,. We also varied the mass accretion rate, M,

2https://github.com/AMReX-codes/amrex
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but found the oscillation periods and growth rates to be insensitive to this parameter, and we
do not discuss these models further; all following discussion is for models with an accretion rate
M =03 Mg s~1. Our choice of parameters is motivated by the physical scale of CCSNe; the ranges
of our parameter space are informed by models from Liebendorfer et al. (2001); Bruenn et al. (2013);
Melson et al. (2015b); Burrows et al. (2020); Walk et al. (2020), and can be found in Table 2.1.
We also classify our simulations by their compactness, £, which we define as (O’Connor & Ott,

2011),
¢ M /Mg

Wi (2.33)

In our model naming convention, we first list whether the model used GR or NR along with the
dimensionality (1D or 2D), followed by the mass of the PNS in Solar masses, the radius of the PNS
in kilometers, and lastly the shock radius in kilometers; e.g., the 2D GR model with Mpys = 1.4 Mg,
Rpns = 40km, and Ry, = 150km is named GR2D_M1.4_Rpns040_Rsh1.50e2. If we compare an NR
model with a GR model having the same parameters we may drop that specification from the model
name. If no confusion will arise, we may also drop the dimensionality.

The inner radial boundary corresponds to the surface of the PNS. To determine appropriate
inner-boundary conditions in the GR case, we assume D and 7 follow power laws in radius; from the
initial conditions, we extrapolate D and 7 in radius using a least-squares method with data from the
innermost five elements on the grid to determine the appropriate exponents. The radial momentum
density interior to Rpys is kept fixed to its initial value. We leave the outer radial boundary values
fixed to their initial values for all fields. In the polar direction, we use reflecting boundary conditions
at both poles. For the inner-boundary conditions in the nonrelativistic case, we assume p (r) oc =3
and E (r) oc 7%, the latter of which follows from our assumption of p o< 773, Eq. (2.13), Eq. (2.14),
the assumption of I' = 4/3, and the assumption of a small velocity at the PNS surface.

For the & € {0.4,0.7} models we enforce a radial resolution of 0.5 km per element for all runs,

Model Mpys [Me] Rens [km] Rgp [km] €
M1.4_Rpns070_Rsh1l.50e2 1.4 70 150 0.4
M1.4_Rpns040_Rsh1.20e2 1.4 40 120 0.7
M1.4_Rpns040_Rshl.50e2 1.4 40 150 0.7
M1.4_Rpns040_Rshl.75e2 1.4 40 175 0.7
M1.8_Rpns020_Rsh7.00el 1.8 20 70 1.8
M2.8_Rpns020_Rsh6.00el 2.8 20 60 2.8
M2.8_Rpns020_Rsh7.00el 2.8 20 70 2.8

Table 2.1: Model parameters chosen for the 7 models. All models were run with both GR and NR.
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which we found necessary for the shock in an unperturbed model to not deviate by more than 1% over
100 advection times. This is shown in the top panel of Figure 2.4, which plots the relative deviation
of the shock radius from its initial position as a function of t/7,q for runs with different radial
resolutions for model GR1D_M1.4_Rpns040_Rsh1.20e2. These results suggest that the steady-state
is not maintained if the radial resolution is too coarse; e.g., greater than about 1 km.

For the ¢ € {1.8,2.8} models we enforce a radial resolution of 0.25 km per element for all runs
in order to maintain the same radial resolution of the pressure scale height, p |dp/ d7“|_1, as in the
¢ € {0.4,0.7} models, while also ensuring that the shock does not deviate from its initial location by
more than 1%. This can be seen in the bottom panel of Figure 2.4, which plots the same quantity

as the top panel, but for model GR1D_M2.8_Rpns020_Rsh6.00el.
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Figure 2.4: Relative deviation of the shock radius from its initial location versus t/7.q for dif-
ferent radial resolutions dr for model GR1D_M1.4_Rpns040_Rsh1.20e2 (top panel) and model
GR1D_M2.8_Rpns020_Rsh6.00el (bottom panel).

To verify that our chosen angular resolution of 64 elements (~2.8°) is sufficient to resolve the an-
gular variations of the fluid, we run two additional simulations of model NR2D_M2.8_Rpns040_Rsh1.20e2,
one with 128 angular elements and one with 256 angular elements. From those runs, we extract the
best-fit values for the growth rates and oscillation periods (see Section 2.6) and find them to not
significantly differ from those of the 64-angular-element run.

Our simulations are initialized with the steady-state solutions discussed in Section 2.4, and we
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take extra care to minimize initial transients. The initial conditions we obtain come from solving
Egs. (2.14), (2.21), and (2.22) in the GR case, and Eqgs. (2.14), (2.25), and (2.26) in the NR
case, which are not exact solutions of our discretized equations, so transients will be present when
simulations are initialized with these solutions. To mitigate the effects of the transients, the fields
are set up in 1D with the method described above and then evolved for 100 advection times, which
was experimentally determined to be of sufficient duration to quell any transients. We verify that
the system has achieved a steady-state by plotting, in Figure 2.5, the maximum, at each snapshot,
of the absolute value of the normalized time derivative of the mass density versus t/7,q for model
GR1D_M1.4_Rpns040_Rshl.20e2 (top panel) and model GR1D_M2.8_Rpns020_Rsh6.00el (bottom
panel); other models exhibit similar behavior. For example, in the top panel, it can be seen that the
model settles down after approximately 35 advection times, followed by two slight increases near 45
and 50 advection times, then settles down until we end the simulation after 100 advection times. We
attribute the two slight increases to limiters activating when the shock crosses an element boundary.

The relaxed 1D data is mapped to 2D, a perturbation to the pressure is applied (see below), and
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Figure 2.5: Maximum, at each snapshot, of the absolute value of the normalized time derivative
of the mass density versus t/7,q for model GR1D_M1.4_Rpns040_Rsh1.20e2 (top panel) and model
GR1D_M2.8_Rpns020_Rsh6.00el (bottom panel).

the system is evolved. The initial relaxation in 1D removes numerical noise and allows for a smaller
perturbation amplitude, leading to a longer-lasting linear regime, which makes for a cleaner signal.

We seed the instability by imposing a pressure perturbation onto the steady-state flow below the
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shock,

p(r,0) =p(r)+dp(r,0), (2.34)

with p(r) the steady-state pressure at radius r, and where dp (r,0) /p (r) is defined in a scale-

independent manner as

2
L0 BT, (“;“) cost) (235)

with n defined in Eq. (2.32), and where 7. = 0.75 and ¢ = 0.05. The perturbation is not allowed
to extend into the pre-shock flow. We opted to perturb the post-shock flow as opposed to the
pre-shock flow after having tried various pre-shock and post-shock perturbations and finding that
pre-shock perturbations generate noise when they cross the shock front, thus creating a noisy signal
and making it more difficult to extract quantities of interest. Similarly, we choose a Gaussian profile
because the smoothness of the profile generates less noise than, e.g., a top-hat profile. The cos6
factor is meant to excite an £ = 1 Legendre mode of the SASI. While this perturbation method does
not exactly mimic the hydrodynamics inside a CCSN, it is sufficient to study the SASI in the linear

regime.

2.6 Results and Discussion

Here we discuss our analysis methods and compare the SASI growth rates and oscillation periods

for our 7 models in GR and NR.

2.6.1 Analysis Methods
To extract SASI growth rates from our simulations, we follow Blondin & Mezzacappa (2006) and

expand a quantity affected by the perturbed flow, A (¢,r, ), in Legendre polynomials,

A(t,r,0) =" Gy (t,r) P (cosb), (2.36)
=0

where we normalize the P, such that
1
/Pe (x) Py (x) dx = 0gpr, (2.37)
21

with g the Kronecker delta function. Then,

Go(t,r) = /A(t,r, 0) Py (cosf) d(cost) = /A (t,r,0) Py (cosf) sinfdb. (2.38)
1 0
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After experimenting with several quantities, we decided to use the quantity proposed by Scheck

et al. (2008),
1

Alt,r,0) = g7

% (vg (t,r,0) sin 9) , (2.39)

where v? is the fluid velocity in the polar direction as measured by an Eulerian observer, having
units of rads~!. With G, we compute the power in the /-th Legendre mode, Hy (t), by integrating
over a shell below the shock, bounded from below by r, = 0.8 Re, and from above by r, = 0.9 Ry,
2T W™ T Tb
Hy (t) == / / / (G (7)) [¢ ()] 12 sin 0 dr d de = 4x / (G (t,7)]) [0 (r)]° r2 dr-. (2.40)
0 0 7q Ta
For the Newtonian runs, 1 = 1. We experimented with different values of r, and r, and found that
a thin shell just below the shock gave the cleanest signal.
To extract the SASI growth rate and oscillation period from Hy, we begin by fitting the simulation

data to the function (Blondin & Mezzacappa, 2006)
2wt o2 (27
Iy (t)=Fe*" sin T t+0 |, (2.41)

where w is the growth rate of the SASI, T is the oscillation period of the SASI, F' is an amplitude,
and ¢ is a phase offset.

We fit the data to the model using the Levenberg—Marquardt nonlinear least squares method
(e.g., see Moré, 1978), provided by scipy’s curve_fit function, which also provides an estimate on
the uncertainty of the fit via the diagonal entries of the covariance matrix; we use this to define the
uncertainty in the growth rate. The temporal extent over which we perform the fit is defined to
begin after one SASI oscillation and to end after seven SASI oscillations, where, for simplicity, we
use Eq. (2.27) to define the period of one SAST oscillation.

The period we report is obtained by performing a Fourier analysis: We integrate the lateral flux

in the radial direction,

Fj = \/7pv vgx ahW? Ig'\ﬁpvrvg, (2.42)

from r, to rp (defined as in the computation of the Hy), integrate the result over

S? == {(0,¢) € R%|0 € [0,7], ¢ € [0,27)}, and then take the Fourier transform of that result using
the £ft tool from scipy. From the result, ﬁg(f), we define the period of the SASI as the value of T
corresponding to the peak of the Fourier amplitudes, and we define the uncertainty in the period as

the full width at half maximum (FWHM) of the Fourier amplitudes. The FFT is computed over the
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same time interval as the aforementioned fit. (We do not use the period returned from curve_fit
because, for some models, pollution from higher-order modes spoils the ability of our fitting function

to capture the £ =1 mode.)

2.6.2 Overall Trends

Here we discuss trends that appear across our models. We summarize our results in Table 2.2,
which lists the model, the best-fit oscillation period and uncertainty, the best-fit growth rate and
uncertainty, the product of the best-fit growth rate and best-fit oscillation period, the period assum-
ing an advective-acoustic mechanism, T,, (estimated using Eq. (2.27)), and the period assuming a
purely acoustic mechanism, T, (estimated using Eq. (2.30)). When using Eq. (2.30), we choose the
characteristic radius R,. to be 0.85 Ry, which is the midpoint of the shell in which we compute the
power.

As a first general trend, we see that, for a given PNS radius, the oscillation period increases as
the shock radius increases, as seen clearly in the second column of Table 2.2. This is expected, for as
the shock radius increases, the waves supported by the fluid must traverse a larger region, therefore
each cycle will take longer. As a second general trend, we observe that, for a given PNS radius, the

growth rate decreases as the shock radius increases.

2.6.3 Impact of GR

Next we discuss the impact of GR on the oscillation period and the growth rate.

