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CHAPTER 1
INTRODUCTION

I.1 History

The development of group theory has been greatly influenced by some questions about finitely generated
periodic groups (a group is called periodic if every element has finite order) that Burnside asked in 1902
[BuO2]. Burnside asked whether every finitely generated periodic group is finite. He also asked the related
question whether every finitely generated group satisfying the law x" = 1 (we say that such a group has
exponent n) is finite. Groups satisfying the law x" = 1 have come to be called Burnside groups of exponent
n, and the variety of groups defined by this law is called the Burnside variety of exponent n. Free groups
in this variety are called free Burnside groups, and the m-generator free Burnside group is denoted B(m,n).
Of course, the free Burnside groups of exponent 2 are abelian and are therefore well understood. In [Bu02],
Burnside proved that B(m, 3) is finite and gave an upper bound for its order. Burnside [Bu05] showed that
every finitely generated complex matrix group of finite exponent is finite, and Schur [S] went on to show

that every finitely generated periodic group of complex matrices is finite.

Over the next fifty years, there was considerable progress for groups of small exponent. Levi and van

der Waerden [LW] found that B(m,3) has order 3m+(2)+(3). In 1940, Sanov showed that B(m,4) is finite.

Marshall Hall [H] resolved the question in exponent 6, showing that B(m,6) has order 2436+ (2)+(3) , where
3

a=1+(m— 1)3m+(’§)+( ) and b =1+ (m—1)2™. It is worth pointing out that, with only a few exceptions,

the order of B(m,4) is unknown.

Finally, in 1964, Golod [Go] provided an example of a finitely generated periodic group that is infinite.
However, the example of Golod contained elements of arbitrarily large order. In 1968, Novikov and Adian
[NA] showed that B(m,n) is infinite if n > 4381 is odd and m > 2. Adian [A75] later improved the result
to hold for odd n > 665. In addition to showing infiniteness of free Burnside groups of large odd exponent,
[NA] also illuminates much of the structure of these free Burnside groups. For instance, they show that
every finite or abelian subgroup is cyclic. Additionally, they give an algorithm to solve the word problem in
free Burnside groups of large odd exponent. In [O91], Olshanskii revisited the problem from a geometrical
rather than combinatorial point of view; he gave a much simpler method for understanding free Burnside

080 suffices).

groups of large odd exponent (though his methods need a much larger exponent - greater than 1
Dealing with free Burnside groups of even exponent proved to be much more difficult. In the 1990s, S.
V. Ivanov and I. G. Lysenok proved that some free Burnside groups of even exponent are infinite. In par-
ticular, Ivanov [[94] showed that for m > 2 and n > 2*® with n divisible by 29, the group B(m,n) is infinite.
Lysenok [L], showed that for m > 2 and n = 16k > 8000, B(m, n) is infinite.

In addition to the natural role that free Burnside groups have played in the study of finiteness of groups



of finite exponent, the Burnside variety has played an interesting role in the study of the finite basis problem
- the question whether every variety of groups can be given by a finite set of laws. This problem was posed
by B. H. Neumann [N.B] in 1937, and by 1967 products involving Burnside varieties had been identified as
potential examples of varieties requiring infinitely many laws (see problem 11 of [N.H]). The finite basis
problem was resolved ([A70], [O70], [V]) without any appeal to Burnside varieties (although Adian’s proof
used the methods of Novikov and Adian that had been developed to study the closely related free Burnside
groups). However, Burnside varieties would soon take a more central role. Bryant [Br] and Kleiman [K73]
independently proved that the product variety 548, cannot be defined by finitely many laws. Kleiman
[K74] later proved a stronger result: for any finitely based variety U, the product variety 5,0 cannot be
defined by a finite set of laws if n is divisible by the square of a prime that divides the exponent of J. Using
his diagrammatic methods for free Burnside groups, Olshanksii [O91] showed that if p is a large prime, then

B ,2l is not finitely based, where 2 is the variety of abelian groups.

1.2 Beyond Free Burnside Groups

The method of Novikov-Adian and the later diagrammatic method of Olshanskii have been applied to yield
many results about periodic groups of large odd exponent, and to a lesser extent, some results about groups
where every torsion element satisfies a law x"* = 1 for some fixed large, odd n. However, it seems that there
has been no systematic treatment of such groups. The intent of this work is to fill that gap. This work relies
heavily on [O91].

Our primary object of study will be the following generalization of free Burnside groups:

Definition I.1. A group G is called a partial-Burnside group (of partial exponent n) if
i) G admits a presentation in terms of generators and relations in which every relator is an n-th power, and

ii) every finite order element of G has order dividing n.

Examples of partial-Burnside groups are numerous:
Example 1.2. The free group F(S) and free Burnside group B(S,n) with basis S are partial-Burnside groups.
Example 1.3. If N<F = F(S) is such that F /N is torsion-free, then F /N" is partial-Burnside for large odd

n, where N* = {X" : X € N}. This is useful for some verbal subgroups N; in particular, these groups will

help us show that certain varieties *5,*0 are infinitely based.

Example 1.4. Let F = F(S) denote the free group on S, and let "F be the subgroup generated by the nth
powers of words with the property that the exponents of some letter do not sum to a multiple of n. For large

odd n, the group F /"F is partial-Burnside.

Given the variation possible within the class of partial-Burnside groups, it is striking how frequently
free and free Burnside groups occur as subgroups. Atabekian [A86], [A87] showed that every noncyclic
subgroup of a free Burnside group of large odd exponent n contains a 2-generated free Burnside group of
exponent n. Ivanov (Theorem 39.1 of [091]) gave a very nice proof and also proved a stronger version

[I03]. Our theorem 1.6 is similar to Atabekyan’s result, establishing when partial-Burnside groups contain



noncyclic free Burnside subgroups. The proof of the next theorem involves applying Ivanov’s technique

from [103] to partial-Burnside groups.

Theorem L.5. Let H be a noncyclic subgroup of a partial-Burnside group G of large, odd partial-exponent

n. Then H contains a noncyclic partial-Burnside group of partial-exponent n.

Immediate corollaries show that free and free Burnside subgroups of partial-Burnside groups are com-

mon.

Corollary 1.6. Every noncyclic torsion subgroup of a partial-Burnside group of sufficiently large odd partial

exponent n contains a noncyclic free Burnside group of exponent n.

Corollary 1.7. Every noncyclic torsion-free subgroup of a partial-Burnside group of sufficiently large odd

partial exponent contains a noncyclic free subgroup.

Furthermore, by viewing partial-Burnside groups as a limit of hyperbolic groups, we are able to establish

another result about free subgroups of partial-Burnside groups.

Theorem 1.8. Every noncyclic finitely presented subgroup of a partial-Burnside group of sufficiently large

odd partial exponent contains a noncyclic free subgroup.

This theorem has an immediate corollary for free Burnside groups. The corollary is already known (see
Remark 3.19 of [OOS], e.g.), but it is worth including as an application of the theory of partial-Burnside

groups.

Corollary L.9. Every finitely presented subgroup of a free Burnside group of sufficiently large odd exponent

is cyclic.

We also investigate some algorithmic questions in partial-Burnside groups. We compute filling length
(introduced by Gromov in [Gr]) and isodiametric functions (introduced by Gersten in [Ge91]) associated
to natural presentations of partial-Burnside groups. Finitely presented groups are known to have recursive
isodiametric and filling length functions if and only if the word problem is solvable ([Ge], [GeR]). Although
partial-Burnside groups are rarely finitely presentable, given any pair of words, we can easily find a finitely
presented group which will detect whether they are equal (or conjugate) in a given partial-Burnside group.

As a result:

Proposition 1.10. In a partial-Burnside group G of large, odd partial-exponent, the following are equiva-
lent:

(1) The set of words representing finite order elements of G is recursive.

(2) The word problem is solvable in G.

(3) The conjugacy problem is solvable in G.

Not only can we study solvability of the word problem; we can also consider its complexity. The filling
length function is an example of a space function ([O12]); its size is related to the space complexity of the
word problem. Our results about filling length functions say that the word problem can be solved without

having to store much information. More precisely:



Proposition I.11. For free Burnside groups of large, odd exponent, the word problem has linear nondeter-

ministic space complexity and polynomial deterministic space complexity.

Finally, we turn our attention to products of varieties. Here we extend theorem 31.6 of [O91] and
partially extend the results of [K74].

Theorem L.12. Ifn is large and odd and 1. is the variety of groups of nilpotency class at most c, then 8,2,
is not finitely based.

We also present joint work with Olshanskii, answering a question of Gupta and Krasinikov [GK]:

Theorem L.13. If p is a large prime, then 5,5, does not have a finite basis of laws.



CHAPTER 1
SOME PRELIMINARIES

This section introduces the necessary background results from [O91]. Whenever possible, the reader is

referred to a specific location in [O91].

II.1 Words

Definition I1.1. Let S be a set. We say that X is a word over S if every letter of X comes from the set
SELU{1}.

Definition IL.2. Let X and Y be words over a set S. We say that X and Y are visually equal (and write X =Y)
if, after deleting all 1’s from X and Y, the resulting words consist of the same letters in the same order.

Definition I1.3. A word Y is a cyclic shift of X if there are words U,V such that Y = UV and X =VU.
A word over S is called reduced if it does not contain the letter 1 and it contains no subword xx~! with
x € SUS™!. A word is called cyclically reduced if all of its cyclic shifts are reduced words. A non-empty,
cyclically reduced word X if called simple if there is no word ¥ such that X = Y* in F(S) (the free group on
S) for some k > 1.

Definition I1.4. A word X is called periodic with period A (also called A-periodic) if X is a subword of A™
for some m > 0. If the period A is a simple word, we say that X is periodic with simple period A.

Throughout this paper, we will consider only simple periods.

Definition IL.5. Let X and Y be periodic words with simple period A. Then decompositions X = XX, and
Y =YY, are called A-compatible if there exist an integer m > 0 and a decomposition A™ = U U, such that
U, =ViXy = WY, and U, = X5V, = Y, W, for some words Vi, Vy, Wi, Ws.

1.2 Maps

Definition I1.6. Let X be a surface and P an k-gon (k > 2) in the plane (if k = 2, we take P to be a disc with
2 points marked on its boundary). Let AjA,...,A;A; be the sides of P and f be a continous function P — X
such that

1) fline(p) is an embedding into X,

2) the restriction to the interior of each side e = A;A;+ (with indices modulo k) is an embedding into X, and
3) for distinct a,b € P with f(a) = f(b), we must have a,b € JP and, moreover, if a is a vertex then so is b,

and if a is not a vertex then the sides containing a and b have the same image in X.

Then, (I1, f) is called a cell with k sides, where IT = f(P). Typically, we will simply say that IT is a

cell, omitting explicit reference to the function f and the number £.



In the previous definition, by an edge, we mean the image of a side A;A;11, together with a direc-
tion. More precisely, there is a continuous function g : [0,1] — A;A;+; which is a homeomorphism with
{g(0),g(1)} ={A;,Ai41}. Then fog parametrizes an edge e with initial endpoint e = f(g(0)) and terminal
endpoint e, = f(g(1)). The inverse edge of e, denoted e, is parametrized by the function? +— (fog)(1—1t).

Clearly, (e™!)~! = e. Two edges parametrized by f|a4,,, © g0 and f|a;a,,, © &1 are equivalent if g;' o gy is

i+1
an increasing function.

Definition IL.7. Given a surface X, a cell decomposition is a finite set {(IT;, f;) }\-, of cells such that

m
1) X = U IT; and
i=1
2) the intersection of distinct cells Iy, IT; consists of common sides and common vertices (the intersection

is empty if there are no common sides or vertices).

Definition I1.8. Let X be a surface. We say that A is a map on X if A is a cell decomposition of X. Let p
be some loop on X whose edges form the boundary of a subspace Y C X homeomorphic to a disc. Then the
restriction of a cell decomposition A to Y is a decomposition of Y, called a submap of the map A. Maps on

a disc, annulus, sphere, or torus will be called circular, annular, spherical, and toroidal, respectively.

By a path in A, we mean a concatenation p = eje; - - - ¢ of edges e; with (e;)+ = (e;41)— fori=1,... k—
1. The initial endpoint of p is p_ = (e;)_ and its terminal endpoint is p; = (ex),. We say that a path p is
a closed path if p_ = p,. For a path p = e --- ¢, any path e;e; | ---e; with i < j is called a subpath of p.
Additionally, if p is closed, we can regard p as a so-called cyclic path by identifying all of its cyclic shifts
eieir1 - - - eirk—1 Where indices are taken modulo k. A subpath of a cyclic path is a subpath of any of its cyclic
shifts.

Definition IL1.9. If A is a map (or submap of another map) on a surface X, a contour of A is a closed,
cyclically reduced (i.e. containing no subpath ee~!) path in the boundary dA. The contour of a circular map

(submap) A will be denoted by dA. A subpath of a contour will be called a section (of a contour).

In a map, we partition the set of edges into 0-edges and S-edges. We require that the inverse of a 0-edge
is a 0-edge. A cell will be called a O-cell if either all the edges of its contour are 0-edges or its contour
contains exactly two S-edges. For a path p in a map A, we define the length |p| of p to be the number of

S-edges in p.

Definition I1.10. Two paths p and ¢ in a map A will be called combinatorially homotopic if we can pass
from p to g using the following operations:

1

1) uv — uee='v or uee~'v — uv where u, v are paths, e is an edge, and uy, =e_ =v_.

2) uv — upips...prv or upip>...pyv — uv where u,v are paths, pi,..., py are edges with u; =v_ =
(p1)= = (pk)+» (Pi)+ = (pix1)—, and pipa ... p is the contour of a cell with & sides.

The path p is geodesic if |p| < |p’| for any path p’ combinatorially homotopic to p.

Definition II.11. A graded map is a map A together with a function

r:{cells of A} —{0,1,2,...}



such that r(IT) = 0 < IT is a O-cell. We refer to r(IT) as the rank of II.

Cells of positive rank will be called R-cells. We will denote the number of R-cells in a map A by A(2).

The following three definitions, taken together, define contiguity submaps.

Definition I1.12. Suppose that S-edges e, f belong to contours of R-cells IT;, I, (or e belongs to the contour
of an R-cell IT while f belongs to a section ¢ of the contour of A, or e and f belong to sections q;,g, of
the contour of A) and that there is a sequence of 0-cells 7y, 7y, . .., T with dm; = eisieijrll pi, with e; and e
S-edges, and eg = e and e, = f. Let s = sgs( - - s and p = pgpr—1--- po. Then pesf_1 is the contour of a
submap I" of A. This submap I" is called a 0-bond between I1; and I, (or between IT and g or between ¢; and
g2). We write e =T'ATljand f ' =T ATl (ore=T'Alland f~! =T'Agore=TAg; and f~! =T Aqp).

Definition II.13. Let £ > 0 and suppose we have defined j-bonds for all j < k. Suppose we have chosen
a j-bond I'|] and a k-bond I, between R-cells IT; and I, with j < k and either I'y =1, or I'; and I'; are
disjoint. If I'; =1, we call I' = I'| the k-contiguity submap of I1; to I, determined by the bond I'} = 1.
If T'y,I; are disjoint, we can write vi =I'y AIlj, vp =T, AIl}, sy =1 ATl and sp = I’ ATl so that
we can write dI'; and dI'; in the forms piviwys; and ppsawava, respectively. Let g1 (respectively g;) be
a subpath in JI1; (respectively in dI1,) having the form vivv, or vovv; (respectively, sass; or syssp). If
P1q91P2q2 (or wogqiwigr) is the contour of a circular submap I” containing neither IT; nor I,, then we call I"
the k-contiguity submap of IT; to I, defined by the bonds I'; and I';. We say that the path g; (or ¢») is the
contiguity arc of I" to IT; (or to I1,) and write g; =" AIly, go ="' AIl,. The ratio ‘0—‘,‘{31‘1‘ is called the contiguity
degree of I to I, with respect to I, and is denoted (IT;,I",I1,) (if IT; = I,, (IT;,I',I1,) is a pair of ratios).
The paths p; and p, (or wy and wy) are called the side arcs for I'. We write d(I1;,I,I1;) = p1q1p2q2 (or
d(I1;,I",11y) = waqiwiqo).

The definition is similar for k-contiguities of a cell to a section of dA, a section of dA to a cell, or one section

of dA to another.

Figure I1.1: A k-contiguity



Before making the next definition, we introduce a fixed constant € € (0, 1).

Definition II.14. Let k > 0 and suppose that we have defined j-contiguity submaps for all j < k. Let &, ITj,
and I, be cells (perhaps I1; = I1,) such that:

1) r(m) =k,r(Ily) > k,r(ITp) > k,

2) there are disjoint submaps I'; and I, of jj-contiguity of 7 to I1; and of j,-contiguity of 7 to I,
respectively, with j; < k, jo < k such that Il is not contained in I'; and IT; is not contained in 'y,

3) (x,I'1,I1}) > € and (7,1,11) > €.

Figure I1.2: A k-bond

Then there is a minimal submap I" in A containing 7,11, and I';; I is called the k-bond between I1; and
I1, defined by the contiguity submaps I'y and I', with principal cell . The contiguity arc of the bond I to
I1; is defined to be I'; ATl;, and is denoted by I" ATT;.

The definition is similar for k-bonds between a cell and a section of dA or between two sections of JA.

Typically, we will speak of a bond or a contiguity rather than a k-bond or a k-contiguity.

In this section, we will recall the important notion of A-maps from [O91]. We also state results that ap-
ply to what are called B-maps as well as to A-maps. We do not include the definition of B-maps. The reader
may find the definition of B-maps in chapter 7 of [O91]. We also use a the closely related notion of ’Condi-
tion R’ without definition. This is a technical condition on the form of relations in a group presentation that
allows the maps underlying a broad class of diagrams to be identified as B-maps. The reader may find the
definition of condition R in chapter 8 of [O91].

In what follows, we make use of constants o > f8 >y > 0 > & > { > 1p > 1 from the interval (0, 1). These
constants are chosen by the least parameter principle (LPP) to be a solution of a system of inequalites (some
of the inequalities are given in [O91] and others are found in this paper). The process is carried out as fol-
lows: first, we choose & to be small enough that all the inequalities involving only the parameter o are true.

Then, all of our inequalities involving only & and f3 are true for  sufficiently small; so we choose 8 small



I and

enough and continue. It is convenient to write & = % o, B=1-B.y=1-y.h=8" " np=1"
n=11. Additionally, we choose 8, 19, and t such that 4 in an integer and n and ng are odd integers. At this
stage our notation deviates from that of [O91]: we have interchanged the letters ny and » in order to give our

results a more consistent appearance.

Definition II.15. A (graded) map A is called an A-mayp if:

(A1) The contour JII of an arbitrary cell of rank j is cyclically reduced (i.e. contains no subpath of the
form ee~!) and |9T1| > nj.

(A2) Any subpath of length < max (j,2) of the contour of an arbitrary cell of rank j in A(2) is geodesic
in A.

(A3)If m,IT € A(2) and I is a contiguity submap of 7 to IT with (7, ", IT) > €, then |TATIT| < (1+7)r(IT).

Definition I1.16. A section g of a contour of a map A is called a smooth section of rank k£ > 0 (and we can
write r(q) = k) if:

(S1) every subpath of length < max (k,2) of g is geodesic in A;

(S2) for each contiguity submap I of a cell 7 to ¢ satisfying (7,T",q) > €, we have [T Agq| < (1+7)k.

Lemma IL.17. [Lemma 15.1, [O91]] 1) A submap of an A-map is an A-map.

2) If a subpath p of a smooth section q of rank k of an A-map is a subpath of the contour of a submap T,
then p can be regarded as a smooth section of rank k in JT.

3) If a subpath q of the contour of a cell I1 of rank k is a section of the contour of a submap " of an

A-map A (and does not occur in '), then q is a smooth section of rank k in JT.

Lemma IL.18. [Lemma 15.3, [091]] Let A be an A-map, I a contiguity submap of a cell I1; to a cell I1, or
to a section q of a contour, or of a section q" to a section q* of a contour. We set p1q1p>q> = d(I1;,T',T1,)
(or d(I1y,I',q) or 9(¢".T',q%)) and P = max (|p1,|pal). Then

P <2e 'r(IT)) < Enr(IT)).

Additionally, in the first case P < {nr(I1y) while in the second and third cases, provided that q (q" or ¢°) is
smooth, we have P < {nr(q) (P < {nr(q') or P < {nr(q*)).

Lemma I1.19. [Lemma 15.4, [O91]] If the I'-degree (i.e. the contiguity degree across the contiguity submap
') of a cell I1; to a cell 1, (or to a section q of a contour) in an A-map is equal to ¥ and p1q1prq2 =
d(INy, I ILp) (or d(I1;,T,q)), then

(B=28¥ Dla1| <laal.

q2| > (¥ —2PB)|011,|, and if ¥ > &, then |q1| < (1+28)]|q2|.
Moreover, if gp =1 NI, (or g» ="' A\ q and q is a smooth section), then

In particular,

lg1] > B(1+28% ") gl

In particular, if ¥ > €, then |q1| > (1—28)|q2|.



Lemma I1.20. [Lemma 15.6, [091]] Let I be a contiguity submap of a cell T to a cell I1 (or to a section
q of a contour) in an A-map with (n,T,I1) > & (or (n,T',q) > &). Further, let p1q1p2g> = d(m,T,I1) (or
d(m,T,q)) and let ¢’ be the complement of qy in dT. Then

1p1(d) o2l < 1+ D)p1(d) P2l < (1= )l a2| < gl

Lemma IL.21. [Lemmas 15.8 and 21.7, [O91]] In any A-map or B-map, the contiguity degree of any cell to

another cell or to a smooth section of the contour is less than .

Theorem I1.22. [Theorem 16.1, [091]] Let A be an A-map with r(A) > 0 on a surface S whose boundary is
decomposed into at most [ sections and x(S) > m. Then A an R-cell T and distinguished contiguity submaps

I'y,...,I'j such that that sum of the contiguity degrees of T across I'y,...,I'; is greater than ¥.

Corollary I1.23. [Corollary 16.1, [O91]] Let A be a circular A-map of nonzero rank whose contour is
decomposed into sections sections q',q°,q>,q*,q°,q° (or fewer sections). Then there is an R-cell & and
disjoint contiguity submaps T'1,T2,13,T4,Ts,Ts of m t0 4", %, 4>, 4%, 4>, 4%, respectively, in A (some may be

absent) such that
6

Z(ﬂ',ri,qi) > }7
i=1

Corollary I1.24. [Corollary 16.2, [O91]] Let A be an annular A-map of nonzero rank with contours p and
q. Then there exist an R-cell T and disjoint contiguity submaps I, I'y, of T to p and q respectively (one
may be absent) with

(7, Tp,p)+(7,Ty,q) > 7.

In the previous two results, the cell 7 is called a y-cell.
The next result is similar to theorems 16.2 and 22.2 from [O91], and is actually proved in the course of

proving these theorems.

Theorem I1.25. Let A be an A-map or B-map. If A contains an R-cell @ which is contiguous across I to
a section q of A, with (m,T',q) > €, then A contains an R-cell T with a long section p and a contiguity
submap T of p to q with r(I'*) =0 and (p,I'*,q) > €. In the case when A is an A-map, we take p = dn*
and have (*,T*,q) > €.

Theorem I1.26. [Theorem 17.1, [O91]] Let A be a circular A-map with contour gt or an annular A-map
with contours q and t. If q is a smooth section, then B|q| < |t| (equality holds if and only if |q| = |t| = 0).

Corollary I1.27. [Corollary 17.1, [091]] If a circular A-map A contains an R-cell T1, then |dA| > B|dTI].

Lemma I1.28. [Lemma 17.1, [O91]] Let A be an annular A-map with contours p and q such that any loop
consisting of 0-edges on the annulus is contractible to a point. Then there is a path t connecting vertices 01

and 0y of the paths p and g, respectively, such that |t| < y(|p| +|ql).

Lemma I1.29. [Lemma 17.3, [O91]] Let A be a circular A-map with contour p1q1p2q2, where q; and q
are smooth sections of ranks k and I, k < I, such that |p1|,|p2| < ak. Then any vertex of q; can be joined in

A to any vertex of g2 by a path y with |y| < y~'k.
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Lemma I1.30. [Lemma 17.4, [O91]] Let A be a circular A-map with contour p1qip2q2, where q; and q
are smooth sections of ranks k and 1, k < 1, and |p1|,|p2| < {nk. Then the perimeter of every cell I in A is
less than 3y~ '¢nk < nk and r(A) < 3y 'Ck < k.

Lemma I1.31. [Lemma 17.5, [O91]] Let A be a circular A-map with contour p1q1p2q2, where q; and q
are smooth sections of ranks k and I, k <1, and |q;| —M > 0 for j = 1,2, and M = y~'(|p1| + | p2| +k). Then
PilsIph| < ok, and

A has a circular submap A" with contour p' ¢’ phqh where ¢\ (g5) is a subpath of q1(q2),
| > |g;| — M for j=1,2.

Lemma I1.32. [Lemma 21.1, [091]] Let A be an A-map, T a contiguity submap of G to g with d(gy,T,g2) =
P1q1P2q2- If 1 is smooth of rank k, then |p1,|p2| < 2he™'k.

Definition I1.33. Let A be a B-map on a sphere with three holes. Let g1, ¢2,g3 be the cyclic sections of the

contour of A. If g1, ¢, g3 are smooth of ranks &, 1, j, respectively, and
lq1] > 100& 'k, |q2| > 1008 7'1,]g5| > 100¢ 1 j,

then we call A a G-map.

Lemma I1.34. [Lemma 24.8, [091]] In any G-map A with contour consisting of cyclic sections q, g2, and
q3, there is a regular contiguity submap T of g5 to g, (where s,t € {1,2,3}) such that (q,T,q,) > ﬁ and

(4.T.47) > 1gp-
II.3  Diagrams and Presentations

Definition IL1.35. Let (S|R) be a presentation for a group G, where R consists of words that are not freely
equal to 1, and let X be a surface. Suppose further that R is decomposed R = D R;, where some of the R;
may be empty, and no word of R; can coincide with a conjugate of a word fr(l;rll R; or its inverse if i # j
(such a presentation is called graded). A graded diagram A consists of a graded map A on X (note that we

give the diagram the same name as the underlying map) together with a labelling function
Lab : {edges of A} — S*'U{1}

such that
1) Lab(e) = 1< e is a 0-edge,
2) Lab(e™") = Lab(e)~!, and
3) the label of any cell of rank i > 1 is a cyclic shift of a word of R; (or its inverse) and the label of a

O-cell is freely equal to 1.

. J
We say that words X and Y are equal in rank j and write X =/ Y if X and Y are equal in the group <S | U R,->.
i=1

If X =Y in the free group F(S), we say that X and ¥ are equal in rank zero and write X =° Y. We say that

X and Y are conjugate in rank j if X is equal in rank j to a conjugate of Y.

11



Since we defined O-cells to be cells whose contours have exactly 0 or 2 S-edges, conditions 1 and 3 in
the definition above mean that, if a O-cell in a graded diagram has an S-edge, then its contour has exactly
two S-edges, and their labels are freely inverse to one another.

We will extend the labelling function Lab above to the set of paths in A by declaring Lab(ejey---e;) =
Lab(ej)Lab(ey)---Lab(ey) for a path e - - - ¢ in A.

Definition I1.36. We say that the diagram A’ is a O-refinement of the diagram A if the transition from A’ to
A can be achieved as a composition of the transitions of the following types:

1) If o is a vertex degree 2 and is a boundary vertex of two distinct sides e; and e;, with Lab(e;) = 1
(or Lab(e;) = 1), we delete o and replace e; and e, by a single edge e = e; Ue, with Lab(e) = Lab(e;) (or
Lab(e) = Lab(e,)) while leaving the rest of the diagram unchanged.

2) If o is a vertex of a cell Il with & sides (k > 3) with o having degree 1, and o is an endpoint of an edge
e with Lab(e) = 1, we can delete all of e except for its other endpoint, while leaving the rest of the diagram
unchanged.

3) If I1; is a cell with k sides, I, is a cell with [ sides, with k4 > 2 and II;,II, share a edge e but
IT; # I1,, with one of I, I, a cell of rank 0, we can delete the edge e (except for endpoints), leaving the

rest of the diagram unchanged.

If ITis a cell in a diagram A, a cell IT in a O-refinement A’ of A is called a copy of IT if S-edges of IT and

IT' all occur as pairs in 0-cells of A’.

Definition IL.37. A (graded) diagram A is called reduced if there is no O-refinement A’ of A containing copies
IT},IT} of a pair of cells IT;, IT, of rank j > 1 and a path ¢ without self-intersection joining vertices 01,0, of
IT},IT5 in A such that ¢ (¢) =/~! 1 and the contour labels py, ps of IT},IT} (where (p1)- = 01, (p2)- = 02)

are inverse in the free group F(S). The cells IT; and IT, described above form what is called a j-pair.

Definition I1.38. Let A be a diagram over a graded presentation. We define the type 7(A) of A to be the
tuple (71,1, ...) where 7; is the number of cells of rank i in A. We declare T(A) < T(A’) if there is i such
that Ti(A) < T,'(A/) and Tj(A) = Tj(A/) for all j > i.

Remark 11.39. If Ais a diagram, and A has the smallest type among all diagrams sharing its contour label(s),

then A is reduced. We say that such a diagram A has minimal type (or simply “’is minimal”).

Theorem I1.40. [Theorem 13.1, [O91]] Let W be a non-empty word over S. Then W = 1 in the group G

with graded presentation
<S\ UR,-> (IL.1)
i=1

if and only if there is a reduced graded circular diagram over (I1.1) whose contour label is visually equal to
w.

Theorem I1.41. [Theorem 13.2, [0O91]] Let V and W be non-empty words over S. Then they are conjugate
in the group G given by (Il.1) if and only if there is a reduced graded annular diagram over (Il.1) with
contours p and q such that Lab(p) =V and Lab(q) =W,

12



Remark 11.42. Suppose that IT;,IT, form a j-pair in a diagram A. Let IT{,IT} be copies of IT;,II, as in
definition I1.37 and ¢ be as in that definition as well. We O-refine to obtain a diagram A’, and write JII| =
p1P}, 91, = poph, and there is a circular subdiagram I” with contour (p})~'#'(p5) =1 (#") !, where Lab(t') =
Lab(t") = Lab(t) =/~' 1. Now, let I be the subdiagram consisting of I1}, IT}, and T; its contour has label

Lab(p)Lab(t")Lab(p2)Lab(t") ™' =/~ Lab(p,)Lab(p;) =" 1.

By theorem I1.40, there is a circular diagram A of rank j — 1 with contour label Lab(p;)Lab(t')Lab(p2)Lab(t")~".
Replacing I by A in A, we obtain a diagram with smaller type than A and the same contour label(s).

Definition I1.43. Let ¢' and ¢* be sections of a contour of a diagram A of rank i such that Lab(g') and
Lab(g?) are periodic words with periods A and A~!, where A is a simple word. We say that ¢! and ¢°
are A-compatible if there are vertices 01,0, on ¢!, ¢* defining A-compatible decompositions of Lab(g') and
Lab((g*)~") as in definition I1.5, and there is a path ¢ without self-intersection in A such that t; = 01, £, = 0y,

and Lab(t) =' 1, and, moreover, Lab(t) =/~! 1 if A labels a cell of rank j, for some k.

The definition of the A-compatibility of a cell of rank j with contour label of the form A*" with a section

g" of a contour of a diagram is defined by replacing ¢ above with the contour JI1I of a cell IT.

Lemma 11.44. [Lemma 13.3, [O91]] Let A be a reduced graded diagram on a surface X whose contour
decomposes into sections pi,pa,... with Lab(p1) = Al for some period A of rank j and let T1 be a cell
A-compatible with py in A and |0T1| = n|A|. Then there is a reduced diagram A' on X whose contour
decomposes into sections p', p, ... in such away that T(A") < ©(A), Lab(p}) = Lab(p;) for i > 2, Lab(p}) =

A for some integer s, and in A, as well as in any O-refinement of it, there is no cell A-compatible with P

I.4 A graded presentation for partial-Burnside groups

In order to work with partial-Burnside groups, it is useful to have a more concrete characterization. Toward

this end, we need a few definitions.

Definition I1.45. A set C of words in the alphabet S is called partial-Burnside (of partial-exponent n) if
(C1) if w = u in the free group F(S), thenw € C < u e C,

(C2) for m a nonzero integer, zw"z~' € C = w € C, and

(C3)ifweC,thenw'ue C<sueC.

Definition I1.46. Given a partial-Burnside set (of partial-exponent n) in the alphabet S, B¢ (S, n) is the group
with presentation
(SIR"=1,ReC). (I1.2)

Likewise, define B5(S,n) = (S|R* = 1,R € C,|R| < k).

A presentation of the form (I1.2) is called a partial-Burnside presentation.
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Partial-Burnside groups of large, odd partial-exponent n are precisely the groups Bc¢(S,n) with C a
partial-Burnside set, as we will prove in proposition II1.4. For now, we must content ourselves with a graded

presentation of B¢(S,n).

Definition I1.47. Let C be a partial-Burnside set of words over S. Then we define the group G¢(eo) as
follows:
Let Ry =0 and G¢(0) = F(S), the free group on S. Suppose that R;_;, and G¢(i — 1) have been defined and
also that a set L; (its elements are called periods of rank ;) has been defined for each j <.
Then let L; (the set of periods of rank i) be a maximal set of words of C satisfying the following three
conditions:
(1) Each element of L; has length i.
(2) If A € L;, then A is not conjugate in rank i — 1 to a power of a word shorter than A or to a power of a
period of rank less than i.
(3)If A,B € L; with A # B (visually) then A is not conjugate in rank i — 1 to B or B~
SetR; ={A": A€ L;}UR;_; and G¢(i) = (S|R;). Take R = GlRi and set G¢ (o) = (S|R).

f

Definition I1.48. A non-trivial (in F(S)) word X is said to be simple in rank i > 0 if it is not conjugate in
rank i to any power Y of a period of rank k£ < i and not conjugate in rank i to a power of any word Z with
Z| < |X].

Lemma I1.49. [Lemma 18.1, [O91]] Every word is conjugate in rank i > 0 to a power of some period of

rank j <ior to a power of a word simple in rank i.

Lemmas I1.50 through I1.55 and theorems I1.56 and I1.57 below are analogs of results from chapter 6
of [O91]; the only difference is that the results in [O91] are stated for the group G g) (o). The statements
of the auxilliary lemmas in [O91] and all the proofs are valid, where the reader needs only to keep in mind
that all periods are chosen inside C. The essential features of the periods are that they are cyclically reduced
and simple in smaller ranks. These properties follow from the conditions on C and the method for selecting

periods.

Lemma I1.50. [Corollary 18.2, [091]] If XY =/ YX, then there is a word Z such that X =/ ZFandy =7 7!

for some integers k and .

Lemma IL51. [Lemma 18.3, [091]] If X #' 1 and X has finite order in rank i, then it is conjugate in rank

i to a power of some period of rank < i.

Lemma IL52. [Lemma 18.7, [091]] Let Z\A™ Z, =" A™, m = min(my,m,), where A is simple in rank i. If

|Zi|+ 22| < (y(m—2h—1) — 1)|A|, then Z, and Z, are equal in rank i to powers of A.

The next result is slightly modified from the version given in [091], but its proof is identical, provided

the corresponding changes are made in the statements of lemmas 18.6 and 18.8.

Lemma I1.53. [Lemma 18.9, [091]] Let A be a reduced circular diagram of rank i with contour p1q1p2q>
p1| < 2(X‘A

where Lab(q,) and Lab(q2) are periodic words with period A simple in rank i, , and |p2| <

(3 +2a)|A]. Then |q1],1q2| < hlA].
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Lemma IL.54. [Lemma 19.1, [091]] Let A be a reduced circular diagram of rank i with contour p1q1p2q2,
where Lab(q), Lab(q2) are periodic words with periods A, B simple in rank i, and suppose that |p1|,|p2| <
a|B|, |q1| > (1+17)|A|, and |q2| > Len|B|. If Lab(qy) begins with A and Lab(q; ") begins with B!, then
A =" Lab(p;)~'B*'Lab(p)).

Lemma ILS55. [Lemma 19.2, [091]] Let A be a reduced circular diagram of rank i with contour p1q1p2q2,
where Lab(q1),Lab(qy) are periodic words with periods A, B simple in rank i, and |q>| > €n|B| and | p1|, | p2| <
Cne with ¢ = min(|Al, |B|). Then either |q1| < (14 7)|A| or A is conjugate in rank i to B*!.

Theorem I1.56. [Lemma 19.4, [091]] Every reduced diagram A over G¢(oo) is an A-map.

Theorem I1.57. [Lemma 19.5, [O91]] Let p be a section of the contour of a reduced diagram A whose label
is A-periodic, where A is simple in rank r(A) or is a period of rank k < r(A), and in the latter case A has no
cells of rank k A-compatible with p. (If p is a cyclic section, then we further require that Lab(p) = A™ for

some integer m). Then p is a smooth section of rank |A| in the contour of A.

Theorem IL.58. [Lemma 26.5, [O91]] Every reduced diagram on a disc, annulus, or sphere with three

holes over a graded presentation satisfying condition R is a B-map.

Lemma IL1.59. [Lemma 25.11, [091]] If a group G is given by a graded presentation G(e°) satisfying

condition R, then every period of the presentation is nontrivial in G.

Lemma I1.60. [Lemma 25.19, [0O91]] Let A be a reduced diagram of rank i on a sphere with three holes

with contours q?, qg, and qg. Let q(l) and qg have labels A™ and A~™ (or A~

if A is a period of rank
< i) respectively, my > 100{ ! and either A is simple in rank i or a period of rank < i. Suppose that qg has
label B™, where B is either simple in rank i or is a period of rank < i. If the contours of A are smooth, then

either |my| < 100{ ™!, or, when A = B is a period of rank < i, we have |my +un| < 100{~! for some u.

Lemma I1.61. [Lemma 25.20, [091]] If the hypotheses of Lemma I1.60 are satisfied and mp # 0 (or mp # vn
if B is a period of rank < i), then |B™| > {|A™|.

Lemma I1.62. [Lemma 25.10, [0O91]] Let A be a reduced circular diagram of rank i with contour p1q1p2q2,
gl > 7' B
max(|p1],|p2|) < 2he "¢, and c = min(|A|, |B|). Then either |qi| < (147)|A| and |A| > |B| or A is conjugate
in rank i to B*', and if A = B*!, then A = B~" and g, and g, are A-compatible.

where Lab(q1) and Lab(qy) are periodic words with periods A and B simple in rank i,

>

Lemma I1.63. [Lemma 25.8, [091]] Let A be a reduced circular diagram of rank i with contour p1q1p2q2,

where Lab(q,) and Lab(qy) are periodic words with period A simple in rank i. If max(|pi|,|p2|) < 2he!|A
then max(|q1],|q2]) < £~ [Al.

>

The next result follows immediately from corollary 31.1 of [O91].