2.6.3.1 Oscillation Period

First we discuss how the oscillation period varies with PNS compactness and shock radius. In
Figure 2.6, we plot the amplitudes of the Fourier transform of Eq. (2.42), ﬁg , Versus T for four
models, where T is defined as the inverse of the frequency determined by the FFT. No windowing
was applied when computing the FFT of the signal. We see that the difference in the optimal
period, T (defined as the T associated with the largest Fourier amplitude), between NR and GR
increases with increasing compactness, with the GR period consistently longer than the NR period.
This can be explained by differences in the structure of the post-shock solutions; in particular, the
signal-speeds, which are shown in Figure 2.3. Both the radial acoustic and advective signal-speeds,
as well as the angular acoustic signal-speed, are consistently smaller in GR. Because of this, the
period is longer for a given model when GR is used, regardless of whether the SASI is governed by

an advective-acoustic or a purely acoustic cycle.
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Figure 2.6: Amplitudes of Fourier transforms of Eq. (2.42), normalized by their largest values, as
functions of T in ms, where T is the inverse of the frequency returned by the FFT. The compactness
of each model is shown in the bottom of the respective panels. NR results are shown in blue and
GR results are shown in orange.

In Figure 2.7, we plot the SASI period, as provided by the Fourier analysis, versus initial shock
radius for all of our models. The NR and GR models follow the same general trends. For £ =
0.4,0.7,1.8, and 2.8, we find that the ratio Tr /Ty is 1.19, < 1.15, 1.22, and < 1.29, respectively.

For the £ = 0.4,0.7,1.8, and 2.8 models, the relative differences between T, and the advective-
acoustic estimate, Eq. (2.27), are 0.21, < 0.22, 0.10, and < 0.12, respectively. For those same models,
the relative differences between Ty, and the purely acoustic estimate, Eq. (2.30), are 0.29, < 0.14,

0.05, and < 0.17, respectively.

2.6.3.2 Growth Rate
Next we discuss how the growth rate varies with PNS compactness and shock radius. In Figure 2.8,
we plot the power in the first Legendre mode, Hy, during the linear regime, as a function of time

in milliseconds for the same models as in Figure 2.6. For all models displayed here, the shock
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Figure 2.7: SASI oscillation period in ms as a function of PNS compactness (dimensionless) and
shock radius in km, as determined by the FFT (see text for details). NR results are shown in open
squares and GR results are shown in solid squares, with different colors corresponding to different
compactnesses.

deviates from spherical symmetry by less than 10%, which we consider sufficient for characterizing
the evolution as being in the linear regime.

We see a clear trend in the growth rate: the GR models display a slower SASI growth rate when
compared to their NR counterparts. In Figure 2.8, it can be seen that the growth rate for the £ = 0.4
model is practically unaffected by GR, while all the larger compactness models show non-negligible
effects of GR. This effect is a function of shock radius, with a smaller shock radius leading to a larger
difference in the NR and GR growth rates. This effect is drastically enhanced when looking at the
¢ = 2.8 models. In these models, the power in the ¢ = 1 mode is some five orders of magnitude
lower in the GR case by the end of the simulation (see Figure 2.8), which is the result of a factor of
two difference in the growth rate along with exponential growth for approximately ten SASI cycles.
The effects of GR can also be seen in Figure 2.9, which plots the growth rate for all models as a
function of Rg,. Again, in all cases, the growth rate is slower for the GR models and the difference
between GR and NR growth rates increases with decreasing shock radius and increasing PNS mass
— i.e., under more relativistic conditions — the ratio becoming as small as 0.47.

In Figure 2.10, we plot H; as a function of ¢ for all models (left panels) and as a function of t/T
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Figure 2.8: Hj in cgs units versus ¢ in ms. The layout of the panels is the same as in Figure 2.6. NR
results are shown in blue and GR results are shown in orange. Note that the horizontal axis limits
are different in each panel.

for all models (right panels). Note that for an exponentially growing £ = 1 mode, H;  exp(wt); the
gain in one cycle is | Q| = exp(wT) (e.g., see Janka, 2017). Here, we simply refer to wT = In |Q)| as the
SASI efficiency. (When interpreting the right panels, note that T is different for each model.) These
figures demonstrate that the SASI cycle efficiency is approximately constant for a given physical
model (NR or GR) and compactness. This can be seen by, for example, first looking at the top-left
panel of the left figure in Figure 2.10 and noting that the curves all grow at different rates and then
comparing this to the top-left panel of the right figure, where the curves are brought much closer
together when plotted against ¢/T. Further, all the NR models and the ¢ € {0.4,0.7} GR models
reach about the same total power of ~102°-1026 after ten oscillations, while the ¢ € {1.8,2.8} GR
models reach a maximum of ~1023, demonstrating that GR modifies both the oscillation period and
the growth rate, but modifies them in such a way as to keep the SASI efficiency roughly constant

for each of these groupings of models.
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Figure 2.9: SASI growth rate in ms~! as a function of shock radius in km, as determined by the fit

to Eq. (2.41) (see text for details). NR results are shown in open squares and GR results are shown

in solid squares.
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Figure 2.10: H; in cgs units versus t/ms (left) and versus ¢/T (right). In each four-panel figure,
the top-left panel shows the ¢ € {0.4,0.7}, NR models; the top-right panel shows the £ € {0.4,0.7},
GR models; the bottom-left panel shows the & € {1.8,2.8}, NR models; and the bottom-right panel
shows the ¢ € {1.8,2.8}, GR models.

The SASI efficiency is further illustrated in Figure 2.11, which plots the efficiency for all of our
models. It can be seen that the SASI efficiency of the NR models takes on values between 1.5 and
1.8, regardless of compactness. The GR models follow the same trend for lower compactnesses, but

as the compactness increases the SASI efficiency drops.
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Figure 2.11: SASI cycle efficiency as a function of shock radius in km. NR results are shown in open
squares and GR results are shown in solid squares.

2.7 Summary, Conclusion, and Future Work

We examined the effect of GR on 7 idealized, axisymmetric models of the standing accretion shock
instability (SASI) by performing a parameter study in which we systematically varied the initial
shock radius, along with the mass and radius of the proto-neutron star (PNS); i.e., the compactness
of the PNS. We compared these runs by measuring the growth rate and oscillation period of the
SASI for all models, which were run once with NRHD and Newtonian gravity and once with GRHD
and GR gravity. We set up our simulations to excite a clean ¢ = 1 Legendre mode, computed the
power of the SAST in that mode within a thin shell just below the shock, and, following Blondin &
Mezzacappa (2006), fit the resulting signal to Eq. (2.41). From the fits, we computed the growth
rates and their uncertainties, and using the FFT, we computed the oscillation periods and their
uncertainties.

For all models, we found that the period of the SASI in the GR case is longer than that of the
SASI in the NR case. For the £ = 0.4,0.7,1.8, and 2.8 models, we find ratios, Tgr/Tyr, of 1.19,
< 1.15, 1.22, and < 1.29, respectively. We explained these differences as resulting from differences
in the post-shock flow structure for the GR and NR setups. For all models, we found that the

growth rate is slower when GR is used, and significantly slower for the £ = 1.8 and £ = 2.8 models,
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with the ratio between the GR and NR cases, wer/wyr, as low as 0.47. We found that both the
growth rate and the oscillation period are practically independent of the accretion rate for the range
of parameter space we considered.

The connection between our results and the results from realistic CCSN simulations can be
made by considering the trends across all of the models considered here. First, our results suggest
that CCSN simulations based on Newtonian hydrodynamics and Newtonian gravity may fail to
predict correctly the growth rate of the SASI and its period of oscillation as conditions below the
shock become increasingly relativistic; i.e., increased PNS compactness and decreased shock radius.
Under such conditions, the growth rate in the Newtonian case may be overestimated by a factor of
two, or more, relative to the GR case. Additionally, the period may be underestimated by about
20%. Second, as the conditions we considered became increasingly relativistic, the SASI growth
rate continued to increase (Figure 2.9) and its period continued to decrease (Figure 2.7). Thus, our
studies provide theoretical support for the conclusions reached in the study of the SASI development
in higher-mass progenitors (see, e.g., Hanke et al., 2013; Matsumoto et al., 2022), where the time
scales for the development of convection may be long and where the SASI, able to develop on shorter
time scales, is able to provide support to the stalled shock, potentially sustaining neutrino heating,
and, in turn, the development of neutrino-driven convection, with all of their anticipated benefits
for generating an explosion.

Given the substantial impact of GR we find in our simulations, we stress the importance of GR
treatments in any future studies aiming to understand the SASI in a CCSN context.

Our results also suggest that CCSN simulations based on Newtonian hydrodynamics and Newto-
nian gravity may fail to predict correctly the emission of gravitational waves by the SASI (specifically,
its frequency and amplitude), a primary target of gravitational wave astronomy given its anticipated
existence in that part of frequency space where current-generation gravitational wave detectors such
as LIGO and VIRGO are most sensitive. In addition, efforts to discern between contributions from
different SASI modes — e.g., sloshing and spiral — may be affected, as well.

In light of the results presented here, further analysis is well motivated. Our assumption of ax-
isymmetry will need to be lifted, since the SAST is known to have non-axisymmetric modes (Blondin
& Mezzacappa, 2007; Blondin & Shaw, 2007; Fernandez, 2010, 2015). A full three-dimensional com-
parison of the SASI in NR and GR, such as the one performed here for axisymmetry, should be
conducted. Further analyses may also include adding a third type of model that uses NRHD and
a GR monopole potential, similar to what is done in several CCSN simulation codes (e.g., Rampp

& Janka, 2002; Kotake et al., 2018; Skinner et al., 2019; Bruenn et al., 2020), in order to discern
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whether the use of an effective potential to capture the stronger gravitational fields present in GR
is able to better capture the SASI growth rate and subsequent evolution. Of course, even if it does,
nothing can replace a true GR implementation, as we have done here, and as must be done in future

CCSN models.

2.8 Data Availability
The data underlying the figures and the code to reproduce the figures are available on Zenodo
under an open-source Creative Commons Attribution license here: https://doi.org/10.5281/zenodo.
10420763.

All simulations presented here have been performed on the MeshRefinement_DG branch of a fork®

of version 21.09 of AMReX (the AMReX Development Team et al., 2021).
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2.10 Software
thornado (Pochik et al., 2021), AMReX (Zhang et al., 2019), Matplotlib (Hunter, 2007), NumPy
(Harris et al., 2020), SciPy (Virtanen et al., 2020), yt (Turk et al., 2011)

2.11 Newtonian/Non-Relativistic Limit in a Schwarzchild Spacetime with Isotropic
Coordinates

2.11.1 Preliminaries

Under a 3+1 decomposition with a conformally-flat spatial three-metric, the lapse function and con-

formal factor of the Schwarzchild spacetime expressed in isotropic coordinates are given by (Baum-

garte & Shapiro, 2010)

a(r) = (1 - ;‘f) (1 + ;‘f) L (1 + % o (r)) (1 - %@ (r))l (2.43)

Shttps://github.com/dunhamsj/amrex
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and

w(@::u%:u%@m, (2.44)
where
B (r) i —g (2.45)

is the Newtonian gravitational potential.