Theorem I1.64. Let N be the kernel of the projection F(S) onto a partial-Burnside group Bc(S,n). Let R
be the set of periods in a graded presentation of Bc(S,n). Then N/[F,N] is a free abelian group with basis
{R"[F,N]: R € %)
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CHAPTER 111
PARTIAL-BURNSIDE GROUPS AND B¢(S,N)

Our main goal in this section is to show that partial-Burnside groups of large odd partial-exponent n
are precisely the groups B¢(S,n), where C is a partial-Burnside set. To do this, we will first show that our

graded presentation G¢ (o) defines the group B¢ (S, n).
Lemma IIL1. Suppose X = ZY*Z~" in G¢(j), where C is partial-Burnside and k # 0. If X € C thenY € C.

Proof. 1f X = ZY*Z~"in G¢(jj), then X = Zy*z~! HV,-R?”‘V;1 in the free group, where R? = 1 is a relation
in the presentation of G¢(j) (so R; € C). If X € C, it follows from condition C1 that

zy* z 'TTviRE"v; ' e C.
Since R; € C, it follows from C1 and C2 that V,-Riilvi_1 € C since for € = £1,
VI ViREV YD)V, =R, € C.
Hence, by repeated applications of C3,
zv'z '\ TIviri"vitec=zv*z ' eC.
Now, Y € C by an immediate application of C2. O

Proposition IIL.2. 1) If X # 1 has finite order in G¢(e0) (in Ge(j)), then X is equal in Ge(oo) (in Ge(j)) to
a power of an element of C (an element of C with length < j).

2)IfX €Cand |X| =i, then X" =" 1.

3) If X is conjugate in G¢ (=) (in G¢(f)) to a power of an element of C (having length < j), then X" = 1
in Ge(e) (in Ge(j))-

Proof. 1) Suppose X # 1 has finite order in G¢(e0). Then X has finite order in G¢ (), for some j. By lemma
1151, X =/ ZY*Z~! with Y a period, and therefore Y € C. By C1 and C2, ZYZ~' € Csince Z~ ' (ZYZ 1) Z =
Y eC.

2)Ifi=0,then X = 1, s0o X" =" 1. Suppose now that i > 0 and that 7" =/ 1 for all T € C with |T| = j <.
By definition I1.48 and the fact that periods of rank j have length j, it follows that X is simple in rank i — 1
or X =1 zy*kZ=1 with |Y| < |X|. If X is simple in rank i — 1, then X ="~! PB*!P~! for some B € L;, and it
follows that X" =/—! PB*"P~! =/ pp~1 =0 1. On the other hand, suppose X =~! ZY*Z~! with |V | < |X| =1i.
By lemma III.1, Y € C. Hence, by the induction hypothesis, X" =—! zy"z=1 =i=1 7zz=1 =01 In either
case, X" = 1.

3)If X = ZY*Z~! in G¢(o0) (in G¢(S,n)) with Y € C (with |Y] < j), then by part 2),

X'=(zy'z 'y =z(y"z ' =zz7" =1
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holds in G¢(eo) (in G¢(j)). O
Theorem IIL3. Bc(S,n) = Ge(eo) and BE(S,n) 22 Ge (k).

Proof. In our presentation for B¢ (S,n), the relators were n-th powers of elements of C. By proposition I11.2,
X" =1 in G¢(e0) if X € C. By Dyck’s theorem, the identity function on S extends to a homomorphism
8:Bc(S,n) = Ge(e).

Similarly, the identity function on S extends to a homomorphism /4 : G¢(e0) — B¢ (S, n). Since the com-
positions 4o g and g o h are both the identity on the generating set S (it’s a generating set for both B¢(S,n)
and G (o)), it follows that 4o g and g o h are isomorphisms.

Similarly, B(S,n) 2 G (k). O

In what follows, whenever we speak of equality (or conjugacy) in rank j in B¢ (S,n), we mean equality
(or conjugacy) in G¢(j). Similarly, when we speak of periods of B¢(S,n), when mean periods in a graded

presentation G¢(eo).

Proposition II1.4. A group G is partial-Burnside of partial exponent n if and only if G = B¢ (S,n) for some
set S and some partial-Burnside set C in the alphabet S.

Proof. First, we will prove that B¢ (S, n) is partial-Burnside. By proposition II1.2, every finite order element
has order dividing n. By definition, B¢ (S, ) has a presentation in which every relator is an nth power. Thus,

Bc(S,n) is a partial-Burnside group.

Suppose now that G is a partial-Burnside group. Then G has a presentation G = (S|9R) in which every
relator is an nth power. Let C be the set of words in the alphabet S which represent finite order elements of
G. We must check that C is a partial-Burnside set. Condition C1 is trivial. If m # 0 and the word w"z e,
say 1 = (zw"z~ 1)k = zw"* 71 in G for some k # 0, then w"* = 1 in G and w € C. This establishes condition
C2. Finally, if w € C, then w" =1 in G, so that uw” = u in G, and condition C3 follows. Thus, C is a
partial-Burnside set.

By our choice of C, the relators in (S|9R) all have the form W” = 1 for some word W € C. However, if
W € C, it follows that W" = 1 is a relation in B¢(S,n). Thus, the identity on S extends to an epimorphism
G — B¢(S,n). On the other hand, every relator in the presentation defining B¢ (S, n) is of the form W” = 1 for
some word W € C. By our choice of C, it follows that W has finite order in G; since G is partial-Burnside of
partial exponent n, it follows that W” =1 in G. Thus, the identity map on § also extends to an epimorphism
Bc(S,n) — G. Thus, G = B¢(S,n). O

In particular, a partial-Burnside group G has a graded presentation G¢(o0) - we will say that G¢(oo) is
a minimal partial-Burnside presentation (mpbp) of G. Now, we will show that partial-Burnside groups of

partial-exponent n are the ’freest’ groups in which every torsion element satisfies x* = 1.
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Remark 1IL5. Let G = (S) be a group in which every torsion element satisfies the equation x" = 1. Let C be
the set of words over S representing torsion elements of G. Then G is a canonical homomorphic image of

the group B¢ (S,n).

Proof. First, we check that C is partial-Burnside. Condition C1 is automatic. If zw"z~! € C for some m # 0,
then 1 = (zwz!)" = zw™z~! so that 1 = w™, and w € C; condition C2 is satisfied. Now, if w € C, then
w' =1, and it follows that w"u = u; condition C3 is satisfied. Therefore, C is partial-Burnside.

Note that Bc(S,n) has a presentation in which every relator is the n-th power of an element of C. By
hypotheis, all n-th powers of elements of C are equal to 1 in G. It follows from Dyck’s theorem that the
identity function on S extends to a surjective homomorphism from B¢ (S,n) to G. O

In the remainder of this section, we will show that finite subgroups, abelian subgroups, and centralizers
of nontrivial elements are cyclic - just as in the case of free Burnside groups. With some modifications to
allow for the possibility of elements of infinite order, proofs very similar to those of chapter 6 of [O91] can

be given. This is the course we take; the necessary modifications are included below.
Lemma I11.6. Every subgroup of B¢(S,n) has a maximal cyclic subgroup.

Proof. Let H be a subgroup of B¢(S,n). Suppose first that H contains a nontrivial element X of finite order.
By proposition II1.2, no finite cyclic subgroup of H < B¢(S,n) can have order greater than n. Since no
infinite cyclic group can contain a nontrivial finite cyclic group, it follows that H contains a maximal cyclic

subgroup.

Now, suppose that every nontrivial element of H has infinite order. Then H contains a word X of infinite
order which is conjugate to a word X’ such that no nontrivial element of H is conjugate to a shorter word.
Suppose there is a word ¥ € H such that (Y) properly contains (X). Then we must have Y* = X in B¢(S,n)
for some k with |k| > 2. So, Yk =J X for some j with X =/ UX'U~!. Since Y has infinite order, it follows
by lemma I1.49 and the fact that periods have finite order that ¥ =/ Z(Y’)!Z~! with Y’ simple in rank j.
Now, we have a reduced annular diagram A of rank j for the conjugacy of X" and (Y")¥. Let p and ¢ be the
contours of A with Lab(p) = (Y') " and Lab(q) = X'. By theorems I1.56 and I.57, A is an A-map and p is a
smooth section of JA. Therefore, we may apply theorem I1.26 and we obtain |(Y')¥| < B~1|X’|. Therefore,

(") < (IKIB)IX'| < [X'] (LPP B).

But now Y is conjugate to a word shorter than X', contradicting the choice of X. Therefore, (X) is a maximal

cyclic subgroup of H. 0
Proposition IIL.7. Every abelian subgroup of Bc(S,n) is cyclic.

Proof. Let H be an abelian subgroup of B¢(S,n). By lemma IIL.6, let K = (X) be a maximal cyclic subgroup
of H. Suppose there exists Y € H — K. Since H is abelian, XY = YX in B¢(S,n), and therefore XY =/ YX
for some j. By lemma I1.50, there is some Z € B¢(S,n) such that X =/ Z% and Y =/ Z!. But then the cyclic
group (Z) N H properly contains K, contradicting its maximality. Hence, H = K is cyclic. O

18



Proposition II1.8. /) A period of any rank has order n in B¢(S,n).

2) If nontrivial powers A*, B! of periods A,B of ranks i, j are conjugate in Bc(S,n), then A = B and
k=1 (mod n).

3) If cyclic subgroups (X) and (Y') have nontrivial intersection, then (X) C (Z) and (Y) C (Z) for some
YA

Proof. The proofs of claims 1 and 2 and of the case of claim 3 when (X) has finite order are the same as
the proof of theorem 19.4 in [091]. Therefore, we will prove only claim 3 in the case when (X) has infinite
order.

Since (X) and (Y) intersect nontrivially, we may write X* = Y? = 1 for some a and b. Without loss of
generality, we may assume a,b > 0 (simply choose a different generator of (X) or (Y) if necessary).

Since X has infinite order, so does Y. Therefore, X and Y are not conjugate to powers of periods. So,
X =7ZyU kZO_ landY = ZlVlZl_ Uin Bc(S,n) for some shortest possible words U and V, which are simple in

every rank. Without loss of generality, we may assume k,/ > 0. Now, we have
U*=27,'X2 = 2,'Y" 20 = (2, 21)V" (2, 20) !
in B¢(S,n) and therefore in some rank, say j. Then
U =1 (251 2,V (251 21) 7! (IIL.1)

for all r. Now, let A be a reduced circular diagram for this equality. Write dA = p;q| p2g> where Lab(p;) =
Zy'Zy, Lab(q1) = V', Lab(p>) = Z, ' Zy, and Lab(qz) = U, Set M = y~(|p1| + |p2| +min(|U|,|V|)
and choose ¢ so large that |g;| —M > nmax(|U|,|V|) fori=1,2.

Now, by theorems I1.56 and I1.57, A is an A-map and the sections ¢; and g, are smooth of ranks |V| and
|U|, respectively. By lemma I1.31, A has a subdiagram A" with contour p' ¢/ p,g5 with ¢! a subpath of ¢;,
|pi| < amin(|U],|V]), and |¢}| > nmax(|U|,|V|). By lemma IL55, U is conjugate in rank j to V*!; write

U =/ ZV*Z~!. Then, using (II.1), we have U™ =/ Zv*z=1 =i 2,U*1%k 7,1 where Z, = 27, ' Z,.

Now, we wish to show that U =/ Z,U~"% 7! is impossible. Indeed, this would imply U W =i z,U (—rak)(tbl) 7 -1 —J
Z2U (’”k)ng 2. Taking 7 sufficiently large, 73 =J U for some y, by lemma I1.52. Thus, U” =Z3 = Z,(Z3)Z; l=
HLU’zy . It follows that Z,U _yt"kZz_ I = Uy~ However, from our assumption at the beginning of this
paragraph, Z,U %71 = ""!. Combining these last two equalities, U>"(*'+%) = 1. Since, t,b,1,a,k > 0

and U has infinite order, it must follow that y = 0, i.e. Z% = 1. Since n is odd, no element of B¢(S,n) has

even order; it follows that Z, = 1. The contradiction U'”! = U~'% follows immediately.

Therefore, U'"! =/ Z,U ’“ng ! Choosing 7 large enough, lemma I1.52 implies that Z, is equal in rank j
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to a power of U, say Z, =/ UP. Then Zy =/ Z,Z~'UP. It follows that X = Z()U"ZO_1 = le_lUkZZl_1 =
Z\V**Z " in Bc(S,n). In particular, X,Y € (Z;VZ'). O

Proposition IILY9. If a word X representing a nontrivial element of B¢c(S,n) is conjugate in Bc(S,n) to a
power of a period U, then |U| < |X|.

Proof. Since the period U has order n by theorem III.8, we may assume that X = ZU*Z~! with 1 < [k| < 3

First, suppose that X = ZU*'Z~! in B¢(S,n). Then U = Z~'X*!Z. Since U € C, it follows from lemma
III.1 that X € C. If | X| < |U]|, then X must be conjugate in rank |X| — 1 to a period of rank < |X|. However,

this means the period U is conjugate to a power of a different period, contradicting theorem IIL.8.

On the other hand, suppose X = ZU*Z™! in Bc(S,n) with 1 < |k| < 3. By theorem IL.41, there is a re-
duced annular diagram A with contours p and ¢ labelled by X and U %, respectively. By theorem I1.56, A is
an A-map. Applying lemma I1.44 if necessary (altering the exponent k£ by a multiple of n in the process, but
keeping the name ¢ for the contour nonetheless), we may apply theorem I1.57 to see that g is smooth. By
theorem I1.26,

UI < Blk[|U| = Blg| < |p| = IX].

O

Proposition II1.10. The centralizer Cx of a non-trivial element X in Bc(S,n) is cyclic. Moreover, Cx is

infinite if X has infinite order; Cx has order n if X is torsion.

Proof. By lemma II1.6, Cx has a maximal cyclic subgroup K = (V). First, we claim that X € K. Indeed,
since V € Cx, we have VX =/ XV for some j, and it follows from lemma I1.50 that X = Z* and V = Z' for
some Z. By maximality of K, we must have (Z) = K, i.e. X € K. Now, suppose there is some ¥ € Cx — K.
Then XY = YX for some i. By lemma I1.50, X and Y lie in a common cyclic subgroup of Bc(S,n). There-
fore, the cyclic subgroups (V') and (Y) intersect nontrivially. By proposition IIL.8, there is a cyclic subgroup
(T) of Bc(S,n) containing both K and (Y). Then (T) NCy is a cyclic group properly containing K, contra-
dicting the maximality of K. This shows that Cy is cyclic.

Since X € Cy, it is immediate that Cy is infinite if (X) is. On the other hand, if X has finite order, then
X = UAFU~" in B¢(S,n) with A a period of some rank. Then it is immediate that UAU ! € Cy. It is also
immediate from proposition II1.8 that UAU ~! has order n. Now, since the cyclic group Cx contains a torsion

element, it has order at most n. So, Cx = (UAU ') has order n. O

Before addressing finite subgroups of B¢(S,n), we wish to recall a basic result. This can be found, for

instance, in corollary 6.1 of [O91].
Lemma III.11. Every finite non-abelian group has a non-abelian metabelian subgroup.

Proposition IIL.12. Every finite subgroup of Bc(S,n) is cyclic (with order dividing n).
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Proof. Let H < B¢(S,n) be finite. By proposition II1.7, it is sufficient to show that H is abelian. If H is not
abelian, it has a nonabelian metabelian subgroup K by lemma III.11. Then K’ is abelian and K has a maximal
normal abelian subgroup L containing K’. So, K/L is abelian. Moreover, L is cyclic since it is abelian, by
IIL.7. Since L > K’ # 1, we may write L = (¢*) where £ is a period of some rank. By normality of L in K, for
each k € K there is an integer b such that k¢*k~' = (%% By proposition III.8, we must have k¢“k~! = (%
thus L is central in K. Therefore, K < Cy, and K is cyclic by proposition II1.10; contradiction. O
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CHAPTER 1V
GENERATORS IN CONTOUR LABELS

In this section, we establish some simple but very important lemmas. Theorems 1.6 and 1.7 and proposi-

tion I.10 for infinite S all rely on the results of this section.

Lemma IV.1. Suppose that A is a reduced annular diagram over a minimal partial-Burnside presentation
(MPBP) of B¢(S,n) with contours p and q, where p is smooth. If the letter s € St appears in Lab(p), then
s*! appears in Lab(q).

Proof. The result follows by induction on the number of R-cells of A. If A has no R-cells, then Lab(p) is
freely equal to a cyclic shift of Lab(q). However, the smooth section p must have cyclically reduced label.

This establishes the result in rank O.

Now, suppose that A has an R-cell. By corollary 11.24, A contains a y-cell & with disjoint contiguity submaps
I', and I, to p and ¢, respectively such that (7,I',, p) + (7,I;,q) > ¥. By lemma IL.21, (x,I",,p) < @.
Therefore, (7,I';,q) > ¥— & > €. It follows by theorem II.25 that A contains an R-cell 7y and a contiguity
[y of my to g with r(['y) = 0 and (my,T,q) > €. Let us write d(m,[o,q) = vsut, g = 1t’, and dmy = ss'.
Then, excising the subdiagram consisting of I'y and 7, we obtain a reduced annular diagram A’ with con-
tours p and ¢'u~'s'v=! and with r(A’) < r(A). By our induction hypothesis, every S-letter of Lab(p) occurs
in Lab(t'u='s'v=1). Since (m9,T0,q) > € > %, it follows that Lab(s) contains a cyclic shift of the period of
my. Therefore, every letter occurring in Lab(d ) (and hence in Lab(s")) occurs in Lab(s). Since r(Iy) =0,
it follows that u and v are 0-edges and Lab(s) = Lab(t)~'. Putting all this together, every S-letter of Lab(p)
occurs in Lab(q).

Figure IV.1:  An annular diagram with contiguities illustrating the inductive step
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Lemma IV.2. Suppose A is a reduced circular diagram over an MPBP of Bc(S,n). If a letter s € S*!
appears in the label of an R-cell of A, then s*' appears in the contour label of A.

Proof. Let 1 be an R-cell of A. Excising the cell 7, we obtain a reduced annular diagram A’. By theorem
I1.56, A is an A-map. By lemma I1.17, the contour d7 is smooth in A’. By lemma IV.1, every S-letter in the

contour label of 7w occurs in the contour label of A. OJ

Lemma IV.3. Suppose W is a word over S. Let U be a shortest word such that W is conjugate to a power
of U in B¢(S,n). If the letter s € ST' appears in U, then s*' appears in W.

Proof. Say that W is conjugate to U/. There is a reduced annular diagram A over an MPBP G¢(0) of
Bc(S,n) with contours p and g labelled by U/ and W~!, respectively.

Combining theorem II1.8 with lemma II1.9, U is conjugate in B¢ (S,n) to a power V' of a shortest word
V, where V is either simple in every rank or a period of some rank. Now, W is conjugate V7, and it follows
that |U| = |V|. In the former case, we apply theorems I1.56, I1.57, and I1.26 to a reduced (annular) diagram
for the conjugacy of U and V', obtaining

7| 2 2
SIVI<BlVI=BV | <|Ul=VI.
Hence, |¢t| = 1. Therefore, U is conjugate to V*!, and U must be simple in every rank. Applying theorems

I1.56 and I1.57 to A, the contour p is smooth.

In the latter case, we may choose [t| < § by theorem III.8. By applying lemma I1.44 to a reduced dia-
gram for the conjugacy of U and V', we obtain a reduced annular diagram with contour labels U and V /"=
for some integer z, in which no R-cell is V-compatible with a section of the contour. Now, we can apply

theorem I1.57 and theorem II.26 to this new diagram to find
t = - _
‘2’|V| <Ble|IV] < Bl +nzl[V] = BV < [U] = V]

It follows that |t| = 1. Thus, V is conjugate to U*!, and B¢(S,n) has an MPBP in which U is a period of
rank |U|. Applying lemma I1.44 and theorem I1.57 to the diagram A (modified to be a reduced diagram over
the new MPBP), we find once again that p is smooth.

Therefore, in either case, the contour p is smooth. Applying lemma IV.1, every S-letter of U appears in
w. O

Lemma IV.4. Suppose A is a circular diagram over an MPBP of B¢ (S,n) with A = wv~! and v geodesic.
If a letter s € ST' appears in the label of v, then s appears in the label of w.

Proof. The proof follows by induction on the number of R-cells. If A contains no R-cells the result is trivial,

as Lab(v) is obtained from Lab(w) by free reduction.
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By theorem I1.56, A is an A-map. If A has positive rank, then A contains a y-cell I1 by corollary I1.24. Now,
IT has disjoint contiguities I',, and T', to w and v respectively such that (IL,T',,w) + (IL,I',,v) > . Since
v is geodesic, it follows from lemma I1.21 that (IL,I,,v) < @. Therefore, (I1,T,,w) > ¥— (I1,T',,v) > €.
By theorem II.25, it follows that there is an R-cell Iy and a contiguity I" of IIp to w with »(I') = 0 and
(ITp,T",w) > €. Excising the subdiagram of A consisting of I" and ITj, we obtain a reduced circular diagram
A with fewer R-cells. Write dAg = w/v~!. Since £ > %, every letter of dI1 appears in w. Now, by induction
hypothesis, every letter of Lab(u) appears in Lab(w') and hence in Lab(w). O

Finally, we need a version of lemma IV.2 for annular diagrams. This will be needed to study the conju-

gacy problem when S is infinite.

Lemma IV.5. Let A be a reduced annular diagram with contours p and q over an MPBP of B¢(S,n). If a
letter s € S*! appears in the label of an R-cell of A, then s*' appears in Lab(p) or Lab(q).

Proof. Suppose that r(A) > 0, for otherwise the lemma holds vacuously. By corollary I1.24, A has a y-cell
I, with contiguities I', and I'; to p and ¢, respectively, with (IT1,T',, p) + (I1,T',q) > 7.

1

If A has a single R-cell, then r(I',) = 0 = r(I';). Since ¥ > —, every letter that appears in Lab(dIT) must
n

occur in Lab(ITA p) or Lab(I1 A g), and consequently in Lab(p) or Lab(q) as well.

Suppose now that A has more than one R-cell. By theorem II.25, A contains an R-cell © which is con-
tiguous across I' to p (or ¢) with r(I') =0 and (#,I",p) > €. Since € > %, every letter appearing in the
contour label of 7 appears in p. Excising I" and 7, we obtain a reduced annular diagram A’ with fewer
R-cells than A. Tt follows inductively that any letter appearing in an R-cell of A" appears in Lab(q), Lab(p),
or Lab(dr), and consequently in Lab(q) or Lab(p). O
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CHAPTER V
FREE AND FREE BURNSIDE SUBGROUPS OF PARTIAL BURNSIDE GROUPS

Definition V.1. For a group G, let Tor(G) be the set of elements of finite order. G is called torsion-free if
Tor(G) = (1), and G is called torsion if Tor(G) = G.

Given a group B¢(S,n), we can find noncommuting words 7" and Q where |T| < 3|Q|. We choose T to
be geodesic and Q to be a period or a word simple in every rank. Let W = (Q0T Q"0 2T ... T Qo+2h=2)~1
and
V= (QutlTnt3T ... TQWh1)~1 Now, we form aset § = SU{w,v} and a group G = (S|wW ! v~ R" for ReC).
It is worth observing now that G =2 B¢(S,n). Let C denote the set of words in the alphabet S representing

elements of Tor(G).

The proof of proposition I11.4 yields the following:
Remark V.2. The set C is partial-Burnside.

We now give a graded presentation for G. Let Ly = Ry = 0, and let G(0) be the free group on S. Now,
suppose that R;, L; and G(i) = (8|R;) have been defined. Then we choose a maximal set L C C of i+ 1
letter words simple in rank i with the property that if A,B € L;| and A is conjugate in rank i to B*!, then
A = B. Additionally, we choose Ljg| to include O (we will check in remark V.5 that Q is simple in rank
|Q| — 1). Now, for i+ 1 # |Q|, we define R;; | = R;U{R" : R € L;; 1 }. Next, we take Ljg* to be Lig| if Q € C
and to be Lig| — {Q} otherwise. We take Rjg = Rjg-1 U{R" :R€ Ligpx} U{wW 1w~} We define

G(i+1) = (S|Ris1). We set G(o0) = <§] QOR,->.

The elements of L; are periods of rank i. The relators R" are called relators of type 1, and the relators
wW ! and vW ! are relators of type 2. The corresponding cells are called cells of type 1 and type 2, respec-
tively. In cells of type 2, the sections labelled by powers of Q are called long sections, and all other sections

are called short.
Remark V.3. For i < |Q|, we can choose periods in such a way that the presentations G (i) and G(i) are

identical. In particular, we can apply lemmas IV.1 through IV.4 for the groups G(i) for i < |Q|.

We desire now to show that G(e0) = G and that our graded presentation satisfies condition R.

Lemma V.4. Words U and V in the alphabet S are equal (resp. conjugate) in Bc(S,n) if they are equal
(resp. conjugate) in G(o).

Proof. We observe that there is an epimorphism G(e0) — G = B¢(S,n) that fixes S. The isomorphism is
clear. Now, we need only to demonstrate the existence of an epimorphism G (o) — G fixing S. The rela-
tions in G(co) consist of wW~! =1, wW~! = 1, and relations of the form X" = 1 where X € C. The first
two relations appear in the presentation of G as well. Now, if X € C, then X is equal in G to an element

of Tor(B¢(S,n)), which must have order dividing n by theorem IIL.8. In particular, X" = 1 in G, and the
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desired epimorphism exists.

Now, if U and V are words over S which are equal (resp. conjugate) in G(oo), then U and V must have
the same image (resp. conjugate images) under our homomorphism G(e0) — B¢(S,n),i.e. U =V (resp. U

is conjugate to V) in B¢(S,n). O
Remark V.5. The word Q is simple in G(|Q| —1).

Proof. Assume to the contrary that Q is conjugate in G(|Q| — 1) to a power of a shorter word. Let U be
a shortest such word. By remark V.3, we can apply lemma IV.3 to conclude that U is a word over S. By
lemma V.4, Q must be conjugate in B¢ (S,n) to a power of U. If Q is simple in every G¢(i), this yields an
immediate contradiction. If Q is a period in G¢ (o), then U must have finite order, and is therefore conjugate
to a power of a period V. By lemma IIL.9, |V | < |U| < |Q|. Now, it follows that Q is conjugate to a power of
V, contradicting theorem IIL.8. O

Lemma V.6. The presentations G(i) and G(co) satisfy condition R from [091].

Proof. Conditions R1, R2, and R7 are immediate, simply requiring that n and ny be chosen large enough.
Conditions R5 and R6 are checked easily, since there are only two relations of the second type.

Now, of course we have the natural epimorphisms
G(1QI—1) = G(e2) = G = Bc(S,n).

Now, if T € (Q) in the group G(|Q| — 1), then the same would hold in B¢(S,7), and T and Q would commute
here; contradiction. This establishes R4.

Recall once more that we can apply lemma IV.4 in G(|Q| — 1). Suppose now that T is equal in G(|Q| — 1)
to a geodesic word U. We know that T contains only letters of S. By lemma IV.4, U contains only letters
from S. Then, by lemma V.4, T = U in B¢(S,n). Therefore, T is minimal in G(|Q| — 1) since T is geodesic
in B¢ (S,n). This establishes R3. O

Lemma V.7. G() =G.

Proof. We showed in the proof of lemma V.4 that there is an epimorphism G(«) — G that fixes S. There-
fore, all that remains is to show that there is an epimorphism G — G(o0) fixing S.

Recall that the relations in our presentation of G are wW~—! =1, W' =1, and X" = 1 for X € C. The
first two of these are also relations in G(e0). Now, suppose X € C and write |X| =i. If X is simple in
G(i—1), then X is conjugate in rank G(i — 1) to a period (or inverse of a period) of the first type of rank i,
and therefore X" = 1 in G(i). On the other hand, X could be conjugate in G(i — 1) to a power of a shorter
word; let U be a shortest such word. Since there is an epimorphism G(i — 1) — G, it follows that X is
conjugate to a power of U in G. Since X has finite order in G, so does U; hence U € C. Finally, X" = 1 in
G(i—1) since U" = 1 in G(|U]). Thus, the desired epimorphism exists. O
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Lemma V.8. Let A be a reduced circular diagram over G(o). If no S-letter appears in the contour label of

A, then no S-letter appears in the contour label of any R-cell.

Proof. Suppose to the contrary that there is a reduced circular diagram whose contour contains no S-letter,
while the label of some R-cell contains an S-letter. Let A’ be such a diagram having the minimum number
of R-cells. By theorem I1.58, A’ is a B-map. By corollary 11.24, A’ has a y-cell IT which is contiguous across
I to A with (IT,T",dA’) > 7. Therefore, by theorem I1.25, there is a cell 7 having a long section p which
is contiguous across a subdiagram Iy to dA’ with (p,Ty,dA’) > € and r(I'y) = 0. First, note that & cannot
be a cell of type 2, for every long section is labelled by a word consisting only of S-letters. Consequently,
7 has type 1, and p = dx. Since € > l, every letter that appears in Lab(d ) also appears in Lab(dn AT)
and hence in Lab(dA') as well. In pzl:rticular, Lab(dm) cannot contain any S-letters. Excising 7 and Iy,
we obtain a reduced circular diagram with fewer R-cells than A’ whose contour label contains no S-letters,
but in which there is some R-cell whose contour label contains an S-letter. This contradicts our minimality

assumption about A'. O

We are almost ready to prove one of our main results about subgroups of partial-Burnside groups. First,

we recall:

Lemma V.9. [Lemma 27.3, [091]] Suppose that H is a noncyclic subgroup of Bc(S,n). Then some conju-
gate of H contains noncommuting words Q and T where |T| < 3|Q| and Q is a period or is simple in every

rank.

Theorem L.5. Let H be a noncyclic subgroup of a partial-Burnside group G of large, odd partial-exponent

n. Then H contains a noncyclic partial-Burnside group of partial-exponent n.

Proof. Let Q and T be noncommuting words as in V.9. Now, we make use of our presentation G(eo) for the
partial-Burnside group G = B¢(S,n). We claim that w and v generate a partial-Burnside group lying in a
conjugate of H. Since G is partial-Burnside, every torsion element has order dividing »n; consequently, every

torsion element of (v,w) has order dividing n.

Suppose that a word X (v,w) = 1. Then there is a reduced circular diagram A over G(e) with contour
label X (v,w). By lemma V.8, no R-cell contains an S-letter in its contour label. Therefore, every R-cell of A
is labelled by a word of the form Y (v,w)". Hence, X (v,w) = 1 is a consequence of n-th power relations, and

(v,w) is partial-Burnside (of partial-exponent 7). By lemma V.9, (v, w) lies in a conjugate of H. O

Corollary 1.6. Every noncyclic torsion subgroup of a partial-Burnside group of sufficiently large, odd

partial-exponent n contains a noncyclic free Burnside group of exponent n.

Corollary 1.7. Every noncyclic torsion-free subgroup of a partial-Burnside group of sufficiently large odd

partial exponent contains a noncyclic free subgroup.

Proposition V.10. Let C be a partial-Burnside set over S and p : B¢(S,n) — B(S,n) be the natural projec-
tion. If H < B(S,n) is a noncyclic subgroup in which no nontrivial element is represented by a power of a

word of C, then p~'(H) < B¢(S,n) contains a noncyclic free group.

27



Proof. By theorem 1.7, it suffices to show that p~!(H) is torsion-free. Let A € F be a word representing
a nontrivial element of B¢ (S,n). If A has finite order, then A = ZB*Z~! in B¢(S,n) for some period B and
some integer k by theorem I11.8. Since Z~!(ZBZ~!)Z = B € C, it follows from lemma III.1 that ZBZ~! € C.
The word A can be represented in B¢ (S,n) a power of an element of C. Consequently, A can be represented
in B(S,n) by a power of an element of C. Therefore, A does not represent an element of H, and A does not

represent an element of p~! (H). We conclude that every nontrivial element of p~!(H) has infinite order. [J
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CHAPTER VI
PERIODS AVOIDING SOME NORMAL SUBGROUP

In theorem 39.4 of [O91], Olshanskii gives an example of a characteristic subgroup "F of the free group
F such that the quotient F/"F contains a noncyclic free subgroup. This group was defined as follows: Let
F = F(S), the free group on S. We say that a word is congruent to 0 mod # if in this word every letter of
S has exponents summing to a multiple of n (please note that this notation conflicts with that of [O91] -
Olshanskii called such words congruent to 1 mod n). Let "F be the subgroup of F' generated by the set of
nth powers of words that are not congruent to 0 mod n. In our notation, we have F /"F = B¢(S,n) where C is
the set of words not congruent to 0 mod n. The reader should note that ”F is a characteristic subgroup of F
that is not verbal; in fact, Olshanskii showed that F /"F contains a noncyclic free subgroup. We will extend
this result, showing that when n is a large prime, every noncyclic subgroup of F/"F contains a noncyclic

free subgroup. To help motivate our discussion, note that C avoids the normal subgroup F"[F,F] > F" of F.

Let N be a normal subgroup of F = F(S) containing F". Let M be the normal subgroup of F generated
by {T": T ¢ N}. In order to investigate F/M, we will first recognize it as a partial-Burnside group.

Lemma VIL.1. The set F — N is a partial-Burnside set, and F /M = Br_y(S,n).

Proof. Condition C1 is completely trivial: if x =y in F, then x € N < y € N. Condition C2 is similarly
simple: x € N = zx*z~! € N, therefore zx*z~! ¢ N = x ¢ N. To establish condition C3, simply observe that
w" € F* C N for every w. Therefore, u € N < uw" € N. This shows that F' — N is a partial-Burnside set.

It is immediate from the definitions of Br_y(S,n) and F /M that these groups are isomorphic, as they are

given by the same presentation. O

Henceforth, we will write /M = Bp_y(S,n) since there is a natural isomorphism fixing the generating

set S. It is clear that every element of F — N represents an element of F' /M whose order divides n.
Lemma VI.2. The group N/M does not contain an element of order n.

Proof. Suppose X € N/M has order n. Of course, X is represented by some word A € N. By theorem IIL.8,
A is conjugate in F /M = Br_y(S,n) to a power B/ of a period B. The conjugates A and B/ must have the
same order, namely 7. Since B has order n by theorem III.8, j must be relatively prime to n, and B = A* in
F /M for some k. Thus, B is freely equal to AX HViRl-i”V-’l, where each R; is a period. But R} € F" C N and

1

the period B € F — N. Therefore, A¥ € F — N, sothat A € F — N, which is a contradiction. O]

Proposition VL.3. If F /M contains a nontrivial normal torsion subgroup, then N /M is trivial and N = F".
Consequently, F /M = B(S,n).

Proof. Suppose that K is a nontrivial normal torsion subgroup of F /M. Then KN (N/M) is a normal torsion
subgroup of F /M. By lemma V1.2, KN (N /M) cannot contain a noncyclic free Burnside group of exponent
n. By theorem 1.6, K N (N/M) must be cyclic.
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Next, we will show that no nontrivial finite normal subgroup of F' /M is cyclic. Indeed, suppose the nontriv-
ial finite cyclic group (A) is normal in F /M. We can write A = ZB*Z~! for some period B. By normality,
for each V we have VB*V~! = B¥ for some I (depending on V, perhaps). By proposition IIL8, it follows
that VBV ! = B* for every V. But this implies by theorem III.10 that F /M is cyclic; contradiction. In
particular, we conclude now that K is noncyclic and that KN (N/M) = (1).

Since normal subgroups K and N/M intersect trivially, G contains K x (N/M). The centralizer of each
element of N/M therefore contains the noncyclic group K. Since centralizers of nontrivial elements are
cyclic (theorem II1.10), it follows that N/M is trivial. Therefore, N = M. But N > F" by hypothesis, and
F" > M by the definition of M, so N = M = F". Therefore, F /M = F /F" = B(S,n). O

For each letter s € S, let ¢,(U) denote the sum of the exponents of s in the word U. We say that a word

U is primitive mod 7 if gcdeg(U) is relatively prime to n.
seS

Lemma VI.4. Let H < B¢(S,n) be noncyclic and let P be a normal subgroup of Bc(S,n). Suppose HN P

contains an element AF # 1 where A is a period or is simple in every rank. Then H NP contains a conjugate

of a nontrivial power B' of an element B, where |B| > |A|, and B is a period or is simple in every rank.

Proof. Of course if A is a period, then <Ak > = <A”/ J > for some odd number j > 1. In particular, AMU=1/2] ¢
j—1
n(]2 - ) < g Thus, we may assume g <k< g On the other hand, if A has infinite order,
J
then H N P will contain arbitrarily large powers of A. Thus, in either case, we may assume k > g

HﬂP,andgg

Since H is not cyclic, it follows from lemma III.10 that there is a word V € H that does not commute
with A¥. Now, by theorem IIL.8, [A¥,V] € HN P is conjugate in Bc(S,n) to some B', where B is a period of
Bc¢(S,n) and 0 < [ < n or B has infinite order and is simple in every rank. Now, this conjugacy has a reduced
diagram on an annulus with contours pg and go labelled by B! and [A¥,V]~! = VAKV 1A=k, respectively.
Decompose g = t1q1t2q2, where Lab(t;) =V = Lab(t) ! and Lab(q,) = A* = Lab(g,)~'. Identifying sec-
tions #; and ¢, ! we obtain a diagram on a sphere with three holes, which we may reduce to form a reduced
diagram A (of some rank) on a sphere with three holes, having contours with p,q, r with labels A%, A=K,
and B!, respectively.

Now, if A or B is a period of rank not exceeding r(Ap), we apply lemma I1.44 and obtain a reduced
diagram A with contours (abusing notation) p,q,r with labels A%, A=%™" and B¥ where no cells are A-
compatible with p or ¢, no cells are B-compatible with r, u = k modulo n, and v =/ modulo n. If A is
a period of rank greater than r(A), then A is simple in rank r(Ap), and we simply take u = k and x = 0.
Similarly for B. By theorems I1.56 and I1.57, A is an A-map with p, ¢, and r smooth sections of ranks |A|,
|A|, and |B

n
, respectively. Now, we note that |u|,| — u +xn| > 3 > 100{~!. In the case when A is a period

2
of rank < r(Ay), this uses the observation that both # and —u + xn are between g and ?n modulo z. In the

o . n
other case, it simply follows since we have u > 3’ and x = 0.

30



Figure VI.1:  Converting the annular diagram to a diagram on a sphere with three holes

Unless A = B, we have |v| < 100{~! by lemma I1.60. Now, lemma IL.61 guarantees that 100§ ~!|B| >

2
‘:3”|A|, o that [B| > " [A| > |A| (LPP n~! < ©).

BY| > C|AY| >
B 2 ¢Ja"| > -

On the other hand, if A = B, lemma IL.61 says we must have |v|- |A| = |[AY| > {|AY| > C3n
¢

it follows that |v| > ?n > 100!, It follows that A is a G-map and by lemma I1.34, there is a conti-

|A|, from which

guity I' joining two of the contours §; and g, (or one contour to itself) with degree at least % Using
our standard decomposition of contiguity submaps, we write d(g;,I',g2) = wiziwazz. By lemma I1.32,
lwil,|wa| < 2he"'|A| < {n|A|. Of course, the submap I of an A-map is also an A-map by lemma I1.17.
Now, by lemma I1.30, (T') < |A|. If Lab(z;) and Lab(zz) both have period A, or both have period A~!, we

71| _ 1008 7'(A
> ’1(]()1(’) > lz;OOH = ¢{~!A|. On the other hand, if Lab(z;) has period

A and Lab(z>) has period A~!, then we apply lemma I1.62, and z; and z, are A-compatible. Then, cutting in

contradict lemma I1.63, since |z |

A along the simple path from the definition of compatibility, we arrive at an annular diagram of one of two
types. One possibility is that we have an annular diagram with one contour label equal to 1 in rank i and the
other contour label equal to A”; but this is impossible since A” # 1. The other possibility is that one contour
label is equal in rank i to A¥** and the other to AT; but this would imply that A¥** is conjugate to A*“. By
theorem IIL.8, this would imply that A¥ = 1, a contradiction. O

Proposition VL5. Suppose that n = p is prime, H < F /M is noncyclic and it intersects N /M nontrivially.
Then HN (N /M) contains a noncyclic free group.