The Newtonian limit is defined as the limit where ® < 1. In this limit, the lapse function reduces

to

a~l+®, (2.46)

while the conformal factor remains

p=1--9. (2.47)

2.11.2 General Results
The 3+1 hydrodynamics equations with a stationary spacetime can be written as (Rezzolla & Zan-
otti, 2013)

1
o ‘ S(U). .
U+f i (Y F'(U)) =8 (U) (2.48)

First, we focus on the flux term:

\7 9; (a A F' (U)) (2.49)
= wﬁlﬁ 0; (/A F' (U)) (2.50)
e L T/%q) 9 (a7 F' (U)) (2.51)
= % (a7 F' (U)) (2.52)
z%@ (1+@)(1-39) VFF (U)) (2.53)
%al ((1-20-30%) 7F U)) (2.54)
_ % [0: (VAF @) 20 (2 7 F ©)) - 30, (8* /T (U))] (2.55)
% [ (fFZ ) —2(8,®) /7 F (U)} (2.56)
%a ([F )72 (9;®) F' (U). (2.57)
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The last term can be dropped by considering length scales. We can heuristically write the expression

as

Fru) o _, F"(U)( Ly ) (2.58)

— F'(U) = 1+ Lo
o T PO =g

where Ly and Lg are characteristic length scales, with Ly corresponding to a fluid timescale and Lg
to a gravitational timescale. In general, because gravity is a long-range force, we will have Lg > L.

With that, along with ¢ < 1, we have

1 — ~
U+ =0 (ﬂF (U)) ~ S (U). (2.59)

Since one flat-space metric is as good as any other, we assume Cartesian coordinates for the remainder

of this derivation; i.e., 7;; = diag (1,1,1) and /5 = 1.

2.11.3 Mass Equation

For the mass equation, we have

0y D +0; Fi = 0, (2.60)

where
D:=pW, (2.61)
Fbo=pWa, (2.62)

and where W is the Lorentz factor,

W= (1—ohoy) (2.63)
The gradient of W is
0. W =0,(1- vkvk)_l/2 = W3, 0, 0", (2.64)
and the non-relativistic limit of W is
1
W%1+§vkvk~1+||ﬁ||2, [o]| := v - o|"/2, (2.65)

34



where we do not include factors of order unity. Therefore, as far as scaling arguments go,

o ~ oI ” (1+||v||) (2.66)

} ||U|| 2
aWNLF@+MU. (2.67)

2.11.3.1 Time-Derivative Term

First, we focus on the time-derivative term, for which we find

B (pW) = (8, p) W + pO, W (2.68)
w2 () + o 5 (1 ) (269
~ o (LIl 1) (2.70)
% (2.71)
~ 0 p (2.72)

2.11.3.2 Flux Term
Next, we focus on the flux term. We note that the derivation would proceed in the same manner as
that for (2.72), except in this case we have an additional velocity and also deal with Ly instead of

Tr. With that, we can immediately write

9 (pWo') ~ ~ 0; (pv'). 2.73
(W) ~ = (pv’) (2.73)
With that, we arrive at
9 (pW') = 0; (pv') . (2.74)

Combining expressions, we have our desired result,

e p+0; (pv') ~0. (2.75)
2.11.4 Momentum Equation
For the momentum equation, we have

0, Sj + 8; F§, = Ss;, (2.76)
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where

S; = phW?v,, (2.77)
ng = phW?v'iy, —|—p5ij, (2.78)
and
1 X )
Ss, =50 (ph W2 o' v + ™) 055 — (phW? = p) 0; v (2.79)
Here,
hi=1+ HTP =1+ hxr, (2.80)
where
I = L (2.81)
p
In the non-relativistic limit,
hng €1 = h~ 1. (2.82)

2.11.4.1 Time-Derivative Term

Focusing first on the time-derivative term, we have

O (,OhWQ’Uj) =hW?20, (pv;) + pv; O (hWQ) (2.83)
=hW?20, (pv;) + pv; [(Oeh) W? +2h W 0, W] (2.84)
2\ plv _.h _
ot (1 1) 22 ol X (14 )
—12
_ _ v _
ol b 1+ 1e1) I (14 1) (285)
e |l 12 12 12
I (1 11217) [+ w1 01 (1 + 1911 (2.86)
p |l 2 2 4
r (L 1I) (ot s+ ) 1) (2.87)
e |l 2 2 12
ro (1 IIE) (1 om [ + (191
+1[311* + A [[511*) (2.88)
p |7l
~Y 2.
T (2.89)
~ 0 (pvj). (2.90)
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2.11.4.2 Flux Term

Next we look at the flux term. As it did for the flux term in the mass equation, the derivation here

will proceed in the same manner as that for (2.90), except for an additional velocity and the pressure

term. With that, we have immediately

0; (phWQUin —|—p5ij) ~ 0; (PUin +p5ij) :

2.11.4.3 Source Term

Finally, we look at the source term. We have

Ss; = s a(phW? o' o* +py™) 87 — (ph W? —p) 9; @

J

Q

a(pv'v® +py™*) 0 vk — p0ja

X X Q % X X X
NP NN~ N~ NNRRNNRR,N RN NDR N~ N -

Focusing on the operator in square brackets, we have

1 L0

1
— = —(1+®) ~

Le Lg Lg

With that, we have our result,

N =

By (pvj) + 0i (pv'vj +pd';) ~

2.11.5 Energy Equation
The energy equation is

OT+0, Fl =8,
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where

Ti=phW?—p—pW,
Fl=phW?v' — pW o',

and

S, = —phW?v7 9;a.

2.11.5.1 Time-Derivative Term

We have
T=phW?—p—pW
1
~ p(1+ hnr) (1+vkvk)—p—p<1+21)kvk>
k Lok
~p (14 hng +v vk)—p—p—§pv Uk
[

:e—i—ipv Uk,

leading to

1
3257'% 8t <€+ 2p’Uk’Uk) .

2.11.5.2 Flux Term

For the flux term,

Fl=phW?v' — pW '
=phW? 0! — pWol +povt —pot
=(phW? —p—pW)v' +pr’

=70 4 P vt
The same derivation as for the time-derivative term leads to

. 1 .
0, F! = 0; [<e+ ipvkvk +p> vz} .
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2.11.5.3 Source Term

For the source term,

Putting things together,

1 1 ) )
Oy (e—i— 2pvkvk) + 0; |:(€—|— — poFuy +p) vz] ~—pv? 0; ®.

S, =—phW?vi 0;a
~ —phW?0v7 9, (1+ @)
=—phW?v9;®

~ —pvl 0; .

2
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Model

T + AT [ms] w+ Aw [ms_l]

wT

Thas [ms]

Tac [ms]

NR_M1
GR_M1
NR_M1
GR_M1
NR_M1
GR_M1
NR_M1
GR_M1
NR_M1
GR_M1
NR_M2
GR_M2
NR_M2
GR_M2

.4_RpnsO070_Rs1.
.4_Rpns070_Rs1.
.20e2
.20e2
.50e2
.50e2
.75e2
.75e2
.8_Rpns020_Rs7.
.8_Rpns020_Rs7.
.00el
.00el
.8_Rpns020_Rs7.
.8_Rpns020_Rs7.

.4_Rpns040_Rs1
.4_Rpns040_Rs1
.4_Rpns040_Rs1
.4_Rpns040_Rs1
.4_Rpns040_Rs1
.4_Rpns040_Rs1

.8_Rpns020_Rs6
.8_Rpns020_Rs6

50e2
50e2

00e1l
00el

00e1l
00e1

25.5566 + 21.1850 0.0631 + 0.0011
30.3854 + 21.5598 0.0603 £ 0.0009
24.6398 + 15.6904 0.0733 £+ 0.0011
27.2758 + 16.6796 0.0578 + 0.0011
37.3656 + 23.4864 0.0409 + 0.0005
42.9166 + 22.4149 0.0360 £ 0.0004
51.5463 + 29.2280 0.0300 + 0.0003
58.6525 + 28.1381 0.0265 + 0.0003
9.8537 £+ 5.1860 0.1524 £ 0.0039
12.0565 £ 4.6944 0.1031 £+ 0.0022
6.1939 + 3.7227 0.2910 + 0.0085
7.5296 £ 2.5224 0.1365 £ 0.0042
7.9137 £ 4.2711  0.1897 &£ 0.0054
10.2013 £ 3.0563 0.0954 £ 0.0026

1.6123
1.8313
1.8054
1.5758
1.5291
1.5461
1.5468
1.5540
1.5016
1.2429
1.8027
1.0282
1.5014
0.9735

20.9559
22.6462
20.8348
23.6236
34.3279
38.6747
47.7212
53.5372
9.2361
12.6159
5.2343
8.6607
7.4177
12.1099

36.6791
37.4293
26.2646
26.9372
36.6791
37.4293
46.0841
46.8924
10.3138
10.9053
6.5656
7.2635
8.2693
9.0178

Table 2.2: Oscillation periods, growth rates, and their uncertainties for all fourteen models having
The uncertainties for the growth rates are defined as the
square roots of the diagonal entries of the covariance matrix corresponding to the growth rate.
The uncertainies for the oscillation period are defined as the full-width half-maximum values of the
Fourier amplitudes (see Figure 2.6). The fourth column shows the product of the best-fit growth
rate multiplied by the best-fit oscillation period. The fifth column shows the estimate for the period
assuming an advective-acoustic origin of the SAST ((2.27)), and the sixth column shows the estimate
for the period assuming a purely acoustic origin of the SASI ((2.30)), where we use R,. = 0.85 Ry,

the same accretion rate of 0.3 Mgs™".

1

the midpoint of the shell in which we compute the power (see Section 2.6).
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CHAPTER 3

Methods Paper

This chapter is adapted from a paper in progress that is currently titled “thornado-Hydro: A
Discontinuous Galerkin Hydrodynamics Solver for Core-Collapse Supernova Simulations using the

Extended Conformally-Flat Condition".

3.1 Abstract

We describe progress in the development of thornado, a radiation-hydrodynamics solver aiming to
simulate core-collapse supernovae using discontinuous Galerkin (DG) methods. In particular, we
describe the incorporation of general relativity (GR) under the extended conformally-flat condition
(xCFC) into the hydrodynamics solver, the coupling of thornado to Poseidon, an xCFC gravity
solver, and the coupling of thornado to AMReX, a software framework that provides tools for adaptive
mesh refinement (AMR) and parallel computation via MPI. We detail our implementation of the DG
method to solve the GR hydrodynamics equations and describe results from several test problems
and also from one application: The adiabatic collapse, bounce, and post-bounce evolution of a 15

Solar mass progenitor with AMR.

3.2 Introduction

The importance of including general relativity (GR) in core-collapse supernova (CCSN) simulations
has been demonstrated (Bruenn et al., 2001; Miiller et al., 2012a; Lentz et al., 2012; O’Connor &
Couch, 2018a). With this in mind, we present recent upgrades to thornado (Pochik et al., 2021),
a code aiming to simulate the hydrodynamics and neutrino kinetics of CCSNe under the extended
conformally-flat condition (xCFC; Wilson et al., 1996; Cordero-Carrién et al., 2009).

CCSNe are complex phenomena involving an interplay of different physics across many orders
of magnitude of space and time, including gravity, hydrodynamics, neutrino transport, and nuclear
physics (e.g., see Bethe, 1990; Mezzacappa, 2005; Janka, 2012; Burrows, 2013; Miiller, 2016; Mez-
zacappa et al., 2020a, for reviews). In part because of this, much of the current understanding
of the CCSN explosion mechanism has been gained from computer simulations, starting with one-
dimensional (1D) simulations (e.g., see Colgate & Johnson, 1960; May & White, 1966; Colgate &
White, 1966; van Riper, 1979; Hillebrandt & Mueller, 1981; Bethe & Wilson, 1985; Miralles et al.,
1991; Mezzacappa & Bruenn, 1993a.,b,c; Rampp & Janka, 2000; Mezzacappa et al., 2001; Rampp
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& Janka, 2002; Tamamura et al., 2003; Thompson et al., 2003; Liebendorfer et al., 2004; Kitaura
et al., 2006; Sumiyoshi et al., 2007; Zhang et al., 2008; Hiidepohl et al., 2010; Tamborra et al.,
2017; Schneider et al., 2019; Boccioli et al., 2021; Gogilashvili et al., 2023). However, except for the
low-mass progenitors, none of the self-consistent 1D models explode: something is missing.

Once technology advanced to the degree that two-dimensional (2D) simulations became feasible,
and spurred by the observation of the asymmetric ejecta from SN 1987A, it was quickly discovered
that multi-dimensional phenomena play an important role in the explosion: they allow for inward
and outward flow to coexist (Arnett et al., 1989; Burrows & Fryxell, 1992; Herant et al., 1994; Janka
& Mueller, 1995a). This allows for post-shock matter to absorb energy from the neutrinos during
accretion, while simultaneously allowing other post-shock matter to move outwards along with the
shock; i.e., neutrino-driven convection (e.g., see Herant et al., 1992; Shimizu et al., 1993; Janka &
Mueller, 1995a,b; Mezzacappa et al., 1998; Kifonidis et al., 2003; Kitaura et al., 2006; Scheck et al.,
2008; Fujimoto et al., 2011; Murphy & Meakin, 2011; Miiller et al., 2012b; Takiwaki et al., 2012;
Murphy et al., 2013; Radice et al., 2016; Gogilashvili et al., 2023). Moreover, 2D hydrodynamics
simulations revealed that the stalled accretion shock is unstable to non-radial perturbations (SASI;
Blondin et al., 2003; Blondin & Mezzacappa, 2006), and that this instability has qualitative impacts
on the evolution of the proto-neutron star (PNS), the explosion, and the emitted gravitational
radiation (Ohnishi et al., 2006; Blondin & Mezzacappa, 2007; Yoshida et al., 2007; Iwakami et al.,
2008; Marek & Janka, 2009; Kotake et al., 2009; Guilet & Foglizzo, 2010; Endeve et al., 2010; Suwa
et al., 2010; Endeve et al., 2012; Hanke et al., 2012, 2013; Endeve et al., 2013; Fernandez et al.,
2014; Abdikamalov et al., 2015; Ferndndez, 2015; Endeve et al., 2016; Kuroda et al., 2016a; Blondin
et al., 2017; Walk et al., 2018; Sugiura et al., 2019; Pajkos et al., 2019; Soker, 2019; Lin et al., 2020;
Mezzacappa et al., 2020b; Vartanyan & Burrows, 2020; Shibagaki et al., 2021).

Although explosions have been achieved in 2D simulations, the inverse energy cascade of tur-
bulence in 2D (Kraichnan, 1967) means these explosions are somewhat artificial (see, e.g., Hanke
et al., 2012), and explosions in three dimensions have proven more difficult to achieve. The first
fully self-consistent three-dimensional (3D) CCSN simulations were performed by Takiwaki et al.
(2012); since then, several more 3D simulations have been presented (Hanke et al., 2013; Takiwaki
et al., 2014; Lentz et al., 2015; Kuroda et al., 2016b; Takiwaki et al., 2016; Kuroda et al., 2017a;
Summa et al., 2018; O’Connor & Couch, 2018¢; Vartanyan et al., 2019; Glas et al., 2019; Miiller
et al., 2019; Burrows et al., 2019; Nakamura et al., 2019; Kuroda et al., 2020; Powell & Miiller, 2020;
Stockinger et al., 2020; Powell et al., 2021; Bollig et al., 2021; Sandoval et al., 2021; Matsumoto

et al., 2022; Varma et al., 2022).Although several 3D simulations have been performed, they all
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make approximations. One approximation is the degree to which they include GR.

Although early 1D simulations included full GR (e.g., May & White, 1966), modern multi-
dimensional simulations approximate GR to some degree. The impact of GR has been investigated in
1D (Bruenn et al., 2001; Lentz et al., 2012) and 2D (Miiller et al., 2012a; O’Connor & Couch, 2018a).
In 1D, Bruenn et al. (2001) have shown that GR leads to a more compact PNS than is obtained
with Newtonian gravity, which leads to less extended neutrinospheres and harder neutrino spectra.
Because most neutrino-matter cross-sections relevant to CCSNe are proportional to the square of the
rms neutrino energy, harder neutrino spectra lead to more energy being deposited into the post-shock
fluid. In 2D, Miiller et al. (2012a) showed that the treatment of gravity can be the difference between
a failed and a successful explosion; specifically, in some cases, the oft-used “effective potential"
approach (Marek et al., 2006) leads to a dud, whereas the more sophisticated (and more complicated
to implement) xCFC approach leads to an explosion. Additionally, a recent paper investigated the
role of GR on the SASI using thornado (Dunham et al., 2024). They concluded that GR may have
a significant impact on the SASI by drastically lowering the rate at which the instability grows. For
these reasons, we advocate the field move to performing simulations in full GR.

The ten Einstein field equations are equivalent to six evolution equations and four constraint
equations. Several models exist for these equations, one family of which being the so-called con-
strained evolution models (e.g., the conformally-flat condition (Wilson et al., 1996), the extended
conformally-flat condition (Cordero-Carrién et al., 2009), and their generalization, the fully con-
strained formulation (Bonazzola et al., 2004)), which solve the constraint equations along with the
evolution equations. Another family of models consists of the so-called free evolution models (e.g.,
BSSNOK (Nakamura et al., 1987; Shibata & Nakamura, 1995; Baumgarte & Shapiro, 1998) and
CCZ4 (Bona et al., 2003)), which simply monitor the constraints and determine whether the (in-
evitable) constraint violations are below some prescribed tolerance. Constrained evolution models
have the advantage of being accurate for long-time simulations (Baiotti & Rezzolla, 2017), since the
full system of equations is solved, while free evolution models have the advantage of speed, since
hyperbolic equations are, in general, faster to solve than elliptic equations (Rezzolla & Zanotti,
2013). However, since the elliptic equations obtained in constrained evolution models do not need
to be solved every timestep, constrained evolution models are also suitably efficient for CCSN and
the post-merger phase of BNS merger simulations (e.g., see Ho-Yin Ng et al., 2023).

3D CCSN simulations are computationally expensive, taking weeks to months to complete on
leadership-class supercomputers; it is therefore necessary to develop codes that are efficient and

can scale well on multiple CPU cores as well as on GPUs. Several production codes are currently
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used to simulate CCSNe, including Frasu-X (Fryxell et al., 2000), CoOCoNuT-VERTEX (Miiller
et al., 2010), ZeLman: (Ott et al., 2012), the code described in Kuroda et al. (2016b), FORNAX
(Skinner et al., 2019), NADA-FLD (Rahman et al., 2019), CHIMERA (Bruenn et al., 2020), and Gmunu
(Chi-Kit Cheong et al., 2023). Regarding the approximations to GR, ZELMANI, the code described
in Kuroda et al. (2016b), and NADA-FLD use free evolution models; COCONUT-VERTEX and
Gmunu use xCFC; and FORNAX, CHIMERA, and FLASH-X use the effective potential. All of these
codes use some combination of high-order finite-difference and/or finite-volume methods. Finite-
volume methods (e.g., see LeVeque, 2002) evolve the cell average of a particular element and use
data from neighbor cells to reconstruct a high-order polynomial representation of the solution within
that element. This allows for high-order accuracy, albeit at the cost of a wider stencil. Because a
wider stencil necessitates communication across a larger number of cells, it can cause the code to be
less performant on distributed memory systems (CITE ME).

Given that CCSN simulations need to be evolved for long times (e.g., O (1s)) (CITE ME), we
have developed a solver for the GR hydrodynamics (GRHD) equations under the 3+1 decomposition
of spacetime and the xCFC, an approximation to GR. The CFC/xCFC approximation is exact in
spherical symmetry and has been demonstrated to be accurate for slowly-rotating stellar cores
(Dimmelmeier et al., 2002; Miiller et al., 2010). We opted for this constrained evolution model over
a free evolution model because it is simpler to implement and because it enforces the constraints
imposed by the Einstein equations, a desirable property for long-time simulations such as those
required for CCSNe.

Our solver uses the discontinuous Galerkin (DG) method for spatial discretization (and when
neutrinos are involved, for phase-space discretization), which offers several attractive features for
expensive, multidimensional CCSN simulations. These include high-order accuracy on a compact
(nearest-neighbors only) stencil, which allows for efficient communication on heterogeneous architec-
tures, as well as evolving the polynomial degrees of freedom within elements so that the reconstruc-
tion step of finite-volume methods is not needed. Additionally, DG methods can accurately capture
the diffusion limit of the neutrino transport equations without any modifications to the numerical
flux (CITE ME). For other implementations of the DG method applied to astrophysics, see Schaal
et al. (2015); Kidder et al. (2017). For time stepping in the pure hydrodynamics case, we use explicit
strong-stability-preserving Runge-Kutta (SSPRK) methods (e.g., see Gottlieb et al., 2001).

We describe, and show results for, our GRHD solver as it has been implemented in thornado?,

an open-source, radiation-hydrodynamics code aiming to simulate CCSNe. In addition to the im-

Thttps://github.com/endeve/thornado
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plementation of GRHD, we discuss the coupling of thornado to Poseidon?, an xCFC gravity solver
based on spectral/finite-element methods, and to AMReX?, a software framework that provides tools
for MPT parallelism and block-structured adaptive mesh refinement (AMR). We examine the per-
formance of our code by running several challenging test problems to probe its robustness and
demonstrate its capabilities. We also apply our code to a GR SASI problem, demonstrating our
AMR capabilities on curved, stationary spacetimes, and to the adiabatic collapse, bounce, and post-
bounce evolution of a realistic progenitor with AMR, demonstrating the efficacy of the coupling of

thornado to Poseidon and AMReX in dynamic spacetimes.

3.3 Physical Model

We work in a system of units where ¢ = G = 1, with ¢ the speed of light and G Newton’s gravitational
constant. We employ the Einstein summation convention, with repeated Greek indices running
from 0 to 3 and Latin indices running from 1 to 3. We also use the shorthand notation for partial
derivatives, 0, := 0/0x", where 0/0z* is the uth coordinate-induced basis vector under the 3+1
decomposition of spacetime (see Section 3.3.1), and we use the metric signature (—, +, 4+, +). Unless

otherwise specified, all tensor components are assumed to be those in the coordinate-induced basis.

3.3.1 3+1 Formulation

We model spacetime as a four-dimensional manifold, M = R x X, where M is assumed to be com-
posed of a collection of non-intersecting spacelike hypersurfaces, ¥;, which themselves are obtained
from a three-dimensional manifold, X, via a parameter-dependent embedding map, e;, where the
parameter ¢ is the coordinate time; i.e., 3; := e; (X). This so-called 3+1 decomposition of spacetime,
with events labeled by z = (a*) = (xo,xi) = (t, xi), yields a natural choice of basis, namely the
coordinate-induced basis: {9, } = {0, 0;} = {0, 0;}. The squared infinitesimal spacetime interval,

ds?, in this basis, is
ds® == g, da" dz” = —a® dt* + v (da’ + B dt) (dz? + p7 dt), (3.1)

with g,,, the components of the spacetime metric on M; «a the lapse function, relating how much
proper time elapses between two adjacent hypersurfaces; 3 the ith component of the shift vector,
conveying how the spatial coordinates of a point p € ¥ shift from one hypersurface to the next; and

7i; the ijth component of the spatial three-metric, which specifies the intrinsic geometry of ;. The

2https://github.com/jrober50/Poseidon
Shttps://github.com/AMReX- Astro
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determinant of +y;; is denoted by ~; i.e., v := det (7;;).