Proof. By lemma VI.2, no element of H N (N/M) < N/M has order p. Since p is prime, every nontrivial
element of H N (N/M) must therefore have infinite order. Thus, by theorem 1.7, we only need to show that
HN(N/M) is noncyclic. This follows immediately from lemma VIL.4. O
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Proposition VI.6. Let C be a partial-Burnside set over S such that every word of C is primitive mod n. Then

every noncyclic subgroup of B¢(S,n) contains a noncyclic free subgroup.

Proof. Let U and V be words that do not commute in B¢ (S,n). By theorem 1.7, we need only show that
(U,V) contains a noncyclic torsion-free subgroup. To accomplish this, we will construct noncommuting
words of (U,V) that are congruent to 0 mod n. We note once and for all that F"[F, F] projects naturally
onto a normal subgroup P of B¢(S,n) and that a word is congruent to 0 mod # if and only if it represents an

element of P.

Suppose U and V are conjugate to nontrivial powers of words Uy and V; that are periods or simple in every
rank, with |Up| > |Vp|. By lemma VL4, (U, V) contains a word U* congruent to 0 mod n that is conjugate to

a nontrivial power of Uj, where |U;j| > |Up| and Uj is a period or is simple in every rank.

We claim that U* does not commute with V. Indeed, if they did commute, then there would be some Z
such that U; and Vj are conjugates of powers of Z, by theorem II1.8. We can assume that Z is a shortest such
word. By the definition of simplicity together with theorem III.8 and lemma III.9, it follows that Z is simple

in every rank or is a period of some rank. Therefore, we must have |U;| = |Z| = |Vy|, a contradiction.

Now, we have shown that (U*,V) is noncyclic. By lemma VI.4, (U*,V) contains a word V* congruent
to 0 mod ~ that is conjugate to a nontrivial power of V', where |V;| > |U;| and Vj is a period or is simple

in every rank. Repeating the argument of the previous paragraph, U* and V* do not commute.

Now, the noncyclic group (U*,V*) consists of words that are congruent to 0 mod n. If such a word W
has finite order, it is conjugate to a power AX of a period A, by theorem III.8. Since W is congruent to 0 mod
n, so is AK. Therefore,

nles(AY) = |kles(A)

for each s € S. This implies that n|kgcdes(A). Since periods are primitive mod n, it follows that n|k, and
seS

AK = 1. This shows that (U*,V*) is torsion-free, and so contains a noncyclic free group. 0

Corollary VL.7. If n is a large prime, then every noncyclic subgroup of F /"F contains a noncyclic free
subgroup.
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CHAPTER VII
HYPERBOLICITY AND LACUNARY HYPERBOLICITY

Hyperbolic groups have some very simple properties, and have consequently been useful in studying
more complicated groups. Therefore, it is no surprise that we can derive interesting theorems about partial-
Burnside groups by noticing that our approximations G¢(r) are hyperbolic (when S is finite). Additionally,
we study conditions in which partial-Burnside groups are lacunary hyperbolic. The results of this section

will prove useful when we return to the topic of subgroups of partial-Burnside groups in the next section.

Given a group G with generating set S, its Cayley graph I'(G,S) with respect to the generating set S is a
graph with vertex set G and edge set G x ST!. The directed edge (g, s) begins at g and ends at gs. To define a
metric in the Cayley graph, we begin by defining a metric on each edge. Each edge, which is homeomorphic
to [0, 1], is endowed with a metric making it isometric to [0, 1]. The distance between any two points in the
Cayley graph is simply the length of the shortest path joining them. In particular, the distance between two

vertices is the minimum number of edges in a path between them.

A group G with finite generating set S is called hyperbolic if there exists a number & > 0 such that, given any
geodesic triangle in the Cayley graph I'(G,S), each side is contained in the closed §-neighborhood of the
union of the other two sides. Hyperbolicity is a property of the group; it does not depend on the particular

finite generating set chosen.

Lemma VIL.1. Suppose that x is a geodesic section of a reduced circular diagram A over G¢(r). Then x is
smooth of rank M = [(1+y)~' (2§ + 1)n*r|.

Proof. Of course, every subpath of x is geodesic. If there is a contiguity submap I' of an R-cell II to
s1x182| < (28 +1)|90] < (2§ + 1)nr. Since x is
geodesic, we must have |I' Ax| = |x2| < |six152] < (28 + 1)nr. It follows that x is smooth of rank M =
[(1+9) "2+ 1)nr]. -

x, we write d(IL,I",x) = sjx;sox2. By lemma II.18,

Proposition VIL2. Suppose A is a reduced circular diagram over G¢(r) with dA = abe, where a,b,c are

geodesic. Then triangle abc is (n3r + %) -thin.

Proof. Let A be a reduced diagram over G¢(r) with dA = abc where a, b, ¢ are geodesics. First, we dispense
with the case when A does not contain an R-cell. In this case, each vertex of an S-edge in dA is joined by a
zero bond to a vertex on another side. Since each point of dA is within % of a vertex of an S-edge, it follows
that triangle abc is %—thin, and % <ndr+ % In particular, we have treated the case r = 0. Henceforth, we
may assume r > 0.
Suppose now that |a| < 3rn. In this case, we will O-refine A, writing dA = abpc where |p| = 0.

By lemma VIL1, b and ¢ are smooth of rank M = [(1+7)~'(2{ + 1)n*r|. By lemma I1.29, any point of
b (resp. ¢) can be joined to some point of ¢ (resp. b) by a path of length at most y~'M < n’r. Of course, every
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Figure VII.1: A zero-refinement of a circular diagram with three sections

3
point of a is joined to b U ¢ by a path of length at most % <y 'M < n’r. Thus, if min(|a|, |b|,|c|) < 3rn,

then abc is Y~ ' M-thin, and hence n’r-thin as well.

Henceforth, we can assume that |al, |b|,|c| > 3rn. Now, we choose a geodesic x with x_ on ¢ and x,
on a in such a way that |x| < rn and such that |cjag| is maximized subject to this constraint, where ¢ is the
subpath of ¢ beginning at x_ and ending at ¢ and ag is the subpath of a beginning at a_ and ending at x_ .
Similarly, we choose geodesics y and z joining a to b and b to ¢ respectively, in such a way that |y|,|z| < rn
and |a;bo| and |bjcp| are maximized, where a; is the subpath of a beginning at y_ and ending at a.., by is
the subpath of b beginning at b_ and ending at y, b; is the subpath of » beginning at z_ and ending at b,

and ¢y is the subpath of ¢ beginning at ¢_ and ending at z,. We decompose a = apd’a;, b = byb'b;, and
c=coccy.

Figure VII.2:  Short corner cuts in a circular diagram whose contour is a geodesic triangle

Suppose |d’| < rn. Let g be a geodesic joining y to x_. Then |g| < 3rn by the triangle inequality. As
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we showed two paragraphs ago, triangle (b'b;)(coc’)g~! is Y~ 'M-thin. Consequently, every point of b'b,
is within y~'M + 3rn < n’r of coc’, and vice-versa. Similarly, since |x| < rn (resp. |z| < rn), the triangle
crapx! (resp. alboy_l) is y‘lM—thin. Therefore, every point of ag (resp. ajp) is within y‘lM +rm<n’r
of ¢; (resp. bg) and vice-versa. Finally, every point of @' is clearly within 2rn < n’r of b. Thus, if

min(|d|, ||, |c'|) < rn, then abc is n®r-thin.
From here on, we may assume |@'|,|b'|,|c’| > rn. Let A’ be the diagram with contour a’yb'zc'x.

If A’ contains no R-cells, then each vertex of a’ is connected another side of the hexagon by a zero bond. Ad-
ditionally, each point of ¢’ is within § of a vertex, and each point of &’ Uc’ UxUyUz is within max (x|, |y|, |z]) <
rn of b’ U¢’ Thus, each point of @’ is within rn+ 1 < n®r of ' U¢’. Similarly, each point of &' is within n*r of

@' Uc’ and each point of ¢’ is within nr of @’ Ub'. Thus, if A’ contains no R-cells, then triangle abc is n’r-thin.

Suppose now that A’ contains an R-cell. Then, by corollary I1.23, A’ contains a y-cell 7. Consequently,
there are contiguities I'1,1,13,1'4,I's,I’g of 7 to a’,b’,c’,x,y,z (some may be absent) such that the sum
of the degrees is more than ¥. If we ignore the contiguities I'; with degree less than &, the degrees of the
remaining contiguity submaps sum to more that ¥ — 6g > B. Since side of the hexagon is geodesic, and
therefore smooth, it follows from lemma II.21 that none of the contiguities I'; have degree exceeding @;

hence at least two of the contiguities exist.

Case 1: There are contiguities 'y and I'; of 7 to two of @, b, and ¢’ (say, @’ and b') with (7,T'y,d’), (7, 12,b") >
g. Write d(,T',d') = s1t152t2 and 9(7,Ta,b') = s't's%%. Write dm = u(t!) vt .

Figure VIL.3: Contiguities in the hexagon to two of the triangle’s sides

By lemmall.18, |s'vsy| < (2 +1—2¢)|d7| < rn. By lemmall.19, |t,| > (1—-28)|t;| > (1—-28)e|dn| >
0, and this contradicts our choice of y. Therefore, this case is impossible.

Case 2: There are contiguities I'; and ', of degree at least € to opposite sides of the hexagon, say to @’
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and z, respectively. Write d(7,I'y,d") = sit}sit), d(w,T,2) = sitsst3, om = (¢]) " u(}) v, z = z1t3 20,
and @' = At} A,. Let Ty be a geodesic joining (s}); to (s?)_, let T; be a geodesic joining @’ to (s?)_, and

let 75 be a geodesic joining x_ to (s7)_.

Figure VIL.4: Contiguities to opposite sides of the hexagon

By the triangle inequality and lemma I1.18, |Tp| < |s?vs}| < (2 + 1 —2¢) < rn. Therefore, triangle
AlTon1 is y~'M-thin, and each point of A (resp. T}) is within y~'M + rn of some point of 7 (resp. A1).
Similarly, |x| < rn and |z;| < rn, and these statements imply that triangles x7; Tz’1 and ¢'T»z, are Y~ ' M-thin.
Therefore, every point of T} (resp. T») is within y~'M + rn of T5 (resp. T), and every point of T» (resp. c’)
is within y~'M + rn of ¢’ (resp. T»). Putting these estimates together, every point of A; (resp. ¢’) is within
3(y "M+ rn) < n’rof ¢ (resp. Ay). Likewise, every point of A, (resp. ') is within 3(y~'M +rn) < n’r of
b’ (resp. Ay).

Finally, since (7,T'1,a') < @& by lemma I1.21, it follows from lemma IL.19 that |tJ| < (1+2B)|¢}| < (1 +
2B)@|dx| < rn. Thus, every point of #J is within 3y~ 'M +4rn < n®r of ¢’. Therefore, in this case, triangle

abc is n®r-thin.

Case 3: There are contiguities I'; and I, of degree at least € of & to two of x,y,z, say y and x respec-
tively. Write 9(7,[y,y) = sitlsit), o(7,Ta,x) = s?t3s363, om = (¢]) " 'u(e?) v, y = yitdys, and x = x1 3.
Let 71 be a geodesic from x_ to y, and let 7; be a geodesic from z4 to y...

W l(sh) ™ty < 2rm+ (28 +1-2¢)| 97| <

3rn. Similarly, |a'| < 3rn. Since |Ti| < 3rn, triangle T; T, '¢’ is y~' M-thin, and every point of ¢’ (resp. T>) is

From the triangle inequality and lemma I1.18, | 7| < |x; (s3)~
within }/_IM +3rn of Tr (resp. ¢'). Since |z| < rn, triangle T2’z is y‘lM—thin, and every point of 75 (resp.
') is within y'M + rn of b’ (resp. T»). Combining these estimates, every point of ¢’ (resp. b’) is within
2y 'M +4rn < n’r of b (resp. ). Finally, since |a| < 3rn, it follows that every point of @’ is connected to

a point of &’ by a path of length at most |a’y| < 4rn < n’r. Therefore, in this case, triangle abc is n’r-thin.

Case 4: There are contiguities I'; and ', of degree at least € of 7 to adjacent sides of the hexagon, say to a’
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Figure VIL.5: Contiguities in the hexagon to two corner cuts

and y, respectively, such that (7,T'y,a’) + (7, T1,y) > B. Write d(,T'y,d') = slt} s, 9(x,Ta,y) = 52125313,
om =u(?)"w(t])™!, and y = y13y».

Figure VII.6: Contiguities to adjacent sides of the hexagon
By lemma II.18,
[(s2) v (1) < (28 + B)lom]. (VIL1)

= 1 1
By lemma I1.21, (n,I',d) < @, so (w,I2,y) > B —a = 3 -B—a> 3 Therefore, lemma II.18 implies

1-2
that |5| > (1 —2B)|¢}] > 3 P |07|. Combining this with (VIL.1), we see that |(s})~v=1(s}) 71| < (2¢ +
3
B) 28 |t3] < 4B|13|. Therefore, |(s?vs})~lya| < |y| < rn. Since [t} > (1 —2pB)|t}| > 0 by lemma IL18,
this contradicts our choice of y. Therefore, this case is impossible. O

Proposition VIL3. The partial-Burnside presentation G¢(r) is (n3r + 1) -hyperbolic.
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Proof. Consider a geodesic triangle abc in the Cayley graph I'(G¢(r),S), where a, b, ¢ are the sides of the
triangle. If a vertex of the triangle, say a; = b_ is not a vertex of the Cayley graph, then there is a vertex V
of the Cayley graph that is on both a and b such that a coincides with b~! between V and a, . Therefore, it
suffices to consider triangles whose vertices are vertices of the Cayley graph.

Since closed paths in Cayley graphs have trivial label, Lab(a)Lab(b)Lab(c) = 1 in G¢(r). Therefore, there
is a reduced circular diagram A over G¢(r) whose contour label is Lab(a)Lab(b)Lab(c). Write dA = a'b'¢’
where Lab(a') = Lab(a), Lab(b") = Lab(b), and Lab(c') = Lab(c). Since a, b, c are geodesic, so are a’,b’,c’.

There is a natural mapping ¢ from the diagram A to the Cayley graph. Let ¢ (a’_) = a_ and let ¢ be a graph
morphism that respects edge labels. In other words, if ¢’ is an S-edge in A its image ¢ (¢’) will be the edge
in the Cayley graph such that ¢(¢')_ = ¢(e’) and Lab(¢(e’)) = Lab(e’). It follows that ¢ (') = ¢(€/,).
Let ¢ map 0-edges to vertices. Since nullhomotopic loops in A have trivial contour label, and every path in
the Cayley graph with trivial label is closed, it follows that ¢ is well-defined. It is apparent that a’,b’, ¢’ are

mapped surjectively onto a, b, ¢, respectively.

Let A be a vertex of I" on the geodesic a. Then some vertex A’ of @' is mapped to A by ¢. By proposi-

tion VIL2, there is a path d in A from A to ' U¢’ with |d| < n*r+ 1. Then ¢(d) is a pathin I" from A to bUc
1

with ¢ (d) < n’r. Since every point of I is within 3 of a vertex, it follows that every point on a is connected

to bUc by a path of length at most 77 + 1. The same argument works for sides » and ¢ as well. O
This result allows us to characterize the hyperbolic partial-Burnside groups of large, odd partial-exponent.

Theorem VIL.4. Let G be a finitely generated partial-Burnside group of large, odd partial-exponent n. The
following are equivalent:

(a) G is hyperbolic.

(b) G has finitely many conjugacy classes of torsion elements.

(c) Every minimal partial-Burnside presentation of G is finite.

(d) G is finitely presentable.

Proof. (a) = (b): This implication is well-known. For instance, see [Gr].

(b) = (c): We prove the contrapositive. Suppose that G has a minimal partial-Burnside presentation G¢(eo)
with infinitely many relators. Since each relator in G¢(e0) is the n-th power of a period, there are infinitely
many periods, each of which is a torsion element. By theorem III.8, different periods are not conjugate to
one another. Consequently, there are infinitely many conjugacy classes of torsion elements.

(c) = (d): Trivial.

(d) = (a): Let G¢(oo) be a fixed minimal partial-Burnside presentation of G. If G is finitely presentable,
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then it has a finite presentation consisting only of generators and relations that are present in G¢ (o). Conse-

quently, G has a finite presentation of the form G¢(r). Therefore, G is hyperbolic by proposition VIL.3. [

In [OOS], Olshanskii, Osin, and Sapir consider a generalization of hyperbolic groups. In order to make
the generalization clear, let us recall a characterization of hyperbolic groups. A finitely generated group
is hyperbolic if and only if every asymptotic cone is an R-tree. In the appendix of [OOS], Kapovich and
Kleiner show that a finitely presented group is hyperbolic if and only if at least one of its asymptotic cones

is an R-tree.

Definition VIL.5. A finitely generated group is called lacunary hyperbolic if and only if at least one of its
asymptotic cones is an R-tree.

Definition VII.6. Given a homomorphism f : G — H, the injectivity radius of f with repect to the finite
generating set S of G, denoted by rg(f), is the maximum radius of a ball in the Cayley graph I'(G,S) upon

which f is injective.

Theorem VIL.7. (Theorem 3.3 [OOS]) A finitely generated group is lacunary hyperbolic if and only if it is

a direct limit of a sequence of finitely generated groups and epimorphisms
GA16%. ..

such that each group G; is generated by a finite set S;, a(S;) = Si+1, and each G; is §;-hyperbolic, where
6,' = o(rgl.(a,-)).

This theorem permits an identification of lacunary hyperbolic partial-Burnside groups of large, odd
partial-exponent. Essentially, a partial-Burnside group is lacunary hyperbolic if its periods are spaced suffi-

ciently far apart.

Theorem VIL8. Let G be a partial-Burnside group of large, odd partial-exponent n. Suppose G has a
minimal partial-Burnside presentation G¢ (o) with finite generating set S and the integers which lengths of

periods are ay < ay < ---. If a; = o(a;j+1), then G is lacunary hyperbolic.

Proof. First, G¢(eo) is a limit of the sequence G¢(a;) — Ge(az) — ---. By proposition VIL.3 each group
Gel(ap) is (n3a,- + 1)—hyperbolic.

Next, we need to find the injectivity radius of the natural projection G¢(a;) — Ge(aiy1). Suppose that
W =V in G¢(a;y 1) but notin Ge(a;). Then WV~ = 1 in G¢(a;y1). In particular, there is a reduced circular
diagram A over G¢(a;11) with contour label WV !, Since WV~! # 1 in G¢(a;), there is no such diagram

over G¢(a;). Consequently, A must contain a cell of rank a;;1. By corollary I1.27, |0A| > Baiy1n. Thus,

one of W,V has length at least ﬁai;ln > by Hence, the injectivity radius is greater than #. Since
a; = o(ajy 1), it follows that na; +1 =0 (aiHn). By theorem VIL.7, G is lacunary hyperbolic. O
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CHAPTER VIII
FINITELY PRESENTED SUBGROUPS OF PARTIAL-BURNSIDE GROUPS

In order to investigate finitely presented subgroups of partial-Burnside groups, it is useful to first recall

a few facts about elementary groups.