Under this decomposition, an Eulerian observer is defined to be an observer at rest with respect
to ¥4, the uth component of their four-velocity being denoted by n*. The four-velocity is, by
definition, orthogonal to X; and satisfies the normalization n#n, = —1. This leads to the definition
of the orthogonal projector, whose components are v*,, and which projects tensors into 3; i.e.,

orthogonally to the four-velocity,

~vh, = ntn, + 0", (3.2)

where §#, is the Kronecker delta function. In addition to the geometry intrinsic to the hypersurfaces,
there is a geometry associated with how the 3, are embedded in M. This is quantified by the (purely
spatial) extrinsic curvature tensor, whose components are denoted by K;;. For more details on the
3+1 formalism see, e.g., Baumgarte & Shapiro (2010); Gourgoulhon (2012); Rezzolla & Zanotti
(2013).

3.3.2 xCFC Equations

We use the xCFC (Wilson et al., 1996; Cordero-Carrién et al., 2009), which assumes the spatial
three-metric to be always and everywhere conformally flat, meaning it is equivalent to a scaled
flat-space metric, where the scale factor is the fourth power of the conformal factor, denoted by ).

Under the xCFC, the components of the spatial three-metric can be written as

Yij = ¢47ij = /7= wG ﬁa (3.3)

where the 7;; are the components of the metric associated with a time-independent flat space; e.g.,
in spherical-polar coordinates, 7,;; = diag (1, r2, 72 sin? 0) and 7 := det (Wij) = r*sin? 6.

We choose the maximal slicing condition (so named because it maximizes the proper volume
(Gourgoulhon, 2012)), which manifests as a condition on the trace with respect to ;; of the extrinsic
curvature, K := % K;j,

K=0,K=0. (3.4)

Under the xCFC, the Einstein field equations become a system of eight coupled, nonlinear, elliptic
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partial differential equations (Cordero-Carrién et al., 2009),

Aviol@i(p v ~ij o

AX +§D (D; X7) =877 Sj, (3.5a)
_ 1 D
Ay =—2mp~t (1* + D*) — 3 YT Ay AV (3.5b)
_ 7 N
A¢:2w¢¢*2(7*+p*+2p*)+gW*SAZ—jA”, (3.5¢)

-1 -~ _ .

Apt+ gD (D; ) = Dy <2aw’GA”) ; (3.5d)

where 6 = a4, X' is the ith component, of an ausiliary vector field, 47 = 410 K = (LX) +
AVZ'I_?T ~ (LX)ZJ = D’L X] + DJ Xz — %Dk} inij’ and where

A= ﬁkj Dk Dj (36)

is the flat-space Laplacian, with Dy, the covariant derivative along the basis vector /0z* compatible
with the flat-space metric; i.e., Dy, 7 = 0. The object A%T is the ijth component of the transverse
traceless part of A and was shown to be much smaller than /L-j for our application, and so is safely
negligible under conditions where the xCFC is valid (Cordero-Carrién et al., 2009). The quantities
Sy, D*, 7%, and P* are related to the hydrodynamics (see text surrounding Eq. (3.28)). One
advantage of the xCFC over the CFC is that, given suitable boundary conditions, Egs. (3.5a-3.5d)

can be solved sequentially. For more details, see Roberts et al., (2024) (in prep.)

3.3.3 Hydrodynamics

We solve the hydrodynamics equations,

v, JY =0, (3.7)
v, TH = -G, (3.8)
v, J! =—L, (3.9)

where J¥ and J? are the vth components of, respectively, the baryon mass density current four-vector

and the electron number density current four-vector, defined as

JV = pu”, (3.10)

JY ==neu”, (3.11)
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with p and n,, respectively, the baryon mass density and electron number density, both as measured
by a comoving observer (i.e., an observer comoving with the fluid), ©” the vth component of the four-
velocity of the fluid, and T#¥ the prth component of the stress-energy tensor of the fluid (assumed
to be non-viscous), defined as

T = phu"u” +pg"”, (3.12)

where p is the thermal pressure as measured by a comoving observer, h := 1 4 (e + p) /p is the
specific enthalpy, with e the internal energy density measured by a comoving observer, g"” is the
inverse of g,,, (in the sense that g"* g., = 0%,), and V,, = V9, is the covariant derivative along
the basis vector J, that is compatible with g,.; i.e., V, g,, = 0. For details, see Rezzolla & Zanotti
(2013).

The source terms L and G* on the RHS of Egs. (3.8) and (3.9) are due to interactions between
neutrinos and matter. While this paper discusses only the pure hydrodynamics case (L = G* = 0),

we include these terms for completeness; inclusion of neutrinos will be discussed in a future paper.

3.3.4 Equation of State

The pure hydrodynamics equations constitute six equations for the seven unknowns, p, e, p, ne, v*, v2, v3.
The system is closed with an equation of state (EoS), relating three of the thermodynamic quantities
to a fourth; e.g., p = p(p,e,ne). One common EoS is that of an ideal fluid (i.e., a fluid in which

there is no heat transfer),

p(e)=(I'—1)e, (3.13)

where I € (1, 2] is the adiabatic index. Under adiabatic conditions, the ideal fluid EoS implies a
polytropic EoS,

p(p) =Ko, (3.14)

where K > 0 is the polytropic constant. For the conditions inside the core of a massive star there
is no known analytical EoS, so we resort to a tabulated one, specifically, the SFHo EoS (Steiner
et al., 2013). The tabulated nuclear EoS allows for compositional changes of the fluid, and therefore
requires the evolution equation for n.. For a review of EoSs in CCSNe, see Oertel et al. (2017). To
interrogate the EoS table and compute thermodynamic quantities, thornado is coupled to weaklib?,

an open-source library containing EoS and neutrino opacity tables.

4https://www.github.com/starkiller-astro/weaklib
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3.3.5 Decomposition of Hydrodynamics Equations
Egs. (3.7) and (3.9) represent the conservation of baryon mass and the conservation of electron
lepton number, respectively, and can immediately be written in the 3+1 coordinate system. The

energy-momentum tensor, Eq. (3.12), can be decomposed as

T = Entn” 4+ S*n” + S nt + PH, (3.15)
with
E :=nang T, (3.16)
St = Ayt g TP, (3.17)
PHY 1= b 4y TP (3.18)

With this decomposition, Eq. (3.8) can be manipulated to yield the GRHD conservation of momen-
tum equations. Furthermore, by projecting Eq. (3.8) along the four-velocity of an Eulerian observer,
one arrives at an energy conservation equation. The collection of these equations is known as the
Valencia formulation (Banyuls et al., 1997; Rezzolla & Zanotti, 2013). Suited to the xCFC, they

take the form

6 .
& (V°U) + :’”ﬁai (a VA F (U)) = ad® S (U), (3.19)
where
U:=(D,S;,m,No)" (3.20)

(T signifies transposition) are the evolved quantities, with

D:=pW, (3.21)
S; =7juS* =phW?v;, (3.22)

T=E—-D=phW?—p—pW, (3.23)
Ne :=ne W, (3.24)

where W = (1 _ v“}i)—l/z

and v; = 7;; v’ are, respectively, the Lorentz factor and the jth com-
ponent of the covariant three-velocity of the fluid, both as measured by an Eulerian observer. The
quantity D is the conserved baryon rest mass density, S; is the jth component of the Eulerian mo-

mentum density, F is the Eulerian energy density, and N, is the conserved electron number density.
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The vector F* (U) is the vector of fluxes in the ith spatial dimension,

Dvt—a 5D D'
, Pl —a 1B S; Pt .
Flu=| " =l 7 | -etpiu, (3.25)
St —Dvt —a BT S"— Dv*
N.vt — o™t 8P N, N v
where
PY = 'yiﬂ T = ph W2 vt vl 4 pryid, (3.26)

Lastly, S (U) is the vector of sources,

0
S(U) o %Pik 8j’Yik+a—1 Sléj Bi—a_l (T+D) 8ja (3 27)
P Kij —a tgI 6j «

0

One key feature of the xCFC equations is that they make use of densitized fluid fields,
U*:=y°U. (3.28)

This is done to fix a uniqueness issue present in the original CFC system of equations (Egs. (18),
(26), and (35) in Wilson et al., 1996). Eq. (3.5¢) uses P* := ¢® P := ¢)6~,; P¥. Using Eq. (3.28),
Eq. (3.19) becomes

6 .
U + \d’ﬁ 0; (a7 F (U)) = ay® S (U). (3.29)

3.4 Numerical Methods

Now we discuss our implementations of the DG method, our timestepper, and our couplings to
Poseidon and AMReX. For more details on the numerical method and its implementation in thornado,
see Endeve et al. (2019); Dunham et al. (2020); Pochik et al. (2021). Here, we focus on the differences
between the relativistic and non-relativistic implementations as well as the couplings to Poseidon

and AMReX.

3.4.1 Discontinuous Galerkin Method
Discontinuous Galerkin (DG) methods have been around since the early 1970s, where they were used

to solve the neutron transport equations (Reed & Hill, 1973). Later, a series of papers developed
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the foundations of DG methods for hyperbolic conservation laws (Cockburn & Shu, 1988, 1989;
Cockburn et al., 1989, 1990; Cockburn & Shu, 1998). More recently, DG methods have been applied
in astrophysical scenarios; e.g., TENET (Schaal et al., 2015) for solving the non-relativistic hydro-
dynamics equations, SpPECTRE (Kidder et al., 2017) for solving the GR magneto-hydrodynamics
equations, and thornado, for solving both the non-relativistic hydrodynamics equations (Endeve
et al., 2019; Pochik et al., 2021) and the equations of two-moment spectral neutrino transport (Chu
et al., 2019; Laiu et al., 2021, 2023).

We begin by discussing all aspects of our implementation for the single-level case, and then, in
Section 3.4.5, discuss mesh refinement, along with the requisite additions and modifications to the

single-level case.

3.4.1.1 Single-Level Domain Decomposition
The spatial domain, D, is decomposed into a disjoint tessellation, 7, of elements (or cells), K, such

that T = |J K, where
KeD

K = {w:xiEKi = ($£7x§{)7VZ€{1vvd}}, (330)

with d the number of active spatial dimensions and xi(H) the lower (higher) boundaries of K in
the ith spatial dimension. Note that to be precise, we should write xig) in order to differentiate
the end-points of K from the end-points of any other element. However, where no confusion can
arise, we suppress the extra notation in order to simplify the expressions. We also define the surface

element of K in the i¢th spatial dimension, /sz, as

d
K = X KJ, (3.31)
j=1
J#i
so that
K=K xK° (3.32)
The coordinate volume of K, |K]|, is defined as
d .
K| :=]] A, (3.33)
i=1
with
Azx' =2l —a! (3.34)
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the width of K. The coordinate area of an element interface in the ith spatial dimension, K , 18
defined as
_ d
K'|=]]a. (3.35)
j=1

J#i

For all mathematical operations, we map physical elements, K, to the reference element, I, defined

as
I := {'r, : ni c I = (_1/2’+1/2) Vi e {1, . ’d}}’ (336)
giving us the mapping,
o (n') = x4+’ A, (3.37)
where
. 1, . ,
xg = 3 (z} + ) (3.38)

is the geometric center of K°.

3.4.1.2 Quadrature

We evaluate 1D volume integrals numerically with the N-point Legendre-Gauss (LG) quadrature
rule, using points Sig (N), which integrates polynomials up to degree 2N — 1 exactly. We opt for
the collocation method (Bassi et al., 2013), in which the grid-points of the reference element coincide
with the quadrature points; this eases the computational workload at the expense of accuracy for
high-degree polynomials, which we don’t consider here.

For example, the integral of a 1D polynomial over the 1D reference element, I, P : I — R, is

defined as
1/2
/P: / P(n) dn:=_wyP(n,), (3.39)
! —1/2 aeN
where
N:={1,--- N}, (3.40)

Nq € Sua (IV), and wy is the gth Legendre-Gauss quadrature weight, normalized such that geN Wq =
1. Note that even if the degree of the polynomial is greater than 2N — 1 (which arises in cases of
non-Cartesian metrics), we define its integral as in Eq. (3.39). We evaluate d-dimensional volume

integrals with the d-dimensional tensor product of the Legendre—Gauss quadrature rule.
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3.4.1.3 Polynomial Approximation
We begin by defining, VK € T, the space of functions Q* (K),

d

Q" (K) := RQ)P* (K", (3.41)
i=1
where PF (K l) is the space of 1D polynomials of maximal degree k in the ith spatial dimension with

domain K*. With the Q* (K), we define a global space of functions, Vp,,
Vi = {¢n : ¢n|, € Q" (K),VK € T}. (3.42)

The space V}, is called the approximation space.
We approximate the true (unknown) solution, U (z,t), with polynomials U, € V¥ (K), defined

as

Uz, t) Uy (,t) = Y Up (@i t) bi(x) = > Ui (t) £ ()

ieN ieN

= Z Z Uy, (af, - 7mgd’t)gil (1) x -~ x 4, (xd)7

i1 EN ig€N

(3.43)

where N := X ?:1 N and ¢ := (i1, ,iq). The x; are the physical locations of the grid-points of the
Kth element, which we choose to be the appropriately mapped Legendre—Gauss quadrature points,

Sra (N) (see Eq. (3.37)). The £;; are Lagrange polynomials, defined on the reference element as

i

N

ti(n) =] =2, (3.44)
=1 i
e

with n; € Spa (IV), and which have the properties £; (n;) = d;; and ¥n € I : >, £i (n) = 1. Note

that the same suppression of the K superscript that was done for the element end-points has been

done for the Lagrange polynomials and for the nodal values in Eq. (3.43).

3.4.1.4 'Weak Form

To begin to solve Eq. (3.29) numerically, we first form the so-called weak form, obtained by moving
the source term to the LHS, replacing U, U™, a, /7, and /7 with their numerical approximations,
multiplying everything by an element, ¢, of the test space (defined to be equivalent to the ap-

proximation space), integrating over the flat-space physical volume of K, and demanding that this
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vanish. This yields, VK € T and Vk € N/,

8Lg,w/ dlg = — /a (Uh))fkdx—i—/ an ¥ S (U) e /7, dz, (3.45)

K

where d?z := H?:1 dr' is an infinitesimal coordinate volume. Since the approximate solution is
discontinuous at element interfaces, the gradient of the flux is not well-defined at interfaces. To
address that, we perform an integration-by-parts on that term and replace the analytical flux at
the interface, F* (U},), with a numerical flux function, f‘l (U;, U;), where U;(H represents the
solution after being interpolated to the element interface in the ith spatial dimension from the

element directly below(above) the interface. Doing this yields (again, VK € T and Vk € N)

ouy,

—Ek /Ay dx
K
__ /~ (@ i F (U5, UF) t]
K
i 6£k d
+/ Oéh\/")/hF (Uh) 9 zd €T
K X

+/ anh S (U) e /7, dw.
K

ri:z,il dd$

(3.46)

Note that the Einstein summation convention applies to the first two terms on the RHS. The terms
ay, and \//% are the values of aj and |/7;, at the interfaces; they are defined by interpolating s
and /7, from the neighboring elements to the interface, and then averaging them. This guarantees
that those fields will be continuous across the interface, even in the case of first-order methods (i.e.,
the case where the solution in each element is approximated with a constant). The numerical flux
function is defined such that f’l (U, Up) = F'(U},) and is designed to ensure conservation across
element interfaces. We have implemented both the HLL (Harten et al., 1983) and relativistic HLLC
(Mignone & Bodo, 2005) numerical flux functions. For all tests, we use the HLL numerical flux
function, which is defined in the ith spatial dimension as (Mignone & Bodo, 2005)

N FH(UR) + AL F (UF) - AL X (Uf - Uy)

ﬁ;ILL (UE,U;) = )\i TN )

(3.47)

where )\fF > 0 is the fastest signal-speed in the positive z? direction of the abutting element above
the interface, and A% > 0 is the fastest signal-speed in the negative x° direction of the abutting
element below the interface. Both A, and A’ are obtained from the eigenvalues of the flux-Jacobian

matrix, OF"/OU, of their respective elements.
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3.4.1.5 Slope Limiter

In regions where the state of the fluid changes quickly (e.g., in shocks), the polynomials can exhibit
numerical oscillations that may cause the solution to become unstable and may even cause the code
to crash. To mitigate these oscillations, we implement a slope limiter; i.e., a nonlinear operator,
Ag, that acts on Uy and has the effect of damping the oscillations while leaving the cell-average
unchanged, thereby maintaining conservation. Specifically, we use the minmod limiter, first developed
in Harten (1983) for finite-difference methods, and described in the context of DG methods in, e.g.,
Shu (1987). Our implementation is based on the method described in Schaal et al. (2015). The
limiter works by projecting the nodal representation of the solution onto the space of Legendre
polynomials and comparing the linear term (i.e., the term in the Legendre expansion proportional
to Pp) to linear approximations given by the differences between the cell-average of the target element
and the cell-averages of its nearest neighbors. For more details, see Pochik et al. (2021).

In general, the slope limiter operates on all elements. To avoid excessive diffusivity (e.g., in
regions of smooth flow), we first apply a troubled-cell indicator to select only those elements that
require limiting. We base our implementation on the method described in Fu & Shu (2017), which
we briefly describe here. The method works by first extrapolating the polynomials from the nearest-
neighbor elements into the target element. Cell-averages of the target element are then computed
from the extrapolated polynomials as well as from the polynomial defined with respect to the target
element. Those cell-averages are then combined to define a dimensionless indicator quantity, which
is compared to a pre-defined, problem-dependent threshold to decide whether-or-not to perform
limiting on the target element. Again, for more details, see Pochik et al. (2021).

The only substantial difference between the relativistic implementation and the non-relativistic
implementation is the explicit form of the right- and left-eigenvector matrices that appear in the char-
acteristic decomposition, a transformation of variables that leads to better slope limiting (Cockburn
& Shu, 1998). For those matrices, we use the expressions given in Rezzolla & Zanotti (2013), which
are valid for an EoS that does not depend on the electron fraction. For problems with EoSs that do
depend on the electron fraction (e.g., the adiabatic collapse problem), we do not use characteristic

limiting.

3.4.1.6 Bound-enforcing Limiter
The slope limiter mitigates numerical oscillations, but the slope-limited solution can still be un-
physical at some grid-points. This is remedied by a bound-enforcing limiter, Agg,, another nonlinear

operator that acts on the slope-limited solution. Its action is to bring the solution at all nodal points

55



into a physically-realizable domain, while maintaining the cell-average, which is assumed to be phys-
ically realizable. For problems using an ideal EoS, we follow Qin et al. (2016), while for problems
with a tabulated EoS, the algorithm to recover the primitive fields also acts as a bound-enforcing

limiter (see Section 3.4.3).

3.4.2 Timestepper
To evolve Eq. (3.46) in time, we first evaluate the integrals using the Legendre-Gauss quadrature

rule, yielding, with Uy, := (wk)ﬁ Uk, the form of the equations we implement in thornado,

du;, 1 S N
&= o @ v 0 @) Vi @) F (U ). UF (@) ]
+ ; i W o~ (Iz (77i )) o (Iz (ni )) F (U~ (mi (77i ))) dly,
'l,Uki (sz) ﬁqi:1 qi k; qi k; qi k; s dnz T,i:nzi
+ak (Ur)’ S (Uk),
(3.48)

where wy, is the k;th Legendre-Gauss quadrature weight in the ith spatial dimension, /7 is the
flat-space metric determinant evaluated at the kth grid-point, and Ez is a grid-point on the element
interface in the ith spatial dimension corresponding to the grid-point k.

Because this system of equations is not stiff, we are able to use explicit methods for all degrees
of freedom over the entire domain, and so we evolve in time with explicit SSPRK methods (e.g.,
see Gottlieb et al., 2001, for a review) of order Ngprx € {1,2,3}. These methods achieve high-
order accuracy in time by formulating the update step as a convex combination of forward-Euler
timesteps, subject to a CFL-like condition (Cockburn & Shu, 2001). Unless stated otherwise, we

use Ccrr, = 0.5, where, for a kth-order accurate method in d spatial dimensions,

At = _Gore min | min min A—x , (3.49)
d(2k+1) KeT \ keN \ie{1,ay \ |AL| X

with A? the fastest signal-speed in the ith spatial dimension, taken over the entire domain.
We define u;, as the collection of all degrees of freedom over the entire domain; i.e., up :=
Uker AUk} enr> With uj defined similarly. With this, Eq. (3.48) becomes

duy,
dt

=L (u,h) , (350)

where £ is a nonlinear operator that represents the entire RHS of Eq. (3.48), over the entire domain.
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An example of a single stage in the algorithm is detailed in Figure 3.1 In Figure 3.1, all subroutines

operate on the entire grid; i.e., they operate on all levels of refinement.

‘ (up)" —>‘ Compute o, (85)" K
Poseidon thornado

‘ Recover uy, ¥y ‘ Compute fluid increment, duy,
thornado AMReX

(up)" := (¥p)° Appr Ast, uf!

‘ Apply flux corrections to duy,

Poseidon Poseidon

‘ Recover limited uj!, ¢} }— ‘ it = ul + duy, ’

Figure 3.1: Flowchart showing the sequence of events for a single stage in our multi-stage explicit
SSP-RK timestepper. The words listed next to the arrows indicate the code used to accomplish the
step.

3.4.3 Primitive Variable Recovery

Because of the nonlinearity of the GRHD equations, recovery of the primitive variables from the
conserved (evolved) variables requires the solution of a nonlinear equation. To accomplish this, we
use the algorithm presented in Galeazzi et al. (2013); Rezzolla & Zanotti (2013), which computes
the primitive variables from the conserved variables while also enforcing physical realizability of the
state of the fluid at each grid-point. In the case of a tabulated EoS, this algorithm also enforces the
state of the fluid to be confined within the boundaries of the table. We use the bisection method to

find the root, and for the tolerance of z := W v/v%v; in the nonlinear solver, we use 108,

3.4.4 Gravity Solver

Because we are working in a general relativistic framework, gravity is encoded in the dynamic
geometry of the underlying spacetime. To solve for the spacetime geometry, we use Poseidon, a
spectral /finite-element code that solves the xCFC equations (Egs. (3.5a-3.5d)) by approximating the
solution with continuous polynomials in the radial dimension (i.e., a finite-element, or continuous
Galerkin (CG) method) and spherical harmonics in the angular dimensions. For details, see Roberts

et al., (2024) (in prep.).
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‘ Initialize Program ’

yes
‘ ReGrid ’

‘ Perform Regridding?

‘ Compute Timestep 4—1

no

no

‘ Update Fields

‘ Check if End-time Reached }7

yes

‘ Finalize Program ’

Figure 3.2: Flowchart showing the sequence of events for a sample application driver.

3.4.5 Mesh Refinement

thornado handles all mesh refinement operations, including coarse-to-fine interpolation, fine-to-
coarse interpolation, and applying flux corrections, via a coupling to AMReX (Zhang et al., 2019). To
achieve this, we added tools to a forked version of AMReX® that allow us to perform these operations
on the nodal, DG-based elements in thornado. The first task in a timestep is to check whether or

not the grid needs to be updated (see Figure 3.2), which is decided based on user-defined criteria.