Recall that a group is called elementary if it has a finite index cyclic subgroup.

Theorem VIIL.1. [/Gr]] Every nonelementary subgroup of a hyperbolic group contains a noncyclic free
subgroup.

Proposition VIIL2. Every elementary subgroup of Bc(S,n) is cyclic.

Proof. Let H be a noncyclic subgroup of B¢ (S,n). We will show that H is not elementary. Let A € H. By

theorem I11.8, A = ZB*Z~! in B¢(S,n), where B is a period of some rank or B is simple in every rank.

From here, we proceed in two cases. First, suppose that B is simple in every rank. By proposition II1.10,
every centralizer in B¢(S,n) is cyclic. Since H is not cyclic, it follows by theorem III.12 that there exists
D € H that does not commute with ZB¥Z~!. By theorem IIL8, for every integer /, D and ZB’*Z~! do not
commute in Bc(S,n). We claim that the elements Y, = [D,ZB%"Z~1] for ¢ = 1,2, ... are representatives of
distinct cosets of <ZBkZ_1> in H.

Indeed, the equation Y, = Y, ZB' Z~! is equivalent to the equation
[D,zZB\W0—1)knz=1] — 7B 71,

This equation has a reduced diagram A on a sphere with 3 holes with contours labeled by B(40—41)kn

Bl@i—a0)kn and B, Since B is simple in rank r(A), it follows from theorems I1.56 and I1.57 that each contour
is smooth of rank |B|. Since |(go —q1)n| > n > 100!, we have || < 100{~! by lemma I1.60. So lemma
11.61 now says 100§ ~!|B| > |B'| > ¢|B\%0~9)%"| > n{|B|. The contradiction |B| > |B| follows quickly. Thus,
Y,, and ¥,, are representatives of different cosets of (ZB*Z~'), and [H : (A)] = [H : (ZBZ™")] = co.

The other case to consider is when B is a period of some rank. In this case, (A) = <ZB"Z*1> is finite

by theorem II1.8. By proposition III.12, H is infinite since it is not cyclic. Therefore, [H : (A)] = oo.

Therefore, the noncyclic group H < B¢(S,n) is not elementary. 0

Since the groups G¢ (i) are partial-Burnside, we immediately obtain:
Corollary VIIL3. If S is finite, then every elementary subgroup of G¢(i) = BL(S,n) is cyclic.

Lemma VIIL4. If H is a finitely generated subgroup of the partial-Burnside group Bc(S,n), then H is a

subgroup of a finitely generated partial-Burnside group of partial-exponent n.
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Proof. Let H = (X|R), with X finite. For each x € X, we can write x = w,(S) for some word w,. Let

§'= U {s€S:s"" appears in w,}. Of course §' is finite since X is finite and each w, has only finitely
xeX

many letters. By lemma IV.2, each relator R € R is a consequence of relators of B¢(S,n) which contain
only letters of §'. Once we observe that C' = F(S') NC is a partial-Burnside set of partial-exponent n over
§', it follows that each relator R € R is a consequence of the relators of B¢ (S',n). By Dyck’s theorem, there
is therefore a unique homomorphism H — B¢ (S',n) taking x — w, for each x € X. Similarly, there is a
homomorphism B¢ (S',n) — Bce(S,n) fixing S’. Consequently, the composition H — B¢/(S',n) — Bc(S,n)
takes x — w, for each x € X; however, our composition coincides with the embedding of H into B¢(S,n).
Thus, H is embedded in B¢ (S, n). O

Theorem L.8. Suppose that H is a noncyclic finitely presented subgroup of a partial-Burnside group of large

odd partial exponent n. Then H contains a noncyclic free group.

Proof. Let H = (X,R) be a finite presentation of H. By lemma VIIL4, H is a subgroup of a finitely gener-
ated partial-Burnside group B¢ (S,n). Now, each relator R € fR is a consequence of finitely many relators of
B¢ (S,n). Consequently, for some i, every relator R € R is a consequence of the relators of G¢(i). Arguing

as in the proof of lemma VIIL4, we see that H is a subgroup of G¢(i).

Since H is noncyclic, corollary VIIL.3 implies that H is not elementary. Since G¢(i) is hyperbolic by
proposition VII.3, we therefore conclude by theorem VIII.1 that H contains a noncyclic free subgroup. [

Corollary L.9. Every finitely presented subgroup of a free Burnside group of sufficiently large odd exponent

is cyclic.
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CHAPTER IX
SOME RESULTS ON MAPS

We will now establish some results about maps that will enable us to compute space and isodiametric
functions for partial-Burnside groups. These results are analogous to results from chapter 5 of [091], where
results are proved for 'narrow’ maps with contour piqp2q> with g, and ¢, smooth. While this is very
useful for contiguity diagrams between cells, we will later require similar results for contiguity diagrams to
the boundary of a map; in this case, we lose smoothness of one of the sections. Therefore, we will consider
‘narrow’ maps with contour piq;p>g> where g, is smooth and ¢g; satisfies a weaker property of being in

some sense ‘reduced.” We begin by making this precise.

Definition IX.1. Let g be a section of the contour of a map A and ® a positive number. Then ¢ is ®-reduced

in A if there is no R-cell in A which is contiguous to g with degree at least .

Lemma IX.2. Ler A be an A-map with contour piqip2q> where |p1|+ |p2| < Y|qz2| where g, is a smooth
section of dA and q, is (1 —2)-reduced in A. Then there is a 0-bond between q, and q, or there is an R-cell
I1 and disjoint contiguity submaps T'1,T from Il to qy,q> respectively, with (ILT1,q;) + (I1,T,q2) > B
(we call 1 a B-cell).

Proof. First suppose that r(A) = 0. Then each S-edge of JA is joined to a different edge of JA by a 0-bond.
First we note that no edges of g, are joined by a 0-bond. Indeed, if edges e and f of ¢, are adjacent, we can
find adjecent edges ¢’ and f’ where ¢'sf” is a subpath of ¢» and |s| = 0. But then (e)_ and (f) are joined by
a contiguity arc of length 0, contradicting the fact that the length 2 subpath ¢’s f” of the smooth section ¢, is
geodesic. Hence, each S-edge of ¢ is joined to an edge of p1g;p2 by a 0-bond. Since this correspondence

is injective and |g2| > |p1|+ |p2|, there is a 0-bond between ¢; and ¢».
Now, we deal with the case r(A) > 0. In this case, A has a y-cell by corollary 11.23. We proceed by

induction on the number of R-cells.

Case 1: There is a contiguity submap I" from 7 to p; (or p;) with (n,T,p;) > @ (or (T, p2) > @).
Write d (7, T, p;) = s1t152t2, let 7 denote the complement of #; in 7, and write p; = ut,v (or pa = utyv).

By lemma I1.20, |si7'so| < |t2|. Then, setting py = us, 'Ts; 'v, we have |p| = |u| + [s17 52| + |v| <
|u| +|t2| + [v| = |p1| and we can apply the induction hypothesis to the submap A with contour pq; p2g (or
P141P292)- Hence, the result holds for A.

Case 2a: There are disjoint contiguity submaps I', and I'; to p; (or p2) and ¢q; respectively with
(7,Tp,p1) + (7,0, q1) > 7. Write 9(,Ty,q1) = s't's*2, 9(x,T), p1) = sitisatz, O = wltywyt!, and
p1 = Vhi.

Since (7,Iy,q1) < 1 —2B, we have (7,I',,p1) > ¥— (1 —2B) =2B —y. By lemma IL19, || >
(B(2B —7y) —28)|97|. Also, |s'w 52| < (2{ +7)|d7| by lemma IL18.
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N

q,

Figure IX.1: A single contiguity to a short side

N

4,

Figure IX.2: A contiguity to g; and a contiguity to a short side

Note that 2§ +y < B(2B —¥) —2& (LPP 7), so |s'w] 's2| < |t2|. Now, set 5y = s, 'wy(s') 1. Now
51l +|p2| < 9]+ |2 + [p2| < [p1l+|p2| < Vgl

Thus, the result holds for subdiagram A with contour pjvp,g, and therefore for A.

Case 2b: There are disjoint contiguity submaps I', and I'; to p; (or p2) and g respectively with
(7,Tp,p1) + (,T4,q2) > 7. Write d(7,Tp, p1) = satisita, 9(m,Ty,q2) = s*t's't?, o = winw't!, py =
itrv, and g, = vi2u.

By lemma I1.21, we have (,I,q2) < &, so (7w,I'y,p1) > ¥— &. Therefore, by lemma IL.19 || >

(7—0—2B)|d7|. Set py = (s))'wys; 5. Now,

\p1] = |p1| = latz| — |sowy 's'| > ||+ (7— & — 2B — 28 — )| 97| (IX.1)
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Figure IX.3: A contiguity to g, and a contiguity to a short side

= lal + (5 27— a~2p ~20)lan),
since |s'|, |s2| < ¢|d7| by lemma I1.18 and |w;| < y|d7|.
By theorem I1.26,
2u| < B~ Masy 'w'e's'| < B (ja| + (2 + v+ &)|dx|) (IX.2)
since |sy],|s!| < {|d7| by lemma I1.18, |w!| < y|d 7| because 7 is a y-cell, and |¢!| < &|d 7| by lemma I1.21.

Since yB~! < 1land Y31 (2§ +y+a) < 3 —2y—a—28—2¢ (LPP y < B), it follows from (IX.1) and
(IX.2) that ¥(|g2| — [v]) = ¥lr*u| < |p1]| —|p1]. Hence,

21l Ipal = (pr[+1p2]) = (Ipr] = 121]) < ¥(la2] = (a2l = [vD) = vIv].

Now, the result holds for the submap A with contour j;q; p,v, and therefore for A.

Case 3: There are disjoint contiguity submaps I',I';,I"> of & to p; (or p»), g1, and g» respectively, with
degrees summing to more than 7. Write d(7,T1,q1) = plgipiql, (%, T2,q2) = pigp3q5, d(m,T,p1) =
sitisaty, O = wgiw' gw"t1, p1 = ptap, g2 = G242, and g1 = G134

Suppose (7,I,p;) > ¥— B = B — ¥ (otherwise, we have a B-cell as desired). By theorem I1.26 and
lemmas II.18 and I1.21,

4302] < B~"15(s2) " waipa| < B~H(|pl + (2 197| + [w] + 4i]))

<2|p|l+ (48 +2y+2a)|dn| < 2[p|+ (1 +3a)|dn| (LPP B).
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p,

Figure IX.4: Three contiguities - only one of them to a short side

Set 51 = (p3)~'w/(pl)~!. Using the preceding inequality together with the facts |w'| < y|d7| and |pi], |p3| <
{|dm|, it follows that

Yiadaal + 11| < 20181+ (14 30y +2¢ + )|ax| < |5l + (¢ +37)lax| < |5l + 5 o
By lemma IL19, || > (B(B —7) - 20)|0n| > £|3x] so that ¥g3as| + [p1] < Il + 5] < pi]. Now

Na2| = ¥(la2l = 143d21) > |p1l+|p2l — (Ip1] = |B1]) = |p1| + |p2|. Therefore, we can apply the induction
hypothesis to the diagram A with contour /1§ p2go.

4,

Figure IX.5: Contiguities to both short sides

Case 4: There are contiguity subdiagrams I'; and I'; of 7 to p; and p, respectively with (7,1, p;) +
(m,T2,p2) > y—B =pB—7. Set (m,Ty,p1) = sitisitd, d(m,Ta, p2) = s%tlzs%t%, on = wltllwztz, and p; =
pithpi.
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By lemma II.18 and theorem I1.26,

02|+ 123 > B(lri | +1i2]) — 48 |o7| > (B(B —7) —4{)|om].

Now,
Pl +|pal > 6| +15] + |1+ |52l > (B(B—v) —48)197| + 51|+ 52l

> 2B[o7|+[pi[+ P2l

Applying theorem I1.26 to the map with boundary 51 (s}) ~'wa(s?)~! p2g2 we obtain

Vg2l < vB~'|pi(sy) 'wa(st) ' bl

<yB'(1p1] +|p2| + (28 +1+y—B)|9x|) < |p1| + | p2| +2B| 97|

But these estimates contradict ¥|qa| > |p1]+ |p2|-

Now, we claim that these are all the possible cases. Indeed, if A has positive rank, then corollary
I1.23 tells us there are distinct contiguity submaps I'!, ..., T'* (some may be absent) to distinct sections, with
degrees summing to more than J. Case 4 rules out the possibility that there are contiguities to p; and p, with
degrees large enough to prevent the existence of a B-cell. In particular, if all four of the contiguity submaps
are present, we have a f-cell. Case 1 deals with the possibility that only one of the contiguity submaps
mentioned above is present. Case 2 and case 4 cover the possibility that exactly two of the contiguity
submaps are present, while cases 3 and 4 cover the possibility that exactly 3 are present. These are all the
possibilities. O

Lemma IX.3. Let A be an A-map with contour p1q; p2q2 where |p1| + |p2| < 7]q2
of rank k, and qy is (1 —23)-reduced in A. Then

1) there exist vertices o1 and 0 on g1 and gy and a path x joining them, with |x| < 2k;

, q2 is a smooth section

2) we can choose oy and 03 in such a way that the initial segment of q, ! (or of q2) up to oy is less than
Y ' (Ip1] +2k) (or than y~'(|pa| +2k)).

Proof. 1) If there is a 0-bond between g; and ¢, we can simply take x to be a side arc of the bond, in
which case |x| = 0. Otherwise, by lemma IX.2, A has a f3-cell & with contiguities I'; and I'; to ¢ and ¢»,
respectively, satisfying (7,1, q1) + (7,Ta,¢2) > B. Write (7, Ty,q1) = sitlslts, d(m,Ta,q2) = s3t35313,
and o7 = tlluztlzul.

Since (7, I'1,q1) < 1-2B < B, and (m,10,q0) < @ < B, it follows that both I'; and I, exist. We have
|st],|s3| < &|ox| by lemma 11.18 and |u|,|uz| < B|O7|. Taking x = s3u,'s} (or x = sbu;'s?), we have

x| < (28 +B)loxl.

Now, since (7,T'1,q1) < 1 —28B, we have (7,T2,¢2) > B > &. By lemma I1.19, |3| > (BB —2{)|dx|.
By definition of a smooth section, [£2| < (1+7)k. So, |x| < (28 + B)(BB —2&) ' (1 + y)k < 2k.
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P,

Figure IX.6: A B-cell

2) Write g1 = ujvy and g, = Uy lvg ! where o 1 and o, are the terminal points of u; and u, ! such that
01,07 are as in part 1, with |u;| minimal. Then there are no B-cells or 0-bonds between u; and u; in the

submap with contour pju;xu,. Therefore, by lemma IX.2, we have |p;| + 2k > |p1|+ |x| > 7|uz|- O

Lemma IX.4. Let A be an A-map with contour p1q; p2qa where |p1|,|p2| < Enk, gz is a smooth section of
rank k, and qy is (1 —2f)-reduced in A.

i) Then, we can divide A into submaps A; for i = 1,...,1 with dA; = piq(pi,,)~ "5, where p| = p\,
P = (p2) " [P}l < Enk, and |g5| < 2{nky~".

Additionally, if |q2| > Bnk, we have

i) yﬁll(pﬁﬂ)*lqu;] <lqi|— \q’l\ In particular, |0A;| < |q1| for each i. Also, Bnk < 2(|q1| — "111’)

Proof. i) By repeatedly applying the preceding lemma, we divide A into submaps A; with dA; = plq} (pl.|) ' ¢b,
where p| = p1, pj.; = (p2) ", |}l < {nk (since 2k < {nk), and |g5| < 2{nky~'.
ii) If |g2| > Bnk, then

lq2| = g5 = (B =28y " )nk. (IX.3)
The subpaths qé’l - -qé and q’2 . qé“ of the smooth section g, of rank k are themselves smooth of rank k, by
lemma I1.17. Therefore, we can apply theorem I1.26 to the maps with contours p q{q% S q’i_l ( p;)*lqé_l .. qé
and p} ¢ ¢l paghy -+ g5, and we obtain

Blas " qal <|pi| + i+ laiqi -4 | < 28nk+|qiqi g

and similarly
Blds- g5 <28nk+ gy - gi.

47



p p =)

A
A

4,

Figure IX.7: An A-map cut into thin pieces

Adding these inequalities and using the fact that |g5 ' --- g} |+ |gh - ¢5™'| = |q2| — | 43| and |¢}¢?
vy dh| = || = ld

, we obtain

B(lg2l —Iga) < 4Cnk+q1| — lqil.
Combining this inequality with (IX.3) and LPP ({ < 7, B < «), we obtain

Bnk

=< (B(B—28y™") —4)nk < g1 —|gi .

By the estimates in part 1 and LPP ({ < ),
— i — _ Bl’lk
Y g1+ P+ i) < 20mky (1) < 22
Combining the last two inequalities yields the desired result,
(P~ il < ¥(lg1l —lgi])

and it follows immediately that

19A;] = (i) ' dapil + 1t | < v(la1] = 1di]) + 14t ] < (la1] —|gi]) + g} | = |anl.

ar

O]

Lemma IX.5. Suppose that A is a circular A-map. Suppose further that O-cells are the only subdiagrams

with contour labels consisting only of 0-cells. If o is a vertex of A there is a path from o to dA with length

< 7]9A.

Proof. We proceed by induction on the number of R-cells. Suppose r(A) = 0. First, there is a path ¢ of
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length zero from o to an endpoint o’ of some S-edge e (or to the contour, in which case we’re done). Now,
e is joined by a maximal (i.e. not a proper subset of any other) 0-bond to some edge f. We claim that f
must lie on the contour of A. Indeed, if f were not on dA, then either the side arcs of the bond would form
an annulus or the bond could be extended past f; The latter case is clearly a contradiction. In the former
case, one of the side arcs of the 0-bond is not the contour of a 0-cell; contradiction. Therefore, f is on dA,

as claimed.

=

Figure IX.8: Some impossible maximal zero-bonds

Now we can choose a path ¢’ from o’ to a vertex of dA where ¢’ is a side arc of a 0-bond. So, ' is a path
from o' to dA with length 0 < y|JA|.

Now, suppose r(A) > 0. Write A = g. By corollary I1.23, A has a y-cell I. Hence, there is a contiguity
submap of Il to ¢ with degree at least 7. Therefore, there must be a contiguity submap I' of II to g with
(ILT,q) > 1—2B and g =T Aqis (1 —2f)-reduced in I'. Indeed, we can see this as follows: begin with a
y-cell IT' contiguous to g across a contiguity submap I'!. If ¢' =T A g is (1 —2f8)-reduced in I'!, we have
our desired cell. Otherwise, there is an R-cell IT? in I"' which is contiguous to ¢' (and therefore to ¢) across
a contiguity submap I'?> with (IT2,12,4') > 1 — 2. Since there are only finitely many R-cells in A, we must
eventually obtain our desired I'. Write d(IL,T",q) = p2g2p14q1, let g5 be the complement of ¢ in JI1. Let ¢
be the complement of ¢; in dA.

Case 1 -0¢ T
By lemmas II.18 and I1.19, we have

p1l;[p2| < C|9TI] and g1 > (1 —4p)[0IT]. (IX.4)

Additionally, since (IT,T',q) > 1 — 28, |g5| < 2B|dT1|. Now, the circular submap with contour ¢} p;'¢5p; !
has fewer R-cells than A, so we can apply the induction hypothesis and (IX.4) to find that there is a path %
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Figure IX.9: The case where o is outside the contiguity

from o to a point o’ on ¢} p; '¢hp; ' in A with

lto] < Vg1 Py gbpy | = Y(IOA] = lgi| + || +1gb] + | p2]) (IX.5)

< Y(|0A]+ (28 +6B —1)|011)).