3.4.5.1 Multi-Level Domain Decomposition
When a multi-level mesh is employed, a given coarse element, K, is decomposed into 2¢ fine elements
(we work exclusively with a refinement ratio of 2), k;), where j := (j1, -+, i, ,Jja), with j; €

R :={1,2}, and where k;) is defined as

ki = {w Lot €k = (x;(ji),x;(ji)) Vie {1, ,d}}, (3.51)

5These tools are publicly available on the MeshRefinement_DG branch of https://www.github.com/dunhams;j/
amrex.
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with mi<H)7(ji) the lower (higher) boundaries of k() in the ith spatial dimension. We define the
coordinate volume, coordinate areas, element widths, and central values similarly as we have done
for K (see Section 3.4.1.1).

Defining R := szl R, we have

K= k). (3.52)
JER

We define the reference element for a fine element, i (i.e., \boldsymbol{\mathfrak{i}}), as

i={¢:¢ei':=(-1/2,+1/2) Vie {l,--- ,d}}. (3.53)

The mapping between 7¢ and ¢ is, Vi € {1,--- ,d},

w\»—*

i () =5 (€4 5-07). (3.54)
3.4.5.2 Approximation Space

Similarly to the single-level case, Vj € R and Vk() € T, we define an approximation space,
Vﬁ (k:(j)), and approximate the true solution with an approximate solution, ugj) € VZ (k(j)). We

denote the refined solution on k; as, Vj € R,

i€EN

where Egj ) vefers to the ith Lagrange polynomial defined with respect to the refined element k).
For simplicity, we suppress any time-dependence for the remainder of this section. To account
for curvilinear coordinates and/or gravity, we define the following densitized quantities (not to be

confused with the densitized quantities required for the xCFC formalism, defined in Eq. (3.28)),

Vo e K Uy (x):=» uUili(z)=Y Uil (3.56)

ieN ieN

and, Vj € R,

Vo € k:(J) (J) Z \/> (J) g(.’l) Z ,E(J) é(J) (3.57)

€N €N

If we collect the nodal values of the solution on the coarse element into the column vector U and
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the Lagrange polynomials into the column vector £ (x), then we can write
Up(x)=0(z) U. (3.58)
We can do a similar re-writing of the solutions on the fine elements.

3.4.5.3 Coarse-to-fine Interpolation
Following Schaal et al. (2015), we obtain the solution on a refined element in terms of the solution
on the associated coarse element via the minimization of an Ly projection; i.e.,
- . 2
VjeER :Vie N: min/ (Uh (x) — ﬂg) (a:)) diz. (3.59)
u k)

This ensures that conservation will be maintained. We also use this procedure for the metric quanti-
ties, but in that case we do not use densitized quantities. Taking the partial derivative with respect
(3)

to u;”’ and setting the result to zero gives

VieR:VieN: [ (¥ (x)U,(z)da= / (9 () @ (x) da. (3.60)
k) E)

Using the column vector notation from earlier, we can write this as (suppressing the spatial depen-

dence of the Lagrange polynomials)

— = = —_— T (3
VieR: [ (01 dx U= [ (@00 dlo a9, (3.61)
k) k()

-1
- —_— T — = =
vieR:a% = < / (@) 0G) ddx> ( / K(J)ETddx) U. (3.62)
k) K

Evaluating the two matrices on the RHS of Eq. (3.62) with Gaussian quadrature and dividing by

or,

the metric determinant of the refined element yields

; oy RO N N\ 7
VieR:Vie N :ub _WZ%(n(gi )) Un. (3.63)
\/7}/1' neN
We use Eq. (3.63) for the nodal values of ﬁ;lj ) in Eq. (3.57). To achieve better conservation in cases
where the grid is being altered, we only divide Eq. (3.62) by the flat-space metric determinant; we
then recover the densitized quantities afterwards by post-multiplying the resulting fields with the

flat-space metric determinant.
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3.4.5.4 Fine-to-coarse Interpolation

Before discussing how we coarsen elements, we make the following definition,

Ve € K :uy (z,t) : wag @\ (x,1), (3.64)
JER
where x (;7) is an indicator function, which is defined to be unity if x € k(;y and zero otherwise.
With this, we obtain the solution on the coarse element in terms of the solutions on the fine elements
via an Lo projection,

Vi € A : min /K (th (@) — up (w))2 dz. (3.65)

U,
As with refinement, we also use this procedure for the metric quantities, but in that case we do not
use densitized quantities. Additionally, to achieve better conservation when this procedure is applied
to the metric quantities, the metric components are re-computed with the obtained conformal factor.
Taking the partial derivative of this expression with respect to U; and setting the result to zero
gives

Vi N : / 0 (@) U () dlz = / 0 (@) @in () d'a. (3.66)
K K

Again, using the column vector notation, we can write this as (also again, suppressing the spatial

dependence of the Lagrange polynomials)

P — 77.1' i
/ dz U= 006 dle a?, (3.67)
K jer kG

— -1 T —
( / 77" dly ) ( 706G) d%) a9, (3.68)
JER k()

Evaluating the matrices with Gaussian quadrature and dividing by the metric determinant of the

or,

coarse element yields

VieN U= —— Z 3 1d II‘;" -(n (55{7)) ald). (3.69)

z JER neN

We use Eq. (3.69) for the nodal values of Uy, in Eq. (3.56).

3.4.5.5 Flux Corrections
The numerical flux guarantees conservation across element interfaces on a given level of refinement,

but this guarantee does not extend to interfaces between two different refinement levels. Because of
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this, we modify the contribution to the fluid increment from the numerical flux in such a way that
conservation is maintained. We assume the numerical flux on the finer level to be more accurate,
and so we replace the numerical flux integral on the coarse element interface with the sum of the
numerical flux integrals on the fine element interfaces. As an example, consider the case where a
mesh refinement boundary is situated on the lower side of a coarse element, K, in the 22 dimension.
In that case, the replacement happens in the integral over the lower interface of the first term on

the RHS in Eq. (3.46); specifically, Vk € N,

[ [ i) 6
K =
_ P S — 1.3

_Z/z [Oéh Vi F (U, Uy) fk]zzzxﬁ dz” dx (3.70)

j o)

dat da?
x?

() =) ~2 / _
{ag) A F (uh,(j),u;(j)) fk:| e dzt da®,

k)

where the sum goes over all fine elements that both overlap K and also share an interface with
/K'v2 22 The second line simply uses the fact that a coarse element interface is equal to the sum
of 291 fine element interfaces, and in the third line we replace the approximate solutions on the
coarse element with the approximate solutions on the jth fine element. The terms &gj ) and \//"77@
are defined in the same way as in Eq. (3.46), except they use the solutions on the finer level for
the interpolation and averaging. The integrals in the third line of Eq. (3.70) are evaluated with the
Legendre-Gauss quadrature points on the fine levels, and therefore the ¢ do not satisfy the delta
function property; i.e.,

U (0 (€q:3)) # Onq- (3.71)

3.5 Results
Here we present and discuss results from a suite of test problems designed to test different aspects

and capabilities of our solver.

3.5.1 Sine Wave Advection
Our first test problem examines the effects of the flux corrections on the accuracy of our numerical
method. We investigate this with the one-dimensional linear advection of a smooth density profile

using an ideal EoS with I" = 4/3 and periodic boundary conditions. At ¢ = 0 the density, velocity,
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Figure 3.3: Cartoon depicting a 2D mesh with two levels of refinement for a second-order DG
method. The black lines mark the mesh element interfaces on the coarser level and the blue lines
mark those on the finer level. The black dots denote the Legendre—Gauss quadrature points on the
coarser level and the blue dots denote those on the finer level. The solid black squares denote the
Legendre-Gauss quadrature points on the interface between two elements on the coarser level and
the solid blue squares denote those between two elements on the finer level. The dots and lines with
a degree of transparency should be viewed as belonging to ghost cells.

and pressure are set to
p(x)=1+0.1sin(27z/L), wv(z)=0.1, p(z)=1, (3.72)

with ¢ € [0,L] and ¢t € [0, L/v], with L = 1. For these simulations, we apply neither the slope
limiter nor the bound-enforcing limiter. By allowing the profile to advect until it returns to its
original state, we can quantify the accuracy of our method via, e.g., the relative error of the density,

E; [pr], which we define as

 Jplon (Ljv,x) — p(x)| dx
Bl = e o

(3.73)

The integrals in Eq. (3.73) are computed with Gaussian quadrature, using ten quadrature points
per element. In order to assess the effect of the flux corrections, we perform eight simulations: four
with a single-level mesh, two with a two-level mesh where flux corrections are not applied, and two
with a two-level mesh where flux corrections are applied. For the two-level mesh simulations, we

place the (stationary) refinement boundary at L/2. Each simulation has N = Nggppk. Our results

63



are shown in Table 3.1.

The first point we note is that, for a given number of DG nodes and a single-level mesh, the
error decreases with increasing resolution, as expected. The second point we note that is that,
defining N as the number of elements, when going from, e.g., Nx = 32 with a single-level mesh
to Ng = 48 with a two-level mesh and not applying flux corrections, the error increases; however,
when going from Ny = 32 with a single-level mesh to N = 48 with a two-level mesh and applying
flux corrections, the error decreases. This demonstrates the importance of the flux corrections in

this simple scenario; this effect is enhanced in more complicated flows.

3.5.2 Sod’s Shock Tube
Our next test problem is the well-known (to those who know it well) Sod shock tube (Sod, 1978),
with open boundary conditions, ' = 4/3, ¢t € [0,0.4], « € [0,1] with the discontinuity situated at

x = 0.5, and the left and right states of the fluid at ¢ = 0 given by

pr =1, v=0, po=1

pr = 0.125, vz =0, pr=0.1.

We refine the mesh based on the gradient of the density in order to capture the shock and the contact
discontinuity. We obtain the exact solution for this problem with the code presented in Marti &
Miller (2003). Our results are shown in Figure 3.4. The single-level mesh simulation (Nx = 256)
captures all discontinuities well. The AMR simulation, which has Ny = 16 on its coarsest level and
Ng = 256 on its finest level, captures the discontinuities as well as the single-level mesh simulation
and uses fewer degrees of freedom in the smooth regions; e.g., outside of the Riemann fan and in

the post-shock and post-contact flow regions.

3.5.3 2D Blast Wave
Our next test is a 2D blast wave from Del Zanna & Bucciantini (2002), which tests the code’s ability
to resolve strong shocks in multiple dimensions. The setup for the problem is I' = 5/3, t € [0,0.4],

x x y € [0,1] x [0,1] with discontinuities located at = 0.5 and y = 0.5, open boundary conditions,
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Figure 3.4: Comoving baryon mass density (top panel), velocity (middle panel), and pressure (bot-
tom panel), plotted as functions of space at ¢ = 0.4 for the Sod shock tube problem. Numerical
results are shown as dots and analytical results are shown as solid lines. Single-level mesh results
with Ng = 256 are shown in blue and five-level mesh results are shown in orange.

and the state of the fluid at t = 0 given by

(pNE; NE’ NEvaE) 0 17 Oa 07 001)
(P, Vs Vi Paw) = (0.1,0.99,0,1)
: (3.74)
(,OSV\H Vgw s gwapsw) 0 5,0,0, 1)
(pSE7USE7USEapSE) O 17070'99a 1)

where the subscripts refer to the four quadrants of the domain (north-east, north-west, south-west,
south-east). We perform two simulations: one using a single-level mesh and 2562 elements and
another using a four-level mesh with 322 elements on the coarsest level and, therefore, 2562 elements
on the finest level. Both simulations have N = 3 and Nggprx = 3. For the four-level mesh run, the
tagging criteria are based on the gradient of the density. Our results are shown in Figure 3.5. In the
single-level mesh results (left panel), the bow shock is well resolved. The four-level mesh simulation
(middle panel) captures the shock with high resolution but, as can be seen in the right panel, in
regions outside the shock, the mesh is coarser, leading to a savings in computation, walltime, and the
size of the plotfiles. Specifically, at the snapshot shown, the four-level mesh simulation has 21,736
leaf elements, while the single-level mesh simulation as 65,536 leaf elements. There are features near

x=0.6,y=0.6, x = 0.2, and y = 0.2 that are clearly visible in the single-level mesh simulation, but
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are much fainter in the four-level mesh simulation. This could likely be improved with an improved
tagging criteria. The same is true of the features near x = 0.85 and y = 0.85, which are more

diffusive in the four-level simulation than they are in that of the single-level mesh.

10

Figure 3.5: Plots of the 2D blast wave from Del Zanna & Bucciantini (2002). The left panel shows
the pressure from a single-level mesh simulation with 2562 elements, the middle panel shows the
pressure from a four-level mesh simulation with 322 elements on the coarsest level, and the right
panel shows the density from the same four-level mesh simulation, and also overplots the mesh.

3.5.4 Scaling Studies

In addition to offering tools for mesh refinement, coupling to AMReX allows thornado to run in
parallel with MPI. Because CCSN simulations are very computationally expensive, any code aiming
to simulate them must efficiently use all available resources. We present our results for both strong
and weak scaling below. All scaling results are shown for a "Bergamo' node on the ISAAC-NG

cluster at the University of Tennessee, Knoxville.

3.5.4.1 Strong-scaling

Strong-scaling allows a code to solve a problem with a fixed size quicker when more processes are used.
To examine the strong-scaling capability of thornado, we run a problem having 256 x 512 = 131,072
elements with 1, 2, 4, 8, 16, 32, 64, and 128 MPI processes. Our results are shown in Figure 3.6.
We see ideal scaling out to ~ O (106) degrees of freedom per process, and then good, but less than
ideal scaling after that. (This is likely due to the cost of communication between MPI processes
dominating over the cost of computation on a patch of data.) We use this number to inform our

weak-scaling study, which is described next.

3.5.4.2 Weak-scaling
Weak-scaling allows a code to run larger problems that would otherwise overwhelm the memory of

a single processor. To examine the weak-scaling capability of thornado, we keep the number of
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Figure 3.6: The walltime to complete a simulation with different numbers of processes, normalized to
the walltime to complete the same simulation with one process, plotted as a function of the number
of processes. Our data are shown as blue dots and the ideal scaling rate is shown as an orange
line. The numbers reflect the approximate number of degrees of freedom per MPI process for each

simulation.

degrees of freedom per process fixed and increase the problem size. Given that we see ideal strong-
scaling out to O (106) degrees of freedom per MPI process, we use that value for our single-process

weak-scaling reference. Our results are shown in Figure 3.7. We see reasonable weak-scaling out to

32 MPI processes.
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Figure 3.7: The walltime per timestep in seconds vs. the number of MPI processes.

3.6 Applications

3.6.1 1D Adiabatic Collapse

Our second application is the 1D evolution of a 15 Solar mass progenitor from Woosley & Heger
(2007) through collapse, bounce, and post-bounce phases with the SFHo EoS, including self-gravity.
We first compare a single-level mesh simulation with resolution of 0.5 km to a five-level mesh simu-
lation with resolution on the finest level of 0.5 km. Our refinement scheme is based on the density:

3

at each new decade, starting from p = 10 gcm ™2, a new level is added.
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3.6.1.1 Validation of AMR Implementation

Our results from the collapse phase are shown in Figure 3.8. We see that, overall, the two simulations
agree. There are slight differences as the system becomes more compact; i.e., the five-level mesh
simultation seems to be evolving slightly quicker, as can be seen by the dashed lines moving slightly
ahead of the solid lines. This may be an artifact of the two simulations not writing plotfiles at

exactly the same times.
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Figure 3.8: Mass density in grams per cubic centimeter (top left), fluid velocity normalized to
the speed of light (top right), conformal factor (top of bottom left), lapse function (bottom of
bottom left), and temperature in Kelvin (bottom right), plotted as functions of radius in kilometers
for a single-level mesh simulation (solid) and for a five-level mesh simulation (dashed). Each line
corresponds to the density reaching a new decade.

Next, we discuss the post-bounce phase, the results from which are shown in Figure 3.9. We
again see general agreement with the single-level and five-level mesh simulations. We note differences
in the post-shock entropy per baryon, in particular, the oscillations in the flow are larger in the five-
level mesh simulation than in the single-level mesh simulation. We attribute this to the coarser mesh

in that region. A tagging criteria that also accounts for the bounce shock may mitigate this issue.

3.6.2 Resolution Study

3.7 Software

AMReX (Zhang et al., 2019), Matplotlib (Hunter, 2007), NumPy (Harris et al., 2020), yt (Turk
et al., 2011)
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Figure 3.9: Mass density in grams per cubic centimeter (top left), temperature in Kelvin (top
right), electron fraction (bottom left), and entropy per baryon in units of Boltzmann’s constant
(bottom right), plotted as functions of radius in kilometers for the same simulations as are shown
in Figure 3.8. The snapshots are chosen such that the shock radius, Rgy, is, for each simulation,
Rg/ (10°km) = (0.1,0.5,1,2,4,7.5).

3.8 Vector Components
A generic four-vector, u, can be expanded in any coordinate basis (e.g., the 3+1 coordinate basis),
{0/0x+}, as

u= ué‘w — (3.75)

where 9/9z* is the u-th basis vector and ué‘z) is the p-th component of u in that basis. In general,
these basis vectors are not orthonormal; i.e., g (9/0z*,0/0xz") =: g,(ff,) # M., where, here, g is the

(0,2) metric tensor. We can also expand u in an orthonormal basis, {e,},
u=u"e,, (3.76)

where the e, are defined such that g (e,,e,) = . If ey is a four-velocity then this basis can be
associated with an observer, and {e,} can properly be called a frame of reference. In particular, if
ep = n (see Section 3.3.1) then this frame defines an Eulerian observer, and {e,} is the frame of
reference of an Eulerian observer.

As an example of immediate relevance, the four-velocity of the fluid as measured by an Eulerian
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Figure 3.10: Change in central entropy per baryon (top) and central electron fraction (bottom)
relative to their values at the beginning of the simulations, plotted vs. central density in grams per
cubic centimeter (left) and vs. post-bounce time in milliseconds (right). All runs use AMR and have
512 elements on the coarsest level. The blue line corresponds to a seven-level run, the orange line
to a six-level run, and the green line to a five-level run. The vertical axis for the electron fraction
plots has been scaled by 10° in order to make the behavior of the the variables more clear.

observer in the 341 basis (in which the 0-th component is zero) is

(3.77)

The vfz) are what we initialize in our test problems and applications. In spherical-polar coordinates,

this vector takes the form

7] 7] 0

=l — + vl = + 08, —. 3.78
V=) 5 T U@ g T V) By (3.78)
This should be contrasted with the perhaps more familiar form,
v=0'e; =0 e, + 0% eg + 0¥ €, (3.79)
where
-1
i = Haiz aii (no sum over ) , (3.80)
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Figure 3.11: Central density in grams per cubic centimeter vs. post-bounce time in milliseconds,
offset by 0.6 ms. The lines corresponds to the same simulations as those in Figure 3.10.

with
1/2
(@) |12

i1

0
ox?

= p\®, (3.81)

|, (9 9
T\ o or

and where hEx) is the i-th scale factor in the coordinate system {9/0x*}. From this, we see that

the components of v in the 3+1 basis, véx), are related to the components of v in the basis of the

Eulerian observer, v*, as

vl = b V() (10 sum over i). (3.82)

Also, note that the véz) are different from the coordinate velocities, which are instead defined as
(dropping the (z) subscript)
dx? _dr drt

W - S
TR :E:E(v’+nz):a(v’+nz):avl—ﬂ’. (3.83)

)
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N Npg Mesh Flux Corrections E,

2 32 Single N/A 2.19 x 107°
2 48 Multi Yes 1.20 x 107°
2 48 Multi No 3.59 x 1074
2 64 Single N/A 5.13 x 107°
3 32 Single N/A 7.00 x 1076
3 48 Multi Yes 3.07 x 1076
3 48 Multi No 1.42 x 1072
3 64 Single N/A 9.77 x 1077

Table 3.1: Effects of flux corrections on the accuracy of our numerical method. The first column
is the number of DG nodes per element, the second column is the number of elements, the third
column specifies whether or not the simulation used a single- or multi-level mesh, the fourth column
specifies whether or not a multi-level mesh simulation applied flux corrections, and the fifth column

denotes the error as defined in Eq. (3.73).
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CHAPTER 4

Summary, Conclusions, and Outlook

We have shown, via detailed numerical simulations, that GR may play an important role in our
further understanding of the SASI, and that for simulation codes to accurately predict observables,
they should use GR gravity and GR hydrodynamics. In particular, in order to correctly capture the
growth rate of the instability, GR must be used. This is important for the creation of templates for
gravitational waves and may also be important for CCSNe with more massive progenitors. As men-
tioned in the conclusion of Chapter 2, next steps for this project include performing 3D simulations.
The behavior of the additional spiral modes may also influenced by GR, and only simulations will
reveal that. The simulations we have performed revealed aspects of the pure SASI and its behavior
under GR; it would also be worthwhile to perform simulations with some implementation of neutrino
transport because the SASI in CCSNe may behave differently than the SASI we have investigated.
This would be difficult because disentangling neutrino-driven convection from the SASI would be a
non-trivial task.

We have detailed our implementation of the DG method to solve the GRHD “Euler—Einstein"
system of equations. This includes how we mitigate spurious oscillations, enforce physical bounds,
and update the solution in time. Additionally, we discussed how we coupled thornado to Poseidon,
a gravity solver for the xCFC system of equations. We have also detailed our coupling to AMReX,
including how we interpolate fluid fields across different levels of refinement in a conservative manner
and how we achieve conservation across coarse-to-fine interfaces. We have checked our implemen-
tation by performing several simulations of test-problems as well as by simulating the adiabatic
collapse, bounce, and post-bounce evolution of a 15 Solar mass progenitor in parallel, with AMR.
Future work includes performing the same simulation but in 2D and 3D. This will take some de-
velopment because of the restriction on the timestep imposed at the origin and at the poles; one
possible remedy is to implement a filtering scheme as is done in SphericalNR (Ji et al., 2023).
Future work also includes simulating a SASI as we have done in Dunham et al. (2024), but using
AMR. We will compute the power in the £ = 1 mode for simulations performed with and without
AMR and examine the results. Future work will also involve comparing the AMR adiabatic collapse
simulations to determine what resolution is sufficient to maintain stability of the PNS.

Beyond finishing the methods paper, future work involves porting the thornado-AMReX coupling

to GPUs, a necessity for taking full advantage of current, and future, leadership-class supercomput-
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ers. Future work also includes coupling the existing framework to the DG, GR neutrino transport
module and performing full, three-dimensional CCSN simulations. This will bring its own challenges,
particularly in multi-dimensional simulations because of the large number of degrees of freedom im-
posed by a spectral, multi-group two-moment scheme.

In the meantime, we have a code that solves the GRHD equations in AMR coupled to an xCFC
metric solver. This code is free and open-source and available to anyone who wishes to use it for
their application. For example, the code could potentially be used to simulate the late stages of a

CCSN progenitor, when the neutrinos are all in the free-streaming regime.
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