Using our estimates for |p1|,|pa|, and |¢| again, we can extend (if necessary - i.e. if o’ is on p; 'g5p, ') the
path 7y to JA by adding no more than 1|g5| +|pi| < (B + {)|911|. Therefore, by (IX.5) and the last estimate,
there is a path from o to dA whose length is less than

Y(19A| + (3¢ +7B —1)|dT1]) < Y|9A| (LPP B < 1).

Figure IX.10: The case where o is in the contiguity
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Case2-o0€lI:
By lemma II.17, g; is a smooth section of rank r(IT) = k and I is an A-map. Then lemma I1.18 tells us that
|p1],|p2| < Enk. Since g is (1 —2f)-reduced in I', we can apply lemma IX.4, dividing I into submaps I';
fori =1,...1 with 9T = piq' (pl.,) "¢} where p} = p1, pj.; = (p2)~ ", |pj| < {nk, and |g}| < 28nky".
Additionally, since |q2| > (1 —2)[011| > (1 —2f)nk > ank > Bnk, we may assume ¥ !|(pit1)~g5pl| <
lq1| — |4} |- Now, o is in some T, and I'; has fewer R-cells than A. Therefore, by the induction hypothesis,
there is a path ¢y from o to a vertex o’ on dI'; with length

<YLy = y(|g} | + |(pis1) "' @5pl) < ¥(Igi |+ (a1 | — 44])) (IX.6)

Now, if necessary, we can extend the path o to ¢ without increasing its length by more than |(pi41) ' ¢, p| <

3¥(1g1] — |4]). Combining this estimate with (IX.6), there is a path from o to dA whose length does not
exceed

1 j i
(G +0(ail = ldi) +lail) < Ylgi| < |9A].
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CHAPTER X
ISODIAMETRIC AND SPACE FUNCTIONS

Definition X.1. Let G be a group with presentation (S|R). We define an R-transformation to be any compo-

sition of operations of the following types:

1) the insertion or deletion of a pair of adjacent mutually inverse letters, or

1

2) replacing a subword u with a word v, where v~ is a cyclic shift of 7=! where r € R.

Definition X.2. A function f is a filling length function for the presentation (S|R) of a group G if, for each

word w = 1 in G, there is a sequence of R-transformations
W=wg —=wp — - = w, =1

with |w;| < f(|w]) for all i.

Lemma X.3. Let A be a diagram over G = (S|R) whose underlying map is an A-map with contour p\q1 p2q>
where g, is a smooth section of rank k, qy is (1 —2p)-reduced in A, max(|p1|,|p2|) < {nk, and |q2| > Bnk.
Suppose further that, if w,v are words over S with |w|+|v| < |q1| and w = v in G, then there is a chain of R-
transformations w — v in which no word has length exceeding (142 )(|w|+|v|). Then there is a chain of R-

transformations Lab(q,) — Lab(p;'q; ' p5 ") in which no word has length exceeding (1+2f)|q1| — 10ynk.

Proof. Throughout this proof, write D = 1+ 2f. By lemma IX.4, we can divide A into subdiagrams

Ay,...,A; with the properties given in the conclusion of lemma IX.4. In order to simplify our notation, let us
write qgu’v) = qﬁ’q”f“ ---q} and qg”’v) = ng;_l -o-qy for u < v Also, let qgl’o) denote constant path consisting

only of the point (¢2)+. Now, by lemma IX.4, |0A;| < |q1|. In other words, |plq|+ |(g5) ' pis1] < |q1]-
Thus, there is a chain of R-transformations Lab(plq}) — Lab((g5)~'pl,;) in which no word has length

exceeding D|dA;|. Therefore, there is a chain of R-transformations

i

Lab(py ' (65" plg\™) = Lab(py ' (¢5)) ' playgi™) (X.1)

in which no word has length exceeding

Li—1 i+1,0 Li—1 i+1,1 j 1
il +1a8 18+ Djoa = Ipa + 16+ 1g |+ Dlgt |+ DI (ply) T gbpl

1,i-1 i+1,1

< Cnk+1g5 V1 1871+ DIgh |+ DY(|an| — |4 ), (X2)

where the inequality |(p}. )" ¢5p| < ¥(lq1| —|4}]) is from lemma IX.4.

(Li=1) (1,i—1) (1i—1)

By lemma Il.17, ¢ is a smooth section of the A-map with contour p;g, VAR .
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(Li-1) (

Figure X.1: An intermediate stage of pushing across the narrow diagram

Therefore, by theorem I1.26,
1,i—1 5 1i—1 5 511 (Li—1
g5 V< BT (ol + i+ g V) < 2B gnk+ B gy Y]

<3¢Bnk+B g,

Combining this inequality with (X.2) and using lemma IX.4, we see that no word in (X.1) has length greater
than

B gtV +1g 1+ Dlgi |+ Dy(lar | g ) + B+ B¢ Bk

<B gtV +1g ) 4 Dlg ] + (DY + (6428718 (1| — |4i )
<(Dy+B"+367'8) (| — |gi]) + Dlg|

D|qi|—20yB ' (|¢1| — |4}]) < D|qi| — 10ynk.

Now, note that there is a chain of R-transformations
Lab(q1) — Lab(pl_l(qgw))_l P’lqgl’l)) consisting only of insertions of letters. Therefore, following this
chain with the chains in (X.1) for i = 1,...,/, we obtain a chain Lab(q;) — Lab(pflqglpgl) in which no
word has length exceeding D|q; | — 10ynk. O

Theorem X.4. Suppose that w,v are words over S with w = v in Bc(S,n). Then there is a chain w — v of
R-transformations in which no word has length greater than (1+2)max(|w|,|v|). Furthermore, we may

choose the chain in such a way that every word consists only of S-letters that appear in w or v.

Proof. We will proceed by induction on |w|+ |[v]. Since wv™! =1 in G¢(e), there is a reduced circular

diagram A with contour pg where Lab(p) = w and Lab(q) = v~—'. According to lemma IV.2, every S-letter
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that labels an edge of an R-cell appears in w or v. If any S-letter labels an edge in the diagram but does
not appear in w, v, or the label of an R-cell, then tihs S-letter can be removed from A. Therefore, we
may assume that every S-letter that labels an edge in A appears in w or v. If A contains an R-cell I1, then
Bn < Bnr(I1) < B|OTI| < |dA| by corollary I1.27. In particular, if |0A| < Bn, then r(A) = 0.

If r(A) = 0, then w and v are freely equal. In particular, w and v have the same reduced form u. Hence,
there is a chain of R-transformations

W—Uu—v

in which we pass from w to u using only deletions and then from u to v using only insertions of adjacent
mutually inverse letters. In particular, no word in this chain has length exceeding max(|w|,|v|). This will

serve as the base of our induction. For the remainder of this proof, take D = 1 + 2.

On the other hand, if r(A) > 0, then A contains a y-cell by corollary I1.23. We will now proceed in two

cases.

Case 1 - There is an R-cell Iy contiguous across I'y to p (or g) with contiguity degree at least 1 —2f3. If
p? =Ty Apisnot (1 —2pB)-reduced in Iy, there is an R-cell I1; in I’y with IT; contiguous across I'; C Iy
to p with degree at least 1 —2f3. We continue this procedure (it must end since I';(2) < I';_{(2)) until we
obtain an R-cell IT contiguous across I" to p, with (IL,T", p) > 1 -2 and gy =T A pis (1 —2)-reduced in
. Write d(IL T, p) = p2gapigi1. Write p = p/q;p” and 911 = q245.

P

Figure X.2: The case with a contiguity to the contour with degree at least 1 — 23

By lemma I1.17, ¢, is a smooth section of rank r(IT) = k in I'. By lemma I1.18, |p1|, |p2| < {nk. Since
lg1] < |dA| = [w|+|v|, our induction hypothesis permits us to apply by lemma X.3, and there is a chain of
R-transformations

Lab(q1) — Lab(p;'q5 ' p5 ")

in which no word has length exceeding D|q;|. Replacing Lab(q,") by Lab(g) is an R-transformation that
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reduces length since |g2| > (1 —2f)|911| > 2 |9I1| > |¢5|. Therefore, there is a chain of R-transformations

—1._n

Lab(p) = Lab(p'q1p") — Lab(p'p; ' dsp5 ' p")

in which no word has length greater than |p’| +D|q1 |+ |p"| < D|p|. By lemma I1.20, |p; ' ¢4 p, | < |41|, and

therefore |p'p; 'ghp, ' p"q| < |P'q1p"q| = |0A|. Hence, the induction hypothesis guarantees that there is a

1_n

chain of R-transformations Lab(p'p; ' ¢,p; ' p"') — Lab(q) with no word’s length exceeding Dmax(|p’p; '¢5p5 ' p"|,1q]) <
Dmax(|pl,|q|) = Dmax(|w|,[v]).

Case 2 - There is no R-cell contiguous to p or ¢ with degree at least 1 —2f3. In this case, corollary 11.24
says there is a y-cell IT with contiguities I',,I'; to p, g respectively, such that (IL,I',, p) + (I1,T',q) > 7.
Write 9(IL,T,, p) = piqipiq} and d(IL,T,,q) = p3g3piql. Write OT1 = u1qburgl, p = p'qip”. and q =
q/q%q//

Figure X.3: The case where there are two contiguities to sections of the contour

Since (I1,T,,, p), (IL, Ty, q) < 1 — 2B, it follows that (I1,T",, p), (IL,I,q) > 7— (1 -2B) =2B—y > B.
By lemma II.17, qé and q% are smooth sections of rank r(IT) = k in I, and I, respectively. Without loss
pl| < Cnk.
Since |q1|,]¢}| < |0A| = |w| + |v|, our induction hypothesis allows us to apply lemma X.3 to I, and T

//|_

1P’ <14'| —|p”|. By lemma IL.18,

of generality, we may assume that |g}| > |¢?| and that |¢

First, there is a chain of R-transformations

Lab(q}) — Lab((p}) ™ (g2) "' (p2) ") (X.3)

in which no word has length exceeding D|g}| — 10ynk. Likewise, there is a chain of R-transformations

Lab(q;) — Lab((p7) " (3) ' (p3) ")

in which no word has length greater than D|g7| — 10ynk < D|q}| — 10ynk. Set t; = (p})~'uz(p5)~"! and
= (p?)~'ui(pl)~!. Now, replacing Lab((g})~!) by Lab(uaq3u, ) is a single R-transformation, and neither
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word has length greater than
Dlgj| — 10ynk + |ur| + [ua| < Dlgi| —9ynk.
Combining this with (X.3), we have a chain
Lab(qy) — Lab(ni(¢7)™'12)
in which no word has length greater than D|q{| — 9ynk. Now, this gives us a chain of R-transformations
Lab(p) = Lab(p'q1p") — Lab(p't1(47) "' 12p") (X4)
in which no word has length exceeding
|P'| +Dlgi| +[p"| = 9ynk < D|p].

Now, by lemma I1.19, |} | +|g}| > (7—4B)[01]| > (2 +v)|d11| > |#1|. Likewise, |gi| +|q?}| > |t2]. We
then obtain the estimates |p't;q”| < |dA| and |p”q't2| < |dA|. Therefore, by the induction hypothesis, there
is a chain of R-transformations Lab(p') — Lab((¢")~'t;!) in which no word has length greater than

Dmax(|p'|,l¢"|+ n]) < Dmax(|p',|q"[) + D(28 + y)nk
< Dmax(|p'],4"]) + 3ynk.
Additionally, since q% is smooth in dT", by theorem I1.26 we have
31 2 BlaB| |53~ 93] > Bnk —2¢nk > =Bk,
So, we have a chain of R-transformations
Lab(p'ti(q7)~'12p") = Lab((¢") "'ty '11(q7) "' 12p") (X.5)

— Lab((¢") "' (q})'12p")
in which no word has length greater than
Dmax(|p'|,|q"|) +3ynk+ |11 (q7) ' r2p"
<Dmax(|p',|q"]) + p"|+ (4 +4)nk + |qi |
< Dmax(|p',|¢"|) +|p"| + Dlgi| — 2Blgi| + Synk (X.6)
< Dmax((p/],lg"]) + Dlgi| +|p"| + Synk — 2 Bnk

< Dlmax(|p'[,|q"]) + |qi| + [p"]]-
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Clearly, if |p'| > |4"|, this last quantity is
D(Ip'| +ail+1p") < D'+ lgil +p"]) = Dlpl.

On the other hand, if |p'| < |¢”|, the last line of (X.6) is

DlIp'[+(Iq"| = p'D) +lail+ "] < DUP'|+ (4| = p"]) + lqi] + p"]
=D(|p'| +|d'| +4il) < D(l¢"| +14'| + l4i]) = Dlq].
In either case, no word in our chain has length exceeding Dmax(|p|,|q|).

"1

Now, applying the induction hypothesis to the diagram with contour p”q't,, we have a chain of R-

transformations Lab(p") — Lab(t; '(¢’)~") in which no word has length greater than Dmax(|p”|, |t2| +
|4'|) < Dmax(|p”|,|q'|) + 3ynk. So, there is a chain of R-transformations

Lab((q") " (q7)'12p") = Lab((¢") "' (1) "1ty ' () 7") X.7)
— Lab((q'qiq") ") = Lab(q™")
in which no word has length exceeding
(¢") "' (1) "2 + Dmax(|¢'|, |p"|) + 3ynk
< |¢"|+Dlqi| — 2Blqi| +3ynk+Dmax(|g'| + [p"[) +3ynk
< Ig'|+ Dlg? |+ 6ynk — o Bnk+ Dmax([q )

< DIlq"| + lqi] +max(|q'|, |p"])].

If |¢'| > |p"|, then this quantity is D(|q"| + |¢3| +|¢’|) = D|q|. On the other hand, if |¢'| < |p”], then

lg"| < |p'| (since |¢"| — |p'] < |¢'| —|p"]). In this case,

D[|q"|+ 47| +max(|¢'|,|p"])] < D(|p'| +|ai| +|p"|) = D|p|.

In either case, no word in our chain has length greater than D max(|p/,|q|).

Combining chains (X.4), (X.5), and (X.7), we obtain a chain of R-transformations w = Lab(p) — Lab(qfl) =
v in which no word has length exceeding

Dmax(|pl,|g[) = Dmax(|wl,|v]).

Since every S-letter labelling an edge of the diagram appears in w or v, every word in the chain of R-

transformations that we constructed consists only of S-letters that appear in w or v. O
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Corollary X.5. The function f(s) = (1+2p)s is a filling length function for any partial-Burnside presen-
tation of B¢(S,n).

Proof. Suppose w(S) =1 in B¢(S,n). Then, by proposition X.4, there is a chain of R-transformations
reducing w to 1 with no word in the chain having length greater than (14 2f)|w]|. O

Theorem X.6. Suppose that words w and v are conjugate in Bc(S,n). Then, there is a chain of R-
transformations and cyclic shifts

W=uUyg—up— - = U =v

in which no word has length exceeding (1 +3B)max(|w|, |v|). Furthermore, we may choose the chain of

R-transformations in such a way that each word consists only of S-letters that appear in w or v.

Proof. If w =1 in B¢(S,n), so does v, and the previous result guarantees that there is a chain of R-
transformations

w—>1—v

in which no word has length exceeding (1 +2f) max(|w|, |v

), and each word consists only of S-letters that

appear in w or v.

Suppose now that w # 1 in B¢(S,n) (then v # 1) and consider a reduced annular diagram A (over an
MPBP of B¢(S,n)) whose contours are labelled by w and v—!. By theorem I1.56, A is an A-map. By lemma
IV.5, every S-letter appearing in the contour label of an R-cell of A appears in w or v. Furthermore, if an S-
letter labels an edge in A but does not appear in w, v, or the label of an R-cell, this S-letter can be eliminated
from the diagram. Therefore, we may assume that every S-letter of A appears in w or v. By lemma I1.28,
there is a path ¢ joining the contours of A with [¢| < y(|Jw|+ |v|). Cutting along ¢, we obtain a circular diagram
whose contour label yields the equality w* = Lab(t) - v* - Lab(t) ! between cyclic shifts w* and v* of w and
v, respectively. Furthermore, every S-letter labelling an edge of A appears in w or v. Applying theorem
X.4, there is a chain of R-transformations w* — Lab(t) -v* - Lab(t) ' in which every word consists only of

S-letters from w or v and no word has length exceeding
(1+2p) max(|wl, [v[ +2¢]) < (1+2p)[max(|wl, [v]) + y(|w| + |v])]

< (142B)(1+2y)max(|w|,|v|) < (1+3B)max(|w|,|v]) (LPP y<pB).

Of course we can pass from Lab(t)v*Lab(t)~! to v* using cyclic shifts and deletions, and these transfor-
mations do not increase word length or introduce new S-letters. Likewise, we can pass from w to w* using

only cyclic shifts, which preserve length and the occurence of S-letters. So, the result follows. O

Proposition 1.10. In a partial-Burnside group G = B¢ (S,n) of large, odd partial-exponent, the following
are equivalent:

(1) The set of words representing finite order elements of G is recursive.

(2) The word problem is solvable in G.

(3) The conjugacy problem is solvable in G.
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Proof. (1) = (3): First, we can write G = B¢ (S,n) where C’ is the set of words in the alphabet S represent-
ing finite order elements of G. Words w and u are conjugate in B¢/(S,n) if and only if there is a chain of
R-transformations and cyclic shifts w — wy — -+ — wy = v with |w;| < (14 38)max(|w|,|v|), by theorem
X.6. Moreover, there is such a chain whose words contain only letters that appear in w or v. Given a pair
of words w and v, we can list all chains of R-transformations and cyclic shifts in which no word has length
greater than (14 3f)max(|w|,|v|), no word appears more than once, and every letter appears in w or v. If
the set words representing finite order elements of G is recursive, then we can check whether or not each

step is an R-transformation or cyclic shift.

(3) = (2): Let u and w be words over S. If the conjugacy problem is solvable, we can determine whether or

I'is conjugate to 1 in G. But this is equivalent to determining whether or not wu~! = 1.

not wu~
(2) = (1): Let u be a word over S. Then u represents finite order element of G if and only if u" = 1.
If the word problem is solvable, we can determine whether or not #* = 1. Thus, if the word problem is

solvable, we can determine which words represent finite order elements. O

Corollary X.7. In a partial-Burnside group of large, odd partial-exponent, the word problem is solvable if

and only if the conjugacy problem is solvable.

The next result was proven in [NA], but we include it here as well since it follows so readily from

proposition I.10.

Corollary X.8. The word and conjugacy problem are solvable in every free Burnside group B(S,n) of large,
odd exponent. In particular, there is an algorithm to determine whether or not a word w in F., belongs to

the verbal subgroup v(F.), where v = x".

Proof. In a free Burnside group, every word represents a finite order element. It follows immediately from
proposition 1.10 that the word and conjugacy problems are solvable in B(S,n). Of course, determining
whether a word is in the verbal subgroup v(F.) is equivalent to determining if the word is equal to 1 in

B(eo,n), and the latter problem is solvable. O

Proposition I.11. For free Burnside groups of large, odd exponent, the word problem has linear nondeter-

ministic space complexity and polynomial deterministic space complexity.

Proof. According to corollary X.8, the algorithm outlined in proposition 1.10 solves the word problem in
free Burnside groups of large, odd exponent. Moreover, since free Burnside groups have a linear filling
length function by corollary X.5, the algorithm has linear nondeterministic space complexity. By Savitch’s
theorem (see corollary 1.31 of [DK]), there is a deterministic algorithm of polynomial space complexity that

solves the same problem. O

Lemma X.9. Let G = (S|R) be a group given by a graded presentation such that every reduced diagram is
an A-map. If w =1 in G with |w| > 0, then there is a diagram A over G with contour label w such that, for

any vertex o in A, there is a path t from o to dA with |t| < y|w|.
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Proof. Let Ag be a circular diagram over G with contour label w having miminal type. Suppose Ag contains
a circular subdiagram I" with contour consisting only of 0-edges. If I" is not a O-cell, we can replace I" by a
single O-cell with contour consisting only of 0-edges. This yields a new circular diagram A; in which there

are fewer cells. Moreover, we see that A; also has contour label w and has the same type as Ag.

Since this procedure can reduce the number of cells only finitely many times, we can repeat it and ar-
rive at a diagram A with contour label w, the same type as A, and in which O-cells are the only subdiagrams
whose contours are composed entirely of 0-edges. Since A has minimal type among all circular diagrams
over G with contour label w, it follows by I1.39 that A is reduced. By hypothesis, the reduced map A is an
A-map. Therefore, A satisfies the hypotheses of lemma IX.5. Hence, by lemma IX.5, given a vertex o, there

is a path ¢ connecting o and dA with |¢| < y|dA|. O

Definition X.10. Let G be a group with presentation (S|R). We say that f is an isodiametric function for

this presentation of G if, for each w =1 in G, there is a circular diagram with contour label w and diameter

< f(wl).

Proposition X.11. Letr G = (S|R) be a graded presentation of a group such that every reduced diagram is
an A-map. If w=1in G and |w| < s, and A is as in lemma X.9, then diam(A) < (3 +27)s.

Proof. Let x,y be vertices of A. By lemma X.9, there are vertices x',y’ on dA with both the distance from x
to x’ and the distance from y to y’ less than y|dA|. Clearly, there is a path from x" to y on dA whose length
does not exceed 5 |dA|. Therefore, there is a path from x to y with length less than (1 +27)|dA|. O

By theorem I1.56, we have:
Corollary X.12. For an MPBP of Bc(S,n), the function f(s) = (3 +2y)s is isodiametric.

Definition X.13. Let v(x,...,x;) be a word in F.. A verbal diagram for v (v-diagram) is a diagram over
the presentation
(xl,xz, .. Hv(Xl,. . .Xk),Xi € Fo<)>

of the group F../v(F.).

Definition X.14. Let v = v(xy,...,x;) be a word in F... We say that f, is a verbal isodiametric function
for v (v-isodiametric function) if, for each w € v(F.), there is a v-diagram A with contour label w, and
diam(A) < £,([w]).

Corollary X.15. The function f(s) = (% +2Y)s is v-isodiametric for the word v = x".

Proof. Suppose w = w(S) is in v(F.). Then w =1 in B(S,n). By corollary X.12, there is a diagram A over
an MPBP of B(S,n) with contour label w and diameter < ( +27)|w|. Since all cells of positive rank in this

diagram are labelled with an n-th power, it follows that A is also a verbal diagram, and the result follows. [
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CHAPTER XI
INFINITELY BASED PRODUCTS OF VARIETIES

Using techniques related to partial-Burnside groups, we investigate infinitely based products of varieties.
First, we examine the product of a Burnside variety and the variety of groups of nilpotency class at most c.
Then, we present some work (joint with Olshanskii) about the product of a Burnside variety with itself.

Before continuing, we recall the definition of a product of varieties. For our purposes, it suffices to
consider products whose factors are defined by a single law. If L(*0 are varieties of groups defined by
the laws U (x,x2,...,x) = 1 and V(x1,x2,...,x;) = 1, respectively, then the product variety (% is the
class of all groups that satisfy U(V;,Va,...,Vx) = 1 whenever each V; is an element of the verbal subgroup

corresponding to the word V (i.e. each V; is a product of values of the word V).

XI.1 B, times a nilpotent variety

For each positive integer c, the class of groups that are nilpotent of class at most ¢ forms a variety 91.. This
variety can be specified by a law: 91, is the variety of groups satisfying the law [[- - - [x1,x2],x3], - - - xc41] = 1.

Our objective is now to show that 8,1, is infinitely based if » is large and odd. Our arguments are mod-
ified from the proof of theorem 31.6 in [O91], and our result extends this theorem, considering a broader
class of varieties (theorem 31.6 in [091] treats the abelian variety - i.e. nilpotent of class 1) and also elimi-
nating the need for n to be prime. Our result also partially extends a main result of [K74]. While Kleiman’s
arguments deal with products 8,0 for any finitely based U and without the restriction that n must be large

and odd, his arguments do not allow n to be squarefree.

Before we begin the argument, we fix just a little more notation: given a commutative ring J with identity

and left, unitary J-modules Uy,...,U,, we denote by L"(U,,Us,...,Uy,;J) the set of m-multilinear maps
m

from [] U; to J.
i=1

m

Definition XIL.1. Let Uy,...,U, be left, unitary J-modules. If f: [] U; — J is m-multilinear, we define
j=1

its right linear map f; : U,, — L™~ Y(U1,Us,...,Up_1:J) by fulttm)(ur,... ttm—1) = f(ur, ... thy1, ). We

define the right rank of f, denoted rank.(f), to be
min {|T|: f,(Un) C(T), T CL" " (Uy,...,Un_13J) }.

m
It is useful to point out a basic property of right rank. If f,g: [] U; — J are m-multilinear, then

j=1
rank(f +g) < rank.(f) + rank.(g). /

Adapting a construction from [091], we form a multiplicative group G, ) consisting of all (m+1)-

) (1) 2 ()

by-(m+ 1) upper triangular matrices Hl,l/l(l R /A 1/ ,1171,...,1V1(m)|\ with 1’s on the diagonal and
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whose (i, j)-entry I/Ii(j =) (2isZit1s---,2j—1) is (j — i)-multilinear over the ring Z, on a product of copies of

Zk, for j > i. In symbols,

1 1/’1(1)(11) ‘I’1(2)(21,22) ‘Vl(m)(ZI""’Z’")

O R T A O
1= 5 RE 3

0 0 ... 1 WI(rll)(Z;11)

0 0 0 1

Lemma XL2. Let X = Héi(j)H andY = Hl/fi(j)H be elements of Gy, . n)- Suppose that in X —1I (resp. Y —1)
the (i, j)-entry is zero unless j—i > x (resp. j—i>y). Then in [X,Y]—1, the (i, j)-entry is zero unless

Jj—1i>x+Yy. Moreover, the (i,i+x+y)-entry of [X,Y] is éi(x) lllt(il - i(y)éji(j;.

Proof. We can write X =1+A and Y = I+ B with A and B strictly upper triangular. Then A and B are
nilpotent, and we can write X ' = ¥ (—A)*and Y ' = ¥ (—B)" (n.b. these are finite sums). Therefore,

u>0 v>0

[X,Y]=(+A)(I+B) Y (—A)"(—B)" =1+ (AB—BA)+C,
u,v>0
where C is a sum of products, each of which contains the factor A at least twice and the factor B at least
once, or vice versa. Consequently, the (i, j)-entry of C is zero unless j —i > min(2x+ y,x+ 2y). Thus, the
(i, j)-entry of [X,Y]|—1 is zero unless j —i > x+y, as claimed. Additionally, a simple computation finds

that the (i,i +x+ y)-entry is as claimed. O

For the remainder of this section let v(xi,...,x.) = [[[- - [x1,%2], %3], - -Xc—1], %], the law defining the

variety 1._; of groups of nilpotency class at most ¢ — 1.

Lemma XL.3. The verbal subgroup v(Gcx.n)) 0f G(cx.n) consists precisely of the matrices ||0,0, ... ,0, l//l(c) l].
Moreover; if I//l(c) has right rank exceeding 2°j, then ||0,0,....0, I/II(C) || is not a product of j or fewer values

of v.

Proof. By a repeated application of lemma XI.2, every value of v in G, s, has the form [|0,0,...,0, él(c) l].
Of course, a product of such elements has the same form, and every element of V(G(c,k,n)) has the form
claimed. Furthermore, by a repeated application of lemma XI.2, every value of v is a sum of 2¢ products of
linear forms. Since each product of linear forms has right rank at most 1, every value of v has a rank at most
2¢. Therefore, if Wl(c) has rank greater than 2¢j, then ||0,0,...,0, qll(c) || is not a product of j or fewer values

of v.

C

Now, we will show that given linear forms fi, f>,..., f. : ZX — Z,, ]|0,0,...,0, T1 fi(z:)|| is a value of v.
i=1

Form an upper triangular matrix X; with 1’s on the diagonal and with (j, j+ 1)-entry f;. All other entries of

c
X; are zero. Now, we claim that v(Xj,...,X.) = |0,0,...,0, [T fi(z;)]||- This is an easy induction.
i=1
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k k
Let l;/l(c) be c-multilinear. Then %(c) (11,...,Z¢-—17,Z aie;) = '21 ai‘lfl(c>(217-~-72c—l7ei>- Moreover, each
i=

i=1
(c)

v, (21, ,2c—1,€;) is (¢ — 1)-multilinear in its first ¢ — 1 coordinates. Therefore, by induction, it fol-
lows that l/ll(c) is a linear combination of products of linear forms. Consequently, ||0,0,...,0, l//l(C)H is in
V(G(c,k,n))' O
Lemma X1.4. Given an integer j, the group G ;) contains elements ggi), gg), e, ggi) for1 <i< jsuch
that fort = 1,2,...,n— 1, the element (ﬁ v(g(li),gg), e ,ggi)))’ is not a value of ({_1 V(X (= 1)et1s -+ Xic) )™
form € Z. - -

Proof. Setk=2°j. Forqg=1,...,k,let f;(z1,...,2—1) be linearly independent (¢ — 1)-multilinear forms in
which £, (e" (a)

i e ,eg:l)) is either 0 or 1, where ¢; ~ is a memeber of the standard basis of the a-th copy of

Z]Z- Let §; : Z,.* — 7, be the linear form taking el@ — 1 and all other elements of the standard basis to 0.

k
Then ¥, fi(z1,---,2(c—1))6i(zc) is a c-multilinear form which takes only the values 0 and 1 when elements of
i=1
k
the standard basis are substituted for each coordinate. Now, for# =1,...,n—1, the multilinear form } fi6;

i=1
j—1
has right rank k = 2¢ j. However, by lemma XI.3, every value of the (1,c+1)-entry of [T v(X(i—1yet15---»%ic)
i=1

has rank at most 2°(j — 1). The same bound clearly holds for powers. O

Let S = {s1,s2,...}.

k
Lemma XI.5. No subword of any cyclic shift of the word W = [] v(s(,-_l)c+1 , .-y 8ic) 1s freely equal to a
i=1

proper power.

Proof. Suppose to the contrary that a subword U of a cyclic shift of W is freely equal to Z* for some reduced
word Z and some k > 1. Note that each S-letter appearing in Z must appear at least k times (with the same ex-
ponent) in U. Since each of the letters s;. appears just once with exponent 1 and just once with exponent —1,
it follows that U does not contain sfctl. Thus, U is a subword of [[... [x(i_1)e415X(i—1)e2)s X(i—1)e+3)s - - - 1 Xie—1]

or its inverse, for some i. Our result follows by repeatedly applying the argument just given. O

Next, before we can make use of the partial-Burnside group B, r(s))(S,7), we need to verify that
(v(F(S))) is a partial-Burnside subset of F(S). Of course (F(S)) is a normal subgroup of F(S). Therefore,
all that remains is to say that F(S)/v(F(S)) is torsion-free. For this, we can refer to [N.H]:

Lemma X1.6. (31.62 of [N.H]) Free nilpotent groups are torsion-free.
k
Lemma XL7. The word W = T] v(S(i—1)c+1,- - -»Sic) is simple rank [W| in B, (g (s))) (S, 7).
i=1

Proof. Suppose to the contrary that W is not simple in rank |W|. Since W € (v(F(S))) has finite order in
By (r(s)) (S;n), W is conjugate to a power U J of a period U where |U| < |W|. Therefore, there is a reduced
annular diagram A with contours p and ¢ labeled by W and U~/. By lemma I1.44 and theorems I1.56 and

I1.57, A is an A-map and we may assume that g is smooth.
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Now, we will show that r(A) = 0. Suppose to the contrary that A has positive rank. Then A contains a
y-cell IT, by theorem I1.24. Let I, and I, denote contiguities of IT to p and g, respectively, with (IT,T',, p) +
(IT,T'y, q) > ¥. Since q is smooth, we have (I1,I';,¢) < & by lemmaIL.21. Therefore, (I1,T',, p) > y— & > €.
It follows by theorem II.25 that A contains an R-cell 7 and a contiguity I" of & to p with (x,I', p) > € and
r(I') = 0. But this means that a cyclic shift of Lab(p) = W must contain at least a proper power (since

en > 2), contrary to lemma XI.5. Therefore, r(A) = 0, as claimed.

However, lemma XI.5 immediately implies that W cannot be freely conjugate to a proper power U-/. O
Lemma XL.8. Let W, = H V(S(i—1)et15- - +Sic). Given an integer j, fort =1,...,n—1, W; is not a value in
By (r(s))) (S;n) of any word of the form (H V(X 1)et1s - -5 Xie) )™

Proof. 1t is easy to see that every element of <V(G(C720 j7n))> has order dividing n. Consequently, there is a
homomorphism B ,(p(s)) (S;1) = Gicocj ) taking s_ ek — g,E Y for 1 <i<j,1<k<cand taking the
rest of S to the identity ||0,0,...,0||. By lemma XI.4, our result is immediate. O

By lemma XI.7, we may choose a set R of periods of B,,(r(s))) (S, 7) which contains W, = H V(S(i—1)et1s- -

Let N be the kernel of the projection F — B¢ (s))) (S, 7).

By theorem 11.64, N/[F,N] is free abelian with basis consisting of the elements R = R"[F,N| for R € fR.
Let Ly /[F,N] be the subgroup generated by Wk”2 [F,N] and R for R € R — {W,;}. Then N/Ly =7, and F /L
is a central extension of B,(r(s)) (S,n). Moreover, in F /Ly, W,fz =1L, W'#1,andR" =1if Wy #Rc R.

j—1
Proposition X1.9. Let j be an integer. Then F /L; satisfies the law (] v(X(i—1)c+1,---,%ic))" = 1 but not the
i=1
J

law (I:[lv(x(i—l)c-&-la--'axic))n =1

j—1
Proof. LetXi,...,X.;beelementsof F/L;. LetU = [1 v(X(i_1)ct1;---,Xic). f U € N/Lj, of course U" = 1
i=1

since N/Lj has order n. Otherwise, in By(r(s)))» U is conjugate to a power A of a period A, with 1 < ¢ < n.
By lemma XI.8, A # W;. Consequently, A" =1 in F/L;. Now, in F/L;, we may write U = AZ, with
Ze N/L‘ Since Z is central and Z" = 1, it follows that U" = A"Z" = 1 in F/L;. Thus, F /L; satisfies the

law (H V(X(i—1)e1s---»%ic))" = 1. Of course we have already pointed out that W} # 1 in F//L;. O

We have now proven the following theorem:

Theorem 1.12. Let N, be the variety of groups of nilpotency class at most c. Then for n sufficiently large
and odd, the product variety B,N. is not finitely based.
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X12  B,B,

In this section, we consider a large prime p (which plays the role that n has played up to this point). The
basic outline for our proof is the same as that given in the previous section. Let v(x) = x”. For each integer

m, we first construct a group in which there is an element that is a value of the word x7x3 -- but not a

m+1

value of the word x{x} - - - x},.. For this, me use the group G constructed in the previous section.

pm,p)

Lemma X1.10. Every p-th power in G , where  is a product of linear p

pm,p) has the form [|0,0,--- 0,

linear forms on ;). The group G has exponent p?, and the verbal subgroup <v(G(p,m7 p))> has exponent

p7’nvp)
p Additionally, the verbal subgroup corresponding to v is central.

Proof. For an arbitrary element A of G we have A = I + B where B is strictly upper triangular. The

p:m,p)>

p :

AP = ¥ (P)B' =1+ B? since (?) is divisible by p for 0 < i < p. Thus, A? = ||0,0,...,0,y|| where y
i=0

is a product of the linear forms just above the diagonal, and AP = 110,0,...,0, py]|| = |0,0,...,0||. Con-

sequently G has exponent p?. It is also clear now that the verbal subgroup corresponding to v has

p:m.p)
exponent p. Furthermore, from the form of p-th powers, it is clear that every p-th power is central; thus, the

verbal subgroup corresponding to the word v is central. O

Lemma XI.11. The verbal subgroup <v(G(p,m7 p) )> of G(pm,p) contains a cyclic subgroup containing no

nontrivial value of the word xf xg XD

Proof. First, we count linear forms: there are p™ linear forms on ZJ;. Therefore, there are at most p™? prod-

ucts of p linear forms. Making use of lemma XI.10, there are at most p’”Zp elements of the form x7'xJ - - - xh,.

On the other hand, the vector space of p-multilinear forms has dimension m” over Z,. Therefore, the
mP

—1
> p

mP—2

verbal subgroup has order p” and consequently cyclic subgroups of order p. Since

mP —2 > m?p, it follows that the verbal subgroup contains an element such that g’ is not a value of the word
xfxb oy forl=1,2,...p—1. O

Now, fix an integer m > 1. Let G = Gy, ) and g = g{gb - - gh . | an element such that g’ is not a value
of the word x - -xJ, for any / = 1,2,..., p— 1. Consider an epimorphism f : F — G of a free group onto
G, and let H = FP. By lemma XI.10, f(H) is central in G. Of course the subgroup H of the free group F
is itself free; say that S is a basis of H. We define a graded presentation for a torsion group by specifying
relators among the words over S. At each stage, we choose a collection of periods in the usual way; however,
we alter the way we form relations from periods. When we choose a period A, we include a relation AP if
f(A) is a nontrivial element of (g). Otherwise, we include the relation A”. Let N denote the normal closure

of the set of relators. Next, we wish to show that N is normal in F.

Lemma X1.12. An arbitrary element B of H represents an element of order p* in H/N if f(B) is a nontrivial
element of (g). Otherwise, B> =1 in H/N.
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Proof. First, B is conjugate in H /N to a power of a period A; say B = ZA*Z~!.

If £(B) is a nontrivial element of (g), then so is f(A¥), since (g) is central. Now, we can write g = f(AX)/ =
(Al )k for some j relatively prime to p. Since g is not a p-th power in G, it follows that p does not divide
k. Thus, f(A) is a nontrivial element of (g), and A has order p?, by proposition IIL.8 (technically, by a slight
modification in which not all defining relations have the same exponent - all the exponents must simply be
sufficiently large of odd). Thus, B has order p* as well.

If £(B) is not a nontrivial element of (g), there are two possibilities. First, if f(A) is a nontrivial element of
(g) and p|k then A has order p? and so (A¥)? = 1. Thus, B” = 1 as well. The other possibility is that f(A) is

not a nontrivial element of (g), in which case A has order p. In this case, B? = 1. O

This lemma implies that N is normal in F'. Suppose x € N. Then x is a product of some elements of the

forms zy?'z~! and zwPz ! where f (y) is a nontrivial element of (g) and f(z) is not a nontrivial element of

1

(g). Since H is normal in F, every F-conjugate of 27"z 1 and zwPz ! are in H. Now, since f (H) is central,

1

. . 2 ..
the preceeding lemma guarantees that F-conjugates of zy” x~! and zw”z~! remain in N.

Finally, we claim that F /N satisfies the law (x}x3 ---x};)? = 1 but not the law (x}---x) )7 = 1.
It is immediate that F /N does not satisfy the law (x{ ---x? | )? = 1. This is because g has a preimage g« of

order p? in H/N by the previous lemma, and gx has a preimage in F /N, which cannot be a product of m or
fewer p-th powers (since g is not). On the other hand, a value of x7 ---x/, in F /N is necessarily in H/N; f
does not map this element to a nontrivial power of g, so this element has order dividing p.

We have proven:

Theorem L13. If p is a large prime, then B ,*5, does not have a finite basis of laws.
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